Bifurcation from points that are
not in the discrete spectrum of the linearisation
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Degenerate elliptic b.v.p.

N > 3.9 C RY open bounded, 0 € Q, 99 is Lipschitz.

—V - {A(x)Vu(x)} = Af(u(z)) forx € 2
u(x) = 0 for z € 012,

(D1) A € C(Q) with A(z) > 0forallz € Q\{0}
A@) — o >0,

h

and lim|x|_>0

(D2) f € C*(R) with £(0) =0, f'(0) > 0,
sup{|f'(s)| : s e R} = M < .
( f linear is allowed.)

3/26



Finite energy solutions

E(u —QIQA\Vu\ dx—)\fQ u)dr < 0o
where F(s fo

There eX|st o > Q 2 a1 > 0 such tﬂat

ai|z|* < A(z) < as|z|? forall z € Q.

Hence, [, A(z) |V Vu(z)|’ dz < oo <= I 2| |[Vu|? dz < oo
and |F(s)] < &2,

We seek solutions in the space
H={uel: |, 2| |Vul|® dz < 0o, u = 0 on 9O}

But [, u?dr < & [o |z]* |Vu| dz foru € H,
(Hardy for v(z) = |z| u(x)).

H is a Hilbert space with equivalent scalar products
(u,v) 4 = [ A(z)Vu - Vudz and (u,v), = [, |z|*Vu - Vudz.

H is continuously, but not compactly embedded in L*(€2).
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Solutions of bvp

A solution of bvp is a pair (A, u) € R x H such that

Jo A@@)Vu(2) - Veo(w)dz = A [, f(u(z))p(2)d
for aII gp S H

A point A € R is a bifurcation point for bvp

if there is a sequence {(\,,u,)} C R € [H\{0}]
of solutions such that

A, — Aand |uy,|, — 0,

> [|]l, =0,
since, for a solution

Junlla = A [ flun)updz < |A,|M [, usde.

= F(u,) — 0.
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Bvp as an equationin H

Define K (u) and G(u) € H by

(K(u),v), = f’(O)/qudx and

(G(u),v) , = /Qf(u)vdx for all u,v € H

(A, u) € R x H satisfies bvp < (u,v) , = A [, f(w)vdz forallv € H
< u = \G(u).

G : H — H is H-differentiable at u = 0 with G'(0) = K.
G : H — H is not F-differentiable at O if f is not linear.

G : H — H is compact if lim o = AG—Y (= f is nonlinear.)

K € B(H,H)and K = K* > 0.
supo.(K) = 4f( 9 > 0so K : H— H is not compact.
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(K (1), v) 4 = F'(0) [ uvda, with f(0) >0

o(K) C [0,00) and sup 0.(K) = %

K =G'(0) : H — H is not compact.

uea(K)ﬂ(%,ooM:)

the linear boundary value problem

— V -{A(x)Vu(x)} = du(x) for z € €
u = 0 for z € 0F2

has a non-trivial solution v € H for A = %

Y = {i p€oa(K)N (%, o0) } consists of eigenvalues of this

linearisation of bvp. 22 can be empty.

AlVul?d N*?
int > = inf fQ ‘ ;L’ az) inf >, = a/
ueH\{0} [, uldz ~4f7(0)
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Bifurcation for bvp

Theorem Suppose (D1) and (D2) are satisfied.
Let B be the set of bifurcation points for the bvp.

H1F0 < f(s)/s < f( ) for all s # 0,
then B C ¥ U [4f,(0),oo)

(i) If f s odd with lim )00 22 = 0 and
sf(s <2f0 t)dt for all s > 0,
then ¥ U [-2~ c0) C B.

4f’(0) ’

There is bifurcation to the right at every A € 3],

vertical bifurcation at every \ € (ff,—]\(f;), 00)

and B N (0,00) = £ U [{#¥, 00).
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Sufficient conditions for bifurcation without F-diff.

(H, (-,-)) is a real Hilbert space.

Consider F' = V1, i.e. (F(u),v) = ¢'(u)v forall u,v € H
where

(H1) v € C*(H,R) with ¢»(u) = ¥(—u) and (0) = 0 such that

lim M:

Jull o0 |||

and
Y (w)u < 2(u) forallu € H\{0}.

(H2) F' : H — H is compact.

(H3) ' : H — H is Hadamard differentiable at « = 0 with
F'(0) = F'(0)*.

Let A = sup o.(F'(0)).
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Bifurcation for F'(u) = Au

Theorem 3 (with Gilles Evéquoz, 2007) Suppose (H1), (H2) and (H3).
(A) If A° > 0, then [0, A°] C Brp,

and there is vertical bifurcation at every A € (0, A°).

That is, there exists a sequence (\, u,,) such that F'(u,) = Au,, with
u, # 0and ||u,| — 0.

®) (A%, 00) N o(F(0)) C Br
where AS = max{0, A}

and there is bifurcation to the left at every A € (A<, 00) N a(£7(0)).
That is, there exists a sequence (\,, u, ) such that F'(u,) = \,u, with

Up 7Z 0, [|u,|] = 0, Ay < Aand A, — A

H—H—I—i:

0 A°®

m—— Spectrum

i |
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Remarks

If (H2) holds and F' is Fréchet differentiable at u = 0,
then F’(0) is compact and so o.(F’(0)) C {0}.
Thus the situation (A) cannot occur in this case.

In (A) we have that [0, A°] C Bp,
without requiring that (0, A¢) C o(F”(0)).

We have similar results for equations of the form
F(\ u)=0.

The proof is based on Ljusternik-Schnirelman theory.
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ldea of the proof of (A)

Fix A € (0, A°) and find critical points of the energy:

J(uw) = 3|lul®* — ¥(u). J is even and lim|j, | J (1) = o0.
Note that VJ(u) = Au — F(u).

J satisfies the (P-S) condition since F' : H — H is compact.

Also 2J(u) — (VJ(u),u) = ' (u)u — 2¢(u) < 0 for u # 0.

Define critical levels using a min-max over sets of genus greater than or
equal to nin H: ¢, = mingcg, maxy,eca J(u).

F Hadamard diff. at 0 and A\ < sup o.(F"(0))

=> there exists a small set A,, of genus n such that max,c 4. J(u) < 0
= ¢, < 0 for all n.

Also ¢,, — 0asn — oc.

(P-S) = there exists u,, such that J(u,) = ¢, and VJ(u,) = 0.
c, <0=J(0) = u, #0.
¢, — 0 =||u,|| — 0. Hence there is vertical bifurcation at \.
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Another type of nonlinearity

(F) Forsome T > 0, f € C*([-T,T)) is an odd function that is strictly
concave on |0, 7| with f(0) = f(T)) = 0and f'(0) > 0.

Examples: f(s) = s — |s|” s for any o > 0 (sublinear case)
or f(s) =sins

Set

F(s) :/ f(t)dtfors € [=T,T]
0
and extend F' to IR as an even function with

FcC*R),F'(s) <0Oforalls > T,
lim F(s) = lim F'(s) = lim F"(s) =0.
S— 00 S— 00 S— 00

Then f = F" satisfies the condition (D2) of the previous theorems.
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Condition (F)

Graphs of f and F’
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Extension of f

' ' P S S SR S N W
o as 152 3 354 455
x

Graphs of the extensions of f and F’
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Bounded solutions

Theorem Let (D1) and (F) hold. Then X U [4f,( oL o) C B.

Forany A € X U [4f,(0), o0), there exists a sequence of solutions
{(An,un)} C (0,00) x [H\{0}] such that

foralln € N, |u,(z)] < T a.e. on (),
A, — Aand |u,|, = 0asn — oo.

Since |ul, < [Q|2 [ul, it follows that [u,|, < |©]2 u,|2 T 7.

Hence |u,|, — 0asn — oo forall p € [1, 00).

17126



Radial case

Q=B={xecR":|z| <1}and A(z) = C(|z|) where
(R) C € C*(]0,1]) with C(r) > Oforallr € (0,1],C(0) = 0 and
C'(r)

Then A satisfies (D1).
Let f satisfy (F).

— 2.

hmr—)O

Then (i) |u,|,, =T foralln

and we have concentration at the origin:
(ii) for any € € (0, 1), u, — 0 uniformly on {z € RY : ¢ < |z| < 1}.

18726



Radial solutions

u(x) = v(r) s =r"and w(s) = v(r)

BVP becomes

—{D(s)w'(s)} = % (w(s)) for0 < s <1

where D(s) = s20=~)(C(s~) and

1
we X ={we L*0,1): / s*w'(s)*ds < oo and w(1) = 0}
0
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Nodal properties

If A > 0andw € X\{0} satisfies

—{D(s)w'(s)} = % (w(s)) for0 < s < 1

then w has only a finite number of zeros in (0, 1)
aN?
If A > 1770y and w € X satisfies

—{D(s)w'(s)} = % "(0)w(s) for0 < s < 1

then w has infinitely many zeros in (0, 1)
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Weaker degeneracy

(D1); A € C(Q) with A(z) > 0forall z € Q\{0} and
hm|x|_>0 |(|ai) =1

for some ¢t € |0, 2].

We can still define a Hilbert space (H 4, (-, ) 4) by
H, = {U c L2(Q) :

Jo A(z) [Vu( z)|* dz < oo and u = 0 on ON}

with (u, v) , = [, A(z)Vu(z) - Vu(z)dz.

21/26



Properties of H 4

Let A satisfy (D1); for some t € [0, 2].

(i) (H4, (-, ) 4) is continuously embedded in the space (Hs, (-,)) and
hence also in L?(€).

(i) (H 4, (-, ) 4) is continuously embedded in
WP(Q)forl <p < =-.
(iii) (H 4, (-, ) 4) is compactly embedded in

Li(Q)forl < g < t* = Ni];’_2.

(iv) If t = 2, H 4 is NOT compactly embedded in L*(€2).
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The boundary-value problem

Let A satisfy (D1); for some t € |0, 2] and (D2).

A solution is a pair (A, u) € R x H4 such that
o, A( ) - Vo(z)dz = X [, f(u(z))p(z)dz forall o € Hy.

A € R is a bifurcation point if there is a sequence
{(An,un)}t C R x [Hy\{0}] of solutions such that \,, — A and
un |, — 0.
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Equationin Hy

As before, define K (u) and G(u) € H 4 by

(K(u),v) , = /qudx and

(G(u),v) , = /Qf(u)vd:v for all u,v € Hy

(A, u) € R x Hy satisfies bvp <= u = A\G(u).
K € B(HA,HA) and K = K* >0

GeClY Hy Hy)ift <2
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L inearisation

Ift <2, K € B(Hy, Hu) is compact.

o(K)=A{p; : 1 € N} C (0,00)
where ;11 < p; and lim;_ oo p; = 0
sup o.(K) = {0}

The linear boundary value problem

—V - {A(z)Vu(zx)} = \u(x) for z € Q
u = 0 for x € 012

has a non-trivial solution u € H 4 for A = L.

(2

> = {-L} is the set of all eigenvalues.
o
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Regular bifurcation

Theorem Let (D1), for some t € |0, 2) and (D2) be satisfied.

Let B denote the set of all bifurcation points for the bvp.

Then B = {)\; : © € N}
where 0 < A\; < )\i—l—l with lim;_ .., A\; = 00.

Recall that for ¢ = 2 and under some extra assumptions on f

BN (0,00) =% U [4‘;‘0],\(70),00).
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