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A. Relativity 1
1. A Flat Earth space-time has co-ordinates (t,z,y, z), where z > 0, and a metric
ds? = (1 + g2z)2dt? — dz? — dy? — d2?

where g is a positive constant.

Write down the geodesic equations in this space-time. Hence, or otherwise, show:

1. A Flat Earth physicist, stationary at a point with z = h, will measure a ‘gravita-
tional acceleration’ of magnitude g(1 + gh)~!.

2. A Flat Earth astronomer, stationary at x = y = 0 on the Flat Earth surface z = 0,
and looking upwards at an angle 6 to the Flat Earth surface, will see points of the
Flat Earth surface with co-ordinates (z,y) such that

Va2 +y2 =2¢  tan 6.

2. Suppose z%, for a = 0,1,2,3, are co-ordinates for an open region of a space-time and
that O is the point where * = 0. Let g, be a metric, and define new co-ordinates by
7% = 2% + %F“bcscbxc where I'%,, = %g“d((")cgdb + Opgde — Odgpe) - Show that in the new

co-ordinates, the metric g, has the property that

8gab

D5c =0 at O.

We shall refer to such co-ordinates as locally constant at O. State the further conditions
on the 2% that must be satisfied for them to be local inertial co-ordinates at O.

Now consider the space-time metric
ds? = (1 — 2m/r)dv? — 2dvdr — r?(d6? 4 sin® 0 d¢?)

in the region (—co < v < o0, 7 >0,0< 60 <m, —m < ¢ < 7). Let A be the point given
by (v =0, r =2m, § = /2, $ = 0). Show that the following new co-ordinates are locally
constant at A:

P = v+ 0?/8m — m(cos? 0 + sin® ¢)
= (r—2m)1 —v/4m),

T —rcosf,

i3 = rsing.

Find an example of local inertial co-ordinates at A, and state the freedom that you have
in your choice.
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3. Define the tensor transformation law for a tensor T%, of type (1,1).

State the general rule defining the covariant derivative of a tensor of type (p,q) with
respect to a connection ' .

Now assume the connection to be the Levi-Civita connection
I = $9°U0cgan + Obgac — Oagne) -

Let X be an arbitrary contravariant vector field. Using the rule for covariant differen-
tiation, show that the equation

(VaVip — VoVa) X% = Ry tX©

is consistent and defines a tensor Rgp.q independent of X?. By expressing Rgpeq in local
inertial co-ordinates, show that

Rabed = Rapjed) = Rjabjed = Redab and Rjgpgq = 0.

Explain carefully why it is sufficient to show that these symmetries hold in local inertial
co-ordinates. Define the Ricci tensor R4, and the scalar curvature R. Now define

Cade = Rade - 2R[a [cgb] d + %Rg[acgb]d .

Show that Cypeq has the same symmetries as Rgpeq and that additionally, Cp% = 0.
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4. Write down equations for time-like geodesics in the Schwarzschild metric:
ds?® = (1 —2m/r)dt* — (1 — 2m/r) " dr? — %(d6? + sin? 0d$?)

where (r > 2m). Show that there are geodesics satisfying § = 7/2, and explain why it is
sufficient to consider such geodesics.

Show that by eliminating ¢ and ¢ the equation of such a geodesic can be written in the
form:
2 = (E? = 1)+ 2m/r — J?/r* 4+ 2mJ? /r3

where E/ and J are constants of the motion.

A particle is released into free fall at a point where r = a, with 7 = § = ¢ = 0 initially.
Show that its equation of motion can be written as:

72 =2m(1/r —1/a) for r > 2m.

Show that the particle approaches the event horizon r = 2m in a finite proper time.

Now take new co-ordinates given by
v=t+r+2mlog(r—2m), p=r,0=0,¢=¢.

Express the metric in these co-ordinates. Hence, show that the original region naturally
extends to a larger space, with a metric which is regular at the points of the event horizon.

Show that the equation of the geodesic in the new co-ordinates is
0> =2m(1/p—1/a) for p>0.

Hence show that the total proper time along the trajectory of the particle, between its
release and its meeting the singularity p = 0, is

T e
2V 2m’
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B. Relativity 11

5. Given smooth vector fields X%, Y* and a smooth function f in the space-time M, define
the Lie derivatives of f and Y along X?. Define what is meant by saying that X% is a
Killing vector, and that it is hypersurface orthogonal.

Let V,, be the metric-covariant derivative in M. From the definitions of the Lie derivatives
of f and Y* along X* above and the Leibniz rule, derive the following expression for the
Lie derivative of an antisymmetric, smooth tensor field F,; along X*:

LxFop = XVeFop+ FoeVe X+ Fip Vo X6

Suppose that Fy;, satisfies the vacuum Maxwell equations
V”Fab =0 and V[anc} =0 N

and that the Lie derivative of F,; along X® is zero. Show that, in a simply connected
region, there exists a smooth function ¢ such that

Fup X =V, .
[You may assume without proof that, in a simply connected region, for any co-vector field

Va satisfying O,V = 0, there is a smooth function ¢ such that Vi, = 0y1).]
Now suppose that X is a timelike hypersurface-orthogonal Killing vector. Show that

VX = (VoU) Xy — (VU) X,

where X°X, = eV, [You may use without proof standard results for Killing vectors and
hypersuface orthogonal vectors as long as they are stated clearly.] Show that in this case,
¢ satisfies the equation

Ve 2UV,0) =0,

as a result of the Maxwell equations.
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6. Let
Gab = Nap + ehab )

be the metric on a space-time M, where 7y, is the standard Minkowski metric, € is a
small real constant, and hg, is a symmetric smooth tensor field. Show that, when terms
of order two and higher in € are neglected, the inverse metric is

gab — T,ab . 6hab 7

where h® = n®ndh, 4. Show that, to the same order in e, the Christoffel symbols derived
from g4 are given by

1
gc = 5677(1(1 [c%hcd + Ochpg — adhbc] :

What is the de Donder gauge condition?

Show that the linearised Einstein equations, with the de Donder gauge condition imposed
and a source defined by the energy-momentum tensor Ty, are

1
€ D hap = —167G <Tab - inab T> >

where [ | = 0%0, and T = n®T,

Now suppose that Ty, and the field hy, are independent of time, and that T, is zero
outside a spatially-bounded region. Show that, as a consequence of the conservation
equation satisfied by T, the integral of T71 + T52 + T33 over a hypersurface of constant

2V is zero. [You could consider integrating 8'(T;j27).]

Find an expression for hgg in terms of the total mass of the source which is correct to
O(1/r) in terms of spatial distance r.

[The following formulae may be of use:

1
l?c = 5gad (3bgcd + OcGpd — 3dgbc) ) Rabcd = 2a[arg}c + 2Fi[a1—‘g]e ]
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7. For a certain space-time with coordinates z%, a = 0,1,2,3, let the metric be ds? =
gapdz®dzb. If u is one of these coordinates, and the metric is such that none of its
components g,, depend on u, show that V' = 9/0u is a Killing vector.

The Kerr solution can be written in Boyer—Lindquist coordinates (¢, r,6, ¢) as

2Mr AMar sin® 6 pM
2 _ 2 _Ha 9 2
ds* = (1 > )dt —1—72 dtdo Adr >.dé
2M 2 a2
- (e B i g

where A = r2 4+ a? —2Mr, ¥ =12+ a®cos? 6, and M > a > 0 are constant parameters,
is a solution of the Einstein field equations, describing a stationary axisymmetric body
with mass M and angular momentum J = Ma. Deduce that the vector fields K and L

defined by
K:KQV:Q L:LaV:2
a 81: b)) a 8¢ Y
are Killing vector fields. Do K and L commute? Is it possible for the vector field K to
be hypersurface orthogonal? [You may use without proof standard results for hypersuface
orthogonal vectors as long as they are stated clearly.] On which surfaces does the vector

field K become null?

What does it mean for a hypersurface of constant r to be null? Find the values of r, ry
and r_ with r; > r_ on which the hypersurfaces of constant r are null. What does it
mean for r = r4 to be an event horizon?
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8. The Robertson-Walker metric can be given as

d 2
ds? = dt? — R(r)> (1 _kaQ + p2(d6? + sin? 9d¢2)> :

where k£ = 0,£1. What is the significance of k?

A cosmological model has the Robertson-Walker metric and a perfect fluid source. The
Friedman equations for the model are

8t . R
——0oR*, 0+3(e+p) =0,

R®+ k=
+ 3

where g is the density of the fluid and p is the pressure.

Show that the Friedman equations are satisfied for k = 0 by R = e where a is a
constant, if ¢ is a constant which you should find. What is the equation of state? Show
that in this case, the Ricci tensor R, and the stress-energy-momentum tensor Ty, satisfy
Ry, = Agyp and 87 GT,, = Agyp respectively, for some constant A which you should find.
[You may use the fact that the stress-energy-momentum tensor for a perfect fluid is
Tay = (p + 0)uatp — PGab-]

For this Friedman-Robertson—Walker model with k = 0 and R = e®, write the equation
for the past light cone of the origin at time tg, and show that events beyond a certain
surface are never seen by an observer at the origin.

What is the area distance d of the galaxy as seen from the observer at the origin and
time ¢p? Obtain an expression for d4 in terms of R(¢;) and R(tp). Given that the light
from the galaxy is received with a cosmological red-shift z given by

R(to) - R(tl)
R(ty)

show that
z

H(l+z)’

where H is a constant which you should find.

da(z) =
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