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Section A — Applied Partial Differential Equations

Question 1

(a) Suppose that the functions p(r) and q(r) satisfy

F (p(r), q(r)) ≡ 0,

for all r, where the continuously differentiable function F : R2 → R is known. Suppose also that the
functions x(r, s), y(r, s) and u(r, s) are given by

x(r, s) = x0(r) + s
∂F

∂p
, y(r, s) = y0(r) + s

∂F

∂q
, u(r, s) = u0(r) + s

(
p
∂F

∂p
+ q

∂F

∂q

)
,

where x0(r), y0(r) and u0(r) satisfy the equation

du0
dr
≡ p(r)dx0

dr
+ q(r)

dy0
dr

,

for all r. Show that
∂u

∂r
= p

∂x

∂r
+ q

∂y

∂r
and

∂u

∂s
= p

∂x

∂s
+ q

∂y

∂s
.

Deduce that p = ∂u/∂x and q = ∂u/∂y provided

∂x

∂s

∂y

∂r
− ∂x

∂r

∂y

∂s
6= 0.

[10 marks]

(b) Find the solution u(x, y) of the partial differential equation(
∂u

∂x

)2

+
∂u

∂x
+
∂u

∂y
= 1,

with u(x, 1) = x2 for x > 0. Sketch the region in which your solution is uniquely defined.

[15 marks]
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Question 2

(a) Let A(x, y) and B(x, y) be (n × n) matrices and let u(x, y) ∈ Rn be continuously differentiable.
Suppose that for (x, y) ∈ R2

A
∂u

∂x
+B

∂u

∂y
= c for c(x, y) ∈ Rn.

State conditions on A and B that make this system of partial differential equations hyperbolic and
define the characteristic variables for the system. [7 marks]

(b) Let

A =

(
1 0
1 2

)
, B =

(
1 −3
0 4

)
, c =

(
1
−1

)
,

Find characteristic variables and Riemann invariants for this system. Use your results to find the solu-
tion u(x, y) = (u, v)T when the initial data is

u(0, y) = 6 cos y + e−y, v(0, y) = cos y − e−y.

[14 marks]

(c) Explain where your solution is uniquely determined by the initial data and include a sketch of this
region of the (x, y)-plane.

[4 marks]
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Question 3

(a) Suppose that n(x, t) > 0 solves

∂n

∂t
=

∂

∂x

(
n
∂n

∂x

)
+
n

2t
, (1)

in a region bounded by the lines t = 0, t = τ , and two, non-intersecting, smooth curves C1 and C2.
Prove that if a solution exists then n(x, t) attains its minimum value on t = 0 or on one of the curves
C1 or C2.

[6 marks]

(b) Let Ω be the region bounded by the curves x = 0, x = L(t) and t = 0 so that

Ω = {(x, t) : 0 < x < L(t) and 0 < t}.

Suppose further that n(x, t) and L(t) solve equation (1) in Ω, with

n(0, t) = 1,
∂n

∂x
(0, t) = 0, n(L(t), t) = 0.

Determine the real constants α and β and the function N ∈ C2 for which there exists a solution of the
form n(x, t) = tαN(x/tβ). Derive analytical expressions for n(x, t) and L(t).

[10 marks]

(c) Suppose now that n(x, t) and a(x, t) solve the following, coupled problem in the domain Ω̂ = {(x, t) :
0 < x < L̂(t), 0 < t}:

∂n

∂t
=

∂

∂x

(
n
∂n

∂x
− χn∂a

∂x

)
+
n

2t

0 =
∂2a

∂x2
− 1

t


where 0 < χ < 1/2 is a constant, and

n(0, t) = 1,
∂n

∂x
(0, t) = 0, n(L̂(t), t) = 0,

∂a

∂x
(0, t) = 0, a(L̂(t), t) = 1.

Determine the functions N,A ∈ C2 for which there exist solutions of the form

n(x, t) = tαN
( x
tβ

)
, a(x, t) = tαA

( x
tβ

)
.

Use your results to explain briefly how the speed with which the leading front x = L̂(t) moves changes
as χ ∈ (0, 1/2) increases.

[9 marks]
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Question 4

(a) Suppose that u(x, t) satisfies the partial differential equation

∂u

∂t
+
∂Q

∂x
= 0, (2)

in −∞ < x < ∞ and 0 < t, where Q = Q(u) is a positive function of u, with Q′(u) > 0 and
Q′′(u) > 0 for all values of u. Suppose further that u(x, 0) = u0(x).

Construct an implicit solution for u(x, t) and explain briefly why the solution represents a wave moving
to the right. Show further that if u′0(s) < 0 for some value of s then a shock will form when t = t∗ > 0
where

t∗ = min
s

{
1

|u′0(s)|Q′′(u0(s))

}
.

[9 marks]

(b) Suppose that Q(u) = u2/2 and

u0(x) =


0 x 6 −1,
1− |x| −1 < x 6 1,
0 1 < x.

Find u(x, t) explicitly and show that for 0 < t � 1, u(x, t) = u0(x) + O(t). Determine the time
t = t∗ > 0 at which a shock forms. Sketch the behaviour of u(x, t) as a function of x as t increases
from t = 0 to t = t∗. [8 marks]

(c) For t > t∗, let the shock position be given by x = X(t). Use the Rankine-Hugoniot condition to
determine X(t). Indicate the path of the shock on a sketch of the characteristic curves. [8 marks]
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Section B — Further Applied Partial Differential Equations

Question 5

The Bessel functions Jm(x) are the solutions of the equation[
x2

d2

dx2
+ x

d

dx
+ x2 −m2

]
Jm(x) = 0.

that are bounded as x→ 0.

(a) Use the generating function

φ =
∞∑

m=−∞
tmJm(x) = exp

{
1

2
x

(
t− 1

t

)}
to establish the results

2
d

dx
Jm(x) = Jm−1(x)− Jm+1(x),

2m

x
Jm(x) = Jm−1(x) + Jm+1(x).

Hence show that
d

dx

(
xmJm(x)

)
= xmJm−1(x).

[6 marks]

(b) A continuous function f(x) in the interval 0 ≤ x < X may be expanded as the series

f(x) =

∞∑
n=1

cnJ1(knx),

where the constants 0 < k1 < k2 < k3 < · · · are given by the roots J1(knX) = 0.

Show that the coefficients cn are given by

cn =
2

[XJ ′1(knX)]2

∫ X

0
f(x)J1(knx)x dx.

[6 marks]

You may use the identity Jm(0) = 0 for m ≥ 1, and the relations∫ β

α
xJm(kx)Jm(`x) dx =

1

k2 − `2

[
`xJm(kx)J ′m(`x)−kxJm(`x)J ′m(kx)

]β
α

for k, ` > 0 with k 6= `,

and ∫ β

α
x (Jm(kx))2 dx =

1

2

[(
x2 − m2

k2

)
(Jm(kx))2 + x2(J ′m(kx))2

]β
α

for k > 0.
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(c) Hence show that

x = −2
∞∑
n=1

J1(knx)

knJ0(kn)
for 0 ≤ x < 1.

[11 marks]

(d) What is the value of this series at x = 1?

[2 marks]
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Question 6

(a) Write down the forward Hankel transform of a function u(r) with respect to r, and the corresponding
inverse transformation.

[3 marks]

(b) Derive the expression for the forward Hankel transform from the two-dimensional Fourier transform.

[7 marks]

(c) Small horizontal displacements u(z, t) of a heavy vertical chain are governed by

∂2u

∂t2
=
∂2u

∂z2
+

1

z

∂u

∂z
.

The chain is initially at rest, hanging vertically downwards. It is hit with a hammer so that ut(z, 0) = ε
for 0 ≤ z ≤ a, while ut(z, 0) = 0 for z > a. Show that the solution for t > 0 may be written as

u(z, t) = ε

∫ ∞
0

a

k
J1(ka)J0(kz) sin(kt) dk.

[15 marks]

You may use the integral representation Jm(x) = (2π)−1
∫ 2π
0 exp{i(mφ−x cosφ)} dφ and the recur-

rence relation xJ ′m(x) +mJm(x) = xJm−1(x) without proof.
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