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Preface

The starting point for these lectures is a course given in Paris between January
and March 2014 as part of Chaire Junior of the Fondation Sciences Mathématiques
de Paris. This book is designed for a graduate audience, interested in inverse
problems and partial differential equations, and we have tried to make it as self-
contained as possible.

The analysis of hybrid imaging problems relies on several areas of the theory of
PDE together with tools often used to study inverse problems. The full description
of the models involved, from the theoretical foundations to the most current de-
velopments would require several volumes, and is beyond the scope of these notes,
which we designed of a size commensurate with a twenty hours lecture course, the
original format of the course. The presentation is limited to simplified settings,
so that complete results could be explained entirely. This allows us to provide a
proper course, instead of a survey of current research, but it comes at the price that
more advanced results are not presented. We tried to give references to some of the
major seminal papers in the area, in the hope that the interested reader would then
follow these trails to the most current advances by means of usual bibliographical
reference libraries.

The physical model most often encountered in this book is the system of linear
Maxwell’s equations. It is of foremost importance in the physics of inverse elec-
tromagnetic problems. Compared to the conductivity equation and the Helmholtz
equation, the analysis of Maxwell’s equations is much less developed, and these
lectures contain several new results, which have been established while writing this
book. In the chapter discussing regularity properties we focus on the Maxwell
system’s of equations in the time harmonic case. Proofs regarding small volume
inhomogeneities are given for the Maxwell’s system as well.

We introduce the inverse source problem from time-dependent boundary mea-
surements for the wave equation from the classical control theory point of view,
leaving aside many deep results related to the geometric control of the wave equa-
tion or the Radon transform, or recent developments concerning randomised data.
Probabilistic methods are not used, random media are not considered, compressed
sensing and other image processing approaches are not mentioned. All these ques-
tions would certainly be perfectly natural in this course, but would require a differ-
ent set of authors. For many of these questions, we refer the reader to the relevant
chapters of the Handbook of Mathematical Methods in Imaging [Sch15] for detailed
introductions and references.

The authors have benefited from the support of the EPSRC Science & Innova-
tion Award to the Oxford Centre for Nonlinear PDE (EP/E035027/1) and of the
ERC Advanced Grant Project MULTIMOD-267184. G. S. Alberti acknowledges
support from the ETH Ziirich Postdoctoral Fellowship Program as well as from

iii



iv PREFACE

the Marie Curie Actions for People COFUND Program. Y. Capdeboscq would
like to thank the Fondation Sciences Mathématiques de Paris and the Laboratoire
Jacques-Louis Lions for the remarkable support provided during his time spent in
Paris in 2013-2014.

Oxford and Ziirich, Giovanni S. Alberti
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CHAPTER 1

Introduction

The inverse problems we discuss are the non-physical counterparts of physics
based direct problems. A direct problem is a model of the link from cause to effect,
and in this course we shall focus on direct problems modelled by partial differential
equations where the effects of a cause are uniquely observable, that is, well posed
problems in the sense of Hadamard: from an initial or boundary condition, there
exists a unique solution, which depends continuously on the input data [Gro99].

Inverse problems correspond to the opposite problem, namely to find the cause
which generated the observed, measured result. Such problems are almost neces-
sarily ill-posed (and therefore non physical). As absolute precision in a measure
is impossible, measured data are always (local) averages. A field is measured on
a finite number of sensors, and is therefore only known partially. One could say
that making a measure which is faithful, that is, which when performed several
times will provide the same result, implies filtering small variations, thus applying
a compact operator to the full field. Reconstructing the cause from measurements
thus corresponds to the inversion of a compact operator, which is necessarily un-
bounded and thus unstable, except in finite dimension. Schematically, starting from
A, a cause (the parameters of a PDE, a source term, an initial condition), which
is transformed into B, the solution, by the partial differential equation, and then
into C, the measured trace of the solution, the inversion from C to B is always
unstable, whereas the inversion of B to A may be stable or unstable depending on
the nature of the PDE, but B — A is often less severely ill posed than C' — B.

As a first fundamental example, let us consider the electrical impedance to-
mography (EIT) problem, also known as the Calderon problem in the mathematics
literature.

1.1. The electrical impedance tomography problem

1.1.1. Measurements on the exterior boundary: the Calderén prob-
lem. Let Q C R? be a Lipschitz connected bounded domain, where d > 2 is the
dimension of the ambient space.

We consider a real-valued conductivity coefficient o € L™ (Q), satisfying

(L.1) A~ < o(z) < A for almost every = €
for some constant A > 0.

DEFINITION 1.1. The Dirichlet to Neumann map A : H=(9Q) — H~2(99) is
defined by

(Ao, ) = / oVu-Vodz
Q

1



2 1. INTRODUCTION

where v € H(Q) is such that v|,, = ¢ and u € H'(Q2) is the weak solution of

—div(oVu) =0 in Q,
U= on 0f).

We need to “prove” this definition, because it apparently depends on the choice
of the test function v. Given vy, vy € H(£2) with the same trace, namely vy — vo €
H}(Q), from the definition of weak solution we have

/JVU~V(1}1—U2) dr =0,
Q

thus this definition is proper.

More explicitly, A, = 0Vu-v5q, and so A, maps the applied electric potential
 into the corresponding outgoing current oVu - vj9q. The inverse problem in EIT
consists in the reconstruction of o from voltage-current measurements on 9f2. In
the case when all possible combinations (¢, A,¢) are available, in the mathematics
literature this inverse problem is called Calderén problem.

PROBLEM 1.2 (Calderén problem). Determine if the map
or— As
is injective and, in this case, study the inverse A, — o.

The injectivity of this map was proved in general in dimension 2 [AP06], and
under additional regularity hypotheses on ¢ in higher dimension [BT03, [KV 85|
SUST|, with uniqueness for ¢ € W (2) obtained recently in [HHT13] and for less
regular conductivities in [Hab15|. Even though the map is injective, the stability
of the problem is very poor. Even for o € C™, m > 2, the best possible stability
estimate is

-5
Hal - 02||L°°(Q) S C (log(l + ||A0'1 - AU2||;11%,H%>) )

for some ¢ € (0,1) depending on d, see [ManO1]; thus, only a very coarse recon-
struction is possible. To fix ideas, if C = 1 and § =~ 1, a 1 ppm precision leads to an
approximation error of 7%, whereas a 1 ppq (one per thousand million of millions)
precision leads to an approximation error of 3%.

REMARK 1.3. The general impedance tomography problem considers matrix-
valued conductivities, corresponding to anisotropic media. In such generality, A is
not injective.

1.1.2. The inverse problem with internal data. The above discussion
highlights that absolute impedance measurements, without any priori knowledge of
the conductivity, do not seem practical. Since the biological information delivered
by the knowledge of the conductivity map is very valuable for a diagnostic point
of view (as shown by the large number of publications on this topic in biology
and medicine journals), other modalities to measure the conductivity have been
explored. Before we describe some of these hybrid approaches, let us make the
following observation.

PROPOSITION 1.4. Let 0 € L™(Q) satisfy and u; € HL_(Q) be weak
solutions of
div (cVu,;) =0 in Q,
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fori =1,...,d. Suppose additionally that in an open subdomain Q' € Q, o €
HY () and u; € HX(Q') N WHee () for eachi=1,...,d, and that

(1.2) det (Vui,...,Vug) > C a.e. in Q'
for some C' > 0. Then
div (Vul)
Viego = —[Vuy, ..., Vug) ' a.e. in .
div (Vud)

In particular, o is known (explicitly) up to a constant multiplicative factor provided
that Vu; are known in €.

PROOF. Suppose first that o € C°°(Q'); then uy,...,uqg € C(Q) by elliptic
regularity. An explicit calculation immediately yields Vo - Vu; + cAu; = 0 in €,
and in turn

Viogo - Vu; = —Au;  in .
In more compact form, by (1.2) this may be rewritten as

div (V’U,l)
Vliego = — [Vui,...,Vug " in Q.
div (Vug)
We conclude by density of smooth functions in Sobolev spaces. O
This result is local, and stability with respect to the derivatives of uy,...,uq

can be read explicitly. Approximation errors do not spread. Let us now consider
the case when only only one datum (instead of d) is available. It is clear that this
cannot be enough in general: if o is a function of 2’ = (z1,...,24-1) and ug = 4,
then the above approach gives only

Oqlogo =0,

which is satisfied by any ¢ independent of z4. In general, given any C3(R?) gradient
field Vu such that m < |Vu| < M for some m, M > 0, there always exists a C'!
isotropic conductivity ¢ such that div(6Vu) = 0, as it is shown in [BMT14]. On
the other hand, uniqueness is granted if ¢ is known on the boundary, at the cost
of following gradient flows, provided that a positive Jacobian constraint is satisfied
by other, non-measured, gradient fields.

PROPOSITION 1.5. Let o € C1(Q) satisfy and u; € C1(Q) be weak solu-
tions of

div (oVu;) =0 in Q,

for i =1,....d. Suppose that for some nested open subdomains O eQen,
(u1,...,uq) defines a Ct diffeomorphism from Q to V', so that in particular

(1.3) det (Vuy,...,Vug) > C inQ

for some C > 0. Suppose that uqg € C%(Q), and that o is known on O . Then o is
uniquely determined by Vug in .
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PROOF. For o € 9, consider the following dynamical system (the gradient
flow)

dX
E (ta IO) = vud (X (t,Io)), t > Oa
X (O,ZL‘()) = Xg-
As (u,...,uq) is a C* diffeomorphism on Q, given y € ' there exists zg € 99 and

to € R such that X (tg,x0) =y and X (¢,20) € Qforallte [0,to]. Now consider
£(t) = log o (X (t,20))
We have, from the same computation as before,
() =Vlogo - Vug = —div (Vug (X (¢,20))),

in other words
to
logo (y) —logo(zg) = —/ div (Vug (X (¢, 20))) dt. O
0

As we see from these two examples, determinant constraints on the gradient
fields naturally arise when we wish to use internal gradients to reconstruct the
conductivity.

1.2. Some hybrid problems models

The main thread of these lectures is the analysis of the so-called hybrid inverse
problems, which are a particular type of inverse problems using internal data coming
from the use of coupled-physics phenomena. The gradient fields discussed above
are an example of such internal data. In general, the inversion from internal data
turns out to be more direct and stable than the corresponding reconstruction from
boundary measurements.

The phenomenon used in many of these methods is the dilatation of solids and
liquids due to a change of temperature. These phenomena are well known in the
physics and mathematics literatures; the appearance of waves in heated fluids or
heated elastic bodies was studied by Duhamel (1797-1872). The usefulness of these
phenomena for measurement purposes was noted in the mechanics literature in 1962
[KN62|. In the conclusion of that article they write

From the above considerations it appears that as a result of the
action of the thermal shock a modified elastic wave and an elec-
tromagnetic wave propagate in an elastic medium; there occurs
also the radiation of the electromagnetic wave into the vacuum.
Besides a manifest theoretical interest in describing the coupled
phenomena occurring in an elastic body, the solution obtained is
of essential value for the measurement technique.

The term (and the concept) of thermoacoustic imaging appeared in the physics and
radiology literature in 1981 [Bow82|, and microwave thermoelastic imaging was
introduced a few years later [LC84|. The field then expanded largely, and has
become a close to clinically used imaging modality nowadays.

From a practical point of view, these hybrid methods are interesting because
they allow measurements that either acoustic imaging or electromagnetic imaging
modalities alone would not permit. The electromagnetic radiations (used at low
intensity and at not ionising frequency) transmit poorly in biological tissues, but the
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heating effect they produce depends directly on the electric properties of the tissues.
The connection between the electric properties of tissues and their healthiness is well
documented; in particular, cancerous tissues are much more conductive, whereas,
from an acoustic point of view, they are mostly an aqueous substance, and the
contrast with neighbouring healthy tissues is not so important. Thus the stronger
pressure waves emitted by the electromagnetic heating allow, if their origin is traced
back, to distinguish biologically relevant information, with the millimetre precision
of the acoustic waves. In other words, the high resolution of acoustic measurements
is combined with the high contrast of electromagnetic waves, in order to obtain
reconstructions with high resolution as well as high contrast.

Magnetic resonance electrical impedance tomography, originally introduced
in the biomedical imaging literature [STAH91] and as a mathematical problem
soon after [WLM94]|, uses magnetic resonance imaging to measure electrical cur-
rents generated by the EIT apparatus. Acousto-electric tomography was intro-
duced in [ZWO04], reintroduced as ultrasound current source density imaging in
[OWHOOS8|, and independently described in the mathematical literature under
other names during the same period [AmmO8, IABCT08|. Here, the ultrasounds
are focused to act as the external source of dilatation, whereas the resulting change
in the conductivity is measured with usual electrical leads.

The elastic properties of tissues are equally of great practical interest. Not
much was available outside of palpation to assess the hardness of tissues until
the appearance of hybrid imaging methods, such as sonoelasticity |[LPH"88| and
magnetic resonance elastography [MLRT95|. Several other hybrid elastic imaging
modalities are currently being developed, see [PDR11] for a review.

Hybrid imaging is not limited to these fields. We refer to [AmmO8|, WS12|,
Ball3, Kucl2, IAGK™16| for additional methods and further explanations on
some of the models (briefly) described below.

In most hybrid imaging modalities, the reconstruction is performed in two steps.
First, internal measurements are recovered inside the domain of interest. These data
usually take the form of a functional depending on the unknowns of the problem in
a very nonlinear way, also through the solutions of the PDE modelling the direct
problem. In a second step, the unknown coefficients have to be reconstructed. We
present below a few examples of hybrid inverse problems, which will be studied
in detail in the second part of the book. In order to study these imaging methods
rigorously, a number of mathematical questions must be answered. We will highlight
some of them, which will be the focus of the first part of these lectures.

1.2.1. Magnetic resonance electric impedance tomography - Current
density impedance imaging. In these modalities, the magnetic field generated
by artificially induced electric currents is measured with a magnetic resonance imag-
ing (MRI) scanner. Either one or all components of the magnetic field H are mea-
sured. We speak of magnetic resonance electric impedance tomography (MREIT)
in the first case and of current density impedance imaging (CDII) in the latter.
Here we consider only CDII.

In the setting of the Maxwell’s system of equations

curlE = iwH in €,
curlH = —i(we +i0)E in Q,
Exv=pxv on 01,
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in a first step the internal magnetic field H generated by the boundary value ¢
is measured with an MRI scanner. In a second step, the electric permittivity ¢
and the conductivity o have to be reconstructed from the knowledge of several
measurements of H’ corresponding to multiple boundary illuminations ¢;. We
shall see that this step requires linearly independent electric fields: this condition
corresponds to the Jacobian constraint for the electric potentials.

We also study the scalar approximation in the limit w — 0, namely the conduc-
tivity equation. More precisely, taking w = 0 in the above system allows to write
E = Vu for some electric potential u, since by the first equation F is irrotational
(provided that €2 is simply connected). Thus, the second equation yields

—div(eVu) =0 in Q.
Moreover, the second equation allows to measure the internal current density via
J=0oVu=curlH in

from the knowledge of the internal magnetic field. If multiple measurements are
performed, then we measure J; = oVu' for several applied boundary voltages. In a
second step, the unknown conductivity has to be reconstructed from the knowledge
of the currents J;. Except for the factor o, this problem is very similar to the
one considered in where the internal data simply consisted of the gradient
fields Vu'. It is therefore expected that the Jacobian constraint will play an
important role in the inversion. (In fact, in the three dimensional case, only two
linearly independent gradients will be needed.)
To summarise, this hybrid problem consists of the following two steps.

e The reconstruction of the magnetic field H (and hence of J), from MRI
data.

e The reconstruction of o from the knowledge of the internal current densi-
ties J; (or directly from H® in the case of Maxwell’s equations).

1.2.2. Acousto-electric tomography. The main feature of coupled-physics,
or hybrid, inverse problems is the use of two types of waves simultaneously. Acousto-
electric tomography (AET) belongs to a class of hybrid problems in which the first
type of wave is used to perturb the medium while the second wave is used to
make measurements. In AET, ultrasound waves are used to perturb the domain,
while electrical measurements are taken via the standard EIT setup discussed in
the previous section. Physically, the pressure change caused by the ultrasounds will
modify the density of the tissue, which in turn affects the electric conductivity. The
availability of the electrical measurements in both the unperturbed and perturbed
case allows to obtain internal data, as we now briefly discuss.

Ultrasounds may be used in different ways to perturb the domain. Depend-
ing on the particular experimental configuration, different reconstruction methods
need to be used in order to obtain the internal data. However, at least in theory,
these data are independent of the particular setting: they consist in the pointwise
electrical energy

(1.4) H(z) = o(z)|Vu(z)|?, x €,

where o is the conductivity and u the electric potential.
We consider only the case of focused ultrasonic waves. Focusing an ultrasonic
wave on a small domain B, centred around a point x will change the conductivity
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in B, in a quantifiable way. For a fixed applied boundary potential, the corre-
sponding current can be measured on 0f2. These measurements are performed in
the unperturbed situation, namely when the ultrasound waves are not used, and in
the perturbed case. When we compute the cross-correlation of these measurements
on 0f2, we expect it to reflect local information of the conductivity near z.

The precise connection between cross-correlation and local quantities needs
to be clarified. With an integration by parts it is possible to express the cross-
correlation of the boundary measurements with a local expression of u, — u near
x, where wu, is the electrical potential created in the perturbed case. Assuming
that the size of the perturbation is small, we may write an asymptotic expansion
of u, — w near x. At first order, such expansion yields the internal data given in
. More generally, using multiples measurements, it is possible to recover

H;j(z) = o(z)Vu;(z) - Vu,(x), x €.

In the quantitative step of AET, the unknown conductivity ¢ has to be recon-
structed from these measurements. Note that H;; = S; - S;, where S; = /oVu;
is nothing else than then interior current density J; considered in CDII, up to a
factor \/o. We shall show that, if the Jacobian constraint is satisfied, then it
is possible to recover S;, i = 1,...,d, from the knowledge of their pairwise scalar
products. Then, the conductivity can be recovered with a method similar to the
one used in CDII.

To sum up, the two step inverse problem in AET consists in

e extracting localised information about the unperturbed gradient field Vu
from the knowledge of u, and u on the boundary, by using a local asymp-
totic expansion;

e and in reconstructing the conductivity o from these internal data.

1.2.3. Thermoacoustic tomography. Thermoacoustic tomography (TAT)
is a hybrid imaging modality where electromagnetic waves are combined with ul-
trasounds [WA11]. As discussed above, part of the electromagnetic radiation is
absorbed by the tissues, and hence transformed into heat. The increase in temper-
ature causes an expansion of the medium, which in turn creates acoustic waves. In
TAT, waves in the microwave range are usually used to illuminate the medium.

If we consider the problem in a bounded domain  with Dirichlet boundary
conditions, the acoustic pressure p satisfies

c(z)?Ap—9Zp=0 in Q x (0,7),

p(z,0) = H(z) in Q,
Op(x,0) =0 in €,
p=0 on 90 x (0,T),

where ¢ is the sound speed of the medium and H is the absorbed electromagnetic
energy. The available measured data is the quantity

Ovp(x,t), zel, telo,T],

which is obtained via acoustic sensors positioned on a part of the boundary I' C 9).
In a first step, from these measurements the initial source H has to be reconstructed.
This is the typical observability /control problem for the wave equation: we wish
to recover the initial condition from boundary measurements of the solution over
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time. The reconstructed internal data take the form
H(z) = o(x)lu(z)]?, z€Q,

where o is the spatially varying conductivity of the medium and w is the (scalar)
electric field and satisfies the Helmholtz equation

Au+ (w? +iwo)u=0 in Q,
U= on 0f).

In this context, this PDE should be seen as a scalar approximation of the full
Maxwell’s system.

In a second step, the unknown conductivity o has to be reconstructed from
the knowledge of H. Multiple measurements, corresponding to several boundary
illuminations ¢;, can be taken. When compared to the previous hybrid problems
considered, the internal energy H = o|u|? has a different structure, as it does not
involve gradient fields. However, similar ideas to those used before can be applied
and o can be uniquely and stably recovered provided that a generalised Jacobian
constraint is verified.

Without going further in this discussion, we see that this hybrid problem con-
tains two consecutive inverse problems:

e a hyperbolic source reconstruction problem for the wave equation, to de-
rive H = o|u|? from the measured pressure data;

e and an elliptic problem with internal data, to recover ¢ from the knowledge
of the electromagnetic power densities H; = o|u;|?.

1.2.4. Dynamic elastography. In contrast to the previous model, shear
wave elastography (or acoustic radiation force impulse, or supersonic shear imag-
ing) usually uses sources that induce shear waves. Such waves travel slowly, and
therefore on the time-scale of the shear waves, the terms that would be captured by
a displacement which is the gradient of a potential are negligible (in a time aver-
aged sense, or equivalently in filtered Fourier sense) as the ratio of the propagation
speed is \/A/p & 22. Assuming that the source is generated by a single frequency
mechanical wave, the model is then (after a Fourier transform in time)

div (uVus) + pw?u, = 0,

(see e.g. [IMZM10, MOY12, TBAT08, [GDFT13]). The shear wave displace-
ment can be recovered by different methods. If a magnetic resonance imager is
used, ug is delivered (almost) directly by a careful synchronisation of the frequency
of the imaging magnetic field and currents with that of the shear wave [MLR™95].
In other modalities, the shear wave behaves as a stationary source for the acoustic
waves; reconstructing the source of these acoustic waves then leads to the recon-
struction of the variations of us from external measurements (the so called ultra-
sound Doppler effect) [GFI03, PDR11|. The two embedded problems are in this
case:

e a hyperbolic source reconstruction problem for a wave equation, to derive
us from the measured acoustic data (this step being avoided in the case
of MRE measurements);

e and an elliptic inverse problem with internal data, to recover y and p from
the knowledge of the displacement wu.
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1.2.5. Photoacoustic tomography. Photoacoustic tomography (PAT) is a
particular instance of thermoacoustic tomography where high frequency electromag-
netic waves (lasers) are used instead of low frequency ones (microwaves) [WA11].
Thus, the physical coupling and the model coincide to the ones discussed above for
TAT. The only difference is in the form of the internal data, which in PAT are

H(z) =T(z)p(z)u(x), x € 1,

where I' is the Griineisen parameter, p is the light absorption and w is the light
intensity.

In a first step, H has to be recovered from the acoustic measurements on part of
0f): this can be achieved exactly as in TAT. In a second step, we need to reconstruct
the light absorption u from the knowledge of several internal data H; = I'yiu;. In the
diffusion approximation for light propagation, u satisfies the second-order elliptic
PDE

—div(DVu) + pu=0 in Q,

and the reconstruction becomes an elliptic inverse problem with internal data.
Thus, the inversion will be similar to those related to the modalities discussed
before.

1.3. Selected mathematical problems arising from these models

The five examples surveyed above are different in terms of the physical phe-
nomena involved, both with respect to the output measured quantities and with
respect to the input generating sources. At the level of mathematical modelling,
they share several similarities.

The observability of the wave equation often arises. In thermoacoustic tomog-
raphy, ultrasound elastography and photoacoustic tomography, the first step corre-
sponds to the reconstruction of the initial condition of a wave equation in a bounded
domain from the knowledge of its solution measured on the boundary over time.

The physical quantities involved in the above examples are typically understood
to be defined pointwise, and the formal computations performed become meaningful
thanks to regularity estimates. The models involved for the “second step” are either
quasistatic or time harmonic problems, for which elliptic regularity theory can be
applied.

This leads to wonder how general such developments are, and to investigate
what happens when the apposite assumptions are violated by a perturbation.
Small volume inclusions are an example of such perturbation. In the context of
elliptic boundary value problems, a small inclusion actually appears in the deriva-
tion of the acousto-electric model. In the context of the wave equation, controlling
the influence of a defect is related to deriving a scattering estimate.

Another common feature is the appearance of positivity constraints. For all
these methods to provide meaningful data, the internal measurements obtained
during the first step must be non zero. The key issue is that these data, whether it
is an internal heating by the Joule effect or compression waves or electrical currents,
are only indirectly controlled by the practitioner, who imposes a boundary condition
(or an incident field) outside of the medium. The question is therefore whether one
can indeed guarantee certain non-vanishing conditions (e.g. a Jacobian as in )
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independently of the unknown parameters by an appropriate choice of the boundary
conditions.

1.4. Outline of the following chapters

Let us now briefly discuss the content of this book. In Part [T} we focus on the
rigorous exposition of some mathematical tools which prove useful to address the
mathematical challenges mentioned in the previous section. In Part |2| we apply
these methods to various hybrid imaging modalities.

The focus of Chapter [2] is the observability of the wave equation. We prove
the observability inequality under certain sufficient conditions on the domain and
on the sound speed due to Lions, and discuss the link with the Hilbert uniqueness
method. All the material presented here is classical, but the exposition follows the
point of view of inverse problems, from the uniqueness of the reconstruction of the
initial condition to the possible practical implementation of the inversion.

We shall use either Maxwell’s equations or some scalar approximation of this
system as a model for the underlying physics. In Chapter [3] we study the regularity
theory for the system of linear time-harmonic Maxwell equations. We prove both
WbP and C%* estimates for the electromagnetic fields under natural, and some-
times minimal, assumptions on the coefficients. Only interior regularity estimates
are derived for simplicity. Most of the material presented in this chapter is new,
and relies on the application of standard elliptic regularity theory results to the vec-
tor and scalar potentials of the electromagnetic fields obtained by the Helmholtz
decomposition.

These regularity results find applications also in the study of small volume per-
turbations for Maxwell’s equations, which is carried out in Chapter (as a corollary,
we derive the well-known result for the conductivity equation, needed in acousto-
electric tomography). The strategy used for the regularity of the electromagnetic
fields carries over to this case: it turns out that the problem can be simplified
to considering coupled elliptic equations for the potentials. We can then apply
methods developed for the conductivity problem. The results presented here have
been known for a few years, in a less general setting. The approach presented here
shortens the proof significantly.

In Chapter [5| we present some results on scattering estimates for the Helmholtz
equation in two and three dimensions. We consider the particular case of a single
ball scatterer in a homogeneous medium, and derive estimates for the near and
far scattered field. The dependence of these estimates on the radius and on the
contrast of the inclusion and on the operating frequency of the incident field will be
explicit. These results were not stated in this form previously, but the ingredients
of their proofs were already known. The proofs presented here simplify the original
arguments.

The last three chapters of Part[T] present four different techniques for the bound-
ary control of elliptic PDE in order to enforce certain non-zero constraints for the
solutions, such as a non-vanishing Jacobian, as discussed above.

The focus of Chapter[6]is the Jacobian constraint for the conductivity equation.
We first review some extensions of the Rad6—Kneser—-Choquet theorem for the con-
ductivity equation in two dimensions, and give a self-contained proof of the result.
A quantitative version of this result is derived by a compactness argument. Next,
we show that the result is not true in dimensions higher than two by means of a new
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explicit counter-example. More precisely, it is proven that for any boundary value
there exists a conductivity such that the Jacobian of the corresponding solutions
changes its sign in the domain. This constructive result was recently obtained in
dimension three, and it is extended here to the higher dimensional case. A new
corollary of this result for finite families of boundary conditions is also provided.

In Chapter [7] we discuss two other techniques for the construction of boundary
conditions so that the corresponding solutions to certain elliptic PDE satisfy some
predetermined non-vanishing constraints inside the domain: the complex geomet-
ric optics (CGO) solutions and the Runge approximation property. Except for the
proof of the existence and regularity of CGO solutions and the unique continua-
tion property for elliptic PDEs, the exposition is self-contained and reviews known
results related to these topics. Applications to the constraints arising from hybrid
imaging are discussed.

Another method for the construction of suitable boundary values is discussed in
Chapter[8] and is based on the use of multiple frequencies. As such, this technique is
applicable only with frequency-dependent, or time harmonic, PDE. The advantage
over the methods discussed in the previous chapter lies in the explicit construction
of the boundary values, often independently of the unknown parameters. A self-
contained exposition of this approach is presented in this chapter. For simplicity,
we restrict ourselves to the simpler case of the Helmholtz equation with complex
potential.

Chapter 0] and Chapter [10] are grouped into Part 2] of these lectures, where the
various results and methods introduced in Part [I| are put to use.

Chapter [0 is the first chapter of Part 2] and deals with the first step of the
hybrid inverse problems introduced in Section [[.2] The physical aspects of these
modalities are only mentioned, and not analysed in detail. The focus of the chapter
is on the application of the mathematical tools introduced before, in particular of
the observability of the wave equation discussed in Chapter [2] and of the small
inclusion expansions (Chapter [4]), in order to obtain the internal data.

The reconstruction of the unknown parameters from the internal data for these
hybrid modalities is discussed in Chapter [I0] The focus is on explicit inversion
methods, based on the non-zero constraints for PDEs, which were presented in
Chapters [6] [7] and The issue of stability is considered precisely in one case,
and only mentioned for the other modalities. Since these reconstruction algorithms
always require differentiation of the data, carefully designed regularisation or opti-
misation schemes are needed for their numerical implementation. This fundamental
aspect is not considered here, and the reader is referred to the extensive literature
on the topic.

We depart from the theorem/proof formalism in Part [2] The derivations of the
relevant physical quantities in Chapter [J] are in some cases reasoned rather than
proved. While the content of Chapter [I0] could be written in the format used in the
first part of the book, we felt it could distract the reader from the purpose of this
last part, which is to explain reconstruction methods in a straightforward manner,
and highlight how various tools developed in Part [1| are used.






Part 1

Mathematical tools






CHAPTER 2

The observability of the wave equation

2.1. Introduction

This chapter briefly discusses what was described in the previous chapter as a
hyperbolic source reconstruction problem for the wave equation. Namely, we focus
on the following PDE,

¢ 20up—Ap=0 1in (0,T) x ©Q,
p(0,x) = A(x) in Q,
op(0,2) =0 in Q,

which, as we saw, arises in thermoacoustic, photoacoustic and ultrasound elastog-
raphy models. The inverse problem at hand is: given a measure over a certain
duration of a pressure related quantity on 0f2, or on a part of 92, recover the ini-
tial pressure p(x,0), that is, A(x). The function c¢(z) represents the sound velocity,
which may vary spatially.

Note that, in this form, this problem is not well posed: the boundary condition
is missing. If one assumes that the pressure wave propagates freely outside of €2 into
the whole space, this problem is profoundly connected with the generalised Radon
transform. We refer the reader to [KK11a| and [SUQ9] to explore this question.
We will present another point of view, discussed in [ABJK10, KHC13l, HK15],
and consider the problem in a confined domain, and assume that on the bound-
ary (of the soft tissues), the pressure is either reflected (Neumann) or absorbed
(Dirichlet). In this last case, the boundary condition is

p=0on (0,T) x 09,

and what is measured is the outgoing flux d,p on a part of the boundary I' C 9.
More precisely, this inverse problem may be formulated as follows.

PROBLEM 2.1. Let p be the weak solution of
¢ 20up—Ap=0 1in (0,T) x Q,

p(0,-)=A in Q,
2.1) p(0,) =0 in Q,
p=0 on (0,T) x 09,

where ¢ is a positive function defined on Q. Supposing that the trace of d,p is
measured on an open subset I' of 9 for all ¢t € (0,7, find the initial condition A
in Q.

The sound velocity could itself be considered an unknown of the problem: we
will not discuss this aspect here. The observability and the boundary control of
the wave equation is a sub-subject of the analysis of PDE in itself: we will not
attempt to provide a full review of the many advances on this question. We refer
to the celebrated classic texts [Rus78, [Lio81), [Lio88al, [Kom94), [LT00] for a

15
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general presentation, and to the survey paper [EZ12] for more recent advances and
references to (some of) the authoritative authors in this field. The purpose of this
chapter is to briefly describe some of the classical results regarding this problem.

2.2. Well-posedness and observability

In this chapter, Q C R? is a bounded domain with C? boundary 9 and d > 2.
Unless otherwise stated, the function spaces used in this chapter consist of real-
valued functions. The model problem we consider is

c 20— Ap =0 in (0,T) x Q,

©(0,-) = o in 0,
2.2 X
(22) Orp(0,°) = 1 in €,
=0 on (0,T) x 09,

which corresponds to Problem 2.1 when ¢y = A and ¢1 = 0.

Let us first recall the appropriate functional analysis context for this problem.
The following result is classical. Under slightly stronger assumptions it can be
found in [Eva98| Chapter 7.2].

PROPOSITION 2.2. Let ¢ € Wh (Q;Ry) be such that logc € W (Q) and
T > 0. For every po € H} () and @1 € L*(Q) there exists a unique weak solution
o € L?(0,T; HX(Q)), with dyp € L*(0,T; L*()), of . Furthermore, we have
p € C([0,T]; Hy () N CH([0, T; L*()).

If we define the energy of the system by

1
B = | < @oltn))” + [Volta) do, te(0.7),
Q

then

1
E@t) = 5/(107290? + |Vol|® du, t € (0,7).

REMARK 2.3. In view of this result, problem (2.1} is well posed for any T > 0,
c € W (Q) with mingc > 0, and A € H(Q).

Recall that our measured data is a normal derivative on the boundary. The
trace of the derivative of a H}(2) function is a priori defined only in H~1/2(99).
However, in our case it turns out that it is in L? (992). This result is known under
various names in the literature, Rellich, or Pohozaev, or Morawetz estimates, and
is detailed in the following lemma.

LEMMA 2.4. Let ¢ € W1 (Q) be such that mingc > 0, T > 0 and T' be an
open subset of OQ). The map

Dr: HY(Q) x L*(Q) — L?((0,T) x T
(23) (S007 301) — aVSO>
where @ 1is the solution of , s continuous.

A proof of this lemma is given at the end of the chapter for the reader’s conve-
nience.

COROLLARY 2.5. Under the hypotheses of Lemma[2-, the map
dr : Hy(Q) — L*((0,T) x )
A— Oyp,
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where p is the solution of , s continuous.

This result completes the study of the direct problem associated to (2.1). The
corresponding inverse problem, namely Problem consists in the reconstruction
of A from J,p. In order to achieve this we need more, namely that dr is in fact
injective with bounded inverse for T large enough. More generally, we consider the
invertibility of the map Dr.

DEFINITION 2.6. The initial value problem (2.2)) is observable at time T' from
T if there exists a constant C' > 0 such that for any (¢g,p1) € HE(Q) x L2() the
solution ¢ of (2.2)) satisfies the observability inequality

(2.4) lp1llzz) + lleollzp ) < CllOv@llLz(0,7)xT)-

REMARK 2.7. If the initial value problem (2.2)) is observable at time T from
I', then the map dr is invertible with bounded inverse: A is uniquely and stably
determined by the boundary data d,p on (0,7) x I". This solves Problem

It is natural to ask for which 2, ', ¢ and T condition holds. This question
was answered completely in generic smooth domains in [BLR92, BG97], where it is
shown that exact controllability and geometric controllability (see [MS78, [IMS82])
are equivalent. An informal definition of geometric controllability is that every
ray of geometric optics that propagates in € and is reflected on its boundary 92
should meet I" in time less than T at a non diffractive point. The exact definition
of geometric control (or generic domains) is beyond the scope of this book. We
present a stronger sufficient condition, due to Lions [Lio88al, [Lio88b].

THEOREM 2.8. Under the hypotheses of Lemma if there exists o € R?
such that

(2.5) {xed: (x—xp) - v>0}CT
and

1> 2| (V(loge) - (z — 20)), llL= (9,

then, for all time

2sup,cq |7 — ol HcilHLoo(Q)
(1=2[[(V (loge) - (x —x0)), =)’

the system is observable at time T from T.

T>1Ty=

PROOF. Let ¢ be the solution of (2.2) with initial conditions ¢y and ¢;. By
Proposition for every ¢ € [0, T] we have

1 —2 2 2 I —2 2 2
20 5 [ (PO +IVel) do= =5 [ (4 Vel do.

Testing (2.2) against ¢, we obtain
T

(2.7) /c_zatgoap dz :/ (0_2(8t<p)2 - \V<p|2) dtdz.
Q 0 (0,T)xQ
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FiGURE 2.1. A sufficient boundary portion I when Ve = 0.

The method of proof is similar to the one we use later for the proof of Lemma[2:4]
We test ¢=20;,¢ against (x — ) - Vi and obtain

(2.8)
/ 20 (x — x0) - Vo dtdr
(0,T)xQ

T
dz — 1 / ¢ *(z — x0) - V((Orp)?) dtda
0 (0,T)x

T

= / O (0_2(x —xq) - Vgo)
Q

1
dx — 7/ (z —x0) - V(¢ (9yp)?) dtda
0 2 0, T)xQ2

- / e (¢ (z — ) - V)
Q
+ 1/ Ve 2 (z— x0) (8t<p)2 dtdzx.
2 0, T)xQ2

Performing an integration by parts, and then using (2.7)) we have

1 d
—= / (x —20) - V(c? (3t<p)2) dtde = 3 / 2 (0pp)” dtda
0, T)xQ (0, T)xQ

2
1 d—1
(2.9) = 7/ 2 (9y)* dtda + —— IV|? dtdz
2 Jo,r)xa 2 Jomrxa
d—1 g
+ 5 c20pp|  da.
Q 0
Testing —Agp against (z — zg) - Vo we have
- / Ap (x — x0) - Ve dtdr
0, T)xQ2
= f/ (8,9)° [(x — x0) - V] dtdo + / Vo -V ((x—xz) Vo) dtdz
(0, T)x 0 (0, T)xQ

= —/ (8,0)% [(z — x0) - ] dtdo —|—/ V| dtdzx
(0,T)x 002 (0,T)xQ

1
+ = / (x — x0) - V(|V|?) dtda,
2 (0,T)xQ2
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which yields in turn

- / Ap (x — x0) - Vo dtdr
0, T)xQ2

1 d—2
= —*/ (B0p)? [(z — 20) - V] dtdo — —= V| dtdz.
2 Jo,r)xo0 2 Jomrxa
Therefore, by (2.8) and ([2.9)), since —Ap + ¢ 2950 = 0 in Q we obtain

(2.10)

1 1
- / (000 [(x — o) - v] dtdor = & / (2 @)* + [Vel) dede
(0,T)x 0% (0,T)x

/( ) 0 ( ; 1Og C) . (.T - x“)c (a )2 dtdl'
0,T) % t7£
T
dx.

d—1
- / c 20 ((w — o) - Vo + <p>
Q 2 0

Thanks to the conservation of energy (2.6)), we can bound the first two terms from
below, namely

(211) - / (72 @) + IVl — 2((Voge) - (& — w0)) e (94)?)
(0,T)xQ

2
> TEo (1-2] ((Vlege) - (z — o)), llz=()) -
Let us focus on the last term in (2.10]). For every A > 0 we have

/ c 20,0 ((m —xo) - Vo + d;14p> dx
Q

A 1
<l A —2 2 1
< ez (o) (2/QC (Orp)” dz + 2 /g

By expanding the second square and integrating by parts we obtain

1/ 2
2 Ja

d—1
(x—x0)~V<p+T<p

2
dx) .

dx

d—1
(x—xo)-Vga—F?(p

1 1 d—1

25/\(m—x0)~V<p|2d:c+§/( 5 >(:C—x0)~V(cp2) dz
Q Q

1 (d—1)2 9
+§/Q 4 (,de

1 d? -1
:f/\(a:—xo)~V<p|2dx—7/<p2dx

2 Ja 8 Jo

1
< sup [z — ao|* <E0 - 5/ <2 (Bip)? df) .
Q

e

We balance both terms with A = sup, g |« — zo| and obtain
(2.12)
T

d—1
/ c20p <(x —x9) - Vo + sO)
Q 2 0

=— (1 -2 (Vloge- (z —20)), =) ToEo

dz > =2[¢™ || Lo () Eo sup & — zo|
zeQ



20 2. THE OBSERVABILITY OF THE WAVE EQUATION

and combining (2.10), (2.11)) and (2.12]) we obtain

3 gy @ (62 = 20) 1] o
,T) %

> (1=2|[(Vloge - (x —x0)) |z ()) (T — To) Eo,
which gives our result. Indeed, by (2.5) we have

/ (0vp)? [(x — xo) - v] dtdo < / (8,0)° [(x — x0) - V] dtdo
(0, T)x 0%

0, T)xT’

< sup |x — x| (8,)% dtdo,
e (0, T)xI’

and .
Bo=j [ (26 +1V60l?) do 2 " (lirlae) + ol o)
Q

for some C” > 0 depending only on [[c[| ;) and . As a consequence, we have

10vllzz 0,1y = € (1l + ol aryce )

/T

1"

= — —1
c=C o

for some C" > 0 depending only on |[c[[ .« () ||c*1HLOO(Q) and Q. This concludes
the proof. O

REMARK 2.9. If we apply Lions’ I' condition in a ball of radius R with
¢ = 1, and choose z( to be its centre, we find the minimal time to control from the
full boundary T, = 2R, which is in agreement with the Geometric control condition.
In general, for a constant velocity we see that a sufficient portion of a ball is more
than half of its boundary (pushing zy towards infinity); this also agrees with the
sharp condition as it captures all radially bouncing rays.

The second sufficient condition, namely

1> 2| (Vioge: (x —w0)) , |lL=(0)
is not optimal, but is frequently used as it is an explicit criterion on ¢. For exam-
ple, more refined conditions using Carleman estimates can be found in [DZZ08|.
Bounds on Ve, and smoothness assumptions on ¢ cannot be removed completely:
if ¢ is discontinuous, even on a single interface, localisation phenomena may occur,
and the observability inequality fails, see [MZ02]. In the same paper, counter-

examples to observability are also provided for ¢ € C! with a large norm.
If we look at the delicate term in ([2.10]), namely

/ (V (loge) - (z — 20)) 2 (dhp)? ditdlr,
(0,T)x

with

we see that it involves a combination of three quantities. A typical length-scale,
represented by = — x, the gradient (and by extension the jump) in the velocity ¢
in a given direction, and the time derivative of ¢. Loosely speaking, the sufficient
observability condition says that provided that the variations are not too large (in
a good direction) compared to the domain size and the speed of propagation of the
wave, observability reduces to the case of the constant coefficient equation: it is a
stability under small perturbation result.
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2.3. On the relation with the Hilbert Uniqueness Method

In the previous section, we have established a setting under which Problem [2.1]
(and more generally the inverse problem associated to (2.2))) is well-posed. If system
(2.2)) is observable at time T from I', consider the functional

1 /7T
(2.13) I(p® ¢?) = f/ / (B,u — 8,p)* dodt,
2Jo Jr

where (p2, %) € H}(Q) x L?(Q2) and u is the solution of (2.2)) with initial data
(¢%,¢"), namely
¢ 204u—Au=0 1in (0,7T) x Q,

u(0,) = p* in Q,
(2.14) Ayu(0,) = <,0b in Q,
u=0 on (0,7T) x 99.

By Lemma [2:4] and Theorem [2.8] we have
e — ||L2(Q) + lpo — ||H5(Q)) < I(p% @)
< C(ller - @b”L?(Q) + [lpo — <Pa||H3(Q))

for some positive constant C' independent of ¢g, @1, p* and ¢®. Thus, the determi-
nation of the initial conditions (g, 1) of (2.2)) may be performed by a minimisation
procedure of the functional I. Introducing the adjoint problem

0_26ttw — Aw =0 in (O,T) X Q,

B(T,-) = 1 in ©,
(2.15) dL,) =1 nQ
Y=v on (0,T) x 09,

we see that if g = ¢y =0 and v = 11d, ¢, we haV(ﬂ

T

_/ /a”soal’UdUdt: (e7200(0,-), %) L)X HE (@) T /1/) Je e
o Jr
Noting that

17 T 1 [T
= 7/ /(07,,u)2 dadt—/ /aywauudadt—l—f/ /(6V<p)2 dodt,

and as fo fr 2do is fixed, we re-write the minimisation problem as

2
(2.16) / /8u dodt = (c720(0,°), ") jr-1 0y x a2 (0

(et La(@
+ / B0, )¢ 2,
Q

where u € L2(0,T; H}(Q)) is the unique weak solution of (2.14) and 1 solves
(2.15)). This problem is precisely the minimisation problem appearing in the Hilbert

1Recall that the duality product {a, b>H—1(Q)><H3(Q) is

(@, ) p-1(0)x 1l (@) = /Q v ((—Ao)f1 a) - Vbda,

where Ag: H}(Q) — H~!(Q) is the Laplace operator with homogeneous Dirichlet boundary
conditions on 2.



22 2. THE OBSERVABILITY OF THE WAVE EQUATION

Uniqueness Method of Lions [Lio88al, [Lio88b]. We refer to the extensive literature
on that problem for effective numerical schemes and more details.

Note that, since 119, ¢ € L? ((0,T) x 92), problem is set in a space that
is too large for the classical theory to apply. In order to make sense of we
look for transposition (or dual) solutions. To this aim, we consider now

c20up—Ap=f in(0,T)xQ,

»(0,-) =0 in ,
(2.17) 9:0(0,-) = 0 in Q,
p=0 on (0,T) x 09,

with f € L! ((O, T);L? (Q)) — and for the sake of brevity we will admit that Propo-
sition and Lemma can be suitably adapted to problem (2.17)).

PROPOSITION 2.10. Let ¢ € W1 (Q;R,) be such that logc € WH (Q) and
T > 0. Given ¢y € L*(Q), 1 € H~Y(Q) and v € L% ((0,T) x 09Q), problem
has a unique solution 1 € C ([0,T];L*(Q)) N C* ([0,T]; H~(Q)), defined in the
sense of transposition. More precisely, for every f € L' ((O,T) ;LQ(Q)) there holds

/(0 TYxQ Y f dtdz — /Q’(/JOC_ZatSD (Ta ) dz + <'(/)17 0_290 (Ta )>H*1(Q)><H(%(Q)

= —/ v0, p dtd,
(0,T) x 8

where @ is the solution of . Furthermore,

[l = (0,522 (09) + 106l Lo (0,751 (02))
< C ([[vllz2o,myx09) + tollLz@) + 11l a-1 (@)
for some C > 0 depending only on Q, T and [|1og c||w1.5 (q)-

REMARK 2.11. In order to understand the reason of this definition, let us
formally integrate by parts the differential equation satisfied by ¢ against .

T
_/(OT)Xwadtd:E:/O L(A¢_0728tt¢)¢d$dt

/OT/OQ(&,QMZJ&/[/J@) dadt+/OT/QA1/Jgodxdt

T T
+/ /c_zatgo@tz/}dxdt—&—/ /875 (—0_28t<p1p) dzdt.
0o Jo 0o Jao

Using the boundary conditions satisfied by ¥ and ¢ and the differential equation
satisfied by 1, this implies

T
— / fidtde = / dypvdtdo + / / ¢ 2 (Oseth 0 + OppOp) dadt
(0,T)x%2 (0,T)x 002 0 Q
—/ [c_2w8tgo]g dx
Q

= / Oy v dtdo +/ 2 o) — watcp]oT dux,
(0,T)x 0% Q

which is the identity we introduced in the definition of .
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PROOF. In this proof, C will change from line to line, and depend at most on €2,
T and || log ¢|lw1. (). Consider the map L: L' ((0,T); L*(Q2)) x Hj (Q) x L*(Q) —
R defined by
f— / ¢ 20y (T, ) dz — / vd,pdtdo — (1, ¢ 2p(T,-)), Lo -

0 t (0.T)x50 < >H LQ)xHE(Q)
By (a variant of) Proposition there holds
[ @ (0,97 + 9 (T do < CU s qoryancon

Thus, in particular,

/Qc_zwoaw (T,) dz = (1, % (T, ')>H*1(Q)><H§(Q)

< Cllfllero,myez@) (Itollzzio) + 181l a-1(9)) -
By (a variant of) Lemma [2.4] we obtain

/ v, pdtdo < Cllvl[ 20,1y <o) 1 f Il L1 ((0,7):22(2)) 5
(0, T)x 0%

thus altogether
L(f) < C (llvllz2o,myxo0) + 1Yollz2 ) + 101l a-1(0)) -

Hence, the Riesz representation Theorem shows that there exists a unique ¢ €
L> ((0,T); L*(£2)) such that L(f) = f(o 1y 1 dtdz, which satisfies

191l Lo 0,7):22(02)) < C (vl 20,1y %00) + 1Yol L2) + 11l H-1(0)) -
A density argument then shows that ¢ € C ([0,7]; L*()) N C* ([0,T]; H*(2)).
Indeed, let (v, Yo n, ¥1,n) € C((0,T) x 0Q) x C* (Q)? be such that v, — v in
L2((0,T) x 09), 1o.n — 1o in L*(Q) and 11, — 91 in H~1(Q). Then, the solution
¥y, of (2.15) with data (v, ¥o.n,¥1,,) is smooth, and satisfies
[nlloqo.mizz@) < C (Ionlleaqo,rxan) + 1¥omllLz@) + 1¥1nllm-1(0)) -

By linearity, v, is a Cauchy sequence: passing to the limit we obtain that ¢ €
C ([0,T]; L*(£2)). The second estimate is similar. O

COROLLARY 2.12. Let ¢ € WhH (Q;R,) be such that logc € W1 (Q) and
T > 0. Given v € L?((0,T) x 99Q), there exists a unique transposition solution
UeC([0,T];L*) nC* ([0,T]; H () of

C_28ttU —AU =0 1in (O,T) X Q,

U(T,)=0 in €,
(2.18) 8,U (T,-) = 0 inQ,
U=1rv on (0,T) x 09,
given by Proposition . Furthermore, if p is the solution of , there holds
_ /=2
(2.19) /(0 e upvdtdo = (20U (0,), 4) 1) i1 e

REMARK 2.13. Identity (2.19) shows that the dual solution U plays the role of
a probe in practice: varying v and solving a direct problem to compute 9,U(0, -),
we measure different moments of A.
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PROOF. Proposition [2.10] does prove the existence of a unique transposition
solution U, as problem is of the same form as problem . Since U €
C ([0, T]; L*(Q))NC* ([0,T]; H~1()), we may integrate it by parts against p, the
weak solution of in (0,T) x Q. Formally, we have

0= / (AU — 0723ttU) p— (Ap — 6728ttp) U dtdx
(0, T)xQ

T

= / (0,Up —Ud,p) dtdo — / ¢ 20,Up — 0,pU dz
(0,T)x 00 Q 0

_ / w8, pdido + / c20,U (0, ) p .
(0,T)xI" Q

As all terms in the final identity are well defined when 8,p,v € L2((0,T) x 99),
A€ HYQ) and ¢20,U (0,-) € H~1(£2), the conclusion is established by a density
argument. ([

2.4. Proof of Lemma [2.4]

It is sufficient to consider the case I' = Q. As the boundary of Q is C?, there
exists a function h € C* (€; (2.18)R?) such that h = v on 9Q (see e.g. [Kom94]).
Testing (2.2) against h - Vi formally, we obtain

(2.20) / ¢ 20ph-Vo+ V-V (h-Vy) dtde = / (8,0)° dtdo.
(0, T)xQ (0, T)x 9

Write
I :/ c20uph-Vodtdr, I, :/ V-V (h-V) dtder,
(0,T)xQ (0,T)xQ

and proceed to bound both integrals.
We have

T T 1
I :/ at/ 0_28t<ph-Vgodxdt—/ /C_Qh-v ( (at¢)2> dadt
0 Q 0o Ja 2

T T
1
= / ¢ 20,poh - Veodr +/ / div (c_zh) = (8t<p)2 dzxdt.
Q 0 0 Q 2

Considering both terms on the right-hand side, we find
T

/ c20uph - Vo dx
Q

<Al H=@llbllor @ sup E(t),
0 t€[0,T

and

. _ 1
/ div (¢72h) 3 (Bpp) didz| < (2 VIog c|| Lo () + 1) [Allcr@T sup E(t),
(0,T)xQ t€[0,T)

where we set [|h||c1 @) = [|hl|L< (@) + [[VA]| L~ (), and therefore

@) Bl <C (e @, [T 0gelimio) Tl @) sup B
€10,

Let us now turn to I5: expanding the integrand we find

I, = / 8jtpajhi8i<p + (’)iaphj&»jnp dtdz,
0, T)xQ2
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where we have used Einstein’s summation convention. The first term of the right-
hand side is also bounded by the system’s energy, since

/ 6j goaj hﬁ,«p dtdx
(0,T)xQ2

< CbllesaT sup B0,

As for the second term, integrating by parts once more we obtain

1 1T
/ 0iph;0;jp dtdx = 77/ div(h)|Ve|? dtdx + f/ / (8,)% dodt
(0,T)xQ 2 Joo,myx0 2 Jo Joa

therefore
I - ! /T/ (8,0)% dodt| < C (d T, |kl f)
a v = y Ly 1
2 Jo Joa cre

Combining (2.20)), (2.21) and (2.22) we obtain

(2.22) E(t).

sup
t€[0,T7]

1
5 / Dupl” dtdo < C (d, | ogellw<(0), T, [Illea ) sup_ E(),
(0,T)x 0% t€[0,T)

as announced.






CHAPTER 3

Regularity theory for Maxwell’s equations

3.1. Introduction

The focus of this chapter is the regularity of weak solutions to the system of
time harmonic Maxwell equations

{ curlF = iwuH + K in Q,

(3.1) curlH = —iyE 4+ J in Q,

where Q C R? is a bounded domain, w € C is the frequency, p and ~ are the
electromagnetic parameters in L°>°(Q;C3*?), K and J are the current sources in
L?(2;C3) and the weak solutions E, H € H(curl, Q) are the electric and magnetic
fields, respectively, where

H(curl, Q) := {u € L*(Q;C?) : curlu € L*(Q;C3)}.

In other words, £ and H only have a well-defined curl, but not a full gradient.
Therefore, the most natural regularity question is whether £ and H have full weak
derivatives in L%, namely E, H € H'. This step is unnecessary for second-order
elliptic equations in divergence form, as it is implicit in the weak formulation.

The second question we would like to address is the Holder continuity of
the solutions. This is a classical topic for elliptic equations, thanks to the De
Giorgi-Nash-Moser theorem and to the Schauder estimates for the Holder conti-
nuity of the derivatives. The continuity of the solutions is of importance to us, as
internal data have to be interpreted pointwise.

Without further smoothness assumptions on the coefficients, the solutions need
to be neither H! nor Hélder continuous. We focus on low (and sometimes optimal)
additional regularity assumptions, as the electromagnetic parameters may not be
smooth in practice. If the coefficients are isotropic and constant, smoothness of the
solutions follows from the following inequality due to Friedrichs [Fri55), [GR86]|

H%(ag)) :
The H'! regularity of electromagnetic fields for anisotropic Lipschitz coefficients
was considered in [Web81], and Holder regularity with isotropic complex Lipschitz
coefficients was shown in [Yin04]. Both papers make use of the scalar and vec-
tor potentials of the electric and magnetic fields. A different approach based on
a different formulation of in terms of a coupled elliptic system and on the
LP theory for elliptic equations was considered in [AC14|, where H' and Holder
regularity was proved with complex anisotropic, possibly non symmetric, 1W3+9
coefficients.

In this chapter, we present a method that combines these two approaches.
Namely, we apply the LP elliptic theory to the equations satisfied by the scalar and
vector potentials. We show that H' regularity is granted with W3 coefficients

lull s @y < € (lldivull gy + lowrtull gy + llu x v

27
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whereas Holder regularity always holds provided the coeflicients themselves are
Holder continuous. This last result was proved in [Alb16al and is optimal. Without
additional regularity assumptions on the coefficients, our approach allows to prove
higher integrability properties for the fields, thanks to the Gehring’s Lemma.

In order to understand why these results and the corresponding assumptions
are natural, it is instructive to consider the case when w = 0 and K = 0. Since
v = we + io, for w = 0 system simply reduces to the conductivity equation

—div(oVgq) =divJ in , E=Vq inQ.

In this case, the H! and C% regularity for E corresponds to the H2 and O reg-
ularity for the scalar potential g, respectively. In view of classical elliptic regularity
results (in particular, the L? theory for elliptic equations with VMO coefficients
and standard Schauder estimates), ¢ € H? if o € W13 and ¢ € C1® provided that
o € C% with ad hoc assumptions on the source .J.

The aim of this chapter is to show that this argument may be extended to the
general case, for any frequency w € C. As mentioned above, this is achieved by
using the Helmholtz decomposition, namely

E =Vq+ curl®.

We show that the vector potential ® is always more regular that the scalar potential
q. This allows to reduce the problem to a regularity analysis for ¢, exactly as above
in the case w = 0, by using the elliptic PDE satisfied by ¢q. This argument is applied
simultaneously for £ and H.

For simplicity, only interior (local) regularity will be discussed in this work;
global regularity may be obtained by a careful analysis of the boundary conditions
[AC14,[Albl6a]. We will focus on the case when p and -y enjoy the same regularity.
The general case is more involved, and can be addressed using Campanato estimates
[Yin04, [AC14], [AIb16al].

This chapter is structured as follows. In section [3.2] we discuss some prelimi-
nary results on elliptic regularity theory. Section [3.3] contains the main regularity
theorems for Maxwell’s equations. The results on the H! and W regularity are
new. Further, as far as the authors are aware, the higher integrability result for
the electric and magnetic fields (a consequence of Gehring’s Lemma) has not been
reported in the literature before. Even though the focus of this chapter is regularity
of weak solutions, in Section we recall classical results on well-posedness for the
Dirichlet problem associated to for the sake of completeness.

3.2. Preliminaries

The theory for second order elliptic equations is completely established in the
Hilbert case, namely for p = 2. For a uniformly elliptic tensor pu, the divergence
form equation

—div(pVu) =divF  in Q

admits a unique solution in W,?(Q;C) for a fixed ' € L2(Q;C?): this simply
follows by the Lax-Milgram theorem. For p > 2, whether F € LP implies u € WP
depends on the regularity of pu. Without further assumptions on pu, this is not
the case. Continuity of p is sufficient [Sim72], but not necessary. The weaker
assumption p € VMO(Q) is sufficient, where the space VMO consists of functions
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with vanishing mean oscillations, namely of those functions f such that

1 1
lim —/ f——/fdt dx =0
Q=0 Q| Q| Q |
for all cubes Q. In these lectures, we only use that W14(Q) and C(f2) are contin-
uously embedded in VMO, where d is the dimension [BN95].

LEMMA 3.1 (JAQO2]). Let Q C R3 be a bounded domain and take Q' € Q. Let
p € VMO(£; C3*3) be such that

(3:2) A S < ¢ (uA AT pl < A ae in Q.

Take F € LP(;C3) for some p € [2,00) and let u € H(Q;C) be a weak solution
of

—div(pVu) =divF  in Q.
Then u € WhP(Q;C) and

loc
ullrmary < CUlulli @) + I1F o))
for some C' > 0 depending only on Q, ', A and HMHVMO(Q)'

We shall also need an H? regularity result for elliptic equations. The standard
formulation given in many textbooks on PDE [Eva98, (GM12, [GT83, Tro&7|
requires Lipschitz coefficients. Using Lemma (3.1 we provide here an improved
version, assuming W13 regularity for the coefficients.

LEMMA 3.2. Let Q C R3 be a bounded domain and take ' € Q. Given u e
Wh3(Q; C3%3) satisfying and f € L*(Q;C), let u € HY(Q;C) be a weak
solution of

—div(upVu) = f in Q.
Then u € HE (% C) and

lull gy < Cllull gy + 1l L20))
for some C > 0 depending only on Q, @', A and ||plly1.5(q)-

PRrROOF. For simplicity, we prove the result in the simpler case of isotropic
coefficient and by using the strong form of the equation. The general case can be
proved substantially in the same way, by passing to the weak formulation and using
the standard difference quotient method [Eva98, [GM12]. In this proof we write
C for any positive constant depending on €2, ', A and ||M||W1=3(Q) only.

Let Q" be a smooth subdomain such that Q' € Q" € Q and v € H}(Q;C)
satisfy Av = f. Without loss of generality, assume that 2 is smooth. Standard
H? estimates for elliptic equations [GTO01, Theorem 8.12| give v € H%(Q; C) with
vl g2y < Cl[fllz2(q)- Thus, the Sobolev embedding theorem yields
(3.3) lollwo) < ClIfllL2q) -

The equation for u becomes

—div(pVu) = div(Vo) in Q.

loc

Clllull g1 () + IVl o)) Hence by (3.3) we obtain
(3.4) [ullyrsny < CUlull gy + 11F11 L2 0)-

Therefore, in view of Lemma we have v € W5(Q;C) and lullwrory <
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Next, note that the equation for w can be restated as
—Au=p" 'V -Vu+p tf inQ"
Applying again standard H? estimates we obtain that v € H?('; C) and
[ull 2oy < O(Hu”Hl(Q”) + Hlflvﬂ : VUHL2(Q”) + H/flf |L2(Q”))
< C(HUHHI(Q) + H'u’_lvp’HL?»(Q”) ||Vu||L6(sz”) + ||f||L2(SZ”))
< C(llull ) + lullwre@n + 1fllz2))-
Thus, in view of (3.4) we obtain the result. O

As it is central to our argument, we remind the reader of a fundamental tool,
known as Meyers’ Theorem [Mey63b|, which we choose to present as a consequence
of Gehring’s Lemma [GehT3]; see also [Boy57]. The following quantitative version
is proved in [Iwa98|.

LEMMA 3.3 (Gehring’s Lemma). Let Q = Qo be a cube. Given 1 < p < oo, let
w,g € LP(Q2) be non-negative functions and C > 0 such that for all cubes @ such
that QQ C 2Q C , there holds

(fe) =e(fn) (Fr)

Then, for each 0 <71 <1 andp<s<p+m we have

() =i () ()

The following corollary follows from a covering argument.

COROLLARY 3.4. Let Q be a bounded connected open set in R3. Given 1 < p <
00, let w, g € LP(Q) be non-negative functions and C > 0 such that for all cubes Q
such that @ C 2Q C Q, there holds

(F) =e(f)+ (hr)"

Then, for each Q' € Q and eachp < s <p+ m we have

</w> < C(Q,9,5,p) ((/pr);%/ggs)i).

This result implies local higher integrability estimates for solutions of second
order elliptic systems with heterogeneous coefficients. We give below one such
estimate which is sufficient for our purposes.

THEOREM 3.5 (Meyers’ Theorem). Let Q@ C R?® be a bounded domain. Let
A € L(Q;C3*3) be a symmetric matriz such that for every ¢ € R3

(3.5) ATHCP < ¢ (R(A(2) ) < AC) almost everywhere in Q)

for some A > 0. Given q > 2, g € L4 (Q;(C3) and f € LP (Q;(C3) with p = %, let
u € H' (Q;C) be a weak solution of

(3.6) —div (AVu) = —div(g) + f in Q.
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Then there exists s > 0 depending only on Q and A such that if ¢ > s+ 2 then
Vu e L} (Q; (C3) and for each Q) € §) there holds

loc

||vu||L2+S(Q’ <C(Q,9,A) (HU“Hl(Q) + ||9||Lq(Q) + ||f||Lp(Q)) :

PrOOF. Note that we may assume without loss of generality that f = 0. In-
deed, let B be an open ball containing €2, of radius the diameter of Q to fix ideas.
Extend f by nought outside €2, and define ¢y € H} (B;C) as the unique solution
of

—A¢f = f in B.

loc

IVYsllwre) < CE)N ey = COfllLe ()

Thanks to the Sobolev embedding theorem, it follows that Vi; € L1(Q;C3). We
may thus assume f = 0, replacing g by g + V.

If we integrate against @y2, where 0 < x < 1 is a smooth compactly
supported function in 2, we obtain

By Lemma we have ¢y € W2P(B;C), and

)

(3.7) R (—div (AVu) ’ﬁX2>H—1(Q),H(}(Q) < ’<fdiv(g),ﬂx2>H_1(Q),H5(Q)
and
R (~div (AVu) 07 ;) o :/Qa?(A)V(uX)-V(uX)—/Qm(A) V-V |uf.

This implies, thanks to (3.5),
(3.8)
R <—diV (AVu) 7ﬂX2>H_1(Q))Hé(Q) 2 A71||V (ux) ||i2(9) _A||VX||2L°°(Q)”]IXU'H%Z(Q)’

where 1, := Lgppy denotes the characteristic function of the support of x. Apply-
ing Young’s inequality, on the right-hand-side we obtain

(39)  [(=div(9). %) ;2 0 en| < IV @) [y
+ 519w ey + 5 (A+ 19 00) Mol
Using the lower bound and the upper bound in inequality we obtain
IV ) 120 < A (IVXll @) + A+ AV (vl + 119132y -
Given any cube @ in Q such that Q C 2Q C €, take x to be such that y = 1
on @, supported on 2@, such that ||[Vx||y () is bounded by a universal constant

(independent of the size of @}) and note that we can safely replace u by u — f2Q U
in the above inequality. Then, we have shown

IVulZag) < C(A) (nu . ]fQu||%2<2Q) n ||g||i2(2Q>> |
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Since W5 (2Q) is continuously embedded in L2(2Q) with a constant independent
of Q, writing w = |Vu|§> this inequality implies

for = e (£, £,07)
Q 2Q 2Q
(][ wr>r < C(A) (7[ w—|—<][ (gg)?”)r)’
Q 2Q 2Q
with r = % The result now follows from Corollary t

We also use the following estimate. Even though only the case p = 2 will be
used in these notes, we state a general version for completeness.

LEMMA 3.6 (JGRS86), [AS13]). Let Q C R? be a bounded simply connected and
connected domain with a connected boundary O of class C*'. Take p € (1,00) and
F € LP(Q;C3) such that curlF € LP(Q;C3), divF € LP(Q;C) and either F-v =0
or Fxv=0o0ndQ Then F € WHP(Q;C3) and
for some C > 0 depending only on  and p.

The last preliminary lemma we need is the Helmholtz decomposition for >
vector fields.

LeEMMA 3.7 (JAS13] Theorem 6.1], [ABDG98), Section 3.5]). Let Q C R? be a
bounded simply connected and connected domain with a connected boundary 02 of
class CY! and take F € L?(£2;C3).

(1) There exist g € HY(Q;C) and ® € H(Q;C3) such that
F=Vqg+curl®d inQ,
div® =0 in Q and ®-v =0 on 0N.
(2) There exist g € HY(Q;C) and ® € H(Q;C3) such that
F=Vq+curld inQ,
div® =0 in Q and ® x v =0 on 0N.

In particular, we have —A® = curlF in Q. In both cases, there exists C' > 0
depending only on  such that

1@l g1y + IVl 2y < ClIFN L2 -

When applied to electromagnetic fields, this decomposition leads to the follow-
ing systems.

COROLLARY 3.8. Let Q C R3 be a bounded stmply connected and connected
domain with a connected boundary 9S) of class CY1. Let E, H € H(curl,Q) be weak
solutions of Mazwell’s equations . There exist qp € H}(Q;C), qu € H (Q2;C)
and ®p, @y € HY(Q;C3) such that

(3.10) E =Vqg + curl®g, H =Vqyg + curl®y,
and

—Adp =iwpH + K in Q, APy =—-IvE+J inQ,
(3.11) divdp =0 in Q, div®y = 0 in Q,

Pp-v=0 on 08, Py xv=0 on 0f).
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Moreover, there exists C' > 0 depending only on Q such that
(3.12) (@5, @)l 1)z + 1(Vae, Vau)ll 2 < CIE, H)|l L2 g -

We have now collected all the necessary ingredients to state and prove the main
results of this chapter.

3.3. The main results

We consider weak solutions E, H € H(curl, Q) to

(3.13) curlt = iwpH + K in Q,
' curlH = —ivE+J in Q.
Throughout this section, we make the following assumptions:
e ) C R? is a bounded simply connected and connected domain with a
connected boundary 9 of class C1!;
e the frequency w belongs to C;
e v = we + io is the admittivity of the medium, p € L°(Q;C3*3) and
g,0 € L®(Q;R3*3) are the magnetic permeability, electric permittivity
and conductivity, respectively. We will assume that they satisfy suitable

uniform ellipticity properties, namely there exists A > 0 such that for all
(eR3

(3.14) 2071 [P < C-(u+ )G, AT < CeCs ul e[+ o < Aae. in

e in the case w = 0, we also assume that for every ¢ € R?

(3.15) A M < ¢-0¢ ae. in Q,
that divK = 0 in  and that the following equation holds:
(3.16) —div(uH) =0 in Q.

In the following, for p € (1, 00) we shall make use of the space
WhP(div, Q) .= {F € LP(Q;C?) : divF € LP(Q;C)},

equipped with the canonical norm. For p = 2, we set H(div, Q) := W12(div, Q).
We start with the interior H! regularity result.

THEOREM 3.9. Take Q' @ Q and w € C. Let
uwe W1’3(Q;(C3X3) and €,0 € Wl’S(Q;R?’X?’)

satisfy (and ifw=0). Take J,K € H(div,Q) (with divK = 0 if
w=0). Let (E,H) € H(curl,Q)? be a weak solution of (augmented with

3.16) if w=0). Then (E,H) € H} (Q;C*)? and
loc

1B vy < € (B EDl e + I ey + 1 s
for some C' > 0 depending only on Q, ', A, |w| and [|(1,V)|ly1.(0)2 -

Proor. With an abuse of notation, in the proof several positive constants
depending only on , €', A, |w| and |[(1£, 7)llyy1.5(q)2 Will be denoted by C.
Let ©Q” be a smooth domain such that Q' € Q” € Q. Using the decompositions

(3.10) given in Corollary and applying Lemma to (3.11]) we obtain
B11) 1@5 ) < € (IE D) + 1Bl o))
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which, by the Sobolev embedding theorem, yields
(3.18) 1@5, @ m)llroqqry < € (1B )l oy + 10 Bl o) -

Taking a divergence to the equations in (3.13)) and inserting the decompositions
(3-10) yields
—div(uVqg) = div(ucurl®y —iw 'K) in Q,

(3.19) . . . .
—div(yVgg) = div(ycurl®g +iJ) in Q.
In the case w = 0, by (3.16|) the system reads
( y y
—div(uVqpg) = div(pcurl® in Q,
(3.20) (1Vam) (1 o)

—div(cVgg) = div(ocurl®g + J) in Q,

and the same argument given below applies.) To prove our claim, we must ex-
hibit an H? estimate of ¢y and ¢g. Expanding the right hand sides of the above
equations, and using Einstein summation convention, we obtain

— div(uVan) = Oipij(curl® ) ; + pi;0i(curl®p); — iw 'divk  in Q"
—div(yVgg) = 0ivij(curl®g); + v;;0;(curl®g),; + idivJ in Q.

Applying Lemma and the Sobolev embedding theorem we obtain qg,qg €
loc(Q (C) and

(g5, ¢u) | g2 o )z < C(”(QE qH)”Hl(Q 2 + (@, @)l g2z + 11 ) aiv,0)2)-
Therefore, by (3.12)) and ( we have

H(QEaQH)HH?(Q’) < C(I(E, H) |l 1202 + 1L K) | r(aiv,y2)-
Finally, the conclusion follows by combining the last inequality with (3.10) and

(3-17). U
The following result provides local C%® estimates, see [Alb16al.
THEOREM 3.10. Take o € (0,1/2], ' € Q and w € C. Let
p € OO C¥3)  and e,0 € CO¥(Q;R3*3)

satisfy (and if w=0). Take J,K € C%%(Q;C?) (with divK = 0 if
w=0). Let (E,H) € H(curl,Q)? be a weak solution of (augmented with

ifw=0). Then (E,H) € C%*(Q;C?)? and
(B, H)ll oy < C(IE, H)| 2y + 11 K)o a)
for some C > 0 depending only on , Q', A, |w| and ||(M,’7)||co,a(§)2'

PrOOF. By (3.18)), we have that curl®p,curl®y € LS (£;C3). Therefore,
by Lemma applied to (3.19) ( 3 20) if w = 0) we obtain that Vqg,Vgy €

LS (9;C3), therefore thanks to (3.10) we have E, H € LS (£;C3). Differentiating
the systems (3 we obtain for every i =1,2,3

Thus, Lemma yields &g,y € VVlif(Q) By the Sobolev embedding theo-
rem, this implies ®p, &y € CH1/2(Q;C?). As a consequence, classical Schauder

estimates [GM12] applied to (3.19) ((3.20) if w = 0) yield Vqg,Vqy €
C%(Q;C?)2, which in turn imply that (E, H) € C%%(;C?)2. The corresponding
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norm estimate follows from all the norm estimates related to the regularity results
used in the argument. ([

Let us underline that the regularity assumptions on the coefficients given in the
result above are optimal.

REMARK 3.11. Let Q = B(0,1) be the unit ball and take a@ € (0,1). Let
f e L((—=1,1);R) \ C*((—1,1);R) such that A=* < f < Ain (—1,1). Let € be
defined by e(z) = f(x1). Choosing J = (—iw,0,0) € C%*(Q;C3), observe that
E(x) = (f(z1)7%,0,0) and H = 0 are weak solutions in H (curl, 2)? to
curlH =iweE + J in , curlF = —iwH in €,

such that E ¢ C%(Q;C?). This shows that interior Holder regularity cannot hold
if € is not Holder continuous, even in the simplified case where € depends only on
one variable.

Let us now turn to local WP estimates for F and H.
THEOREM 3.12. Takep >3, Q' €@ Q and w € C. Let
p e WhP(Q;C*3)  and e,0 € WHP(Q;R3*3)

satisfy (5.14) (and (5.15) if w = 0). Take J, K € WbHP(div,Q) (with divK = 0 if
w=0). Let (E,H) € H(curl,Q)? be a weak solution of (augmented with
ifw=0). Then BE,H € W,-?(Q;C?) and

C

1(E, H)lyrp 2 < C (H(EaH)“L?(Q)? +11(J, K)HWLp(div,Q)?)

for some C' > 0 depending only on Q, ', A, |w| and ||, 7) w10 ()3 -

PROOF. By the Sobolev embedding theorem and Theorem [3.10] we have E, H €
LP (€;C?). Thus, Lemma applied to (3.21) yields ®p, &y € Wli’cp(Q; C3).

Moreover, arguing as in the proof of Theorem we obtain Vqg, Vg € C(Q; C3)2.
Differentiating (3.19)) gives the elliptic equations

— div(uV(0:qr)) = div((O;p)curl® g + pd;curl®y — iw ;K + 0;uVqy) in Q,
—div(yV(0iqr)) = div((9;)curl® g + v0;curl® g + 10;J + 9;vVqg) in Q.

If w = 0, (3.20) has to be considered instead, and the term div(iw~19;K) vanishes.
Lemma applied to these equations yields Vqg,Vqg € Wﬁ)’p (£2;C?), and we

C

obtain E, H € Wéf(Q, C3) as desired. The corresponding norm estimates follow

by applying all the norm estimates related to the regularity results used in the
argument. O

REMARK 3.13. Arguing as in Remark we see that the regularity assump-
tions on the coefficients are minimal.

Finally, in the general case when ¢, 4 and o are merely L* let us show that E
and H are in L2°(Q) for some § > 0.

loc

THEOREM 3.14 (Meyers’ Theorem for Maxwell’s equations). Take Q' € Q and
we C. Let
€ L®(QC33) and e,0 € L(Q;R3*3)
satisfy (and if w=0). Take J,K € L*(Q;C3) (with divK = 0 if
w = 0). There exist 6 > 0 depending only on Q and A and C > 0 depending only
on Q, ', A and |w| such that the following is true.
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Let (E,H) € H(curl,)? be a weak solution of (augmented with
ifw=0). If J € L**(Q;C3) then E € L% (Q;C?) and

loc

1Bl 2es(ary < C (1B, Bz + 1l avscay + 1K 2y )

and if K € L?T9(Q;C3) then H € L*°(Q;C3) and

loc

1l 2vs vy < € (1B Dl gy + 1 Loy + 1K gavaqey ) -

PROOF. We follow the first steps of the proof of Theorem [3.9] We write E =
Vgg + curl®p and H = Vqg + curl®y using the Helmholtz decomposition given
in Corollary Let " be a smooth domain such that Q' € Q” € Q. In view of
(3.18) we have

for some C' > 0 depending only on Q, ', A and |w|. Thus, it remains to show that
qe and gy are in W12+ (Q)) for some § > 0. This is an immediate consequence of

Theorem [3.5 applied to (3.19) ((3.20) if w = 0). O

REMARK 3.15. The proofs of these regularity results highlight the very different
roles played by the vector potentials ® and the scalar potentials g in the Helmholtz
decompositions

(curl® g, curl®s) | yogeyry < C (1B H) | gy + 11 )2y

FE =Vqg + curl®g, H =Vqyg + curl®y.

In all the cases previously considered, ® g or ®y are more regular than qr and qp.
As far as the C%% (0 < o < %) estimates are concerned, we obtain directly that &g

and &y are in fact in Cl’%, which in turn implies that curl®g and curl®y are in
C03. Regarding the WP result, we obtain that the vector potentials are in fact
in C%%, so that curl®z and curl®y are in CH®, a much smaller space than WP,
In the Meyers’ theorem for Maxwell’s equations, Sobolev embeddings show that
curl® g, curl®y € LS, which is a much higher integrability than the one of V¢g and
Vg in general.

In other words, the regularity results we established depend essentially on prov-
ing regularity results for the scalar potentials, namely Vqg and Vqy. We did so
by using the elliptic equations they satisfy. As a consequence, as mentioned in
Section [3.1] the crucial aspects of the study of the general case corresponding to a
non-zero frequency w € C are substantially equivalent to those in the case of the
conductivity equation, corresponding to the case w = 0.

As we shall see in Chapter [4 the same phenomenon occurs when studying
asymptotic estimates of the solutions due to small inclusions in the parameters:
the leading order effect will be expressed in terms of scalar potentials, and the
vector potentials will affect only the higher order terms.

3.4. Well-posedness for Maxwell’s equations

For completeness and future reference in Chapter [4] we recall classical well-
posedness results for the Maxwell’s system of equations. The reader is referred to
[Wec74), Lei86, [SIC92, Mon03, [AIb14] for full details.
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Consider problem ({3.1)) augmented with Dirichlet boundary conditions

curltl = iwpH + K in Q,
(3.22) curlH = —i(we +io)E+J in Q,
Exv=¢pxv on 01,

where J, K € L?(;C?), p € H(curl,Q) and p,e,0 € L>=(Q; R3*3) and satisfy

AP <e-pg, ATV gt EER

(3.23)
||(0—7€7M)HL°°(Q;R3X3)3 S A7 N = /’I’Ty E = ET, o =0

T

for some A > 0 and either

(3.24) oc=0 1in§,
or
(3.25) AP <08, EeRP

REMARK 3.16. By the Fredholm theory, if the problem is not well-posed, then
there exists B, H € H(curl, ) such that

curlFl = iwpuH in €,
curlH = —i(we +io)E in Q,
Exv=0 on 01},

see [WecT74, [SIC92, [AIb14].
The main well-posedness result in the non conductive case reads as follows.

PROPOSITION 3.17. Let 2 C R3 be a bounded and C*' domain and p,e,0 €
L (Q;R3*3) be such that (3.29) and hold true. There exists a discrete set
of eigenvalues ¥ C Ry such that if w € Ry \ 'S then for any J, K € L*(€;C?) and
v € H(curl, Q) problem admits a unique solution (E,H) € H(curl,Q)? and

1B, H)ll g7 curt, 2 < C Ul g eurnoy + 1T KD L2 (q)2)
for some C > 0 depending only on Q, w and A.
The main well-posedness result in the dissipative case reads as follows.

PROPOSITION 3.18. Let Q C R? be a bounded and C*' domain, w > 0 and

p,e, 0 € L¥(Q;R3*3) be such that and hold true. Then for any

J,K € L*(;C3) and ¢ € H(curl,Q) problem admits a unique solution
(E,H) € H(curl,Q)? and

1B, )| g eur0y2 < C (121 eun,o) + 1 E) | 20)e)
for some C > 0 depending only on 2, w and A.

The case w = 0 is somehow peculiar since additional assumptions are required
on the sources: it is considered in the following result.

PROPOSITION 3.19. Let Q C R? be a bounded simply connected and connected
domain with a connected boundary 0 of class CY'. Let p,e,0 € L>(Q;R3*3) be
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such that and hold true. Take J,K € L?(Q;C3) and ¢ € H(curl, Q)
with divK =0 in Q and K -v = curlp - v on 9. Then, the problem

curlE = K in €,
curlH =cE +J in,
(3.26) div(uH) =0 n Q,
Exv=pxv on 082,
(bH)-v=0 on 09,

admits a unique solution (E,H) € H(curl,Q)? and

H(‘E’I_I)“H(curl,ﬂ)2 < C(H@HH(CHI‘I,Q) + ||(J’ K)HL2(Q)2)
for some C' > 0 depending only on Q and A.

PROOF. In what follows various positive constants depending only on 2 and A
will be denoted by C. Write E = E — ¢ and K = K — curlp. By Lemma it is
enough to look for solutions E, H € H(curl, Q) of the form

E = Vg + curl®g, H = Vqy + curl®y,

with gz € H(;C), gy € HY(Q;C), ®p, &y € H(Q;C3) and &y x v =0 on 9.
Set Ui = curl® g, assuming momentarily the existence of such a vector potential.
Since gg is constant on 02 we have

\I/EXZ/:EXV—V(]EXV:O on If).

Moreover, divl g = diveurl®g = 0 in Q and curl¥Vg = curlE = K from the first
equation of (3.26)). Thus Lemma shows that curl®p € H'(Q;C?) and

(3.27) Jewrl® | sy < € (11K 2oy + leurlioll o) -

The existence of U follows from the fact that divK = 0 in Q and K - v = 0 on 99
[GR86, Chapter 1, Theorem 3.6]. Moreover, by [GR86l, Chapter 1, Theorem 3.5],
Vg = curl®g for some ®p € H'(2; C?) such that div®g = 0in Q and ®5-v = 0 on
0. Thus, curl®g is now uniquely determined, and the first and fourth equations
of are automatically satisfied.

The second equation of implies that qg satisfies

(3.28) —div(cVgg) = div(ocurl®g + op + J) in Q,
' qe =0 on 99.

The Lax—Milgram theorem provides existence and uniqueness of ¢z € H}(Q), with
the norm estimate

HQEHHl(Q) <C (HCUY](I)EHL2(Q;(C3) +11(J, LP)HL?(Q)?) :

As a consequence, by using the estimate on curl®g obtained above we have

ozl @y < € (1€l aeannay + 10K D22
and
1Bl e < € (19w + 10K D) 2 ) -

Inserting H = Vgy + ¥y with Uy = curl®y into the second equation of (3.26]) we
have

divly =0 in Q, curlWyg =cE +J in Q.
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Moreover, since @y x v =0 on 952, by [Mon03| equation (3.52)] we have
Uy -v=(curl®py) v =divga(Py xv) =0 on 0.
Therefore, by Lemma [3.6| we have curl®y € H!(Q;C?) and

leurl® g || g1 () S ClloE + Tl o) < C (||<P||H(cur1,sz) + I (K, J)||L2(Q)2> :

The existence of ¥y follows from [GR86, Chapter 1, Theorem 3.5], since div(c E +
J) = 0 in Q. Moreover, by [GR86, Chapter 1, Theorem 3.6], ¥y = curl®y for
some @y € H'(Q;C3) such that div®ég = 0 in Q and &5 x v = 0 on IQ. The
second equation of is now automatically satisfied, and curl®y is uniquely
determined.

The third and fifth equations of now imply that gy satisfies

—div(pVam) = div(pcurl®y) in €,
—uVaqy - v = pcurl®y - v on 0f.

Thus, standard elliptic theory immediately yields existence and uniqueness for this
problem in H!(£2;C)/C with the norm estimate

||V‘JH||L2(Q) <cC HCUYI(I’HHm(m :

As a consequence, by using the estimate on curl® gy obtained above we have

IVl 2y < € (Il srcansy + 16 Dllz(aye)
and
1Bl ey < € (10l srgeunny + 1O ) e ) -
This concludes the proof. O
REMARK 3.20. Consider the particular case when K = 0 and ¢ = Vv for some
v € HY(;C). By (3.27) we can write E = Vu where u = qg +v € H(Q; C), since
curl®p = 0. Moreover, by (3.28) the electric potential u is the unique solution to
—div(cVu) =divJ in Q,
U= on 0f).

In other words, as already mentioned above, the case w = 0 in the Maxwell’s
equations corresponds to the conductivity equation.






CHAPTER 4

Perturbations of small volume for Maxwell’s
equations in a bounded domain

4.1. Introduction

Consider time-harmonic electromagnetic fields F and H travelling in a medium
Q with permittivity ¢ € L*° (Q;R3X3) and permeability p € L™ (Q;R?’X?’), sup-
posed to be symmetric and positive definite. According to Maxwell’s equations (see
(3.1) with o = 0), they verify

curlf = iwpH, curlH = —iweFE in Q.
Suppose that at frequency w, when a boundary condition is imposed on one of the
fields, say
E xv=¢xwvon d,

the problem is well posed. If the medium is perturbed — by a focused pressure wave
for example — or if the coefficients present defects within the domain, in a small set
D such that D € Q and |D| < |€2|, the physical parameters can be written

pp = plp + (1 —1p)u, ep=£Elp+(1—1p)e,

where i and € are the permeability and the permittivity within the inclusion D,
respectively. The electromagnetic fields then become Ep and Hp, satisfying

curlEp = iwpupHp, curlHp = —iwepFp in 2, FEp X v = X v on 0f.

The effect of these defects can be measured on the boundary of the domain. Indeed,
writing

BD=/ (Ep xv)-Hpdo and B = (E xv)- Hdo,
iy} a9
an integration by parts shows that
(4.1) BD—B:iw/ (i—p)H-Hp—(6—¢)E - Epda.
D

In other words, from external boundary difference measurements, localised infor-
mation on the defects is available. A heuristic approximation, the so-called Born
approximation, is then to consider that Ep ~ F and Hp ~ H and to linearise the
dependence on D by writing

BD—Bziw/ (f—p)H-H—-(—¢)E-Edx.
D

In particular, if the defect is localised near zy € 2 this yields

% ~ iw ((fi(wo) — (o)) H(zo) - H(zo) — (E(z0) — e(20)) E(z0) - E(x0)),

41
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leading (not unlike what we saw in Chapter [1]) to an internal density information.
It turns out that this heuristic argument is not correct except when € —e and i — p
are also small, leading to a small amplitude and small volume fraction approxima-
tion. The correct first order expansion, without assumptions on the smallness of
the amplitude of the defects, involves polarisation tensors. The derivation of this
approximation is the subject of this chapter.

Using the regularity results obtained in Chapter [3] we derive the leading order
term in |D| of the asymptotic expansion of 1p(Ep — F) and 1p(Hp — H), for
general internal inclusions bounded in L> on a measurable set D located within €2,
when the background medium parameters € and p are sufficiently smooth (namely,
C%* or WIP with p > 3). Several expansions of this type are available in the
literature, for conductivity, elasticity, cavities, and electromagnetic fields [FV89,
Mov92|, MS97, [CFMV98, [AVV01, [AKO07, [Grill]. The existing results for the
Maxwell’s system are somewhat less general [AVV01], [Grill], and use a slightly
different approach — which typically requires a constant background medium. The
method used here was first introduced in [CVO03| for the conductivity problem,
which corresponds to the case w = 0. An additional ingredient is the Helmholtz
decomposition of the fields. We prove that the essential features of the problem are
captured by the elliptic equations satisfied by the scalar potentials, for which the
method of [CV 03| can be applied.

4.2. Model, assumptions, and preliminary results

Let us now consider the problem in full generality, using the notation of Sec-
tion 3.1} Suppose Q is a simply connected and connected domain with a connected
boundary 92 of class C*!, and let E, H € H(curl, ) be the solutions of

curlt = iwpH + K in Q,

(4.2) curlH = —iyE+J in Q,
Exv=pxv on 012,

where w € C, K, J € L?(Q;C3), o € H(curl,Q), v = we +ic and pu € L>®(£2;C3*3)
and e,0 € L (2;R3*3) are symmetric tensors such that for all ¢ € R? there holds

AP <¢C-Ru)G, AU <Ced (ul el + o] <A ae inQ

T T

4.3
(4.3) p=u’, e=e', o=0c" ae inQ

for some A > 0. If w = 0, we also assume that for every ¢ € R3
(4.4) A Y|P < ¢ 0¢ ae. inQ,
divK =01in Q and K - v = curly - v on 02 and add the equations

{ div(uH) =0 1in Q,

We suppose that the map (J, K, ) — (E, H) is well defined and continuous,
namely that is well posed. More precisely, we assume that for any K, J €
L2(£;C3) and ¢ € H(curl,Q) (such that divK = 0 in Q and K - v = curlp - v on
99 if w = 0), the solution (E, H) € H(curl, Q)? satisfies

(4.6) (B, H) || mreurt,0)2 < Co (I(K, )| 22 + 10l #cur,0))
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for some Cy > 0. Sufficient conditions for this problem to be well posed are given
in Section Typically, it is the case for w outside a discrete set of values (not
containing 0) or if p is real and o is strictly positive.

Consider now that defects are present within the medium, namely the electro-
magnetic fields satisfy

curlEp =iwupHp + K in §,
(4.7) curlHp = —ivpEp +J in Q,
Epxv=pxv on 0,

(augmented with

(4.8) div(upHp) =0 in ©,
’ (upHp)-v=0 on 09,

if w = 0), where

pp =p(1—=1p)+alp, yp=~(1—-1p)+71Llp inQ,
where 1p is the characteristic function of a measurable set D located within 2,
¥ = wé +1i6 and i € L>®(Q;C3*3) and £,6 € L*°(Q;R3**3) are symmetric and
satisfy (4.3) (and (4.4)) if w = 0). We suppose that the inclusion D is not close to
the boundary, namely D C € for some smooth connected and simply connected
subdomain g of  such that Qg € Q.

Let us show that this perturbed problem is also well-posed, provided that | D]
is sufficiently small.

LEMMA 4.1. Under the above assumptions, there exists dy > 0 depending only
on Q, Qo, A, Cy and |w| such that when

(4.9) |D| < do

problem (augmented with (@ if w = 0) admits a unique solution, which
satisfies

||(ED7HD)||H(CHI"],Q)2 <C (||(K7 J)HLZ(Q)2 + ||<p||H(curl,Q))
for some C' > 0 depending only on Q, Qqo, A, Cy and |w|. Furthermore, there exist
6 > 0 depending only on Q and A, and C > 0 depending only on Q, Qq, A, Cy and
|w| such that when J, K € L*¥9(Q; C3) then

s
||(EDaHD) - (EaH)HH(CurLQ)Q < C‘D‘M—% (H(K’ ‘])||L2+5(Q)2 + ||<)0||H(Curl7ﬂ)) s
where (E, H) is the solution of (augmented with ifw=0).

PROOF. Note that when Proposition [3.17) applies, we know that the number
of resonant frequencies w for which is not well-posed is a discrete set. The
issue at hand regarding well-posedness is thus the behaviour of the resonances when
|D| — 0. Furthermore, by Remark for a given w it is sufficient to establish
uniqueness when J = K = ¢ = 0 to establish well-posedness for any other J, K
and .

With an abuse of notation, several positive constants depending only on €2,
Qo, A, Cp and |w| will be denoted by C. Assume that (Ep, Hp) € H(curl,Q)? is
a solution of (augmented with if w=0). According to Theorem
there exists 6 > 0 depending only on Q and A such that when J, K € L**9(Q); C?)
we have
(4.10)

1B Hp)ll avs(nyz < CUED Ho)llp2gays + 1K Dllzsays + 16l cunscy)-
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Set Wp = Ep — FE and Qp = Hp — H. The pair (Wp,Qp) € H(CUI‘LQ)Q is a
solution of

curlWp = iwuQp +iwlp (i — p) Hp in Q,

curlQp = —iyWp —ilp (3 —v)Ep  in Q,

Wpxv=0 on 0f).

Thus, using well-posedness for problem (4.2]), namely estimate (4.6]), we find

| (Wb, Qb) |l rcun,e)2 < C (llwlp (i — 1) Hpll2(o) + 11p (3 —7) EpllL2@))
< CH (]IDHD, ]IDED) ||L2(QD)2.

Hence, by Holder’s inequality and , we obtain
(Wb, QD) |l H(cur,0)2 < C|D|4+§25 [(Ep, Hp)l| 245 ()2

<C |D|4+626 (H(EDvHD)“L?(Q)? + 1 Dl 2vs 2 + ||S0||H(cur1,9)) :
Consider now the case when J = K = ¢ = 0. Then is simply

||(ED7HD)HH(cur1,Q)2 <C |D|

(4.11

35
20 || (ED’ HD)HH(curl,Q)2 :

Thus, when

4426
B
)

(4.12) ID| < (C+1)"

we find [|(Ep, Hp)llgr(cur1,0)2 = 0- As a consequence, problem (4.7) is also well
posed when (4.12)) holds. In particular,

I(Ep, Hp) mr(eun,0y2 < C (1K, D2 (9)2 + el o)) -
Moreover, (4.11) implies
5
H(ED; HD) - (Ev -H')”H(curl,ﬂ)2 S C|D| 4+20 (H(Ka J)||L2+6(Q)2 + ||§0||H(curl,Q)> )
which concludes the proof. O

This preliminary result confirms that this is a perturbation problem, since Ep
and Hp converge strongly to F and H in H (curl, Q), with at least the rate dictated
by the built-in higher integrability of Maxwell’s equations. Without additional
structural information on p and ~, the exact rate of convergence may vary [BT09],
leaving little hope for a general result for the first order term. However, much more
can be said when p and «y are known to be smoother, without further assumptions
on [ and 7.

4.3. Main results
Let p&, pH € H(Q;C) be solutions of

)
~div (ypVpp) = div(Ip ( —7) E) inQ,
(4.13) { pE =0 on 99,

and
(4.14) {

The potential p¥ is uniquely determined, while p5 is determined up to a multi-
plicative constant.

—div (upVpp) = div (Ip (i — p) H) in Q,
upVp v =0 on 9.
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THEOREM 4.2. Assume that ({.3), {{-6) and [{4.9) (and if w=0) hold,

and that additionally
(4.15) w,y € CO%(Q; C**3) and K, J € CV*(Q; C?)
for some o € (0, 3] (with divK =0 in Q if w =0). Take ¢ € H(curl,Q) (such that
K-v=curlp v on0Q ifw=0), and define Mo = ||9| 1 (curt,0) + (T Kl co.e @2
The solution (Ep,Hp) € H(curl,Q)? to (augmented with ({.8) if w = 0)
admits the following expansion

Ep=E+Vph +RE inQ,

Hp=H+Vp + RE inQ,

where the remainder terms Ry and Ry are bounded by

1.5 - ~
IRB 220 + IR ll220) < CIDI™ lmax (|fi = ul, |7 = Y 1o (py Mas

for some § > 0 depending only on Q and A and some C > 0 depending only on €,
Qo, A) CO; H(:UH’Y)”COG(QP and |w|

REMARK 4.3. Assumption (4.15])) may be relaxed. It is sufficient to assume the
regularity of the parameters and of the sources in )1, for some smooth domain €2
such that Qg € ;1 C €.

Any other choice of boundary conditions for p& and P4 would lead to similar
results; the above boundary conditions were chosen in order to make the analysis
as simple as possible. Note that the magnetic potential p¥ is always independent
of the frequency; this is true of the electric potential pf only when ¢ = & = 0.

Under slightly stronger assumptions on the regularity of the coefficients and of
the source terms, we can make this decomposition even more explicit.

Let P}, = [Vp3,Vp3, Vp3] € L2(Q;C%%) and Ph = [Vp,,, V. V)] €
L?(Q;C3*3) be the matrix valued maps defined as follows. For k = 1,2,3, let
p’fy,pﬁ € H' (Q;C) be solutions of

—div (’yDVpg) =div(lp (yp —7)er) in Q,
(4.16) { pﬁ =0 on 09,
and
(4.17) d1V uDVpu) =div(lp (up —p)er) in Q,
' ,uDVp# v=20 on 012,
=

where [e1, €3, €3] = I3 is the 3 x 3 identity matrix.
THEOREM 4.4. Assume that ({.3), ({4.6) and (and if w=10) hold,

and that additionally
(4.18) w,y € WhHP(Q; C¥*3) and K, J € WHP(div, Q)
for some p > 3 (with divK =0 in Q if w = 0). Take ¢ € H(curl,Q) (such that
K-v=curlp-v on 00 ifw=0), and set My, = ||| r(cur,0) + 1, )l win(aiv,0)2-
The solution (Ep,Hp) € H(curl,Q)? to (augmented with (@ ifw=0)
admits the following expansion

Ep=(Iz+PL)E+RE inQ,

Hp = I3+ Ph)H +RE inQ,
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where the remainder terms RE and RH are bounded by
~ ~ 1.5 ~ ~
I(RB, RE) L2 (0)2 < C DI [Imax (|72 — pl, 17 = YD)l 1 () Mp»

for some 6 > 0 depending only on 2, A and p and some C > 0 depending only on
Q7 QO) A; CO} ||(/J’a7)HW11P(Q)3 and |OJ|

REMARK 4.5. The matrix valued functions I3 + P}, and I3+ PJ, (once rescaled
by |D|, and passing to the limit as |D| — 0) are called polarisation tensors. They
are independent of the electric field imposed, and depend only on D, 4, v, i1 and pu.
The above boundary conditions on 92 were chosen for simplicity, but in the scaled
limit the dependence on 2 and on the boundary values disappears.

Their analytic expression can be derived for several basic geometries, see e.g.
[Milo2, BHV03,, [AKO07, [Tar09|. For example, when D is a ball, and v,5 €
C%*(Q;R) (namely, they are scalar, real valued and Holder continuous), then

3y

T n(1+0(D”) inQ
27+7Dg,(Jr (ID|”)) in

I3+ P} =
for some 8 > 0. This is the Claussius—Mossotti, or the Maxwell-Garnett, formula
see e.g. [CEFMYV98|, Mil02), [CV03].

For general shapes, P} (and mutatis mutandis Ph) satisfy a priori bounds,
known as Hashin-Shtrikman bounds in the theory of composites (see [MT85)
Mil02]). In particular, when ~,5 € C%®(Q;R) there holds

tr (P}(x)) < |D| (d— 1+ Zg;) (1+0(1)) in D,

tr ((Pg,(x))‘l) < |D| (d 1+ 7(:”)) (1+0(1)) in D,
V(x)
see [Lip93}, [CV06].
Thus PJE is not a term that can be neglected as it always contributes to

the leading order term. We can write the following expansions, which clarify the
difference between this approach and the Born approximation.

COROLLARY 4.6. Assume that the hypotheses of Theorem hold true. For
every ® € L>®(Q0; C?) we have

[ G- Ep-vde= [ (=9) T+ P E-da+ O(DI™ 9]0 1),

/D(ﬂ—u)HD-<1>da::/D(ﬂ—u)(13+P5>H-<I>dx+0(lDl“‘5||¢>||LW<D>)-

In particular, if D is a ball centred in xq, v, ¥, p and i are scalar and Holder
continuous functions and if ® is Hélder continuous, then

L [ ~ 39(20) (3(w0) — ¥(x0)) ol ,
|D|/D(’Y’Y)ED.<I>dx 2 (o) + 3 (70 E(z0) - ®(z0) + O(|D|"),

) )
3u(xo) (A(x0) — pu(w0))

FH/D(/]—N)HD-@de H(xo)-é(m0)+0(|D|ﬁ)7

for some B > 0.
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PROOF. By Theorem [{.4] write

[ G=nEp-@do= [ G-t PRE-+ (G- RE- .
D D

Applying the Cauchy—Schwarz inequality, we find

~ ~ - 1, ~
/D =) Rf; - Odx| < |7 — 'YHLoc(D) |D|? ||Rg”L2(Q) H‘I)”Loo(p)

)
= O(IDI""* (@] yoo (1)) -
The second identity is similar. O

We conclude this section by observing that by considering the particular case
w = 0, we obtain the expansion related to the conductivity equation. This case has
been widely studied, see e.g. [AKO04, [CFMV98, [CV03], NV09].

THEOREM 4.7. Let Q, Qo and D be as above. Let o € WHP(Q;R3*3) and

o € L*(Q;R3*3) satisfy for some p > 3, and set op =0+ (6 —o)lp. For
ve HY(YR) and f € LP(Q;R), let u,up € H'(Q;R) be the solutions to
{ —div(eVu) = f in Q, { —div(epVup) = f in Q,

U =0 on 012, up = v on 0N2.
Then we have the expansion
Vup = (Is + P3)Vu+rp in Q,

where the remainder term rp is bounded by

L5~
Irpllz200) < CIDIZ N6 = 0ll oo (py (0]l 1) + 111l o 0y)
for some & > 0 depending only on Q, A and p and some C > 0 depending only on
Q: QO; A and ||O-||W1vp(ﬂ)'
In particular, for every ® € L>(Q; C3) we have
/ (6— o) Vup - ®dz = / (6= 0) (s + P§) Vu- ©d + O(ID"* ] 1 1)
D D

and, if D is a ball centred in xo, o and & are scalar and Hélder continuous functions
and if ® is Holder continuous, then

30 (o) (0(z0) — o(20))
20(zg) + o(x0)

|;ﬁ|/p(5’_0) Yup - ®dr = Vu(wo) - ®(x0) + O(| D)

for some B > 0.

PROOF. In view of Proposition [3.19] and Remark [3:20] this result is a conse-
quence of Theorem and Corollary with the identifications £ = Vu and
ED = V’U,D. O

4.4. Proofs of Theorems and [4.4]

In order to prove these results, we consider the difference between the perturbed
and the unperturbed (or background) problems, namely

(Wp,Qp) = (Ep — E,Hp — H) € H(curl, Q)%
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The pair (Wp, @Qp) satisfies

curlWp = iwupQp + iwlp (up — ) H in Q,
(4.19) curlQp = —iypWp —illp (yp —v) E in Q,
Wpxv=0 on 0f).

Problem (4.19) has two source terms, generated by E and H. We first notice that
at leading order the two fields are decoupled. Write (Wp,Qp) = (Wg ,Qg) +
(WH,QE) where

curlWh = iwppQE in Q,
(4.20) curlQE = —iypWh —ilp (vp —7) E in Q,
WExv=0 on 042,
and
curl W =iwpupQ +iwlp (up — p) H in Q,
(4.21) curlQ8 = —iyp WH in Q,

WgXVZO on 0f).

The following result shows that Wp can be identified with Wg, whereas Qp can
be identified with Q% as a first approximation in |D].

LEMMA 4.8. Under the assumptions of Theorem [[.3, there exists a constant
C > 0 depending only on Q, Qq, A, Cy, ||(u,'y)||co,a(§)2 and |w|, and a constant
6 > 0 depending only on Q and A such that

1 - -
1W0, @0l eans e < € DI max (i = sl 1§ = 2Dl o () Mas
and
HWD -Wp

150~
|2y < CIDIF* i = 1l o ) Mo

100 = QB 120y < CIDI** 115 = Al 1 () Mar

Proor. With an abuse of notation, several positive constants depending only

on , Qq, A, Cy, ||(,u,'y)||co,a(§ » and |w| will be denoted by C.
By Lemma applied to (4.19)), we have

(4.22)

1Wb, @0)llgeunney < € (D (7= 1) Hll 2oy + 110 (7 =) Ell ey ) -

In view of (4.6 and (4.15), Theorem yields (E, H) € C%%(Q; C?)? and
(423 B Dlleoery < Ol + 10K lgnemy:) = CMa.

Using Holder’s inequality, these two estimates imply

1 - ~
1(W5, @)l r(euncy < C1DIF lmax (72 = il 17 = WDl e (1) Mo

as announced.

We prove using a variant of the so-called Aubin-Nitsche (or Céa) duality
argument in numerical analysis. Consider the adjoint problem associated to ,
with respect to L?(£2; C?)2, namely

curlXp =iwppTp + B in Q,
(4.24) curlTp = —iypXp+ A in Q,
Xpxv=0 on 0,
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with A, B € L?(Q2;C3). Note that problem (4.24) is well posed whenever problem
(4.7) is well posed (Remark , and so by Lemma [4.1| we have

(425) || (XD7 TD) ||H(Cu1rl7Q)2 S C || (A’ B) ||L2(Q)2 .

By an integration by parts, we have the duality identity

(4.26) Ep-Adx— | Hp-Bdx = K-TDdx—/ J-Xp da:—/ (oxv)-Tp do,
Q Q Q Q a0

for any solution (Ep,Hp) € H(curl;2)? of (4.7) and any solution (Tp, Xp) €
H(curl; Q)? of - If we apply this 1dent1ty to , that is, K = 0 and
J=ilp (’YD — ) E, and - with A =0 and B = Q we obtain

(4.27) QB0 = —/inD (yp —7) E - Xp da.

In addition, (4.25) and Theorem applied to (4.24)) yield
1XD L2450 < ClQB I L2()
for some § > 0 depending only A and Q as introduced before. Combining this
estimate with (4.27)), and using Holder’s inequality, we obtain
2 5
15|22 gy < € 115 = 1y 1Bl 200 | QB 2y [ D175
which, in view of (4.23)), provides

1. 6
”QgHLZ(Q) <C |D| 2T H’7D - ’YHLOO(D) MD"

as desired. Using the same method, we apply the identity (4.26) to (4.21) and

(4.24) with A=W} and B = 0 and we obtain

IWE |20y < CIDIF 55 up = il e () Mo 0

It turns out that the dominant parts of W5 and Q% are their non rotational
components, as already anticipated in Remark [3.15]

LEMMA 4.9. Under the assumptions of Lemma [{.8, and with the same nota-
tions, there exists C' > 0 depending only on Q, Qq, A, Co, ||(u,’y)||co,a(§)2 and |w|
such that

1.5 ~ ~

|Ep — E = Vpp 2@ < C DY [[max (| =l s 17 =Dl L= (D) Ma
145 . ~

|Hp — H = Vpp |20 < CIDI2* |max (i — ul, |5 = YD) Lo (py Ma

where p& and pB satisfy and .

ProOOF. With an abuse of notation, several positive constants depending only
on Q, Qq, A, C, ||(,u,'y)||co,a(§)2 and |w| will be denoted by C.

Decompose Wg into its gradient and rotational parts as described in Lemma
(Helmholtz decomposition), namely

WE = Vg + curldh,
where ¢5 € H}(Q;C) and &5 € H(Q;C?). Setting ¥E = curl®L, from the
definition of WE (4.20) and the fact that ¢& is constant on 99 we find
curlVE =iwpupQE in Q,
divlE =0 in Q,
UE xv=0 on 99,
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which by Lemmata [3.6] and [£.8] implies
1
(4‘28) ||Curlq)gHH1(Q) <C HQgHLz(Q) <C |D| a ”'YD - 7||L°°(D) M.

Taking the divergence of the second identity in (4.20) and recalling the definition
of p& we find

— div(ypVqh) = div (Ip(yvp—7)E+p (mrl@%) in Q,
—div(ypVpp) = div (Ip (vp —7) E) in Q,
therefore

—div(yp V(g5 — ph)) = div (vp curl®f) in Q,
a5 —-p5=0 on 9.

As a consequence, by (4.28]) we obtain
145
IVap — VB2 () < Clewrl®B|12() < C D12 |lyp = 4l 1 () Ma-

Thus, the conclusion follows by (4.22) and (4.28).

The justification of the expansion of H is entirely similar, and only the study
of the boundary conditions is different. More precisely, write Q& = V¢ + curl®Z
with ¢ € H'(Q;C) and ®¥ € H*(Q;C?) such that ®X x v = 0 on 9Q. Setting
UE = curl®, from the definition of Q¥ in we find

curlUl = —inpWH in Q,
divt =0 in Q,
\Ilg -v=20 on 0N,

where the boundary condition follows from [Mon03l equation (3.52)] and the fact
that ®# x v =0 on 99, since ¥H - v = divgo(PH x v) = 0 on ON. Lemmata
and [£:8] yield

(4.29) |curl®B || 1 oy < CIWE

146
| < CIDE yu — pll o 1) Mo

Q) || L2(Q

Using the first identity in (4.21)) and the fact that ppQ¥ -v = 0 on Q by [Mon03,
equation (3.52)], we find

—div(upV(gh — pB)) = div (up curl®?) in Q,
—upV(qE —pB) v =ppcurl®l . v on 9N.

As a consequence, by (4.29) we obtain
146
IVap = VB llr2i) < Cllewrl®p |2y < CDI*™ | = pill oo (py M-
Thus, the conclusion follows by (4.22)) and (4.29). O

Lemma [£.9] was the missing piece in the the proof of Theorem To conclude
the proof of Theorem [£:4] we need to show how regularity allows for a separation
of scales. This is the purpose of this ultimate lemma.

LEMMA 4.10. Under the assumptions of Theorem@ there exists &' > 0 de-
pending only on & and p such that

. 14s
1905 — PREI < C 15— 1l gy IDIF M,
~ 144
IVpp — PpH| < Cllfi — 1l e () |D[2™° M,,
for some C' > 0 depending only on Q, Qo, A, Co, [[(1:7) w10z and |w].
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PROOF. Several positive constants depending only on 2, Qq, A, Cy, |w| and
[ (1, Illwr.s(2)2 Will be denoted by C. We use Einstein summation convention:

repeated indices are implicitly summed over.
Let 1 be a smooth subdomain such that Qy € Q; € Q. Theorem yields
(E,H) € WHP(Qq;C3)? and

(4.30) (B D)llwrree < CUlellaeane) + 1K)l @iv,g)) = CMp.
Testing 1) against pf’j, integrating by parts and using ellipticity we obtain

~ 1
(4.31) IVDEl L2 < CI1F = Al Lo (p)y | DI? -

While this estimate is optimal for the gradient, it can be improved for the potential
itself, using the Aubin—Nitsche duality argument. In detail, let z € H}(Q;C) be
the solution of

(4.32) —div(ypVz) =p& in Q.

Thanks to Theorem (with ¢ = 6 and p = q?’% = 2), we have that Vz enjoys
higher integrability in

(433) HVZ||L2+5(QO) S CHpﬁHLz(Q)

Moreover, testing 1D against piﬁ and comparing it with |D tested against z,

we obtain

0, namely

9]y = | 2o Vi

= / Vz-1p(¥ —7p)erdz.
Qo

Thanks to Holder’s inequality, this yields
k| < ||A — D PR =] \V4
HP7||L2(Q) <% ’Y||Loo(D) | D l ZHLH&(QO)
- 1y 5
< Cllp¥|| L2 15 = Al poe () | D255
using (4.33)) in the second step. We have obtained that
- 1y 5
(4.34) 1251 L20) < ClIA — VIl L= (py |D2 571

The Gagliardo-Nirenberg-Sobolev inequality (see e.g. [Eva98| Chapter 5.6]) then
shows that (4.31)) and (4.34]) imply in particular that

k ks pyl—2
(4.35) P51, 225 ) < ONVPSI 20y 15N 2y

~ 246’
< CI¥ = Allze=(py DI ,

where ¢’ = ﬁ (1 — %) The same arguments when applied to pg show that

(4.36) VDD llrz(e) < CIF =) IDI? 1Bl =(ay) < CIF = ze(py I DI? M,

and, in turn,

E 5 3+6
(4.37) ol 22, o) < ClIT =AMz (p) [PIFT My

We shall now make use of (4.35)) and (4.37)) to conclude.
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Let x € C*°() be a cut-off function such that x = 1 in Qg and suppyx C ;.
We wish to show that

149
(438) HX (VPLE7 - PBE) HL2(Q) < C”i/ - rY”L“(D) |D|é+ 2 MP

as it establishes our claim with respect to the electric field. The estimate on the
magnetic field may be derived in a similar way, the only relevant difference lies in
the Neumann boundary conditions in place of the Dirichlet boundary conditions,
but it does not cause additional difficulties. We will focus therefore on , and
more precisely we shall show that

(4.39) w = pp — phEy, € Hy(Q),
satisfies
- 148
(4.40) IxVwll L2y < ClIIF = Yllz=(p) D277 M,
Indeed (4.40) implies (4.38)), as thanks to (4.30) and (4.35) we have
E k
I (Vo = (Vpp = PEE))[| o) = X3 VER] 2

< ClIVEk] oo, IS L2 @)

< CIF =Y 1=(p) |1DI* M,

Note that thanks to Holder’s inequality, and estimates (4.35) and (4.37) we
have

way e, SIPbl e g, 5 ﬁ(mn Bill o=
< Cl¥ = Allpee 0y My | D| 7+

whereas from ) and (4.36) we obtain

(4.42) ”vw||L2(Ql) < IVpB 2 + HVP»YHLQI(Q)HEkHL‘”(Ql) +IPEV Ek| 120y

< Oy =l (pyM, |D|?

Using the ellipticity of yp, we find

IXVelaq) < 21V () [2eq) + 209X 200

<c ( [ 0w ¥ ) i + ||wa||%2<9>>

<C(

In other words, we have

ypVw -V (X2w) dx
Q

2
+ vaX||L2(Q) + ”Xvw”L2(Q) ”vaLZ(Q)) J

IXVwll 2y < C (\/‘/QWDVUJV(X%) dz| + ||wVX||L2(Q)> :
Thus, thanks to (4.41), we find that proving (4.40) reduces to showing that

~ 1+6’
(4.43) < ClF = Wioe(pyMz DI

/ vypVw -V (sz) dzx
Q
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Using (4.13)) and (4.16)) we find
—/ vpVw -V (x°w) dz
Q

= /Qdiv('yDVpg)X2@ —div (7DVp§) Epx*w dx

+ /vap§VEk -V (x*w) dz — /Q’)/Dka . fo, (x*w) da
:/Q—Xz’lfjdiv(]lp(’YD —7) Erey) dr

+ /Q Y’ wEy div(1p (vp — ) ex) dz

+ /Q'ypplfYVEk -V (XQE) dxr — /Q YoV Ey - Vplfy (XQW) dz
= /Q —x*wlp (yp — ) ex VE dz

+/ ’prIfYVEk -V (xX*w) do — / vpVEy - Vp,li (x*w) dz.
Q Q

To conclude we bound each of the right-hand side terms. Using Hélder’s inequality,

(4.30) and (4.41), we find

‘/ XQ'LDHD (’}/D - ’y) er VE, dx
Q

< OIF =2y ||w||L%(Ql) IVEk 1o (o)

~ 1+6'
< O = Wi pyMy 1D,
and this bound agrees with (4.43). Using Hélder’s inequality, (4.30)), (4.39), (4.41)
and (4.42)), we obtain

‘/ 'prfYVEk -V (X2E) dx
Q

<C HP5||L%<Q) IVE[ o0, 1wl 1 0,

~ 1+6’
< CIF = Fw(my My DI,
which is also the expected bound. Finally, using Holder’s inequality, (4.30)), (4.31)
and (4.41) we find

/ YoV E} - VP: (Xzﬁ) dx
Q

which concludes the proof of (4.43). O

~ 146’
< ClIF =l ()M |D|







CHAPTER 5

A case study of scattering estimates

5.1. Introduction

Our aim in this chapter is to perform a thorough case study of the dependence
of the measured electromagnetic field on frequency, amplitude of the variations of
the coefficients, and size of the support of defects. In Chapter [2| we mentioned
that observability properties for the wave equation in inhomogeneous media were
connected to the regularity properties of the parameters. In Chapter [3| we showed
that some regularity of the coefficients were required to derive WP estimates for
the electromagnetic fields in general. In practical applications, the observed medium
is not perfect: small defects may occur. In Chapter [d] we detailed how the first
order terms of the expansion in terms of the volume of such defects are obtained,
for a given frequency (or more generally for frequencies within a give range, away
from the eigenvalues of the boundary value problem). The first order expansion
obtained for the perturbation of the electromagnetic energy was a product of the
difference in the coefficients, that is, € — ¢ for the electric field and ji — p for the
magnetic field, the frequency w, and the volume of the inclusion |D|. It is natural to
wonder what the limits of such asymptotic regimes are, namely when w or € — ¢ are
very large compared to the volume. In the case of a diametrically small inclusion
and when w = 0, it is known that the corresponding expansions are in fact uniform
with respect to the contrast [N'V09].

An educated guess, extrapolating from the results of the previous chapter, is
that if the contrast between the defects and the background medium, the size of
the inclusion, and the time-dependent oscillation of the fields are sufficiently small,
the effect of the defects is negligible. The purpose of this chapter is to quantify
precisely this statement on a simple model, namely the following time-harmonic
Helmholtz equation

Au+w?¢Pu=0 inR%
with d = 2 or 3, where ¢ takes two values,

a when|z| < g,
q(x) = :
1 otherwise,

with a,e > 0. This model can be derived from the acoustic wave equation: writing
c=¢q ' and U(z,t) = u(x)e™?, U is a solution of

8ttU — CzAU =0 in Rd.

Alternatively, in dimension 2, it also corresponds to the transverse electric mode of
Maxwell’s equations for an isotropic dielectric parameter ¢ = ¢ in a magnetically
homogeneous medium.

55
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We are interested in scattering estimates, that is, in evaluating how much u
departs from the solution of the homogeneous problem u® for ¢ = 1 everywhere (no
defects), if u and u* are close to each other at infinity. The scattering wave equation
writes

(5.1) {Au +w?Pu=0 inR?,

u—ut satisfies the radiation condition.

The last statement of (5.1 precisely means that, writing u = u® + u® for |z| > e,
u® satisfies

(5.2) lim 7> (%u (x) — iwus(x)) =0 with r = |z],
r

T—00

and this condition holds uniformly for every direction z/|z| € S*~!. This condition
is known as the Sommerfeld radiation condition, and it characterises uniquely the
radiative nature of the scattered field u®, see [CK98, [Néd01l, [KH15]| for a proof
of the well-posedness of —. The solution u is the unique weak solution in
Hlloc(Rd)'

Scattering estimates correspond to free space problems, when boundary con-
ditions are not present, or are deemed far enough so that they do not affect the
problem at hand. In the present case, the Helmholtz equation presents the added
advantage of having no eigenmodes (or resonances), thus any w > 0 may be con-
sidered.

It is very well known that, for fixed w and a, the scattered field decays as
|| — oo; for example for an incident field u? = exp(iwé - ), with & € S9!, there
holds [CK98, KH15|

:ui—i—%:illﬂ)uoo ( z ,f,w) +O(|m|_%>.

2| T 21

The trace of the inclusion u, at infinity is called the far field pattern, or scatter-
ing amplitude. The dependence of this asymptotic on the contrast a and on the
frequency of the incident field is not straightforward. It is also clear that such an
expansion is of little use in the near field, that is, close to the inclusion. The purpose
of this chapter is to provide quantitative estimates for any contrast, any frequency
and at arbitrary distances for u — u’. In presence of a lossy layer (when ¢ has an
imaginary part), estimates for all frequencies have been obtained in [N'V12].

This is very difficult in general, but the particular case we are considering has
been studied for well over a century: the Bessel functions are solutions of this
problem obtained by separation of variables in polar (or spherical) coordinates.
These functions have been studied extensively, and their asymptotic properties
are well known [OLBC10, Chapter 10]. Much less is known regarding uniform
estimates of these functions (historically, the emphasis was centred around their
numerical approximation, which has become less crucial in modern times): this is
still the topic of on-going investigations. While our analysis uses these functions
in an essential manner, and most of this chapter is centred around properties of
Bessel functions, they do not appear in our final results, which do not require any
knowledge of the shibboleth of Bessel functions to be stated.

The results presented in this chapter mostly stem from [Capl2), [Capl4,
CLP12] and [KH15|, to which we refer the readers for additional and more com-
plete results.
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5.2. Main results
In what follows, u’ € H. (Rd; (C) will refer to a solution of
A’ + w?u’ =0 in RY,
whereas u® € H. . (Rd; (C) is defined as the unique solution of

(5.3) A (uf +u®) + w¢? (u' +u®) =0 in R,
’ M, oo 72 (% (2) —iwu(z)) =0 uniformly for all z/|z| € S¢L.

The definition of the norms used is recalled in Section (.4l Given a Banach

space H of functions defined on S?~! and a function f defined on R¢, with an abuse

of notation we shall denote

If (2l = Bl = I/l R>0,

where fr is the function defined by fr(z) = f(Rz) for x € S41.
Our first result quantifies the regime for which local estimates hold.

THEOREM 5.1. For alls>0,a >0, R > ¢ and w > 0 such that max(a, 1)we <
1, there holds

d—1
u () = )| <sla—1tlwe (5) " v (o= &)l ey

Hi+% (sd-1)

This result shows the local character of the perturbation for moderate frequen-
cies, that is max(a,1)w < e~!: the perturbation is controlled by the norm of the
incident field on the obstacle. Note that the extreme contrasts a — 0 or a large lead
to very different estimates: the norm of the scattered field is controlled uniformly
for 0 < a < 1, and for all frequencies lower that e~!. This is consistent with general
Morrey—Campanato estimates established for Helmholtz equation in [PV99] with
a variable index ¢(x). Such estimates require a growth condition on ¢ to hold: in
particular, they hold when Vg - x is non-negative. When a < 1, the discontinuous
index ¢(r) which jumps from a to 1 at r = ¢ is the limit of a sequence of smooth
monotonously radially increasing indexes ¢, (r) equal to a until € — % and 1 when
r > e. On the other hand, when a > 1, [PV99| gives no insight on what the
estimate should be, while Theorem [5.1] introduces a restriction on the frequency
depending on the contrast factor a.

Our second result reads as follows.

THEOREM 5.2. For any s >0, a >0, R > max(1,a)e and w > 0 there holds
[u® (lz] = R)[| s g1,

d—1
1 2 1
<3 (maxw,)g) (1 + we max(a, 1)) sup Hu’(lw\ =T

R OSTEmax(La)E )HH:(Sdfl) .

REMARK. For a slightly sharper estimate, see Lemma [5.12]

EXAMPLE 5.3. When s = 0, d = 2 and v’ = exp(iwz - £), with |¢] = 1, the
estimate given by Theorem implies that for all R > ¢ and wemax(a,1) < 1,

there holds
€
8 =R 1 <Cla-1 —
[0 ] = R 3 g, < Cla—1ley /3
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where C' is some universal constant, whereas the estimate given by Theorem [5.2]
shows that for all R > max(a, 1)e and all w > 0,

max(a, 1)e

v (Jz| = R)”HS(SI) <C (1 +wmax(a,l)e),

with the same universal constant C.

Theorems [5.1] and [5.2] provide estimates for all distances R > ¢ and all frequen-
cies w outside of the inclusion when a < 1. A near field region is not covered when
a > 1: no estimate is provided when € < R < ae and awe > 1. The following result
illustrates why general estimates are not attainable.

THEOREM 5.4. Let u' = exp(iwz - £), with |¢| = 1. For every a > 1 and
e < R < ae, there is a sequence of frequencies (wy), oy such that the corresponding
scattered field u; satisfy

Njw

2 R n5-C
(54) g (2l = R)lgzoary > Cexp | £ (1 - ) (1+n?)°
for all s € R and n € N, where C' > 0 is a universal constant.
The sequence (w”)neN is not unique; there exist two intertwined sequences
and (wy; ),en Satisfying ... < wy < wl < wy < wiy < ... such

(wn )n N
that holds for any w, € (w, ,w;}).

This result shows that no scattering estimates such as the ones given by the
previous theorems hold uniformly in w, even for arbitrarily large negative Sobolev
norms, as this only has a polynomial effect, dwarfed by the exponential dependence
on the frequency. This is a quasi-resonance phenomenon, which can be shown to
exist for most incident waves: the choice of an incident plane wave was made for
convenience.

REMARK 5.5. This quasi-resonance phenomenon is localised around specific
frequencies. If small intervals around these frequencies are removed (and such
excluded frequency bands can be chosen so that their total measure tend to zero
with ) broadband estimate can be derived, see [Cap12| [CLP12|, [Cap14].

For simplicity, the above estimates exclude the radial mode, which has specific
features in two dimensions. A radial mode estimate can be found in [Capl2]
CLP12, [Cap14], and together with Theorem leads to the following result.

THEOREM 5.6. For any s € R, R>¢ andw > 0, if

(1 1
wemax(1l,a) < min | -

2’ \/(3 —d)log (max(1,a)) +1

then

d—1

(5:5) Il (2l = B)l yory gury < 3la—Uwe (5) 7 ' (o] = )| e gucry -
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5.3. Bessel functions and solution of the transmission problem

5.3.1. The two-dimensional case. Given a function f € C° (Rz;C), its
restriction to the circle |x| = R can be written as

Jr(0) := [ (R(cosf,sind)) = ch (R) e,
nez

where (|z|, ) are the polar coordinates centred at the origin. Thanks to Plancherel’s
identity,

If(lz| = R)||» Sl)fnfRHLZ(SI)f/ |f(R(cos 6, sin 0))|>do () Z len (R

n=—oo

For r € [0,00) and n € Z, we write

I (1)
for the non singular Bessel function of order n: that is, the bounded solution of
d dy 2 2\, _
(5.6) T (rdr> + (r*=n*)y=0,

normalised by J, (r) ~ (%)n ﬁ near 7 = 0. The solutions of 1D that are
linearly independent of J,, (r) are proportional to
Yo, (r) + Ay, (1),
for some A € R. Near the origin, we have Yj (r) ~ 2 logr and Y;, (r) ~ ——— (2)".
The Hankel function of order n is
Hr(ll)(r)=a7 (r) + 1Yo (r).

It is the only normalised solution of such that = — HY' (|;v|) exp(in arg(z))

satisfies the Sommerfeld radiation condltlon l) The function HS (r) admits a
Laurent series expansion, and can be extended to all n € C and r € C\ {0}. We
will only use it for real arguments.

PROPOSITION 5.7 (see [KHI5]). Given f € L?(S'), w > 0 and R > 0 such
that J,, (wWR) # 0 for all n € Z, there exists a unique solution u € C* (B(0, R)) of
Au+ w?u =0 in B(0,R),

such that

li ) — n =0
g el )= s

and it is given by

Jn Wz in arg(x
u(z) = Z aan((w|R|))e a@),

where a, is the n-th Fourier coefficient of f. The series converges uniformly on
compact subsets of B(0, R).

Note that J_, (r) = (—=1)" J,, (r) and Y_,, (r) = (—=1)" Y, (r), and for n
the function r — J, (r) is positive on (0,n] [OLBC10]; in particular, wR
guarantees that J, (wR) # 0 for all n € Z. In the sequel, we will write

>0
<1

oo

u(@) = Y endn (wla]) e @,

n—=—oo
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with suitable coefficients ¢,,. Since Bessel functions of the first kind are bounded in

n and r,
1
2 6
50 < (1)

(see Landau [Lan00]) this series is uniformly convergent on compact subsets of R?
when 3 |ep|n 7 < o0,

PROPOSITION 5.8 (see [KH15]). Given w >0, R > 0 and f € L* (S'), there
exists a unique radiating (or scattering) solution v € C*(R?\ B(0, R)) of
Av +w?v =0 in R*\ B(0, R),
satisfying such that

li ) - =0.
im o) - fllusey

Furthermore, v admits an expansion of the form
= HY (@la))
b20% (wR)

where o, is the n-th Fourier coefficient of f. The series converges uniformly on
compact subsets of R?\ B(0, R).

en arg(z)

v(z) =

n=—oo

5.3.2. The three dimensional case. The solutions of the radial equation
arising from a separation of variable in the Helmholtz equation are the spherical
Bessel functions, given by

. 2 2 . .

I () =\ STy (1), () =\ =Yy 00, WD (1) = G () + g (1)
With the same notation used in the two-dimensional case, we denote by fr the
function defined on S? by fr(£) = f(RE).

PROPOSITION 5.9 (see [KH15]). Given f € L?(S*), w > 0 and R > 0 such
that jn, (WR) # 0 for all n € Z, there exists a unique solution u € C%(B(0, R)) of

Au + w?u =0 in B(0, R),
such that

. ) — =0.
Iw‘lglR”u(m, ) = fllzs2)

=3 Y an’mmw (|i|>

n=0m=—n

It is given by

where oy, m = (f, Y,I")Lz(sg) are the coefficients of f relative to its expansion in
spherical harmonics.

Similarly, for radiating solutions, we have the following result.

PROPOSITION 5.10 (see [KH15]). Givenw >0, R >0, and f € L* (S?), there
exists a unique solution u € C?(R3\ B(0,R)) of

Av +w?v =0 in R*\ B(0,R),
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satisfying such that

li ) - =0.
lx‘glR||U(|$|7) f||L2(S2)

It is given by
> & Y (w|z)) <x)
v = oym————= Y | — |,
;,; hi (wR) 2]
where iy m = (f, Y,;”)Lg(gz). Moreover, this series converges uniformly on compact
subsets of R3\ B(0, R).

5.3.3. Bessel representation formula for the solution of (5.1)). We look
for a solution of problem (5.1]) by writing
u (@) =u' (z) (1= H(jz] — ) + (u* (2) + ' (2)) H (Jz| —2),

where H is the Heaviside function, which is nought on (—o0,0) and equal to one
on [0,00). Since u' and u’ are non singular, they admit an expansion of the form
given by Proposition when d = 2 (resp. Proposition when d = 3) whereas
u® is radiating and admits an expansion given by Propositionwhen d =2 (resp.
Proposition [5.10] when d = 3). Since u and Vu-x are continuous at |z| = ¢, writing

u'(z) =Y endn (wla]) e,

nez
n
(resp w') = 32 3 cnmin o) V2" o/l )
neNm=—n
we obtain that the scattered field u® is given by

(57) us (x) = Z Rn (wg, a) C’H,H',S,l) (w |1‘|) ein arg(m)
nez

(5.8) (resp. u’(z) = Z Z T (WE, @) Cnmh(D (W z]) Y™ (a?/a?|))

neENm=—n

R, : (0,00) x (0,00) = C
(

(r0) s CR(HS (1) Ja (rA) = AT, () HED (1)
T, HNY (1) T, (r\) = A (Ar) HY (1)

)

and r, = R, 1.

Notation.: Given n € Z, we use the notation v = |n| + 42, where d = 2
or 3 is the dimension of the ambient space. Given S C N, we note by +5
theset {n€Z : Ip€ Sst. n=porn=—p}.

LEMMA 5.11 ([Cap12]). Given v € [1,00), A > 0, and v < min(v, §), there
holds

(0 (r)
gy (r)]
Lemma [5.11] is the last preliminary result used to proved Theorem [5.1}

-
<2V1/3 A —1].
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ProoF oF THEOREM [B.1] Let N, = {n € N\ {0} : wmax(a,1)e < ] U1 and
M, =N\ N., where j(l) € (v,00) is the first positive zero of r — J/, (7).

v,1
For n € N., J, (we) > 0. Thanks to Proposition [5.7] when d = 2 and Proposi-
tion when d = 3, we have that the incident field u’ admits a representation of

the form

ul(x): Z N ( |$|) marg(z)+ Z endn |x|)einarg(m)

J (w{-:) netx M,
(wlx m( T
=3 Y a2y (B) 0 5 S el ()
neN, m=—n neM, m=—n
when d = 2 and d = 3. This leads to the following norm representation

2

i o 2 . 13 d—2 2\ 8 2 Jl/ (CUT')
69 o ol = Mlazoeny = (7)) 20 () hol® | 705
n e
9 \ 42
b ) el () P
neMA {0} -
with the notation |at,[? = |a_,|* + |an|? when d = 2 and |a, [ = >0 _ o m|?

when d = 3 (and similarly for |c4,|* and |, [?).

By assumption we have we max(1, a) < 1, then wemax(1,a) < ](1) for all n,
and so M. = {0}. Therefore thanks to and (5.8)), we have for R > ¢,
(7)

For all n € Z\ {0}, r — r’H,El) (1")|2 is a decreasing function (see [Wat95, 13.74));
since € < R, this implies in particular

(1) 2
R, (we,a) Hy/ (wR)
Jy (we)

2 s+1
ol = By o,y = 3 (14 02) 7 o
* neN,

2 £ 2
(5.10) ’Ry (we, a) HY (wR)’ <= ‘R, (we, a) H (ws)‘

Thanks to Lemma the bound (5.10) shows in turn that

<50 1\) <SP (yy

(1) 2
R, (we,a) Hy” (wR)
173 la

J, (we) R - R v2/3
for all n € N.. This implies that
s _ 2 2 2 (€] 2 2\ 2
I Gl = B oy ) S Ce) (5) (=1 30 (140) o]

neN,

d—1 .
= e (§) " (0= 17 el = &)

1
1 2\ 3
C§2max<<+2n> ><3,
neN* 1%

which is the announced bound. O

with
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Having in mind that on the ball centred at the origin of radius R we have

R
= r rd=1
(5.11) /BR fdz _A ( [ 0)do’> dr,

we define, for all R > 0

R
2 _
0oy 2= [ 1F ] = )y 2
In order to prove Theorem [5.2] we are going to show a slightly stronger result.

LEMMA 5.12. For all R > max(1,a)e, w > 0 and s > 0 there holds

s 2
lu® (|2 = R)[77sga-1) < 8(e/R)"" || (|2 = &)|[ 2 ga-r,
yemax(a,1)

+ 3w Rd-1 H ”L2 (O max(1,a)e;Hy ™ 2/3(Sd 1))

PRrROOF OF THEOREM [5.2 Remark that

[ .-

i]12
L2 (O max(1,a)e; . = ||’LL ||LQ(O,max(l,a)E;Hf(Sdfl))

% (Sd—l))
= i - 2 (max(1, a)g)d
< (max(1,a)e)"

OSTSISI};E(IJ)EHU (I T)HHf(Sd_l) d )

therefore Lemma implies that

s 2
[u® (|| = R)”Hf(sd—l)

< 8 (max(a, 1)e/R)*™* sup (|’ (Jz] = r)Hi:(Sd,l) (14 w?e® max(a,1)?),

0<r<max(1,a)e
which establishes our claim. O
The proof of Lemma is based on the following lemma.
LEMMA 5.13 ([Cap12|). For allr >0 and A > 0 there holds
|R,(r,\)| < 1.

For all X\ > 0 and r > 0 such that 0 < max(X,1)r < j,Ell) there holds

R,(rn NH (r) |
5.12 <23,
(5:12) VRG]
(1)

where j, | € (v,00) is the first positive zero of v — J}, (r).

Proor or LEMMA [5.121 We adopt the notations used in the proof of Theo-
rem Namely we write

(618) [t (el =)oy = (5) 7 2 (4% o JE §
neN,

+ Y (1+n?) fexal <i> :

neM\{0}

2
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where N, = {n € N\ {0} : wmax(a,1)e < gﬁll)} and M, = N\ N.. Thanks to li
and (5.8), we have for R > ¢,

s 2
lu (2] = Rz oy
2
=D (1+2%) ol

oy d—2
neN. (E) 7

d—2
2 2
+ > (1+n2)s|0in|2<R> R, (we,0) BSD (R)[
neMN\{0} w

R, (we,a) HSY (wR)
Jy (we)

For all n € Z\ {0}, r — ’I“‘Hl(,l) (7")’2 is a decreasing function; thus, using ¢ < R we
have

2 2 2
‘R,, (we,a) HY (wR)‘ < = ‘Rl, (we,a) HY (we)| n € Ng,
and using max(a, 1)e < R we have for n € M, \ {0}

‘2 ¢ max(a, 1 2
S - ' 7

‘Rl, (we, a) HY (wR) - ) ’RU (we, a) HY (wmax(a, 1)e)|

which yield

s 2
[u® (|| = R)”Hg(sd—l)

<(7)7 X ) P

neNe

(1) 2
R, (we,a) Hy' (we)

gy (we)

2
)

d—2

e max(a, 1) o s o [ 2 )

+ T Rd-1 § : (1+n?)" |can| (m,u) ‘Hl(, ) (wmax(a, 1)e)
neM:\{0}

where in the second sum we used that |R, (we,a)] < 1 (Lemma [5.13). Thanks to
Lemma 5.3 we have

2

1
Ry (we, ) HL') (we) <28 3 (140" ozl

Jy (we)

> (1+40%)" o

neN,

(5.14)

On the other hand, Lemma [5.14] shows that for all n € M,

max(1,a)e
/ |, (o.)r)\2 rdr.
0

Wi

HWY (wmax(a,1)e)

‘2 < 3w? (1 + n2)7
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As a consequence, we have

(5.15)

9 d—2 2
> ) el () [ @masa )
neMN\{0} w

o2 ) 2 d—2  ,max(1l,a)e )
< 3w? Z (1+n2) 3 etn] (> / |, (wr)|” rdr
0

W
neMN\{0}

max(1,a)e 2 ) ) d—2 )
= 3w2/ Z (1 + n2) 3 et () |, (wr)] réldr
0

Twr
neM\{0}

< 2 2
3w Hu ||L2(0 max(1,a)e;Hy 2/3(Sd—1)).

Combining (5.14) and ( we have obtained

s 2 d—l z’ 2
[u® (|| = R)”Hg(sd—l) <8(e/R) H“ (lz| = S)HH;(sdfl)
semax(a,1)
+ 3w Rd-1
as announced. O
(1)

v,1 7

2
L2 (0,max(1,a)5;H§f72/3(Sdfl)) ’

LEMMA 5.14. For any T > 0, provided that wt > j we have

_2
‘Hﬁl)(w7)|2§3w 1+ n?) 3/ ], (wr)|? rdr,

PrROOF. We compute that

o (1)\2
(5.16) / |7, (wr) rdr>/] [, ()] TdT:W <J£11))

where the last identity follows from the recurrence relations satisfied by Bessel
functions. )
When r > v, there holds mv/r2 — u2|Hl(,1) (r)]” < 2 (see [Wat95, 13.74]). As

a consequence, as .]51) > v, we have

)

(5.17) |HD (wr)|* < % (G =)

Combining (5.16) and (5.17) we find
|HD (wr)]? < wzcy/ |, (wr)[* rdr
0
with s
4 -3 _2
CV:;((]’SI))Z—VQ) 7, (gﬁll))‘ <3(1+n2) 3

the last identity following from known bounds on zeros of Bessel functions: for all
v>1, ‘J (]U )‘ > Cyv~5 (see [Lan00]) and jl(,l) > v+ Cyvd (sce [OLBCIO,
10.21.40]) for tabulated positive constants Cy and Cs. g

Let us now turn to lower bound estimates, in the case of a contrast greater than
one. This phenomenon is due to the different behaviour of |.J,, (vr)|, corresponding

to the incident field, and |H ,51) (1/7")|, corresponding to the scattered field, for r < 1.
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e

LEMMA 5.15 ([Capl2|). For allv > 1 and r < 1 there holds
1 3
J, < 1-1)7),
[ () < S exp (v (1= 1)F)
1 2
and |H£1) (vr)| > \/§ exp | -v(1-— r) .
5u3 5
PRrOOF. It is shown in [Capl2, Appendix A] that g := r — logJ, (vr) and
k:=rw— —log|Y, (vr)| satisfy
/ i _ !/
g'(r)>vy/— —1and k'(r) >
r
Note that frl \ 2= 1dt > (1— r)% for 0 < r < 1, therefore
3
exp ( v(l—r) 2)

g'(r), forall 0 <7 < 1.

ot Do

J, (vr) < J, (v)e 1-7)2) < —

vr) < I Wyexp (v (1)) <

and

|H£1) (yr)| > Y, (vr)| > |Y, (v)| exp <§l/(1 —r) ) > \/El1 exp (gu(l —r) > ,
U3

as desired. 0

Wl
wjw

The previous lemma shows that if for a frequency less than n, an incident wave
of the amplitude J, (wr) is scattered with a reflection amplitude of order 1, the
scattered field will be extremely large compared to the incident field, almost like
a resonance phenomenon: we can call such frequencies quasi-resonances. Quasi-
resonances exist, as explained by the following lemma.

LEMMA 5.16 ([Capl2]). For any A > 1 and any 7 > 1, there exists Ny € N*
such that for all n > Ny, there exists r = r(n,\,7) € ( ) such that

XA
(5.18) S (HD (1) Ju (70) = AT, () HID (1)) = 0
and therefore
RII(T (nv Aa T) 7A) =-1
We are now in a position to prove Theorem [5.4]

Proor oF THEOREM [5.4l We consider only the two dimensional case, the
three dimensional case is similar. For an incident wave u;(z) = exp(iwz - ¢), with
|| = 1, we have from the Jacobi-Anger expansion, writing = - ¢ = |z|cos 6

wi(x) = Jo (wlx]) —I—QZ i"J, (w|z]) cos(nb),

thus
lu® (J2] = R)|3seny = 4 Y (1+1%)" Ry (we,a) HY (wR)|™.
n>0

Given ¢ < R < ag, let 7 = /9%, A = a and n > Ny where Ny is defined in
Lemma [5.16 Choose

-1 n n
wp =¢ r(nya,7) € (—,—7),
ag’ ae



5.3. BESSEL FUNCTIONS AND SOLUTION OF THE TRANSMISSION PROBLEM 67

where 7 is defined in Lemma [5.16] Then,
(5.19) ol = R)lgz o 2 2 (14 m2) ¥ [HD (@ R)|

1

As w, R < nt~! < n, Lemma shows that

|
3
wlm

2 R\’ 3
(5.20) |H" (w,R)| > exp = (1— as) n

Combining (5.19) and (5.20) we obtain
3
. 2 R\ /3

for some absolute constant C' > 0, as announced. To conclude the proof, note
that while (5.18) has only one solution in the given range, * — R, (x,a) is con-

tinuous, therefore there is an open interval (w,, ,w;") contained in (ﬂ, ﬂr) where
ag’ ag

|R,(z,A)| > 3. Therefore for any w € (w,,w,) we have |[u® (|z| = R prseny 2

(1+ n2)§ |HT(Ll) (wR)|. The rest of the proof follows, with a final lower bound re-
duced by % ([l

We conclude this section by showing how Theorem [5.6] follows from the esti-
mates given in [Cap12, [Cap14]| and Theorem

PRrROOF OF THEOREM 5.6l When d = 2, the estimate provided in [Cap12]
Cap14] (using our notation convention) is that if @ < 1 and we < yo,1 then

[u® (|2 = R)|

2
HS+%(SLI—1)
2 3 i 2 1 i (1) 2
< Bla = 1lue)® (1 (] = )gunsy + g (31 O] e | @r)]))
whereas when a > 1 and we < min (%7 W\/ﬁ) then

[u® (|z] = R)|

2
HS‘*'%(Sd—l)
. 1 . 2
< (3]a — 1|we)? (; ' (] = )3z + 5= (8] (0)] we |HSY @R))) ) ,

where yo1 ~ 0.89. As /x ‘Hél) (1‘)‘ < \/%, this implies that when we < § we have

L (e ) = S8 < £ 1’
o 0 TR R\2)

and since

e (2] = &)[372 gory = [ (2] = )32 asy + [ (O)] Jo (we),

, , 1\?
> HuZ (lx| = E)Hilf(sdfl) + |u’ (O)‘2 Jo (2) )

the result follows. O
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5.4. Appendix on the H; (Sdil) norms used in this chapter

The ambient space is R?, with d = 2 or d = 3.
When d = 2, given a function f € C° (R2), its restriction to the circle || = R

can be written
7n ar, xT
\x| § :Cn g( )’

ne”Z
where (|z[, 6) are the polar coordinates centred at the origin. Thanks to Plancherel’s
identity,

I£ (el = B)laey = [ £RO®) = 3 feu (R
We write H® (Sl) for the Sobolev space of order s on the circle, endowed with the

norm
00

2
1 (2l = B2y = S (1402) [en (R)[2
n=-—o0
For simplicity, we will focus on estimates of the non radial component of the scat-
tered field, and will therefore use the norm

I (ol = B)lgsony = | el = ) = 57 [ £ lal = R) o

When d = 3, the above notations have a natural extension using spherical
harmonics instead of Fourier coefficients. Given any f € C°(R?), its restriction to
the circle |x| = R can be decomposed in terms of the spherical harmonics (see e.g.
[OLBC10] for definition and properties) in the following way

() -, 2 i ()

n=0m=-—n

Hs(S1)

where
enm(R) = (f(|z] = R), Y;") 12 (g2
and

(il = m vy v () = o) [ s e (5 0) asta).

where P, is the n-th Legendre polynomial. The Sobolev spaces H*® (SQ) norms are
given by

oo

1 (2] = R)7e @2y = > (14 07)  [en (R) %,

n=0

(R Z [en,m (R) %,

m=—n

with the notation

and

17 el = Rl = | el = ) = g [ 7ol =) o

Ho(S?)



CHAPTER 6

The Jacobian of solutions to the conductivity
equation

6.1. Introduction
The focus of this chapter is the study of the critical points of the solutions to

—div(aVu) =0 in Q,
(6.1) { U= on 092,
where Q@ C R? is a bounded Lipschitz domain, for d > 2. We are interested in
finding conditions on ¢ so that u does not have interior critical points, namely
Vu(z) # 0 for all x € , or, more generally, conditions on d boundary values
©1,...,pq so that the corresponding solutions u', ..., u? to (6.1) satisfy

(6.2) det [Vu! -+ Vul] (z) >0

for every z € Q. This constraint is related to the local invertibility of the map
(ul, ..., u?): Q — R4

The ambient space dimension is the most important parameter. In two dimen-
sions, complex analysis tools can be used to tackle the problem. When a = 1, the
theory of harmonic mappings [Dur04] provides a positive answer to this question,
through the Rad6—Kneser-Choquet theorem |[Rad26, [Kne26, [Cho45|. In par-
ticular, if ¢! and (? are suitably chosen, then det [Vul VUZ] > 0in Q. A brief
discussion of this theorem is given in Section [6.2} The proofs are omitted, since
this result will follow as a corollary of the non-constant coefficient case.

The Rado—Kneser—Choquet theorem was extended to the non-constant coeffi-
cient case in dimension two by several authors [Ale86), [Ale87, [AM94], [ANO1],
BMNO1, [AN15] using PDE methods. Proving positivity of the Jacobian corre-
sponds to the absence of critical points of solutions to with suitable boundary
values . In order to visualise this phenomenon, suppose that u has a critical
point in xg. By the maximum principle, v cannot be a local minimum or maxi-
mum, and has to be a saddle point. In other words, u has oscillations around =z,
and these oscillations propagate to the boundary of the domain. Thus, ¢ needs
to have, at least, two alternating minima and maxima. Therefore, if ¢ is chosen
without such oscillations, e.g. ¢ = x1 when (2 is convex, the corresponding solution
cannot have interior critical points. A self-contained exposition of this theory for
smooth coefficients, namely assuming that a is Holder continuous, is the content of
Section 6.3

When a is only measurable, the gradient of u is defined almost everywhere,
and the Jacobian constraint is not defined pointwise. It is possible to enforce
almost everywhere in €2, provided that the boundary conditions are suitably chosen,
see [ANOI]. This result is stated and discussed in Section the proof is omitted.

69
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The situation is completely different in higher dimensions, where results of
this type do not hold [Lau96, BMNO04|. A sketch of the counter-examples is
presented in Section The presentation follows and extends [Capl5|, where
the construction given in [BMNO04] was used to prove that for any choice of three
boundary values, there exists a conductivity such that the corresponding Jacobian
vanishes at some point of the domain. In other words, suitable boundary conditions
cannot be determined a priori independently of a when the dimension of the ambient
space is three or higher.

6.2. The Rad6—Kneser—Choquet theorem

This section deals with the two-dimensional case with constant isotropic coef-
ficient, namely a = 1. This particular situation is of no interest for imaging and
inverse problems, but is mathematically relevant because it opened the way for the
results in the general case. For this reason, we have decided to present the main
results but to omit their proofs. For full details we refer the interested reader to
[Dur04], which we follow in this brief survey.

The problem under consideration is to find conditions on two boundary values
¢1 and ¢ so that det [Vu!  Vu?] (z) # 0 for all z € Q, where u' is defined by

{Auizo in Q,

(6.3) ut =¢; on 9N.

In order to be consistent with the literature, throughout this section we shall use
the complex notation, with the identification C = R?, z = 21 + izq, ® = 1 + ipa
and f(z) = ut(z) + iu?(v).

Thanks to the Cauchy-Riemann equations, the quantity we are interested in is
nothing else than the Jacobian of the harmonic function f: Q@ — C, namely

(6.4) Ji(z) = det [Vul(z) Vu?(2)].

We restrict ourselves to study the case where Q2 = B(0,1) is the disc centred in 0
with radius 1. The main result of this section reads as follows.

THEOREM 6.1 (Radéo—Kneser-Choquet theorem). Let D C C be a bounded
convexr domain whose boundary is a Jordan curve 0D. Let ®: 0B(0,1) — 0D be a
homeomorphism of 0B(0,1) onto 0D and f be defined as

Af=0 in B(0,1),
f=® ondB(0,1).

Then J(z) # 0 for all z € B(0,1).

Usual proof(s) for this result consist of two steps:

(1) If J¢(2) = 0 for some z € B(0,1) then a; Vu!(2) + a2 Vu?(z) = 0 for some
a; € R. Thus, it is helpful to consider the function v = aju' + asu?,
that is harmonic in B(0, 1) with boundary value a1 + oo and satisfies
Vu(z) =0.

(2) If w is a real-valued harmonic function in B(0,1) such that ujq takes
any value at most twice then u has no critical points in B(0, 1), namely

Vu(z) # 0 for all z € Q.
We shall not detail the derivation of these steps here. We refer the reader to
Section [6.3] where similar arguments are used to obtain the corresponding result in
the non-constant coefficient case.
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It is worth mentioning how this result can be read in terms of harmonic map-
pings. A univalent (one-to-one) mapping f: Q@ — C is a harmonic mapping if its
real and imaginary parts are harmonic in Q. Under the assumptions of Theorem[6.1]
the function f is locally univalent by the inverse mapping theorem, and the argu-
ment principle for harmonic functions [AhI78| gives that f is globally univalent.
Therefore, f is a harmonic mapping of B(0,1) onto D.

Conversely, Lewy’s theorem asserts that if f is locally univalent in D then
Ji(z) # 0 for all z € D [Lew36]. In other words, the local univalency of f is
equivalent to the non-vanishing property of the Jacobian of f.

In the next section we shall generalise Theorem and consider the case with
an arbitrary anisotropic elliptic tensor a € C%%(€2;R?*2) in a convex bounded
domain Q C R2.

6.3. The smooth case
Let © C R? be a convex bounded domain with Lipschitz boundary and a €
C%(Q; R?*2) satisfy the uniform ellipticity condition
(6.5) ATUEP <ag €< AP, EeR?
and the regularity estimate

(6.6) lall oo <A

for some o € (0,1) and A > 0. Let us recall the main notation. Given two boundary
values 1,2 € HY(Q;R) let v’ € HY(Q;R) be the weak solutions to

—div(aVu') =0 in Q,

ut = @; on 0f.

As before, we look for suitable boundary conditions (independent of a) such that
det [Vu'(z) Vu?(z)] #0, x € Q.

Note that classical elliptic regularity theory [GT83]| gives u’ € Cl_(Q;R), and so
the problem is well-posed.

An answer to this problem for a general choice of the boundary values is given
in [BMNO1|. Roughly speaking, it is sufficient that ® = (1, ¢2) maps 9 onto
the boundary of a convex domain. This condition is clearly a generalisation of the
assumption in Theorem [6.1} For brevity, we shall consider here only the simplest
choice for ®, namely the identity mapping. In other words, we set

Y1 = 21, Y2 = T2.
The main result reads as follows.

THEOREM 6.2. Let 2 C R? be a simply connected bound_ed convex Lipschitz
domain and a € C%(Q; R?*2) satisfy . Fori=1,2 let u' € HY(Q;R) be the

unique solutions to

—div(aVu') =0 in Q,
ub = x; on 0f).

Then
det [Vul(z) Vu?(z)] #0, x € Q.
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REMARK 6.3. Once this result is established, it is possible to prove that in fact
there holds

det [Vul(z) Vu?(z)] >0, x € .

Indeed, for t € [0, 1] define a; = ta + (1 — t)I, where I is the 2 x 2 identity matrix.
Clearly, a; still satisfies 1) Denote v; = det [Vutl Vuf], where u! is given by
—div(a;Vui) =0 in Q,
ut = x; on Of).

By Theorem [6.2] there holds
(6.7) ve(z) £ 0, tel0,1], z € Q.

By standard elliptic regularity (see Lemma , the map t — ul € C1(Q) is
continuous, and so the map t — ~(x) is continuous for every x € Q. Therefore,
combining vy = det [Vxl V:cg] = 1 with ‘W' yields

det [Vui(z) Vui(z)] >0, xz € Q.

The claim is proved as u} = u’.
A similar proof can be given by using the Brouwer degree. For details, see
[BMNO1].

REMARK 6.4. In fact, it can be proved that the non-zero constraint above holds
up to the boundary [BMINO1), [AN15], namely

det [Vul(z) Vu?(z)] >0, x €.

As in the outline of the proof of Theorem [6.1] the main step of the proof of this
theorem is the study of the absence of critical points of solutions to the conductivity
equation with suitable boundary conditions. Namely, can we find conditions on the
boundary value ¢ such that the corresponding solution u to

—div(aVu) =0 in Q,
U= on 0§,

does not have interior critical points, that is, Vu(z) # 0 for all x € Q? The
answer is positive, and the conditions are related to the number of oscillations of
¥jo0, as we mentioned in §6.1} This theory has an almost independent history, see
[Ale86, [Ale87| and [AM94] which we follow in this exposition.

The study of this problem is based on a local asymptotic expansion of u in
terms of homogeneous polynomials. We state here the version of this result given
in [Sch90, Theorem 7.4.1], and the reader is referred to [HW53, Ber55,, [CF85]
Rob&7, HHLIS| for related results.

PEOPOSITION 6.5. Let Q C R? be a bounded Lipschitz domain and let a €
CY(Q; R**2) satisfy . Let u € CL (4 R) be a non-constant weak solution to

—div(aVu) =0 in Q.
For any x¢ € Q there exist n € N and A € R?\ {0} such that as z — x
i) u(z) = u(zo) + p"** (cos((n +1)0),sin((n + 1)0)) - A+ o(p"*"),

) Vutr) =" 30 | G st A o0

where we have used the notation x — xg = p(cosf,sinb).
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We call n the multiplicity of zy as a critical point. In particular, zy is a
critical point of w if and only if n > 1. Note that every critical point of u has
finite multiplicity (which is also a consequence of the unique continuation property
[Sch90, Theorem 7.3.1]).

As a corollary, it is possible to prove the discreteness of the interior critical
points of u and to study the level set of u near a critical point.

PROPOSITION 6.6. Assume that the hypotheses of the previous proposition hold.

(1) The interior critical points of u are isolated.
(2) Take zo and n as before. In a neighbourhood of xq the level line {x :
u(z) = u(xo)} is made of n + 1 arcs intersecting with equal angles at .

Proor. 1. By contradiction, suppose that we have z;, o € € such that z; —
xo and Vu(z;) = Vu(zg) = 0. Applying Proposition part ii), in x¢ we obtain
for some n € N* and 4 € R?\ {0} as | — o0

0= Vu(z)) =

n+1 , { cos(nd;)  sin(nb)

2 7 —sin(nb) cos(n@l)} A+ olpi),

where x; — 29 = pi(cosf;,sin6;). Up to a subsequence, assume that 6; — 6, for
some 6y € [0, 27]. Taking the limit as [ — oo yields

cos(nbp) sin(nby)| , 0
—sin(nfg) cos(nbp)| =
this implies A = 0, a contradiction.
2. By Proposition part i), we have as © — 1z
u(z) = u(xg) + p" ™ (cos((n + 1)0),sin((n + 1)0)) - A+ o(p" ™),
where x — xg = p(cos 0, sind). Observing that the set
{zo + p(cosb,sinh) : (cos((n+ 1)0),sin((n + 1)8)) - A =0}

is made of n + 1 arcs intersecting with equal angles at xy concludes the proof. [

We are now ready to study the absence of critical points for solutions to the
equation —div(aVu) = 0. Several versions of this result can be found in [Ale86),
Ale87, [AM94].

PROPOSITION 6.7. Let 2 C R? be a simply connected bounded Lipschitz domain
and a € C%*(Q; R?*2) satisfy . Let ¢ € HY(S;R) be such that O can be split
into 2 arcs on which alternatively o is a non-decreasing and non-increasing function
of the arc-length parameter. Let u € H'(;R) be the weak solution to

—div(aVu) =0 in Q,
U= on 0N).
If u is not constant, then
Vu(z) #0, x € Q.
PROOF. By contradiction, suppose that xy € € is a critical point of u. By

Proposition part 2., in a neighbourhood U of xq the level line {x € Q : u(x) =
u(xo)} is made of n + 1 arcs intersecting with equal angles at z¢ for some n > 1.



74 6. THE JACOBIAN OF SOLUTIONS TO THE CONDUCTIVITY EQUATION

Z1

FIGURE 6.1. The level sets of u.

More precisely, By Proposition part i), the set {x € U : u(z) > u(zo)} is made
of n + 1 connected components U;", namely

n+1

{z e U:u(x) >u(zy)} = U Ut
=1

Moreover, the components Ul+ alternate with the corresponding connected compo-
nents U, of {x € U : u(x) < u(xg)}. Write now {z € Q : u(x) > u(xo)} as the
union of its connected components:

{weQ:u(@) >u(zo)} = J O

jeJ
Let ji,j2 € J be such that U;” C Q;rl and U)" C Q;; By the maximum principle,
the maximum that u attains in le must be attained at some x; € 0f2, and in

particular u(x1) > w(zg). Similarly, there exists xo € 902N Qj; such that u(xzg) >
u(zwo). See Figure [6.1]

Let us now write 90 = A; U Ay as the union of the two arcs starting and
terminating at x; and xe. We claim that A; N {z € 9Q : u(z) < u(zg)} # 0 for i =
1,2. This contradicts the assumptions on @, as u(x1) > u(zg) and u(xs) > u(xo),
and the proof is concluded.

It remains to show that 4; N {x € 90 : u(x) < u(xg)} # 0 for i = 1,2. By
contradiction, assume that A; N {z € 0N : u(z) < u(zo)} = 0 for some i = 1,2.

Since le is connected by arcs, there exists a path P; C le connecting g and .

Similarly, there exists P, C Q;; connecting xg and zo. Consider now the domain
D surrounded by the boundary 0D = A; U Py U P,. By construction, since the
components U, l+ and U, alternate around xg, there exists [ = 1,...,n+1 such that
U, C D. However, as u(x) > u(zo) for all z € 0D, by the maximum principle we
obtain u(z) > u(xo) for all z € D, a contradiction. O
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We are now ready to prove Theorem[6.2] It remains to study the first step of the
outline of the proof of Theorem [6.1} namely to show how to apply Proposition [6.7]
to the case of the determinant of the gradients of two different solutions.

PRrooFr OoF THEOREM [6.21 By contradiction, assume there exists xo € {2 such
that det [Vu'(zo) Vu?(zo)] = 0. Thus ayVu'(z) + asVu?(zg) = 0 for some
a; € R with o + a2 > 0. Therefore the function u = aju! + agu? satisfies
Vu(zg) =0 and

—div(aVu) =0 in Q,
{ U= 121 + aaxrs  on 0.
As Q is convex we find that the function 121 + 235 satisfies the assumptions
of Proposition using geometrical arguments. As a result we obtain Vu(zg) # 0,
a contradiction. |

Theorem shows how to construct solutions to the conductivity equation
satisfying the constraint
|det [Vul(z) Vu*(z)]| >0, z € Q.

For the applications to hybrid inverse problems, it will be useful to have a quan-
titative version of this result. This is the content of the following corollary (see
[AN15] for a global result).

COROLLARY 6.8. Let 2 C Ri be a simply connected bounded convexr Lipschitz
domain, Q' € Q and a € CO¥(;R**2) satisfy and . Fori=1,2 let
ut € HY(Q;R) be defined as the unique solutions to

—div(aVu') =0 in Q,
ul = x; on 0.
Then _
‘det [Vul(z) Vu?(z)] ’ >C, x e
for some C > 0 depending only on Q, @', A and «.

Note that in view of Remark the absolute value in the above inequality
can be omitted.

REMARK 6.9. Under the assumption a € C%1, it is possible to give an explicit
expression for the constant C' [Ale88| Remark 3|.

PrROOF. We argue by contradiction. If such a constant C' did not exist, we
would be able to find a sequence a, € C%%(Q; R?*2) of tensors satisfying and
such that the corresponding solutions u?, to

{ —div(a,Vul) =0 in Q,
up, = x; on 0,
verify

(6.8) min
QI

det [Vu,ll Vu,ﬂ ’ — 0.

Let x,, € ' be a point where such a minimum is attained. Up to a subsequence,
we can suppose that z, — & for some & € ' C Q. By the Ascoli-Arzela theorem,
the embedding C%® — C%%/2 is compact. Thus, up to a subsequence, we have
that a,, — a in C%*/2(Q;R?*?) for some a € C%*/2(Q; R?*?) satisfying and
1l gn.0/2 @ges) < CQA.
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Let @’ be the unique solution to
—div(aVil) =0 in Q,
U =T; on 0f).
By looking at the equation satisfied by uf — @' and standard elliptic regularity
theory [GT83] we find that |[uf, — ﬂi||cl(5) — 0. Hence

Hdet [Vu,ll Vui] —det [Vﬂl de}
Therefore, by
|det [Val  Va?] (2)] < |det [Val  Va?] (&) — det [Val  Va?] (z,)]
+|det [Va!  Va?] (zn) — det [Vu),  Vul] (z,)|+ [det [Vu), Vul] (zn)] — 0,
which shows that |det [Va!  Va?] ()| = 0 in contradiction to Theorem [6.2 O

HCO(ﬁ) — 0.

6.4. The general case

When the coefficient a of the equation —div(aVu') = 0 is not assumed to
be Holder continuous, the problem becomes more complicated. Indeed, u’ may
not be continuously differentiable, and so the gradients of solutions may not have
meaningful pointwise values. Therefore, the inequality

det [Vu'(z) Vu?(z)] >0

has to be studied almost everywhere in €). The first natural attempt is approxi-
mating the irregular a with smooth tensors and using Theorem Unfortunately,
taking the limit transforms the strong inequality above into a weak inequality al-
most everywhere.

PROPOSITION 6.10. Let Q C R? be a simply connected bounded convex Lipschitz
domain and a € L>(Q; R?*?) satisfy . Fori=1,2letu’ € H*(;R) be defined
as the unique weak solutions to

—div(aVu') =0 in Q,
u' = x; on 0f).
Then
det [Vul Vu2] >0 almost everywhere in ).

ProOF. The proof is based upon a standard regularisation argument, and only
a sketch will be provided. -

Using mollifiers, it is possible to show that there exist a, € C°°(Q;R2*?)
satisfying (6.5)) such that a, — a in LP for every p < oo and almost everywhere.
Thanks to Meyers’ Theorem [Mey63a] — see Chapter [3|and Theorem — we see
that the corresponding solutions u;, of

—div(a,Vul) =0 in Q,

up, = x; on 012,
converge to u’ in WH2(Q;R). Hence, up to a subsequence, Vu!, converges to Vu'
almost everywhere. As a consequence, the result follows taking the limit in

det [Vul(z) Vui(z)] >0 x €Q,
which is a consequence of Theorem [6.2] and Remark [6.3} O
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Unfortunately, this result is of no practical use in the applications we have in
mind, where non-zero quantities are needed. A much better result would be an
inequality of the type

det [Vul Vuﬂ >0 almost everywhere in €.
This result was proved in [ANO1].

THEOREM 6.11. Let Q C R? be a simply connected bounded convex Lipschitz
domain, ' € Q and a € L>(£;R%*?) satisfy , Fori=1,2 let u* € HY(;R)
be defined as before. Then

det [Vul VuQ] >0 almost everywhere in ).

More precisely,
logdet [Vu! Vu?] € BMO().

Here, BMO is the space of functions with bounded mean oscillations. Namely,
a function f € LL (s R) is in BMO(Q') if

loc
supi/|f—i/fdy|dx<oo
c Q] Jo 1Ql Jo 7

where the sup is taken over all the squares () contained in €'.

This theorem extends a well-known result for quasi-conformal mappings [Rei74)].
The proof is based on the ideas used in the previous section adapted to the non-
smooth case via the concept of geometrical critical points [AM94]. The details are
omitted, since a detailed presentation of the proof would require a separate chapter
and would go beyond the scopes of this book.

6.5. Absence of quantitative Jacobian bounds in three and higher
dimensions

The Rad6-Kneser—-Choquet theorem and its generalisations to non-constant
conductivities a completely fail in three dimensions. Lewy’s theorem is no longer
true: there exists a harmonic homeomorphism of the unit three-dimensional sphere
B? into itself such that its Jacobian vanishes at some point. Furthermore, there
exists a self-homeomorphism of S? such that the Jacobian of its harmonic extension
vanishes at some point, see e.g. [Wo0091), Lau96, BMNO04), [AN15| and [ABDC]
for the study of the critical points.

In fact, using a result coming from the theory of homogenisation, it is possible
to show that there is no good choice of boundary condition even locally. This result
originally appeared in [Cap15] in dimension three: we detail here a d-dimensional
version (d > 3), which is almost identical, and present some corollaries of this result.

Let Q C RY be a Lipschitz bounded domain, for d > 3. Let Y = [0, 1]? denote
the unit cube, and as be a piecewise constant Y -periodic function defined by

(6.9) az(y) = (0 -1 1oy)+1, yevy,

where 1 is the characteristic function of ). The set @) is made of rotations and
translations of a scaled copy of the tori (that is, circular annuli whose cross-section
is a disk), with cubic symmetry. An illustration of one such @ is given in Figure

This type of construction was originally introduced in [BMNO4]; the variant
presented here was introduced in [BMO09] (see also [KSB™15]). The value of § will
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¥z

FI1GURE 6.2. Sketch of the periodic set. The various colours were
added for readability, to highlight which elements correspond to
the same tori, once the cell is repeated periodically. The set @ is
the union of all the rings.

be determined later. If d > 4, let ag be a piecewise constant 1-periodic function
such that in [0, 1] we have

aq(t) = (k= Dl 1)(t) + 1, t € [0,1].

The constant x > 0, which depends on ¢ only, will also be determined later. Con-
sider now the (0, 1)%-periodic conductivity a € L (R% R) given by

d

(610) a(yla"'ayd) = as (y13y27y3)]__[ad (yz), RS [07 ]-]d
=4

ForneNandi=1,...,dlet u{, € H* (Q;R) be the solution of

—div (a (nz) Vui,) =0 in Q,
(6.11) { Ul = ¢t on 09,

for some @', ..., 0% € Hz(OQ;R). Set U, = (ul,...,ul) and ¢ = (¢!, ..., ¢%).
Note that U, is bounded in H'(2;R)¢ independently of n, namely

Ul e < Ol

Therefore, up to a subsequence, U,, — U* weakly in H'(Q;R)?. It turns out that

the whole sequence converges, and U* satisfies a constant coefficient PDE. This is

a so-called homogenisation result [BLP78), IMT97, [AIl92]. To state this result,

we need to introduce an auxiliary periodic problem.
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DEFINITION 6.12. The periodic corrector matrix P € L2((0, 1)?;R4*4) is given
by P;; = %Cj, where ( is the solution of
—div (aV¢) =0 in RY,
. d
y—Cly) —y is in H ((0,1)%),
f(oJ)d C(y) dy = 0
Here, the space H ((0, 1)?) contains all (0,1)%periodic functions in H}._(R%R?).
Note that because of the structure of a, we have

C] (yl,-”’yd):gj (y15y27y3)a j:172737

where ¢ € H! (Y;R3) is the solution of the three dimensional corrector problem,
namely

—div (a3VE) =0 in R?,

y =&y —y is in Hj(Y),

Jy &) dy =0,
and

G (W15 ya) = fly;) for j >3,

where f € H* ((0,1); R) is given by

(aaf’) =0,  f(1)=f(0)+1, /0 f(t)dt = 0.

Explicitly this gives

2K 1
6.12 P (y) = f(y;)6;; = —— ————08;3,
( ) (y) = f'(y;)di; 1+ kaq(y;) J
and overall P;; is block-diagonal with a 3 x 3 block for 1 <4, j < 3, and diagonal
for ¢,5 > 3.

THEOREM 6.13 ([BLP78, MT97, [AII92]). The sequence U, = (u},...,u)

n? ’ U 'n

defined by converges to U* weakly in H*(Q;R?), where U* satisfies
—div (A*VU*) =0 inQ,
U=y on 09.

The constant matrixz A* is given by
A7 =/ a(y)P(y)dy,
(0,1)4

where P is the corrector matriz given in Definition[6.12. Furthermore
(6.13) VU, — P (nx) VU* — 0 strongly in L. (Q) .

J>3,1<i<d,

In our case, because of the cubic symmetry of a3, we find that for 1 <i,j <3
d—3

Al = (/Y as(y);wﬁj(y)dy> (/Olad(t)dt) = (T)dga;jéij.

We also find that for d > k > 3, using (6.12)),

= 2 ([ et ([ astone)
- 2w -vlen ()
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and all the other components are null. As a consequence, A* is diagonal and

<K+1>4d14*_ “Fhaj when 1 <7 < 3,
2 v %((5_1”@‘4-1) when 3 < i < d.

Since P is the solution of a minimisation problem, one can establish that

aj = /Y as(y) P11 (y)dy < / az(y)dy = (6 — 1) |Q[ + 1.

Y
Therefore, for any § > 0, there exists a unique x < 1 such that
k+1 , 2K
a3 = 0—1 +1).
a5 = = (6 - 1)1QI+ 1)
With this choice of k (as a function of §), we find that A* is a multiple of the
identity matrix.

We then choose § so that the periodic corrector matrix P has a positive deter-
minant on a part of Y, and a negative determinant on another part. Such a choice
is possible as it was shown in [BMNO4] in the case d = 3 — it readily applies in
higher dimensions because of the structure of the matrix P.

LEMMA 6.14 ([BMNO4, Theorem 3|). There exist 6o > 0, 7 > 0, Y3 and Y_
open subsets of Y \ Q) both of positive measure 27 such that

det P > 27 in Yy and det P < =27 in Y_.

We therefore fix ¢ according to Lemma (and s according to (6.14)). In
view of Theorem we have that U, the solution of

(6.14)

—div (a (nx) VU,) =0 in Q,
satisfies
(6.16) VU, = P (nz) VU* in Lj,.(Q),

where U* satisfies

(6.17) {—AU =0 in €,

Ur=¢p on 0f).

Note that the asymptotic behaviour of VU,, given by depends on two inde-
pendent factors: P, whose determinant changes sign locally and was constructed
independently of Q2 and ¢, and VU™, the harmonic lift of the boundary condition
w in Q. It is clear that the variations of the sign of det (VU,) cannot be fully
controlled by the boundary condition, which only acts on U*. The main result of
this section is a quantitative version of this statement.

THEOREM 6.15 (See [Capl5|). Let ' € Q be a smooth domain. Given p > 0,
xo € Q' such that B,(xo) C ' and A > 0 let

1 “ d )
Aal@o, p, A) = {gp € HY (O RT) : det (VU™) 2 Allglly ) 0 Bp(xo)} ,
where U* is the harmonic extension of ¢ given by .
There exist n, depending only on p, Q, Q' and X\, a universal constant 7 > 0
and two open subsets By and B_ of B,(x) such that

|B+| > 7|Bp(z0)| and [B_| > 7[By(x0)]
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and for all p € Aq(xo,p, A), there holds

det (VU,) (x) < —7Allell on  On B
and .
det (VUn) (2) =2 TA N0l 4 o) o1 B

where U, is the solution of .

REMARK. The pathological conductivity used here was constructed to be piece-
wise constant, but a standard mollification argument allows to consider a smooth
approximation of a instead to construct similar counterexamples.

To prove this result we need a quantitative convergence estimate in lieu of
(6.16]).

This follows from a regularity result. Since the conductivity =y is piecewise con-
stant (and therefore piecewise smooth), and the set @ has C* smooth boundaries
(and therefore C* smooth boundaries), the regularity results [LV00), LNO03| show
that U, is also piecewise C*# for some 3 > 0, up to the boundary of the set Q in
(V. In fact, this provides uniform W1 estimates for U,,, independently of n (see
[LNO3]). This result has been then successfully expanded to provide error estimate
results for U,, see [BB06, [LM12].

LEMMA 6.16 (See [LNO3| Theorem 3.4], [BB06, Theorem 3.6] or [LM12]
Theorem 4.2]). There exists a constant C > 0 depending only on Q, ', Q, ¢ and
K such that

[VUn L=y < Cllel|
| P (nz) || oy < C,

1 )
HZ (09)

and
. lell 3 o0
VU, — P (nx) VU ”L“’(Q/) < CT
Proor oF THEOREM [6.15l In €', we have
det (VU,) = det (P (nz) VU*) + R,, = det (P (nz)) det (VU") + R,
with
[ Bnll oo )
d—1

< C|VU, = P (n2) VU || L= (a) <||VUn||L°°(Q') + [P (nz) VU*”LOO(Q')) )
and thanks to Lemma [6.16]

[Bnll ooy < C

Let By = {z € B (20, p) : nx € Yy + Z%}. For n large enough, |B+| > 7 |B(z0, p)|-.
Thanks to Lemma we have +det (P (nz)) > 27 in By, therefore
C
> )
+det (VU,) > 27 det (VU™) pYE ||¢||H%(QQ).
With ¢ € Ay4(zg, p, \), this implies

c d d
£t (V0) 2 (203 = 5 ) el gy 2 TNIRIG 3
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for n1/37)\ > C. O

The next corollary highlights that no set of boundary conditions can be chosen
a priori, that is, independently of the unknown conductivity, to enforce a positivity
constraint on the Jacobian, even locally. The periodic conductivity a is equal to a3
given by , with § chosen appropriately as above, with the same cubic symmetry.

DEFINITION 6.17. Given Q C R? a smooth bounded domain, and ¢, ¢s and
@3 in HY/2(9€%;R), we say that the harmonic extension of (@1, 2, ¢3) has maximal
rank in  if the solution of

{ AU* =0 in Q,
U* = (Solu Y2, 303) on aQu
is such that det VU*(z) # 0 for some z € Q.

Clearly, a choice of boundary values (1, v2 and p3 whose harmonic extension
does not have maximal rank in Q will never be suitable for our purposes, since the
Jacobian constraint is not satisfied even for the trivial conductivity a = 1.

COROLLARY 6.18. Let Q C R® pe a Lipschitz bounded domain, and Q' € Q be
a smooth subdomain. Take ©1,..., 0N In H? (0% R) for some N € N*. For every
e > 0 there exists n € N such that the following is true.

For every open ball B. C Q) of radius €, there exists x1 € B. such that

| max |det ([Vu; (z1), Vu; (21), Vug (z1)])] < e,

where u; is the solution of
div(a (nz) Vu;) =0 in Q,
Ui = @i on 0f2.
Furthermore, for every open ball B C Q' of radius € and every 1 <i,j,k < N

such that the harmonic extension of (@i, vj, ¢r) has mazimal rank in Q there exists
ro € B, such that

det ([Vu; (x2) , Vuj (x2) , Vuyg (z2)]) = 0.

PROOF. Let " be a smooth domain such that Q' € Q" € Q. Following the
proof of Theorem [6.15] for any 1 < 4,5,k < N, we have

(6.18) det (VU,(x)) = det (P (nx)) det (VU*(z)) + R, (z), re’,
where U,, = (u;, uj,u;) and
{ AU* =0 in Q,
U* = (gi, pj, k) on 0Q,
with
(6.19) |R(x)] < n% and |det (VU*(z))| < C for all z € Q"

for some C' > 0 depending only on max; ||¢;| Therefore, for any

1 .
H2(09)

3
2
n 2 nog = (C)
€
we have

(6.20) IR, (2)] < veq

<
27
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Let {B (zp, £)}1<p<p be a finite cover of Q' with balls of radius ¢/3 such that
B(xp, 5) NQ" # 0. Let S denote the set of all triples (i,7,k) € {1,...,N}* such
that the harmonic extension of (¢;, ¢;, ¢r) has maximal rank in €2, namely

S={(i,j,k) €{1,...,N}® : det VU*(2) # 0 for some z € Q} .
Since det VU* is analytic in 2 for every (i, j, k), for every p = 1,..., P there exists
zp € B(xp, §)NQ" such that det VU*(z,) # 0 for every (7,7, k) € S. By continuity,
for every p there exists a ball B (zp,1,) C B (), %) NQ” with n, > 0 and a constant
¢p > 0 such that for any (¢,7,k) € S
det VU™ () det VU™ (2) > ¢p, x € B(zp,1mp).

Note that we may choose a common radius 7 > 0 and lower bound ¢ > 0 for this
finite collection of balls, namely

(6.21) det VU* () det VU™ (2,) > ¢, (4,5,k) € S,z € B(zp,7).

By Lemma [6.14] there exists a universal constant 7 > 0 and two open balls
By,B_ C Y\ (@ such that
(6.22) inf det P(y) > 27, sup det P(y) < —27.

yEBL yEB_
As a consequence, there exists an open ball By C Y such that
3

6.23 sup |det P < —
(6.23) sup [det. P ()] < 5

3
Let ny = (f—j) , so that by (6.19)) for every n > n; we have

|R,, () det VU (2) | < er, z,z€ Q.

Thus, in view of (6.21) and (6.22), for all n > nq, (i,5,k) € S, p=1,...,P and
x € B(zp,n) we have

yler}af (det P(y))det VU* (z) det VU™ (2p) — |Rp(z) det VU™ (2p)] > Tc,
+
sup (det P(y))det VU (z) det VU™ (2p) + |Rn(z) det VU™ (2p)| < —7c.
yeB_

Forn € Nand p =1,...,P, let B} (p) = {& € B(z,1n) : nx € By +Z3},
B" (p) = {x € B(zp,n) : nw € B_ +Z%}, and By (p) = {x € B(zp,n) : nx €
By + Z3}. Choose n > max(ng,n1) large enough so that B (p) # 0, B™ (p) # 0
and Bj (p) # 0 for all 1 < p < P. We will now show that n is an appropriate choice
to satisfy the claims of the corollary.

Given a ball B, C Q' of radius ¢, there exists at least one p € {1,..., P} such
that B(xp, 5) € B.. Pick any 21 € By (p) € B.. If (¢,4,k) € S, thanks to ,
and there holds

|det (VU, (z1))| < |det (P (nzq))| |det (VU (z1))] + | Ry (21)] < &.
If (i,4,k) € S then by and we have
|det (VUy (21))] = [Ry (21)] <

(6.24)

€
§f§€’
and so the first part of the statement follows.

Turning to the second statement of the corollary, given (i,7,k) € S, choose
x4 € B} (p) and x_ € B” (p). By construction, there exists a continuous path
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v:[0,1] = B(zp,7n) such that v(0) = x4, v(1) = z_ and ny(t) € (Y \ Q) + Z3 for
every t € [0,1]. Thus, the function

g: t—> det VU, (y(t)) det VU (2)

is continuous. Further, in view of (6.24]) it satisfies g(0) > 7c¢ and g(1) < —7e.
By the intermediate value theorem, there exists o € B(z,,77) C B, such that
det (VU,, (z2)) det VU* (zp) = 0. Thus, by (6.21), we have det (VU, (z2)) = 0, as
desired. O



CHAPTER 7

Complex geometric optics solutions and the Runge
approximation property

7.1. Introduction

In Chapter [6] we studied the boundary control of d solutions to the conductivity
equation

(7.1) —div(aVu') =0 in Q C R%,

in order to enforce a non-vanishing Jacobian constraint inside the domain. We
saw that some generalisations of the Radé—Kneser—-Choquet theorem completely
solved the problem in two dimensions. Moreover, we exhibited a counter-example
indicating that such a result cannot hold in more than two dimensions without a
priori information concerning the conductivity a.

In any dimension, similar results cannot be obtained with solutions of equations
of the form

(7.2) div(aVu') + qu' =0 in Q,

for some unknown g € L*°(£2), ¢ > 0 almost everywhere. Indeed, one fundamental
ingredient of the proof of those results was the maximum principle, which does not
hold in general for PDE of this type.

This chapter is devoted to the discussion of two possible strategies that have
been used to overcome these issues: complex geometric optics (CGO) solutions
and the Runge approximation property. These two techniques are very different
but both are based on a common idea, namely approximating solutions of (or
) by solutions to constant coefficient equations, for which explicit solutions can
be constructed. These approaches can be applied provided that the oscillations of
the parameters of the equations are known to be bounded a priori.

Consider for simplicity the conductivity equation with scalar coefficient a
in three dimensions. In the constant case, that is, with a = 1, we are left with the
Laplace equation

—Au'=0 in Q.
The starting point of the CGO approach consists in taking solutions to this equa-
tion of the form u,(z) = e”® for some p € C? such that p- p = 0, namely harmonic
complex plane waves, as it was done in the seminal paper of Calderén [Cal80].
With suitable choices for the parameter p, it is possible to satisfy the desired con-
dition ’det [ Vul Vu? Vud ] ‘ > 0. It remains to show that the solutions in the
general case with non-constant coefficients can be approximated by the solutions
u, as |p| — oo. This result was originally proved in [SU87| and mainly applied
to inverse boundary value problems [UhI09]. Regularity estimates adapted to hy-
brid problems were derived in [BUL0|. CGO solutions have been widely used in

85
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hybrid imaging techniques to exhibit solutions satisfying several local non-zero con-
straints [Tri10, BUT0, BRUZ11, BR11, [ACdG ™11, [Koc12, MB12bl, [Bali3),
MB12a, BBMT13, BU13|, AGJN13|, BS14, BGM14]. A detailed discussion
of this strategy is presented in Section omitting the existence and regularity
results for the CGO solutions.

Let us now turn to the Runge approximation approach. It is enough to choose
the functions u® = x; as solutions in the constant coefficient case. With this choice
there holds

det[Vul Vu? Vu3]:det[el e 93}:1,

and so the desired constraint is satisfied everywhere. By the Runge approximation
property, it is possible to construct solutions to the non-constant coefficient PDE
which approximate z; in a given small ball inside the domain. By covering the
domain 2 with a finite number of these small balls the desired constraint is enforced
globally. The Runge approximation property for PDE dates back to the 1950s,
[Mal56, Lax56]. It was applied to hybrid imaging problems in [BU13|, which we
follow in the presentation given in Section[7.3] (see also [BGM14, MB13], BS14]).
The main advantages of this approach over the CGO approach are:

(1) Tt is applicable with any second order elliptic equation, and in particular
with anisotropic leading order coeflicients, while CGO solutions can be
constructed only with isotropic coefficients;

(2) While the CGO estimates require high regularity assumptions on the coef-
ficients, the Runge approximation property holds provided that the PDE
enjoys the unique continuation property;

(3) Since any solutions to the constant coefficient case can be approximated,
more general non-zero constraints can be satisfied.

However, there is a price to pay. While the CGO solutions give a non-vanishing
Jacobian globally inside the domain for a single (complex) choice of the boundary
conditions, by using the Runge approximation property the constraint under consid-
eration holds only locally in fixed small balls. Therefore, many different boundary
conditions must be used to cover the whole domain. Moreover, the CGO solutions
are explicitly constructed (depending on the coefficients), while the Runge approx-
imation approach only gives a theoretical existence result of suitable boundary
conditions.

7.2. Complex geometric optics solutions

7.2.1. Harmonic complex plane waves. The starting point of the CGO
approach is always the Laplace equation

—Au=0 1in Q.

The CGO solutions are approximations in the non-constant coefficient case to the
harmonic complex plane waves of the form u,(z) = @ for some p € C3 such that
p-p =0. These are harmonic functions in the whole space, since

Au,(z) = div(pe?®) = p- pef© =0, r € R
Let us now explain why these solutions are of interest for us. As it was shown

in [BBMT13|, suitable choices of the parameter p allow to satisfy the constraint
|det [ Vul Vu? Vi ]| > 0. Indeed, take p; = t(e1 + iez) and po = t(es + ieq)
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for some ¢ > 0 and consider the solutions u' = Ru,,, u* = Su,, and v® = u,,. A
direct calculation gives

J(z) :=det [ VRu,, VSu, Vu,, |(z)
(7.3) = t2et(2$1+"’”3+iw1)det[ e1 e p |
— tSet(le +m3+izl).
We have obtained the condition |J(z)| > 0. We have used two real solutions and
one complex solution. However, only real solutions (and real illuminations) can be

considered in practice. In order to overcome this problem, it is enough to choose

the real solutions u3! = Ru,, and u>? = Ju,,. Since u! and u? are real, there
holds

RS = det[ Vul Vu? V! ] , SJ = det[ Vul Vu? Vud? ] .
Therefore, since |J(z)| > 0 everywhere, we obtain the decomposition
0O=0'u0?
where we have set O = {z € Q: |[det [ Vu' Vu? Vu*i | ()| > 0}.
Thus, in the harmonic case we can construct suitable illuminations whose cor-
responding solutions to the Laplace equation deliver a non-vanishing Jacobian ev-

erywhere, in the sense made precise above. It remains to show that these solutions
can be approximated in the general case with non-constant coefficient.

7.2.2. The main result. Let Q C R? be a bounded Lipschitz domain and,
as in [Ball3], we consider the elliptic equation

—div(aVu) +qu=0 in Q,
U= on 01,

where a € L>®(;R), g € L*(9Q; C) and a satisfies the uniform ellipticity condition
(7.4) A~! <a <A almost everywhere in Q.

After the so-called Liouville change of unknown v = /au, we see that v satisfies

A
—Av—|—< \/\25+Z>U:0 in Q.

As a consequence, setting ¢/ = AT\{IE + % and considering the coefficient ¢" as defined

on the whole space R? and with compact support, it is sufficient to study the
problem for the simplified Schrodinger-type equation

(7.5) —Av+q¢v=0 inR%

In this form, it is clear that the case with ¢’ # 0 can be considered as a lower order
perturbation of the Laplace equation, for which we constructed simple solutions,
the harmonic complex plane waves of the form e”®. Thus, it is natural to seek
solutions to as perturbations of these plane waves, namely of the form

(7.6) vp(z) = P (1 +1p,(x)), r e R?

for some p € C? such that p- p = 0, where Y, is an error term, due to the
presence of the perturbation ¢’. The functions v, are called complex geometric
optics solutions. Existence and regularity of these solutions are guaranteed provided
that the coefficient ¢’ is smooth enough.
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TueoreM 7.1 ([SU87, BU10|). Take k € N*, 6 >0, p € C? with p-p =0
and let ¢’ € H%“‘“‘*“s(Rd; C) be compactly supported. There exists n > 0 such that
if |p| > 1 there exists ¢, € H2 T T1H(RE C) such that v, defined as in (@ is a
solution to . Moreover

C
(77) Hwﬂncm(ﬁ) S m

for some C > 0.

The (complete) proof of this result is much beyond the scope of these notes.
Not only does this result guarantee the existence of CGO solutions, but furthermore
it gives the approximation property . This is the property we referred to at
the beginning of this chapter: in view of (7.6), as |p| — oo, the CGO solutions
converge to the harmonic plane waves of the form e”*. As observed in §7.2.7]
harmonic plane waves can be used to satisfy local non-zero constraints. Therefore,
CGO solutions can be used to enforce the same non-zero constraints in the general
case, with non-constant coefficients, as discussed in detail below.

7.2.3. Boundary control to enforce non-zero constraints.
7.2.3.1. The Jacobian of solutions to the conductivity equation. Inspired by
Chapter [6] we first consider the conductivity equation in three dimensions,
—div(aVu') =0 in Q,
(7.8) { ut = @; on 0F2,
where Q C R? is a bounded domain of class C1'® and a satisfies (7.4)), and look for

real boundary values (1, @2 and @3 such that ‘det [ Vul Vu? Vud ]| > 0 at
least locally in 2. The main result reads as follows.

THEOREM 7.2 ([BBMT13]). Let Q C R3 be a bounded C1® domain and
a€ H%+3+5(R3;R) satisfy . There exists an open set of boundary conditions
(01, 04) € CHQ;R)* such that
(7.9)

|det [ Vu! Vu? Vu? | (z)] + |det [ Vu! Vu? Vu' ] (z)| >0, r€Q,

where u* is the unique solution to (@

Before proving this result, some comments are in order:

e By Sobolev embedding, the coefficient a belongs to C3(;R). As an-
nounced in the introduction, regularity of the coefficient is required for
this method to work.

e Compared to the results given in Chapter [6] when d = 3, four different
boundary values have to be taken and the non-degeneracy condition only
holds locally for three fixed solutions (see . However, we have the
following decomposition

Q=0'u0?,
where we have set O/ = {z € Q:|det [ Vu! Vu? Vu2t | ()| > 0}.
) Theorem applies to (a mollified version of) the sequence of microstruc-
tures a (n-) introduced in Section for any n > 0. However, Theo-
rem indicates that the number of connected components in Q' and

0? will increase with n, and the positive lower bound will decrease with
n.
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Proor. Without loss of generality, we can assume that ¢ = 1 outside of a
ball containing 2. In the notation of Theorem H, this implies that ¢’ = AT‘? €
H%+5(R3; R), so that all the assumptions of the theorem are satisfied with x = 1.

Asin §7.2.1] set p; = t(e1 +iez) and ps = t(e3 +ieq) for some t > 0. In view of
Theorem for ¢ big enough and [ = 1,2 there exist solutions u,, to (7.8) in R3
such that

up, () = a=t2err(1 4 Yo, (2)), zeR’
Differentiating this identity, and taking into account (7.7) and that a € C1(Q), we
obtain for [ = 1,2 as t — o0

Vi (2) =a12en (o + O(1)),  z€,
where the constant hidden in the O symbol is independent of z and t. As in
it remains to calculate the Jacobian of the map (Ru,,,Su,,,u,,). Arguing as in
(7.3), a straightforward computation shows that for every = € Q

J(z) :=det [ VRu,, VSu,, Vu,, |(z)= tetGmitastiod) (1 4 O(t)).
Choosing now ¢ big enough so that |O(t)| < 1/2 we obtain
|det [ VRu,, VSu, Vu,, |(z)]>0, r€Q.
Taking real and imaginary parts yields for every = € Q
det [ VRu,, VSu,, VRupy, | (z)|+|det [ VRu,, VSu,, VSu,, |(z)]>0.
Hence (7.9) is immediately verified setting p1 = Ru,, |90, w2 = Su,, a0, 3 =

Ruyyjo0 and @4 = Sup,,,. Finally, standard elliptic regularity theory [GT83]

ensures the continuity of the map ¢ € C?(Q;R) — u € C'(Q;R), so that (7.9)
still holds true for an open set of boundary values in C?(Q; R)* near ¢; = Ru,, 100,
02 = Sup, j90; 3 = Ru,, 90 and pg = S‘yupmm.

7.2.3.2. The Schridinger equation. Let Q C R? be a bounded C*® domain for
d =2 or d = 3. We consider here the Schrodinger equation

(7.10) { —Au'+qu' =0 inQ,

ut = @; on 052,
where ¢ € L*>(€; C) is such that
(7.11) 0 is not an eigenvalue of (—A +¢) in Q.

A more general second order elliptic equation with non-constant leading order term
could be considered as well as in §7.2.2l We omit this generalisation which would
make the exposition slightly more involved. Such an extension will not be needed
in the applications discussed in Part [2}

We look for d+1 (complex) boundary conditions ¢; such that the corresponding

solutions to the above equation satisfy for every x € Q

(7.12a) lu ()] >0,

(7.12b) det [ Vu? -+ Vult! ] (2)] >0,
I Y

(7.12¢) det { Vul ... wudtl } ()| > 0.

The use of complex boundary values allows each of these conditions to be satisfied
in the whole domain. Should only real boundary conditions be allowed, real and
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imaginary parts would have to be taken, as it was done previously in the case of
the Jacobian constraint for the conductivity equation. In such a case, the above
constraints would be satisfied only locally in the domain (as in )

These constraints are motivated by the hybrid problems we shall discuss in
Part 2| and should be satisfied simultaneously. They somehow complete the Jaco-
bian constraint given in (7.12b), which has been previously considered.

In particular, refers to the availability of one non-vanishing solution.
This is certainly the simplest constraint one could think of, and naturally appears
in several hybrid problems where the internal data depend on the solutions «* and
not on their gradients. The reason why this constraint did not appear in the study
of the conductivity equation is evident: the maximum principle gives it for free,
provided that the boundary value has a constant sign. On the other hand, this
condition cannot be taken for granted for solutions of . Indeed, this PDE
models wave phenomena, and as such its solutions typically have an oscillatory
behaviour. The third constraint is an “augmented” Jacobian: it requires
the availability of d + 1 independent measurements.

We now prove that the above constraints are satisfied in the whole domain Q
by suitable CGO solutions.

THEOREM 7.3. Let Q C R? be a bounded C*® domain for d = 2 or d = 3
and let q € H%H*‘s(Rd'(C) satisfy . There exists an open set of boundary
conditions (p1,...,9d+1) € C’Q(ﬁ C)4*Y such that the constmints in are
verified for every x € Q, where u' is the unique solution to

PrOOF. Without loss of generality, we assume that ¢ = 0 outside of a ball
containing (2, so that all the assumptions of Theorem [7.1] are satisfied for ¢’ = ¢
and kK = 1.

Set now

t .
p1 = 5(61 +iez),
pi = tleji—1 +ie;), i=2,d,
Pa+1 = tleq +ieq).
Note that p; - p; = 0 and that |p;| > t/v/2 for every i = 1,...,d + 1. Thus, in

view of Theorem [7.1} for every 7 and for ¢ big enough there exist solutions u,, to
—Au + gqu = 0 in R? such that

up, (1) = e (1 +1,,(2),  weR

where the error functions v,, € C?(R?) satisfy the bounds [¥p:llor gy < Ot for
some positive constant C' > 0. In other words, there holds

(7.13) w (@) = P P14 0ETY),  wel
(7.14) Vup (2) = e (pi +O(1)), zeT,

where the O symbols hide constants that are indep dent of z and t.
We start with the first constraint (7.12a)). By (7.13) we have |u,, (x)| = e21 |1+
O(t™1)], and choosing t big enough ylelds

(7.15) lup, ()] > e2®1/2>0, xeQ.
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Similarly, turning to the second constraint (7.12bj), using (7.14) we obtain that
for every = € Q

det [ Vum - VUpd+1 ] (x) — e(ﬂz+~~+ﬂd+1)~x (det [ P2 Pd+1 ] + O(td_l)) )

A direct calculation shows that det [ p2 -+ pay1 | = t%(1 — (—i)?), and as a
result

det [ Vu,, - Vu,,,, |(x)=tlelrzttroae (1 (5?40 1).
Thus, since |1 — (—i)4| > v/2, choosing ¢ big enough yields
(7.16) |det [ Vuy, -+ Vuy., |(z)]>0, z € Q.
We now consider constraint . Using and , we readily compute

for z € Q

: 1+0@t™Y) - 1+0@™Y
det Upy Upgyq — (Pt tpatr)z det
| gor, g Jm=e L o +0(1) - pasa+0(1)
T E I pevy
t t

Using that ps = 2p; and subtracting twice the first column to the second column
of [pll/t - pdjl/t] we have
1 -1 ... 1

det
e[ﬂl/t 0 - pap1/t

}tddet[m p3s - P+ |

=t"%det[ p2 -+ pap1 |/2
=(1-(-)9/2
And again choosing ¢ big enough yields

717 det | Uer 7 Ypan }x > 0, z e
(r.7) det | g e (o)

In view of (7.15), (7.16) and (7.17) the constraints in are verified for
every x € ) setting ¢; = up, a0 for every i, since by @ this implies u’* = u,, in
Q. A standard elliptic regularity theory argument (as in the proof of Theorem [7.2)
ensures that still holds true for an open set of boundary values in C?(§2; C)d+!
near (@; = U, |90 )i- O

7.3. The Runge approximation property
7.3.1. The main result. Let  C R? be a Lipschitz bounded domain. We
consider the elliptic boundary value problenﬂ

Lu := —div(aVu) + qu=0 in Q,
(7.18) { U= on 0§,
where ¢ € L®(Q;R) and a € L>(;R4*?) satisfy
ATHEP <ag €< AP, €EeRY

(7.19a) .
lg] <A, almost everywhere in

LThis is not specific to this model: any elliptic PDE with complex coefficients could be
considered. We restrict ourselves to this simpler case to avoid technicalities. For the general case,
the reader is referred to [Lax56), [BU13|.



92 7. COMPLEX GEOMETRIC OPTICS AND THE RUNGE APPROXIMATION

for some A > 0 and
(7.19b) Ta=a inQ.
We assume that the problem is well-posed, that is,
(7.19¢) 0 is not an eigenvalue for the operator L in Hy(Q;R).
We start with the definition of the Runge approximation property [Lax56].

DEFINITION 7.4. We say that L satisfies the Runge approximation property if
for any Lipschitz simply connected domain Q; € Q and any v € H'(Qq;R) such
that Lu = 0 in Q; there exists a sequence u,, € H*({;R) such that

(1) Lu, =01in Q,
(2) and ), — u in L*(Q;R).

The Runge approximation property holds true provided that the operator L
satisfies the unique continuation property. The latter is a classical result in elliptic
PDE theory.

LEMMA 7.5 (Unique continuation property [ARRV09]). Let Q@ C R? be a
Lipschitz connected bounded domain, 3 C 02 be an open non-empty portion of 0S,
and a € L>®(Q;R>?) and q € L= (S R) satisfy . If d > 3, assume that a is
Lipschitz continuous. Let u € HY(Q;R) be a solution to Lu =0 in Q. If

u=0 and aVu-v=0 onX,
then u =0 in €.

REMARK 7.6. In the particular case where a is isotropic, when d = 3 the
assumption on the Lipschitz continuity of a may be reduced to a € W13(Q;R)
[Wol95], in view of the equivalence of the uniqueness of the Cauchy problem with
the weak unique continuation property [Nir57].

The proof of this result goes beyond the scopes of this book. We now verify that
the Runge approximation property follows from the unique continuation property
for the model we consider.

THEOREM 7.7 (Runge approximation). Let Q@ C R? be a Lipschitz bounded
domain, a € L= (Q; R and g € L (S R) satisfy . Ifd > 3, assume that a
is Lipschitz continuous. Then L defined in satisfies the Runge approximation
property.

ProOOF. Without loss of generality, assume that €2 is connected. Take 2, €
as in Definition and u € H'(Qq;R) such that

(7.20) Lu=0 in Q.

Set F = {vjo, : v € H'(;R), Lv = 0in Q}. Suppose by contradiction that
the Runge approximation property does not hold. By Hahn—Banach Theorem,
there exists a functional g € L?(Q2;;R)* such that g(u) # 0 and g(v) = 0 for all
v € F. In other words, there exists g € L?(1;R) such that (g9,u)r2(0,) # 0 and
(9,v)r2(0,) =0 for all v € F.

Consider now the extension by zero of g to 2, which by an abuse of notation
is still denoted by g. Let w € H*(£;R) be the unique solution to

Lw=g in{,
w=20 on 0f).
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Fix now ¢ € Hz(9Q;R) and let v € H(Q;R) be the unique solution to

Lv=0 inQ,
v=¢ on Jf.

By definition of g there holds (g,v)r2(q) = 0. Thus, integration by parts shows
that

0=—(v,9)r2(0) = (Lv,w)r2(q) — (v, Lw)2(q) = /a (aVw -v)pdo.
Q

Since the above identity holds for all ¢ € H%(GQ;R), we obtain aVw - v = 0 on
09). Observe now that w is solution to Lw = 0 in Q \ €5 such that w = 0 and
aVw-v =0 on 0. In view of Lemma [7.5 we have w = 0 in Q\ €, therefore w =0
and aVw - v =0 on 0Q2;. As a result, by integrating by parts we obtain

/gudx:/ (Lw)udx
(921 Q1

= / —div(aVw)u + quw dz
Q

:/ an~Vu+quwdx—|—/ uaVw - vdo
Q o0

= / —div(aVu)w + quudz + / waVu - vdo
2

o
/ (Lu)wdx
Q4
0,

where the last identity follows from (7.20]). This contradicts the assumptions on g,
since (g,u)r2(q,) # 0, and the proof is concluded. a

We have seen that under quite general regularity assumptions on the coeffi-
cients, the Runge approximation property always holds. As a consequence, any
local solution to Lu = 0 can be approximated by restrictions of global solutions in
the L? norm. However, in view of the applications to the non-zero constraints we
are interested in, we shall need a stronger norm.

DEFINITION 7.8. Take a € (0,1). We say that L satisfies the strong Runge
approximation property if for any smooth simply connected domains Qs € 27 € Q2
and any u € H(21; R)NCH%(Qq;R) such that Lu = 0 in ©; there exists a sequence
un € HY(Q;R) N CH(Q1;R) such that

(1) Lu, =01in 9,
(2) and w0, — uj, in CH*(Qg;R).

Under suitable regularity assumptions, the strong Runge approximation prop-
erty is an immediate consequence of the Runge approximation property and of
standard elliptic regularity.

COROLLARY 7.9. Assume that the hypotheses of Theorem [77] hold true. Take
a € (0,1) and suppose that a € CO*(Q;RI¥4), Then L satisfies the strong Runge
approximation property.
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ProOF. Take Qs € O € Q and u as in Definition[7.8] In view of Theorem [7.7}
L satisfies the Runge approximation property. Namely, there exists a sequence
u, € H'(;R) of solutions to Lu, = 0 in Q such that u,q, — win L*(Q;R).
Since L(u, —u) = 0 in Oy, standard elliptic regularity [GM12, Theorem 5.20] gives
up € CH*(Qq;R) and

Hun - u||cl,a(972) S C ||u7l - u||L2(Ql) - 07
as desired. =

It is worth observing that, by classical elliptic regularity theory, the regularity
assumptions on the coefficients are minimal.

Definition and Corollary easily extend to the higher regularity case.
This would allow to consider constraints depending on higher derivatives of u.

7.3.2. Application of the Runge approximation to internal non-zero
constraints enforced via boundary control. This approach is based on ap-
proximating locally the solutions to the constant coefficient case by means of the
(strong) Runge approximation property.

In order to do this, consider the constant coefficient differential operator defined
by

L,, = —div(a(zo)V )

for zg € ). Note that, being of lower-order, the term in ¢ is unnecessary.

By using the (strong) Runge approximation property, it is possible to approx-
imate local solutions to Ly,up = 0 in B(zg,r) for some small r > 0 with global
solutions u to Lu = 0 in €.

PROPOSITION 7.10. Assume that the hypotheses of Corollary[7.9 hold true and
take 6 > 0, Q' € Q and ug € CH*(Q;R). There exists r > 0 depending on Q, ', «,
A, llall cow @y uollora(my and & such that for any xo € €V if Lyyug = 0 in B(zo, 1)
then there exists g5 € Hz (0 R) such that

lttzo.6 = ol o1 By < 0
where ug, s s the solution of

Lug, s =0 mn €,
Ugy,s = Poo,s  on OLL

This result follows from the strong Runge approximation property and stan-
dard elliptic regularity results. More precisely, we first approximate ug in the ball
B(zg,2r) by a local solution u; to Lu; = 0, for r small enough. Then, u; can be
locally approximated in B(zg,r) by a global solutions thanks to the strong Runge
approximation. The details of the proof, although fairly simple, are quite technical,
and so are presented in §7.3.3 below.

This result can be extended to the higher regularity case. The case ' = Q
could be handled as well, but would require additional technicalities to deal with
the case when x¢ € 92 [BU13|.

We now apply this result to the boundary control of elliptic PDE to enforce
non-zero constraints.
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7.3.2.1. The Jacobian of solutions to the conductivity equation. As a natural
generalisation of Chapter [6]and §7.2.3.1] we first consider the conductivity equation
in d > 2 dimensions with anisotropic coefficient. Consider problem

(7.21) { —div(aVu') =0 in Q,

u' = @ on 092,
where 2 C R? is a Lipschitz bounded domain and a € C%1(Q;R¥*?) satisfies
(]7.193[) and (]7.19b , and look for solutions such that ’det [ Vul - Vaul ] | >0
at least locally in 2. The main result reads as follows.

THEOREM 7.11 ([BGM14]). Let Q C R? be a Lipschitz bounded domain, Q' €
Q and suppose that a € CO1(Q; R satisfy (7.19d) and (7.194). Then there exist
N = N(@Q Y A llallcorgy) € N7, r=r(Q QA llalgorg) >0, 21,...,2n8 € 92
andgog IS H%(GQ;R), i=1,...,d,j=1,...,N such that

N
QC U B(z;,7)
j=1

and

1
d .
det[ Vug, - “(j)}Zg in B(zj,r),

where uz('j) € HY (4 R) is the unique solution to with boundary condition Lpf

REMARK 7.12. A comparison of Theorem and Theorem where CGO
solutions were used, leads to the following observations:

e The regularity requirements in Theorem are lower than in Theo-
rem [7.2}

e The conductivity a in Theorem [7.11] is matrix-valued and not scalar val-
ued;

e In Theorem exactly four boundary conditions are used when d = 3,
while this result requires 3N boundary values where N can be determined
a priori but may not be small. In other words, here the constraint is not
satisfied globally, but merely in small balls of fixed radius covering the
subdomain €V'.

This result is based on Proposition which allows to approximate solution
of PDE with variable coefficients by solutions of PDE with constant coefficients: a
wide variety of constraints can be tackled by the same approach.

PRrROOF. We consider the d solutions to the constant coefficient case defined by
ufy = x;, for i = 1,...,d. These are solutions to the constant coeflicient equation
in any point of the domain, namely for any xy €

Laub = —div(a(zo)Va;) = 0.
Hence, by Proposition for any 0 > 0 there exists rs > 0 depending on Q, ',

A, ||aHCO,1(§) and § and 4,01075 € H%(aﬁ;R) such that Hu;mg — xi”cl(m) <9,

where u?, s is defined by

—div(aVu;M;) =0 in Q,
ul = <p;0’5 on 0f.
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< 6, and we obtain

Then ||vufm,5 - eiHCO(B(wO,T(s)) -

1 .
|det| Vug s - Vu;lmé | —det[ e1 -+ eq ]| < 5 in B(zg, rs),
provided that ¢§ is chosen small enough. As a result
1.
(7.22) |det[ Vauy 5 -+ Vul 5 ]| > 5 in B(zg,7s).
Since & C UIOGWB(Z'O, 7s), by compactness there exist z1,...,2x € Q such that

' cC U;LlB(xj, rs). Thanks to 1D choosing gog = goijﬁ concludes the proof. O

7.3.2.2.  Application to the Schrédinger equation. We apply here the Runge
approximation to the problem considered in §7.2.3.20 More precisely, let Q C R?
be a Lipschitz bounded domain for some d > 2 and consider
{ —div(aVu') + qui =0 in Q,

(7.23) u' = ; on 0f,

where a € C%1(Q; R%*9) and ¢ € L>=(; R) satisfy (7.19).

We look for solutions u’ satisfying the constraints given in (7.12). The Runge
approximation approach allows to satisfy these conditions locally in the interior of
the domain Q. The main result, which can be found in [BU13] in a different form,
reads as follows.

THEOREM 7.13. Let Q C R? be a Lipschitz bounded domain for some d > 2,
Q' € Q and suppose that a € COH(Q;R*Y) and q € L>®(;R) satisfy .
Then there exist N = N(Q, ', A, |lal|con ) € N, v =r(Q, QA [[al| con @) >0,

xl,...,xNGWandgpgEH%(aﬁ;R),izl,...,d+1,j:17...,N such that

N
@ B(x,r)
=1

J
and for every j =1,...,N and x € B(z;,r) we have
(7.24a) lug;) (@) > 1/2,
(7.24b) ‘det[ VuZ, o Vit }(m)‘ >1/2,
wl .. gt
(9 (4 >
(7.24¢) det Vu%j) Vu(jgl ()| > 1/2,

where ul('j) € HY (4 R) is the unique solution to with boundary condition <pf

Compared to Theorem [7.3] Theorem presents the advantages and short-
comings described in Remark [7.12]

PROOF. The proof of this theorem is based on Proposition and follows
the same strategy of the proof of Theorem For 20 € €/, we consider problem
with the leading order coefficient frozen in 2°, and without the zero-th order
term, namely

L., = —div(a(zo)V ).
Consider now the d + 1 solutions to this PDE defined by u{ = 1 and u} = z;_1,
for i = 2,...,d+ 1. These are solutions to the constant coefficient equation in the
whole domain, namely L, ujj = 0. Hence, by Proposition for any § > 0 there



7.3. THE RUNGE APPROXIMATION PROPERTY 97

exists 75 > 0 depending on Q, €', A, [|al|co.(q) and § and ©Lo 5 € Hz (09 R) such

that ||ul 5— “éllcl(m)

{ —div(aVul, 5) +qul s =0 inQ,

< 6, where uio,é is defined by

ul = Drro.s on 0f.
In particular, we have for every 1 =2,...,d+1
1 1 j
Huxo,a—cho(B@m)) <9 Hvumo,éHCO(B(zo,m)) <9, W“;o,é_eiHCO(B(xo,r(;)) <9,

thus for every x € B(zq,7s)

[tz 6(2) — 1] < 1/2,

xo,é
‘det{ Vuio,é Vu;l:’}; } (m)—det[ e -+ eq ]‘ <1/2,
1 d+1 2 d+1
U ) 1
det "”?’5 wgfl (z) — det [ o5 Yz,6 } <1/2,
Vug s -+ Vug s 0 e - eq

provided that § is chosen small enough. As a result, for every x € B(xg, rs)

|u9100,5| > 1/2a
(7.25) ‘det | Vi o Vullh ] (x)\ >1/2,
d+1
u .
det | oo el | (@) = 1/2.
Vuglcws o vl
Since Q' C U,,eaB(z0,75), by compactness there exist z1,..., 2y € Q/ such that

Q C Ué\’:lB(a:j,r(;). We conclude the proof by choosing <pg = <pf6],,5 thanks to
(7.25)). O

7.3.3. Proof of Proposition The proof of Proposition is based
on the strong Runge approximation property and on the elliptic regularity theory.
We prove below the regularity estimate we need. The result is classical, but the
proof is given to show that the relevant constant does not depend on the size of the
domain.

LEMMA 7.14. Take s € (0,1], a € (0,1) and zo € R%. Take g € L>=(B(xo, s); R)
and a € C%%(B(x, 5); R4*?) such that holds. Take F € C%(B(zg,s); R%)
and f € L%(B(xo, s);R). Let u € H'(B(xo,s);R) be the unique solution to

(Lu =) — div(aVu) + gu = divF + f in B(zo, s),

u=0 on 0B(xg, s).

Then u € CH%(B(zo, s); R) and
||“Hcl,a(3(z0,s)) < C(”F”co,a(g(mms)) + ||fHLﬁ(B(l_O7$)))

for some C' > 0 depending on o, A and Ha”CO-«x(m)'

Proor. Without loss of generality we set xg = 0. In order to obtain the
independence of C' of the radius s, we transform the problem in B, := B(0, s) into
a problem defined in the unit ball B;. Consider the map vs: By — Bs, * — sz.
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Given a function g € C%%(B,), the Holder semi-norm of g o v, can be written in
terms of the semi-norm of g as follows:

19(vs(2)) = 9(7s(¥))]

lg ©7slco.a(p,) == sup

z,y€B; |1’ — y|a
zFy
o 19066 — g0 (0)] s = s
(7.26) eyeB  |s(T) —s(y)]® |z — y|@
. TFy
_ o gp 9@ 90
syeB, |l —y|*
Ay

= 5%|glco.a(n,)-

Similarly, if g € C1(By) there holds

lg°vsllere @y = 90 vsllco@ry + IV(g 0 v )o@y + V(g 0 7s)|coe(my)
= llgllcor) + s 11V 0 vsllcomr) + 8IVg 0 vslcoany)
= 9lleoary + 5 IVl comr) + 57Vl oo s,
> st gl

(7.27)

Che(Bs)
Consider now v = uwo~ys. A straightforward computation shows that v is the solution
to

—div((a o vs)Vv) + s%(qovs)v = sdiv(F oy, — F(0)) + s*(f o~ys) in By,
v=0 on OBj.

Standard Schauder estimates for elliptic equations (see Corollary 8.35 and the fol-
lowing remark in [GT83]) applied to this problem give that v € C1*(B;) and
HU”cl,a(Bﬁ) <cC (5 |1F 0 ys — F(O)Hco,a(sﬁ) +5%|fo ’YSHLd/(lfa)(Bl))

for some C' > 0 depending on a, A and ”chova(m)' Therefore, by (7.27) there
holds
HUHCLQ(B*S) S C (s—a ||F O Ys — F(O)”COQ(E) + ||f||Ld/(17a)(BS)> )
where we have also used the identity || f O%HLd/(l—a)(Bl) = 5271
Now note that in view of ([7.26]) we have
1E 05 = F(0)ll o)y = I1F 075 = FO)llgoary + [F 07slcon(a))
F(vs — F(v(0
— sup |F(7s(x)) = F(75(0))

z€B; |m|a

|f||Ld/<1—a>(35)~

Lol + 17 o looacay
< 2|F 0 ys|coa(my)
= 28a|F|Co,a(BS).
Combining the last two inequalities we obtain
luller.a gy < C (IFlonas + £l sar-os,) )

for some C' > 0 depending on o, A and ||a|\c(,,a(m)7 as desired. O

We are now in a position to prove Proposition [7.10}
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PRrROOF OF PROPOSITION [.10l Several positive constants depending on €2, £/,
o, A, |lall co.e @y and [lugl| oo ) will be denoted by the same letter C.

During the proof, we shall need the following inequality. Given g € C%%(B(z, s))
for some s € (0,1] we have
(7.28)

l9(z) — 9(y)| s
19 = 9(@o)llpog Baomy) = 19— 9@ co@aesy + s ————n v -yl

z,y€B(xo,s) |I - y|a
zFyY
< sup 9@ @)l

- x — 30|* + (25) 2 |g|co.a (s
w€B(z0,s) T — ol | | (25)2 9] (B(wo,s))

< C5% |glcoa(Bz.s))

for some absolute constant C' > 0.

The proof is split into two steps. In the first step, we approximate ug with local
solutions to the non-constant coefficient PDE. In the second step, we approximate
these solutions with global solutions using the Runge approximation property.

Step 1. Given zo € ' and for s € (0, min(dist(99,€’),1)) suppose that
Ly,ug = 0 in B(wo,s). Let us € H'(B(zo,s)) be the solution to the following
problem

Lus =0 in B(xg,s),
{ us =up on 0B(xg,s).
Let us show that us — wug in a suitable Holder norm as s — 0. Consider the
difference v; = uz — ug, that is, the unique solution to the problem
Lvs, = —div ((a — a(z))Vug) + quo  in B(xo, s),
{ vs =0 on 0B(xo, ).

In view of Lemma [7.14] there holds
”vSHClv%(B(me)) < C(H(a - a(x()))vuOHCO%(B(me)) + ”qUO||Ld/(l—%)(B(xo,s)))'
Let us analyse the first factor on the right hand side: in view of ((7.28)) there holds
[(a — a(ﬂfo))VUOHCO»%(m) <C|a- a@O)”gD%(m) ||VU0||CO»%(m)
< Cs?laleo.e Bra)
< (Cs?.
Similarly we have
lauollora- (5o, < MM L70-9 (520 )
<Cs'7 %,
Combining the last three inequalities we obtain

Csz.

lus = wollo1.8 Baemy) <

Hence there exists § > 0 depending on 2, ', «a, A, ||a||00=a(m)’ [uollcr.o @)
and 0 such that

[SY

Baod) = 3

Step 2. By Corollary[7.9] L satisfies the strong Runge approximation property,
which we apply to us with Qs = B(20,5/2) and Q1 = B(z, §) (see Definition [7.§).

(7.29) Jus = voll .5
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There exists a sequence u,, € H'(;R) N CY*(B(x0,5); R) such that Lu, =0 in Q
and

lun = usll o1 (B 572y =7 O-
As a consequence, there exists n such that
0
lun = sl gr.e By a72y) < 9

Hence, by ([7.29)) we obtain

lwn = woll 5oz, < O

Setting r = 5/2 and ¢, 5 = un|an concludes the proof. O



CHAPTER 8

Using multiple frequencies to enforce non-zero
constraints on solutions of boundary value problems

8.1. Introduction

In Chapter [6] and Chapter [7] we reviewed several techniques designed to ensure
that the solutions of boundary value problems satisfy prescribed interior local non-
zero constraints. In Chapter [0} we considered the conductivity equation

—div(aVu') =0 in Q,
and the Jacobian constraint
|det [Vu! ... Vui]|>C>0.

We showed that, if d = 2, it is possible to enforce the above condition for any
a simply by choosing the boundary values x; and x5, provided that €2 is convex.
This method makes strong use of the fact that we are in two dimensions and of the
maximum principle. It cannot be generalised to higher dimensions (see Section
or to Helmholtz-type equations.

In Chapter [7] we presented two methods that can be used to overcome these
issues, the complex geometric optics solutions and the Runge approximation prop-
erty. These approaches can successfully be used in any dimension with more general
problems of the type

div(aVu') + qu' =0 in Q,
and for several types of constraints. However, they have a common drawback: the
suitable boundary conditions may not be constructed a priori, independently of the
coefficients. This is clearly a serious issue in inverse problems, where the parameters
of the PDE are unknown.

This chapter focuses on a different approach to this problem based on the use
of multiple frequencies. As such, this method is applicable only with frequency
dependent problems. We consider the second-order elliptic PDE

(8.1) div(aVul) + (w?e + iwo)ul, =0 in Q,
: ul = on 0,

where a € C%%(Q;R4*4) is a uniformly elliptic tensor and e, € L>=(2; R, ). The
case 0 = 0 could be considered as well [Alb13, [AIb15al, but the presence of real
eigenvalues makes the analysis slightly more involved: in this book we have decided
to deal only with the simpler case o > 0. This Helmholtz-type equation is a scalar
approximation of Maxwell’s equations, with a being the inverse of the magnetic
permeability, € the electric permittivity and o the electric conductivity.

In addition to the Jacobian constraint

(8.2) |det [Vu? -+ Vudt]|>C>0

101
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(a) pr(=m) =1, p1(m) = 1
1 / \\ N . —

(8) ¢1(=m) = —1, 1 (m) = 1

FiGUure 8.1. The multi-frequency approach in 1D. For a fixed
boundary value @1, the solutions to (8.1) with a = ¢ = 1 and
o = 0 are plotted for several frequencies w.

discussed in the previous chapters, we consider here the two conditions

1 d+1
(8.3) lul| >C >0, |det vuf:l V“;JW |>C>0.

These constraints are motivated by the reconstruction methods of some hybrid
imaging inverse problems discussed in Part 2] They previously appeared in Chap-
ter [

The key of this method is the availability of multiple frequencies in an admis-
sible range A = [Kin, Kmaz], for some 0 < Kpin < Kpge. In other words, we
assume that we have access to measurements at several frequencies in a fixed range.
For example, in thermoacoustic tomography the set A denotes the microwave range
for electromagnetic waves. The reason why allowing for several frequencies makes
enforcing the above constraints simpler is very intuitive: the zero level sets related
to the constraints move when the frequency changes, provided that the boundary
conditions are suitably chosen.

It is instructive to consider the one dimensional case to visualise this phenom-
enon (see Figure . For simplicity, take Q = (—m,7), a = =1 and 0 = 0 and
consider only the constraint |ul| > 0. For a fixed boundary value ¢; and a fixed
frequency w € A, the corresponding solution u}, necessary cancels in €2, provided
that w is bigger than the first Dirichlet eigenvalue. Fix now ¢1(—7) = p1(7) =1 as
in Figure the zeros move when the frequency changes. In this case, it would
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be sufficient to choose ¢; with two different frequencies in A in order to have the
constraint satisfied everywhere for at least one solution. On the other hand, if the
boundary value —p1(—m) = @1(m) = 1 is chosen as in Figure we have that
ul,(0) = 0 for all w. In other words, in # = 0 the constraint will never be satisfied,
no matter how many frequencies are selected.

In order to understand why the first choice for ¢ gives the desired behaviour
while the second one does not, it is useful to look at the solution u to with
the frequency w set to nought. In the first case (p1(—7) = ¢1(7) = 1, Figure ,
we have ul(x) = 1 for every z € Q: u} satisfies the constraint |ul| > 0 everywhere
in . On the other hand, in the second case (—¢1(—7) = ¢1(m) = 1, Figure 8.1D),
we have u}(x) = x/7 for every z € Q: u} does not satisfy the constraint in z = 0.
Thus, it seems that the behaviour of the zeros for positive frequencies depends on
the zero-frequency case. More precisely, if the constraint is satisfied in w = 0 then
the zeros should move when the frequency changes, as desired.

The reduction to the zero-frequency case allows to simplify the problem sub-

stantially. Indeed, when w = 0, problem (8.1) becomes the conductivity equation

—div(aVu}) =0 in Q,
ub = @; on ON.

We can rely on Chapter [ for guidance in this case. The constraint [u}| > 0 can be
easily satisfied in any dimension by choosing ¢; = 1, since this implies u =1 (as
in Figure ) The Jacobian constraint can be addressed in two dimensions
thanks to the results of Chapter @ In three dimensions, assuming that a is (close
to) a constant matrix, it is enough to choose ¢; = x;_1 for i = 2,3,4, so that
uh = x;_1, and so det [Vu§ Vui Vug] = 1. Note that, also in three dimensions,
we have no conditions on € and o, since they disappear from the PDE when w = 0.
Finally, choosing ¢ = 1, the last constraint in is an immediate consequence
of the Jacobian condition.

Once the required constraints are satisfied in w = 0, it remains to show that
these properties transfer to the range of frequencies A. This is done quantitatively:
the frequencies and the lower bound C' are determined a priori, and depend on the
parameters of the PDE only through their a priori bounds. The proof is based on a
quantitative version of the unique continuation theorem for holomorphic functions.

This method was introduced by the first author in a series of papers [Alb13|,
Alb15Db), [Albl5al, where the extension to Maxwell’s equations is considered as
well.  Ammari et al. [AGNS14] generalised this technique to the conductivity
equation with frequency-dependent complex coefficients; Robin boundary condi-
tions were considered in [AARI6]. See [AC16), [AIb16Db] for other works on this
subject.

This chapter is structured as follows. The main assumptions and results are
discussed in Section [8:2] and the proofs are detailed in Section [8:3] An important
tool is a quantitative unique continuation lemma for holomorphic functions, which
is proved in Section [8:4]
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K™

FIGURE 8.2. The admissible range A and the set of frequencies K (™).

8.2. Main results

Let © C R? be a C%* bounded domain for some « € (0,1) and with d = 2 or
d = 3. We consider the Dirichlet boundary value problem

(8.4) { —idiv(aVuZJ) — (w?e +iwo)ul, =0 in Q,
U, = @i on 01},

where a € C%(Q; R¥*?) satisfies

(8.5) ATHEP <ag-E<AEP,  €eR?

and the regularity estimate

(8.6) lallco.a@ <A

for some A > 0 and ¢,0 € L>®(Q; R) satisfy

(8.7) A t<e o <A almost everyhere.

According to Lemma for p; € C1*(Q;C) the above problem admits a
unique solution u!, € H*(£;C). Moreover, by elliptic regularity theory, we have
ul, € CH*(Q;C). This property is fundamental for us: it allows to take pointwise
values of the solutions and of their gradients.

Let A = [Kpmin, Kmaz] be the admissible range of frequencies, for some 0 <
Kin < Kpmaz- At the core of this method is the possibility of choosing multiple
frequencies w € A. The easiest way to choose them is with a uniform sampling
of A. For n € N, n > 2, let K™ be the uniform sampling of A of cardinality n,
namely

I—1
(8.8) K™ = {Kmm + —— (Kmae — Kmin) : 1=1,... n} ,

n—1
(see Figure [8.2)).
Let us state the main result of this chapter in the two-dimensional case. Thanks
to the theory discussed in Chapter [6] there is no restriction on the leading order

term a, other than (8.5) and (B.6).

THEOREM 8.1. Let Q C R? be a C1 simply connected bounded convexr domain
for some o € (0,1) and take Q' € Q. Assume that a € C%*(Q;R**?) and ¢,0 €

L>(;R) satisfy , and for some A > 0. Choose
p1=1, @wa=2x1 and @3 = 3.
There exist C > 0 and n > 2 depending only on Q, ', A, a and A and an open

cover
O = U O,
weK (1)
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FIGURE 8.3. The multi-frequency approach when d = 2. Con-
sidering for simplicity only the constraint |ul(x)| > C, let Z; =
{z € Q: u},(x) = 0} be the corresponding nodal set and U; be
a sufficiently small neighbourhood of Z;. Set Q,, = Q\ U, so
that |ul, | > C in Q,, for some C' > 0. We show here an example
where two frequencies suffice, namely Q = Q,, U Q,,. A more
complicated example is shown in Figure

such that for every w € K™ and x € Q, we have

1 2 3
1 2 3 Ugy Uy Ugy
lul(z)] > C, |det [Vu2 Vull(z)|>C and |det [Vui Yl VUS’J] ()] = C,

where ul, is given by .

The above result does not extend trivially to the three-dimensional case, in
view of what we saw in Section [6.5l However, in the case when a is a constant
matrix, the dimensionality restriction disappears.

THEOREM 8.2. Let Q C R? be a C* bounded domain for some o € (0,1) and
d=2ord=3. Assume that a € R™*? and e,0 € L>(Q;R) satisfy (8.5),
and for some A > 0. Choose

p1=1, Ya=21,... Pa+1 = Tq.

There exist C > 0 and n > 2 depending only on Q, A and A and an open cover

such that for every w € K™ and x € Q. we have
ut];y ... ug+1
Vul Vudtt

w

ug, (x)| > C, [det [Vu, - Vult'](z)] > C, |det[ ()| > C,

where ul, is given by .

A simple example when d = 2 and n = 2 is showed in Figure B3] Some
comments on these results are in order.
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REMARK 8.3. In view of standard Schauder estimates, Theorem [8:2| holds true
also in the case when a is a small C%® perturbation of a constant tensor. If we
consider only the constraint |ul| > C, this assumption can be removed, since the
function u$ = 1 is always a solution to the zero-frequency PDE.

It remains an open question whether Theorem [8:2|holds true for any a if d = 3.
In [AIb16D], it was proven that, under certain assumptions, for any a it is possible
to satisfy the weaker constraint |Vu,| > 0 by using multiple frequencies and a fixed
generic boundary condition.

It is natural to wonder whether the above results hold true for any boundary
conditions. The answer is no, as it can be seen in Figure in the 1D case. More
precisely, the odd boundary value ¢ such that (—1)p1(—7) = @1(7) = 1, gives

ul,(0) = 0 for every w, and so the first constraint cannot be enforced with this

w
boundary condition, no matter how many frequencies are selected. Similarly, the
even boundary value @3 such that go(—7) = pa(7) = 1, gives V2 (0) = 0 for every
w, and so the second constraint cannot be enforced.

Similar examples where the zero-level sets do not move when the frequency
changes can be constructed in any dimension. For instance, as far as the first
constraint is concerned, consider the case d = 2, = B(0,1), a = ¢ = 1 and
o = 0 and choose the boundary value ¢1(z) = z;. In polar coordinates (p, 6), the

corresponding solution is

i,( 70) _ Jl(wp)

Ji(w)
where J; is the Bessel function of the first kind of order 1. Therefore, u
on the axis {x € Q : 1 = 0} for every w.

It is intuitive to see that these examples are pathological. Indeed, such choices
of the boundary conditions exploit particular symmetries of the domain and of the
coefficients. For generic boundary conditions, this pathological behaviour does not
occur, and the multi-frequency method can be applied [Alb16b].

While the number of required frequencies n is in theory determined a priori,
it would be desirable to have a reasonable estimates on how many frequencies are
needed in practice. If the coefficients of the PDE are real analytic, then almost
any choice of d + 1 frequencies in A%*! gives the required constraints [AC18].
Examples of this result in dimension one and two can be seen in Figures [8.Th and
respectively. It follows from these examples that d + 1 is an optimal bound;
namely, d frequencies may not suffice. However, in any dimension there are cases
when two frequencies are sufficient, as in the situation depicted in Figure An
analytic example of this behaviour is given by the solutions

Jo(wp)
'U:w(p, 0) - Jo(w') ’
to the constant coefficient case in Q = B(0,1) C R? written in polar coordinates,
with associated boundary value ¢ = 1. Since these solutions are radial, the zero
level sets of u,, consist of circles around the origin that move when the frequency
changes. Therefore, the nodal sets for different frequencies are not intersecting as
in Figure 84} and two frequencies are sufficient.

U cos b,

1

., vanishes

p=>0,0¢€][0,2m),

REMARK 8.4. This method does not use the particular structure of this PDE
or of the constraints considered here. Consequently the same approach works in
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FIGURE 8.4. An example where three frequencies are needed in
two dimensions. For simplicity, only the constraint |ul (z)| > C is
considered. The same notation of Figure [8.3]is used.

the case o0 = 0, with Maxwell’s equations or with other constraints, as long as these
are satisfied for a particular frequency, e.g. w = 0 [AGNS14, [AIb15a, [Alb15Db].

Before moving to the proofs of these results, let us compare them with those
discussed in Chapter [7]

e The regularity assumptions on the parameters (a € C%® and e,0 € L)
are much lower than the assumptions needed for the CGO approach
(a € C?® and ¢,0 € C') and the same as those related to the Runge
approximation if d = 2. It is worth noting that the regularity assumed
here is minimal if we want to satisfy the constraints everywhere. Indeed,
the assumptions given here are motivated by the relevant elliptic regular-
ity estimates, which are known to be optimal. In particular, if a is not
Hélder continuous, the gradient of u?, may not be well-defined everywhere.
The main advantage of this approach is in the explicit construction of
simple boundary conditions, independently of a (if d = 2) and of € and o.
The main disadvantage is the need of multiple frequencies, and so this ap-
proach can be applied only with frequency-dependent PDE. Even though
they are determined a priori and independently of the parameters, many
more measurements may be needed when compared to other methods.
As mentioned in the previous section, the proof of these theorems is based
on a reduction to the zero-frequency case, where the constraints can be
easily enforced. This feature is shared also with the approaches based on
CGO and the Runge approximation, which are based on a reduction to
the Laplace equation or to a constant-coefficient PDE, respectively.

8.3. Proofs of the main results

We start with the well-posedness and regularity of (8.4)); the result is classical.

LEMMA 8.5. Let Q C R? be a CY* bounded domain for some o 6 cmd
d € {2,3}. Assume that a € C**(Q;R™?) and ¢, € L=(;R) satisfy (8.5
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and for some A > 0. There exist n,C > 0 depending only on Q, a, A and
Konaz such that the following is true.
Set
E,={2€C:|Rz| < Koo + 1, 32| < n}.
For everyw € E,, p € CH*(;C), F € C%*(;C?) and f € L°°(Q; C) the problem
—div(aVu) — (w?e +iwo)u = f +divF in Q,
U= on 01,

admits a unique solution uw € H*(Q;C). Moreover, u € C%(Q;C) and
”uHClwa(ﬁ;C) <cC (HfHLoo(Q;C) + HFHco,a(ﬁ;m) + H@Hcla(ﬁ;@)) :
For p € C1*(Q;C) and w € E,, let uf, be the unique solution to
—div(aVu?) — (w?e +iwo)uf =0 in Q,
uf = on 0f.
Note that by the previous result we have

(8.9) ”um'CLa(ﬁ;C) <cC H@HCLQ@;C)
for some C > 0 depending only on 2, o, A and K-

As we have already pointed out in Section 8.1} at the core of this approach is
the holomorphicity of the map w € E, — uf € C'(Q; C).

PROPOSITION 8.6. Let Q C R% be a C1* bounded domain for some a € (0,1)
and d € {2,3}. Assume that a € C%*(Q;R¥*?) and e,0 € L=(Q;R) satisfy (b,
8.6) and for some A > 0. Take ¢ € C1*(Q;C), Kpar > 0 and let n > 0 be
as in Lemma (88 The map

E, — C'(;0), W ul
is holomorphic. Moreover d,uf, € C(Q;C) is the unique solution to

{ —div(aV(9,u¥)) — (w?e + iwe)duf = (2we +io)uf in Q,

(8.10) O,uf =0 on 0f).

PROOF. Fix wy € E,: we shall prove that w € E, — uf € C'(€;C) is holo-
morphic in wy. Let R > 0 be such that the complex ball B(wg, R) C E,, and take
h e B(0,R) CC. By Lemma the above problem is well-posed with w = wq + h.
By construction we have

—div(aVu? ) —((wo+h)2e+i(wo +h)o)ul L, = —div(aVug ) — (wie+iwoo)ud, ,

wo+h
u? —u?
and uf = uf on IQ. Setting vy = —0H—" we obtain
—div(aVu,) — (wie + iwoo)vn = (2woe +io)ug, ,, in €,
v, =0 on 0f).
Lemmaand give
(8.11) [onllcre@e) <€ [(2woe + iU)uiwhHLw(Q;C) < Gil¢llera@e

for some C; > 0 depending only on Q, a, A and K, 4.
Defining d,uf, as in (8.10) and setting 74 = v, — d,uf, we obtain
—div(aVry) — (wde + iwoo)rn, = (2woe + io)hvy,  in Q,
rp =10 on O9.
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Arguing as above, Lemma [8.5] and (8.11)) yield

I7nller @iy < Clhl I (2woe +i0)vnl Lo (ie) < C2 llellora@iey 1P
for some C > 0 depending only on Q, o, A and K4, In other words,
¥ ¥
. uw “+h uw . 1/0.
}Lli% OTO = O,uf, in C(Q;C).
This shows that the map
E, — C*(Q;0)
wr—r uf

is holomorphic in wy, and that the first derivative with respect to w solves (8.10)),
as desired. 0

Choose now the d 4+ 1 boundary values

p1=1, @o=x1,..., Q441 = Zq,

(as in Theorems and . In order to study the constraints considered in this
chapter, we use the following notation. For j = 1,2,3 define the maps ¢7: E, —
C°(Q;C) by

0L =ul,
02 =det [Vu2 -+ Vudtl],
1 . d+1
03) = det uwl uwd+1 9
Vu,, Vuld

where 1 > 0 is given by Lemma As an immediate consequence of the previous
result we obtain the following

LEMMA 8.7. There exists C' > 0 depending only on Q, o, A and K4z such
that for every j =1,2,3 and w € E,

(1) the map 67: E,, — C°(Q; C) is holomorphic;

(2) ||9£7HCO(§;C) <C;
(3) and H&UGL{)HCO@;C) <C.

PRrROOF. Part 1 follows immediately from the holomorphicity of the maps
E, — C*(Q;0)
W — ul,

proven in Proposition [8.6] since composition of holomorphic functions is holomor-
phic. Part 2 follows from , and Part 3 follows from and the estimate

(812) H@wul ‘ < C(Q,O{,A, Kma;r)a

w

C1(0)
which is a consequence of and of Lemma applied to (8.10]). O

We first prove that the constraints can be satisfied in every point = of the
domain for some frequency w, € A. For simplicity, we carry out the proofs of the
two theorems at the same time. Thus, in the case of Theorem we let Q' = Q.



110 8. USING MULTIPLE FREQUENCIES FOR NON-ZERO CONSTRAINTS

PROPOSITION 8.8. Assume that the assumptions of either Theorem [8.1] or of
Theorem hold true. For every x € Q' and j = 1,2,3 there exists w € A such
that

162 ()| > C
for some C > 0 depending only on Q, ', a, A and A.

PROOF. Let us first study the values of the maps 67 for w = 0. Since ¢, = 1,
we have u} = 1 independently of the dimension. Therefore

b=1 and 63 =6;.
If @ is not constant and d = 2, by Corollary [6.8] we have
102 (z)| > Co, ey

for some Cy € (0,1] depending only on ©, ', o and A. If a is constant, since
uh = x;_1 for i =2,...,d+ 1 we have 62 = 1. To summarise the above discussion,
we have proved that

63(z)| > Co,  j=1,2,3, z €.
For x € € define g,: E, — C by g, (w) = 0L (2)62(x)02(z). We have
9:(0)| > G5, 2 e,
and by Lemma [B7] part 2 we have
sup|g.| < D

n
for some D > 0 depending only on €, «, A and .A. Moreover, in view of Lemma [8.7]
part 1, g, is holomorphic. Thus, by Proposition [8.9 there exists w € A such

105, (2)63 ()07 ()] = |go(w)] > C

for some C' > 0 depending only on Q, ', a, A and A. The result immediately
follows from Lemma part 2. (I

We have proven that the required constraints can be satisfied in every point of
the domain. This would still require an infinite number of frequencies to enforce the
constraints everywhere in the domain. A relatively standard compactness argument
allows to show that in fact a finite number of frequency is sufficient, concluding the
argument.

ProOF OF THEOREMS [B.1] AND [82] Several positive constants depending only
on 2, Q' «, A and A will be denoted by C1,Cs,....
In view of Proposition for every x € Q" and j = 1,2, 3 there exists w, € A
such that
162, (2)| = C1.

By Lemma part 3, we have that the partial derivative with respect to w of 6,
is bounded by above, namely |9,,607 | < Cy. Therefore, the above inequality with a
different constant C3 holds also in a neighbourhood of w,, whose size is independent
of x. More precisely, there exists Z > 0 depending only on Q, ', a, A and A such
that for every z € Q0 and j = 1,2,3

(8.13) 09 ()] > C3, wE€E Jws—Z,wx+Z]NA.
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Write

P
A=JLNA I, = [Kpin+ (0= 1)Z, Kpin + pZ),
p=1
for some P € N depending only on Z and A. Recall that the set of frequencies

K™ is defined by
I—1
K(n) = {Kmin + m(Kmax - Kmin) : l = 17 e 7”}'

Since the distance between two consecutive frequencies in K™ goes to zero as
n — oo and the size of I, is equal to Z, it is possible to choose n big enough
(depending on Z and A) so that K (™ intersects I, for every p=1,...,P. We can
thus write w(p) € K™ N 1,.

Fix now = € /. Since the set [w, — Z,w, + Z] has size 27 and the sets I,,
of size Z, cover A, there exists p, = 1,..., P such that I,, C [w, — Z,w, + Z].
Therefore w(p,) € [wy — Z,w, + Z] N A, and thanks by we obtain

(8.14) 63, (x)]>Cs,  j=1,2,3.
Define now for w € K™
Oy ={z €@ :|0L(x)| > Cs/2, j =1,2,3}.

The desired constraints are satisfied in €, by definition of #7 with the constant
C'3/2. Moreover, by (8.14])) we have

o= U Q.

weK ™)

as desired. This concludes the proof of the theorems. (I

8.4. Quantitative unique continuation for holomorphic functions
We need the following quantitative version of the unique continuation property.

PROPOSITION 8.9. Take 1,Co, D > 0 and 0 < Kpin < Kias and set A =
[Kmin7Kmaw] and

E={z€C:|Rz| < Kpaz + 1,32 < n}.

There exists C > 0 such that for every holomorphic function g: E — C with
supg |g| < D and |g(0)] > Cy we have

> C.
ijlgl >

PROOF. By contradiction, assume there exists a sequence (gy,) nen of holomor-
phic functions on E such that for every n

(8.15) sup|gn| < D,

B
(8.16) |9n.(0)| = Co,
(8.17) nh_)rr;o max lgn| = 0.

By (8.15) and Montel’s theorem [SS03| Chapter 8, Theorem 3.3] there exists a
subsequence, still denoted by g,,, and a holomorphic function g: E — C such that
gn — ¢ uniformly on every compact subsets of E. As a consequence, in view of
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(8.16) and (8.17) we have |g(0)] > Cy > 0 and g(z) = 0 for every z € A, which

contradicts the unique continuation theorem for holomorphic functions. ([



Part 2

Hybrid inverse problems






CHAPTER 9

The coupled step in hybrid inverse problems

This part of the book focuses on hybrid inverse problems. Typically, the re-
construction in hybrid imaging techniques is split into two steps.

The coupled step. By combining two different types of waves, some internal
data are reconstructed inside the domain from the direct measurements (usually
taken on the boundary of the domain considered). The physical realisations of
this combination are different for each modality; the mathematical techniques em-
ployed to reconstruct the internal data from the measurements vary accordingly.
The internal data do not provide values for the unknown parameter explicitly; it
measures it indirectly by providing the value of a conglomerate expression involving
other quantities, such as the solutions of the direct problem.

The quantitative step. The quantitative step is devoted to the reconstruction
of the unknown parameter(s) from the measured internal data. Unlike the cou-
pled step, this is a solely mathematical step which often involves the study of the
PDE governing the problem to obtain uniqueness, stability and, in some situations,
explicit reconstruction formulae.

This chapter is devoted to the presentation of the coupled step of the hybrid
inverse problems introduced in Chapter [I| This chapter does not contain theorems
or propositions; some of the tools introduced in Part [I| of this book find their
application here in an informal way. The quantitative step will be the focus of

Chapter [I0}

9.1. Magnetic resonance electric impedance tomography - current
density impedance imaging

9.1.1. Physical model. The two modalities we consider here refer to the
same physical coupling method. A brief description of this problem follows, and
readers are referred to [SW11l, [SKL"12] for a more detailed discussion.

A conductive body is equipped with the standard EIT apparatus discussed in
g1.1.1} For every electric potential ¢ applied on the boundary of a domain €2, the
corresponding potential u inside ) satisfies the conductivity equation

—div(eVu) =0 in Q,
(9-1) { U= on 0§,
where o is the spatially varying conductivity. As a result, a current of the form
J=0Vuin Q

is created inside the domain. The presence of the electrical current creates a mag-
netic field H, which, by Ampére’s law, satisfies

(9.2) J = curlH in Q.

115
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In a more general and realistic model, we can also consider the full Maxwell’s
equations

curlE =iwH  in €,
(9.3) curlH = —ivE  in Q,
Exv=¢pxv ondf.

with complex unknown admittance v = we 4+ ioc. We assume y =1 and €,0 > 0,
namely we study the isotropic case. Note that (9.1) and (9.2)) are nothing else than

(9.3) in the limit w — 0 (Remark [3.20).

9.1.2. The internal data. The coupled step of these hybrid modalities con-
sists in the reconstruction of one or more components of the magnetic field H with
a magnetic resonance imaging (MRI) scanner. As this is a very classical medical
imaging modality, we shall not discuss the mathematical details. In vague terms,
the reconstruction in MRI boils down to an inversion of the Fourier transform.

If only one component is measured, the modality is usually called magnetic
resonance electric impedance tomography (MREIT). In order to measure the full
magnetic field H, two rotations of the object or of the scanner are required. In this
case, the modality takes the name of current density impedance Imaging (CDII),
since by the full current J can be easily obtained from H. For simplicity, in
this book we shall consider only the case of CDII, even though MREIT is arguably
much more practical.

In CDII modelled by the conductivity equation, in view of the internal
data are given by the current density

J =0oVu,

corresponding to one or several boundary potentials ¢. These internal measure-
ments represent the data obtained from CDII: the desired unknown ¢ is multiplied
by the field Vu.

In the more general case of Maxwell’s equations , the internal data simply
consist of several measurements of H for several boundary values ¢, and both &
and o are unknown.

In Chapter [I0] we will study the quantitative step in CDII, namely how to
reconstruct o (and €) from these internal data.

9.2. Acousto-electric tomography

9.2.1. Physical model. Acousto-electric tomography is a hybrid modality
using the electro-acoustic interaction phenomenon, experimentally measured in
[LICOO0]. It has been developed under different names, such as acousto-electric to-
mography [ZWO04, [GGB09] or ultrasound current source density imaging [OWHOO08|
(and possibly other names as well), and in the mathematical literature as electrical
impedance tomography by elastic deformation, impedance acoustic-tomography or
ultrasound modulated electrical impedance tomography [ABC™ 08, [GS08, [CFdGKO09,
KK11b, BBMT13| (and possibly other names as well). The fundamental physical
mechanism used for this imaging phenomenon is that when a tissue is compressed,
its conductivity is affected. Namely, if a volume D is subject to a variation of
pressure dp, its conductivity varies by

(9.4) 0o =~ okdp,
where k is a proportionality constant [JLC98|, [LJCO0Q].
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We will describe one of these imaging modalities, which uses focused waves. In
that case small domains D are perturbed by means of focused ultrasound waves.
Another possibility is the use of modulated plane waves. The resulting internal
data have the same form in both cases.

9.2.2. The internal data. Let 2 be a smooth three-dimensional domain.
(This approach works in the two-dimensional case as well, but we decided to restrict
ourselves to three dimensions since the theoretical result of Chapter [4] we are going
to use was discussed only for d = 3.) We consider two measurements. In the first
case, no pressure is applied, and the voltage potential u; is given by

div(cVu;) =0 in Q,
U = ©; on 0f),

where p;,i = 1,... N, are the imposed boundary voltage potentials for some N € N*
(a boundary current can be imposed instead, leading to the same final result).
Second, when a focused ultrasound beam is applied to the object, calibrated so that
it is centred around a point z located within the domain €2, the voltage potential
satisfies
{ div (0*Vu?) =0 in Q,
u; = Qj on 89,
where
0" =0+ (60)1p, =0 (1+kdplp,),
D, = z+ D is the locus of the focused wave, and D is a set of small diameter
centred at the origin. An integration by parts shows that the cross-correlation
of the known boundary measurements leads to some localised information on the
inclusion, namely

/ U(gﬁiﬁyuj —p;0u;)ds = / doVu; - Vu; dz.
o) D,

We can now apply the theory developed in Chapter [ . More precisely, assuming
that o € WP for some p > 3, by Theorem [4.7] we have

/ o(pidyu; — @;0,u;)ds = / so(I3 + P3)Vu, - Vu; da + O(|D|*+?)
o9 D,

for some § > 0. In particular, if D is a small ball centred at the origin, we derive

1 R . 00(2)30(2)
D Sy 791015 = 010 4 50 )

_ 3kdp
—ma(z)Vuj(z) Vu;(z).

Varying the applied pressure or otherwise, the constant k can be reconstructed and
we obtain

Vu;(z) - Vu,(2)

o(2)Vu,(z) - Vu;(z)
for every centre point z. In other words, the cross-correlation of the boundary
measurements allows us to measure pointwise (cross-)power measurements for the
unperturbed problem. If we assume that it is possible to perform the above mea-
surements for all z € ', for some subdomain ' C , the internal data in AET
is
H;j(z) = o(x)Vu,;(z) - Vuj(z), zeQ.
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Quantitative AET, that is, the reconstruction of ¢ from multiple measurements of
H;; will be addressed in the next chapter.

9.3. Thermoacoustic tomography

9.3.1. Physical model. Thermoacoustic tomography (TAT) is one of the
most commonly studied hybrid imaging problem in the mathematical literature of
the last decade. Electromagnetic radiations are coupled with ultrasound measure-
ments as we now describe. The absorption of the electromagnetic waves inside the
object under investigation results in local heating, and so in a local expansion of
the medium. This creates acoustic waves that propagate up to the boundary of
the domain, where they can be measured. The frequency of the waves is typically
in the microwave range; when high frequency waves, namely laser pulses, are used,
this hybrid modality is called photoacoustic tomography (see Section .

The model assumes that the object under consideration has the mechanical
properties of a mostly inviscid fluid. In the case of soft biological tissues, this
assumption is reasonable, even though more advanced models prefer to consider
visco-elastic tissues instead.

Assuming that the velocities, variations of pressure, and variations of densities
are sufficiently small to justify a linearised model, we write down the conservation
of mass and momentum under the form

1dp .

Il | -
pdt+ iv(U)=0
d

d
p%u:Zaj%,
j=1

in absence of external forces [DL93|, Chapter 1]. The velocity vector is u in Eulerian
coordinates, and U is the same vector in Lagrangian coordinates, p is the density,
and o;; is the stress tensor. The constitutive equation defining the stress is

oij = (—p+ Mdiv (w)) §;5 + p (95u; + Oyuj) + pFij (x,0),

where p is the pressure, A and p are the coefficients of viscosity, and F' is the thermal
stress tensor, accounting for the effects of the temperature 6. It is usually assumed
that viscosity can be neglected and that the thermal stress tensor isotropic, leading
to a simpler (Euler) model,

d'l.l,i
dt

Assuming the flow is irrotational, that is, curlU = 0, the velocities derive from a
potential,

p—- =—0i(p+pF(z,0)).

U =V,
and the problem becomes

Otp+Vp-U+ pAp =0,

U? 1
0; 81&@"‘7 +;ai<p+PF($,9>):0~
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Linearising again, we obtain

Orp + pAp =0,
1
0; (8t<p + ;p + F (z, 9)) =0,
e.g.

1
(95) 8t<,0+ ;p—i—F(z,G) ZO7

absorbing the constant (independent of time) into . Assuming that the density
depends on the location, the pressure and the temperature according to an equation
of state, namely

p=p(p,z,0).
As a result, the first equation becomes

dp dp
— — 0,0 Ap =
apathFaeat + pAyp =0,

Combining these two equations gives after linearisation

@attw — ASO = ata —_—— — 76@F (‘7},0) .
dp p

The temperature 6 is assumed to satisfy the heat equation,
1
O — —div (KV0) = S(x,t),
p

where S(z,t) is a source term accounting for the heat added to the system by
electromagnetic radiations. The commonly accepted model is a particular case of
this system, where the thermal diffusion is considered to happen at a larger time
scale than the propagation of the the pressure wave, therefore

O = S(x,t),
and the problem finally becomes

o e (1000
Lo - A = 5(2.1) (p o <z,e>> .

It is usually assumed that F' is linear in 6, that is 9y F'(x,0) = S(z). Using (9.5)) we
obtain
apl 10p ap

1
9P lom—A(=p) = 29P _50p AF.
op ptP (pp> 0:8(.1) (p a0 3pﬁ> -

It is further assumed that the spatial variations of p and F' are so mild that this
model may be simplified to

¢ 20up— Ap = 0:S(z,t)A(w),

for some function A. From thermodynamic considerations, the source term S(x,t)
is seen to be proportional to the Joule energy deposited by the electromagnetic
radiating field, e.g. (see [WA11])

S(z,t) = Cia(x) B ()2

p
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If the illumination happens suddenly, so that S is modelled as an initial impulse,
this leads to the commonly accepted model, namely

Oup — () Ap=0 in Q x (0,7,
p(x,0) =To (z,w) |E (z,0)|* in
Op(z,0) =0 in Q,

where I' is a mildly varying function of space, the so-called Griineisen parameter.
The boundary conditions satisfied by the pressure depend on the approach followed
to reconstruct the source from boundary measurements. One possibility is to con-
sider idealised acoustic receptors, “invisible” to the acoustic propagation, situated
at a certain distance from the medium. In this case, this equation holds in the
whole space. In other words, Q = R? and no further boundary conditions are im-
posed. Then, one assumes that the initial source has support contained in some
bounded domain €' C R?, and that the acoustic measurements are performed on
O%Y. (For the partial data problem, only a subset of 9’ is considered.) This is the
most studied setting in the mathematical literature: a good understanding of this
problem has now been reached, and a successful inversion is often possible, even
with partial data or non-constant sound speed. The reader is referred to [KK11al
for a review on the main advances related to this inverse problem.

In this book we follow a different approach: the wave propagation is considered
only within the bounded domain surrounded by the sensor surface, and assume a
certain behaviour of the acoustic wave at the boundary (see [CABOT7, [ABJK10,
KHC13|, HK15, [AM15, [SY15]). In other words, we set Q = Q' and we augment
the previous initial boundary problem with suitable boundary conditions on 9f2.
For simplicity, here we choose Dirichlet boundary conditions:

p(z,t) =0 in 9Q x [0,T].

Other types of boundary conditions may be considered as well; for instance, Neu-
mann boundary conditions would be appropriate for a reflecting cavity. In the
Dirichlet case, the measurements are

Oup(z,t), z€eX, te|0,T)

for some measuring surface ¥ C 92 and some time 7" > 0.

9.3.2. The internal data. From the previous discussion, the acoustic pres-
sure satisfies the wave equation

c(z)?Ap—Zp=0 inQx (0,7),

p(z,0) = H(x) in €,
Op(z,0) =0 in Q,
p=0 on 09 x (0,7),

where Q C R?, d = 2,3, is a smooth bounded domain, ¢ is the sound speed of the
medium and H is the initial source. By the theory developed in Chapter [2] see
Remark [277] it is possible to reconstruct the source term H from boundary mea-
surements of d,p on a part of the boundary > C 01, provided that the observability
inequality is satisfied. In the sequel, we assume that the observability inequality
holds.

Assuming I' = 1, the source term H has the form

H(z) = o(2)|B(z)|%,
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where o is the spatially varying conductivity of the medium and E is the electric
field that satisfies the Maxwell’s equations

—curleurl B + (w? +iwo)E = 0,

where w > 0 is the angular frequency of the microwaves.
We consider only a simplified version of the above model, namely the standard
scalar approximation of Maxwell’s equations given by the Helmholtz equation

Au+ (w? +iwo)u=0 in Q,
U= on 0f.

For simplicity, we have augmented the problem with Dirichlet boundary values,
even though Robin boundary conditions would be arguably more appropriate in
this context. In this simplified scalar case, the measured absorbed energy takes the
form

H(z) = o(z)|u(x)|?, x € Q.
This quantity represents the so-called thermoacoustic image.

In the following chapter (see Section we shall deal with the problem of
quantitative thermoacoustics, namely the problem of reconstructing o from the
knowledge of the internal data H. There exists an explicit reconstruction formula
for the reconstruction of o, provided that several measurements are taken for dif-
ferent boundary values .

9.4. Dynamic elastography

In elastography, the medium is modelled as a solid instead of a fluid. The
variable u now represents the displacement and not the velocity. The classical
isotropic dynamic linear elasticity model, resulting from Newton’s second law, is

0%u

P oz

where 0 = (04)1<i,j<3 is the stress tensor, related to the displacement u by Hooke’s
Law

= f+divo(u)

o(u) = Adiv (u) I + p (Vu+ Vu'),
where A and p are the Lamé parameters, and I; is the identity matrix.
The gravity force f is usually neglected compared to other forces in play. This
yields
0%u
P oz
where the operator div (2uV-) acts component-wise, like the vector Laplacian. A
Helmholtz decomposition (see Lemma allows to decompose u into a compres-
sion wave and a shear wave. Namely, we write

=V (Adiv (u)) + div (2uVu) + curl (ueurlu) ,

u = Vq+ curl®.

The quantity v, = Vq is called the compression wave, whereas us = curl® is a
called a shear wave, and

8%u

o
When p and A are constant, this becomes simply

(9.7 dive(u) = V (A + 2p) div (u.)) — curl (peurlu,) ,

(9.6) =V (A\div (u.)) + div (2uV (ue + ug)) + curl (ucurlus) .
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which acts independently on gradient fields and gradient free fields: this has lead to
the separate investigation of compression waves and shear waves. In inhomogeneous
media it is often assumed that shear waves and compression waves do not interact
at first order, and that still holdsﬂ Due to the fact that A > pu in tissues,
the compression wave and the shear wave are then easily separated after a Fourier
transform, as they are deemed to propagate at very different velocities. The fast
compression wave is given by

pwue 4 div (A + 2u) div (ue) 1) = 0,
whereas the slower shear waves satisfies
pw?us — curl (peurluy) = 0.

The displacement of the shear wave are then measured by either ultra-fast ultra-
sound imaging, or magnetic resonance [OCP™91,|0AG 702, STCF02,[GDFT13].
As a result, the available data is us in the medium, and the main unknowns of the
problem are the functions p and p. In the following chapter we consider the prob-
lem of quantitative elastography, which consists in the reconstruction of p and u
from several measurements of the internal displacement wu.

9.5. The thermoelastic problem

We mention here an early model described in [Now75|, which shares similarities
with thermoacoustics and elastography. As far as the authors know, it has not
evolved into an experimental imaging method yet. We follow the description given
in [DL93], Chapter 1] of the corresponding physical principles.

Setting u as the small displacement in the medium, and 6 a small variation in
temperature, assuming Hooke’s law of isotropic elasticity holds, with Lamé Param-
eters A(z) and p(z), and setting p(z) as the density of the medium, we have

p(x)0u; = 05 (045) + f,
where f are the external forces (neglected in the sequel), the strain tensor o is given
by
oij == (M) div (u) + a (2u () + 3A (2)) 0) 055 + 2p()Eij (u),
where
1 1
5(u) = iajui + §8lu]

is the tensor of linearised deformation, « is the linear coefficient of thermal dilata-
tion, and w is the displacement (unlike in the fluid model where it represented a
velocity). Assuming as before that the displacement field is irrotational (as it is
caused by a dilatation), so that u = V¢, and because in aqueous tissues \/u =~ 5.102
so that she shear parameter can be neglected, we obtain

oij = (AAp + a3\ (z) 0) 6,5,

and in turn,
p(x)0up = A + a3 (z) 6 + G(z),

LAs far as the authors are aware, this assumption is made to simplify the models; a rigorous
justification might be difficult to derive.
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and the integrating factor G(z) can be integrated into ¢ by setting Ag(x) =
and redefining as ¢ = ¢ + ¢g. We have obtained

gatt@ — A(p = 3ad.

The heat equation writes
B0 — div (K'VE) = 3 adiv (Oyu) + F(z,t)
=3 ad; (Ap) + F(x,t),

where 3 = Zce, T is the reference temperature, c. is the specific heat at constant
strain, and r represents the rate of heat supplied externally (by radiation in our
case), and K is the heat conduction coefficient, divided by T'. Introducing the
velocity ¢ = Oy, linearising, and once again neglecting thermal diffusion as its
time-scale is of a different order of magnitude than the speed of wave propagation,
we arrive at )

gatﬂﬁ - (1 + 9)\;
that is, a model very similar to the thermoacoustic one (but with a different defini-
tion of the ¢), when linear approximations and irrotational, shear-less assumptions
are valid, and the (double) inverse problem is similar.

) A’(/} = 30&875F,

9.6. Photoacoustic tomography

Photoacoustic tomography (PAT) (sometimes referred to as optoacoustic to-
mography) and TAT exploit the same physical phenomenon: the propagation of
acoustic waves due to the expansions of tissues caused by the absorption of elec-
tromagnetic radiation [WA11]. The only difference lies in the frequency of the
EM waves: microwaves for TAT and light (laser) for PAT. As a result, the physical
model for PAT is the same as the one described above for TAT, except for the
different initial source for the pressure wave. In PAT, this takes the form

(9.8) H(z) = T@)p@)u(z), ze9,
where I' is the Griineisen parameter, p is the light absorption and wu is the light
intensity.

As discussed above for TAT, the acoustic pressure satisfies the wave equation
c(z)?Ap—9Zp=0 inQx (0,7),

p(z,0) = H(x) in €,
Op(z,0) =0 in Q,
p=0 on 09 x (0,7),

where Q C R%, d = 2,3, is a smooth bounded domain, ¢ is the sound speed of
the medium and H is the initial source given by . Arguing as in Section
in a first step it is possible to reconstruct H from boundary measurements of d,p
on a part of the boundary > C 012, provided that the observability inequality is
satisfied.

After the acoustic inverse problem comes to the optical inverse problem. A
model for light propagation is required to tackle this problem. Light propagation
could be modelled using the Maxwell’s system of equations [EMS16]. Simpler
(numerically and theoretically) approximations are often preferred, such as the ra-
diative transport equation, that models the propagation of photons, or its diffusion
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approximation, valid in highly scattering media [Arr99|. For simplicity, in this
work we consider only the diffusive regime, namely

—div(DVu) + pu = 0,

where the diffusion coefficient D depends on the scattering parameter and on the
light absorption p. In general, D is an unknown of the problem.

In the quantitative step of PAT, the light absorption p has to be recovered
from several measurements of H; = I"pu;, corresponding to different light fields w;.
These are obtained with different illuminations ;, which play the role of boundary
values for the above second order elliptic PDE. This will be discussed in the next
chapter.



CHAPTER 10

The quantitative step in hybrid inverse problems

This chapter focuses on the quantitative step of the reconstruction for the
hybrid imaging modalities introduced in Chapter [I] and presented in Chapter [0
This reconstruction can be usually achieved, at least formally, in absence of noise,
by means of exact reconstruction formulae. The applicability of these formulae is
guaranteed if the solutions of the direct problem satisfy certain non-zero constraints
inside the domain. Such constraints can be enforced by using the methods discussed
in Chapters [6] [7] and [§]

A careful analysis of the reconstruction procedure leads to stability estimates in
most cases. A detailed discussion of this issue, which is of foremost importance, goes
beyond the scopes of this book. Note that the reconstruction procedures discussed
below typically involve the differentiation of the internal data. In practice, and
particularly in presence of noise, these steps must be suitably approximated, e.g.
via a regularisation procedure. This is a standard issue in inverse problems, and
will not be discussed here.

10.1. Current density impedance imaging

This section focuses on the quantitative step of the reconstruction in current
density impedance imaging (CDII).

10.1.1. The conductivity equation. In the first step, we measured the in-
ternal current distributions

Ji(x) = o(x)Vu'(z), x €,

where Q C R? is a Lipschitz bounded domain, d = 2,3, ¢ is the conductivity of the
medium such that A= < o < A in Q and the electric potentials u’ satisfy

—div(eVu') =0 in Q,
ul = @; on 0f.

For simplicity we shall also assume that o is known in Q\ €/, for some connected
subdomain €’ € €. The quantitative step of CDII consists in the reconstruction
of o from the knowledge of the internal data J;. In this book, we shall present a
simple direct reconstruction, whose main ideas are taken from [Lee04), HMY T04].

Let us first discuss the required regularity for the conductivity . The recon-
struction is based on the differentiation of the data, and so we need J; € H(Q).
Moreover, the reconstruction is based on a pointwise non-vanishing condition de-
pending on the first derivatives of u’, and so we need u’ € C*(€/; R). The following
result gives minimal assumptions on the regularity of ¢ so that these conditions
hold true.
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LEMMA 10.1. If 0 € HY(;R) N COY(Q;R) for some a € (0,1) then u' €
CH;R) and J; € HE (Q).

PROOF. Since o € C%(Q;R), by classical Schauder estimates (see Lemma
or [GT01], Corollary 8.36]) we have u* € C*(Q;R). Thus, by Lemma applied to

—Au' =071Vo - Vu'lin Q,
(Q). For j = 1,2 we have
9;J; = (0j0)Vu' + oVo;u'.
As aresult, J; € H{ (). This concludes the proof. O

it follows that u® € H2

loc

10.1.1.1. The two dimensional case. Assume that the domain {2 is convex and
simply connected. The reconstruction formula is based on two independent mea-
surements such that the matrix [J1(z), J2(z)] is invertible in €. Up to a factor
o(x), this is equivalent to the non-degeneracy of the Jacobian

det [Vu'(z) Vu?(z)], ze.

This brings us to the focus of Chapter [6] In particular, Corollary [6.8] gives that if
we choose ¢; = x; for i = 1,2 then
(10.1) |det [Vul(z) Vu?(z)]|>C, r e,

for some C' > 0 depending only on €2, ', A and «.
We are now ready to derive a reconstruction formula. Set

0 1
7= )
As div(JVu') =0 in Q, we have div(e =17 J;) = 0 in Q. Using the chain rule this

becomes JJ; - Vlogo~! = —div(JJ;) in . This identity in a more compact form
is

TITh JJ2)Viego =div (T [ J2]).
The non-zero constraint allows to invert the matrix 7 [JJ;  JJo], since
(TJ Tk (x)=0c()J [Vu'(z) Vui(z)], z e
As a consequence there holds
Viego ="[JJ JJ] 'div(T [ J]) €.

Since the right hand side of this identity is known, this equation can be integrated
directly along line segments in £, thereby obtaining o in Q' up to a multiplicative
constant, that can be determined if o is known at one point of .

If o is known on the whole Q \ €', then the reconstruction may be carried out
by solving the following Dirichlet problem for the Poisson equation

~Av=—div(T[7h TR div(T[h R]) i@,
v=Ilogo on 9,

and setting o = ¢e¥ in . Uniqueness and stability follow immediately from
the classical PDE theory (estimate (10.1)) gives a stable inversion of the matrix
[j S T Jg} ): well-posedness for this inverse problem is established.
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10.1.1.2. The three dimensional case. The reconstruction formula when d = 3
is based on a method similar to the one used in the two dimensional case, where
the operator divJ becomes the standard curl operator in three dimensions.

In order to apply the direct formula we need to have two linearly independent
currents at every point. In the two dimensional case, we were able to use the results
discussed in Chapter (] However, such results do not hold in three dimensions, as
we have shown in Section[6.5] We therefore use the techniques of Chapter [7]instead.
Suitable boundary values will not be determined explicitly, and higher regularity
of o will have to be assumed.

In particular we may use complex geometric optics solutions to construct such
illuminations, as discussed in Assume o € H33+9(Q) for some § > 0.
By Theorem there exist o1, 02 € C?(4;R) such that Vu! and Vu? are linearly
independent in 2. Hence the corresponding internal data J; and Jo are linearly
independent in ', namely

(10.2) Ji(z) x Jo(z) # 0, zeQ.

Note that this corresponds to the two-dimensional constraint given in (10.1)).
We readily derive

0 = curlVu'! = curl(c™'J;) = o teurlJ; + Vo' x J; in Q,

whence J; x Vlogo = —curlJ; in Q. Taking a scalar product with e; for j =1,2,3
yields

e; X J;-Vlogo = —curlJ; -e; in Q.

Combining these equations for ¢+ = 1,2 and j = 1,2, 3 gives

T[91XH1 eleg 83><H1 engg]Vlogo
=T [curlHl -e; curlHy-e; --- curlH;-e3 curlH,- eg] in Q.
We now claim that the matrix [el xHy ey xHy --- e3xH; e3x Hg] has

rank three in Q. Indeed, fix z € Q" and take z € R? such that e; x J;(z) -2 =0
for all 4 and j. Then J;(x) x z = 0 for all ¢, which by ((10.2) establishes our claim.
Therefore the previous equation becomes

VlOgO':F(Hl,Hg) in Q/,

where we have set F(Hi, Hy) = —T[ej X Ji];le[curlJi -ej]ij. As in the two
dimensional case, this equation can be integrated in ', and o can be reconstructed
in Q' up to a multiplicative constant. Well-posedness for this inverse problem
follows as above.

It is worth noting that the suitable boundary conditions may be constructed
by means of a Runge approximation, as discussed in Theorem [7.11} The advantage
lies in the regularity assumption on o: since ¢ is isotropic, it suffices to suppose
o€ C%(QR)NWE3(Q;R) (see Remark . However, the boundary values con-
structed with this method provide the invertibility constraints only locally: many
more measurements are then required.
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10.1.2. Maxwell’s equations. We now consider the model with the Maxwell’s
system of equations
curlE? = iwH? in €,
(10.3) curlH = —iyE* in ,
E'xv=¢; xv ond.

The inverse problem we study consists in the reconstruction of the complex valued
function v = we 4 io from the knowledge of internal magnetic fields. In view of the
regularity theory for Maxwell’s equations developed in Chapter [3] we assume that
g,0 € CO¥(Q;R) N W3 (Q;R) for some o € (0,1/2]. By Theorems and
these assumptions guarantee that E* € C%*(Q;C3) N HL (Q;C?). In particular,
we have
curlH', B' € C%*(Q;C?),  curlH' € HL (;C?).

We may therefore refer to pointwise values of E* and differentiate curlH? in a weak
sense.

We present a straightforward extension of the strategy used previously to ad-
dress the conductivity equation. We therefore assume that we have two measure-
ments with associated linearly independent electric fields, namely

(10.4) E'(z) x E*(x) #0, xze€®Q.

In order to construct suitable boundary values such that the corresponding solutions
satisfy (at least locally), different techniques based on complex geometric
optics solutions for Maxwell’s equations or on the use of multiple frequencies may
be employed. More precisely, by using the above regularity properties, results
similar to those discussed in Chapters [7] and [§] may be derived for the Maxwell’s
system of equations as well. We have decided to omit these developments in this
book; the interest reader is referred to [CY13l, [CP92] for the CGO approach and
to [AIb15Db, [AIb15a] for the multi-frequency approach.

From the non degeneracy condition and Maxwell’s system of equations
we find

(10.5) curl H (z) x curlH?(z) # 0, z e

We now proceed to eliminate the unknown electric field from system ((10.3)), in
order to obtain an exhibit an identity involving only € and ¢ as unknowns and the
magnetic field as a known datum. A computation shows that for i = 1,2,

Vv x curlH® = ~yeurleurlH? — ~*wH?  in Q.
Projecting these identities along e; for j = 1,2,3 we have
V7 - (curlH' x e;) = —y(curleurlH"); — v*w(H"); in Q.

We can now write these 6 equations in a more compact form. By introducing the
3 X 6 matrix

M = [ curlH' x e; curlH?> xe; --- curlH' xe3 curlH? x eg ]
and the six-dimensional horizontal vectors

v = ((Hl)l, (H?)1,...,(HYs, (H2)3) , w = ((curlcurlHi)j)

i=1,2
j=1,2,3

we obtain

(10.6) VAM = —yw — 2w in Q.
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Arguing as above, in view of ((10.5) for z € ' the matrix M (z) admits a right
inverse, which with an abuse of notation we denote by M ~!(z). Therefore, problem

(10.6) becomes
(10.7) Vy = —ywM™ —~*woM™! in Q.

It is now possible to solve this PDE and reconstruct € and o in every x € Q it
these are known for one value zg € ).

10.2. Acousto-electric tomography

In this section we study the problem of quantitative AET, namely of recon-
structing the conductivity ¢ from internal data of the form

H;j(z) = o(x)Vu'(z) - Vil (2), x € Q,

where Q C R? is a O™ bounded domain, d = 2,3, ¢ is the conductivity of the
medium such that A= < o < A in Q and the electric potentials u’ satisfy
—div(eVu?) =0 in Q,
{ ul = p; on 092,
fori=1,...,N.

This problem has been studied in JABC™08, [CFdGK09, KK11b,[ BBMT13]|
and solved by using different techniques. These have been extended to the anisotropic
case in [MB12al, [MB13]|. In this work, we shall discuss the explicit reconstruction
algorithms considered in [CFdGKO09, BBMT13|, which are applicable provided
that {Vul(z),..., Vu" (z)} spans R? for every 2 € €, and shall follow the pre-
sentation of [BBMT13|. Therefore, as in the previous section, we will need to
apply the techniques discussed in Chapters [6] and [7] for the two-dimensional and
three-dimensional cases, respectively.

As with CDII, the reconstruction is based on the differentiation of the data,
and so some regularity of H is needed. Assume o € W12(Q;R) N C%*(Q;R) for
some «a € (0,1). By Lemmamwere holds u* € C*(Q;R) and H;; € H ().

10.2.1. Local recgnstruction. This subsection is devoted to the local re-
construction of o. Let 2 C € be a connected smooth subdomain of 2 and take d
boundary values 1, ..., ¢4 € H'(2;R) such that

(10.8) det[ Vu!' -+ Vul]>C inQ.

We now prove that o and Vu' can be uniquely reconstructed in Q from the knowl-
edge of H in Q and of o(z) and Vu?(zg) for some zy € Q.
Write H;; = S; - S;, where S; = \/oVu'. The reconstruction of o can be split
into two steps:
(1) reconstruction of S; in € from the knowledge of H in Q and of S;(x) for
some zg € €2
(2) reconstruction of o in Q from the knowledge of S; in Q and of o(xg) for
some 1z € .
The second step can be solved by proceeding exactly as in the previous section,
where o was reconstructed from the current densities cVu;. Thus, the rest of this
subsection focuses only on the reconstruction of the vectors .S;.
We claim that the knowledge of the matrix H determines the matrix

(10.9) S=1[8 - 84
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in Q up to a SO(d, R)-valued function. Indeed, first note that H is positive definite
in Q, as H;; = S;-S; and {S;}; is a basis of R% in Q by . (This is a standard
property of Gram matrices, the matrices of scalar products of a family of vectors.)
Since H is symmetric and positive definite, we can construct the inverse of its square
root
T=H"* Q.

Note that T is symmetric and positive definite. Thus, writing R = ST, we have that
TRR =T7TSST = THT = I in {) and det R > 0 by (10.8), therefore R € SO(d, R).
We obtain

(10.10) S=RH?> in(,

namely S is known in Q up to a (varying) rotation. It remains to determine the

matrix R(z) for every z € Q. -
Write T' = (tij)ij and T~1! = (t”)ij and set

(10.11) Vi = (Vta)t™,  1<i,j<d.

The vector fields V;; are known in Q and will be used for the reconstruction of R,
which can be achieved by solving a PDE satisfied by R. This PDE can be best
expressed in terms of a suitable parametrisation of the rotation matrix R. Thus,
since the natural parametrisation of SO(d,R) depends on d, we shall study the two
and three-dimensional cases separately.
10.2.1.1. The two-dimensional case. Using the standard parametrisation of two-
dimensional rotation matrices, it is convenient to write
cosf(x) —sinf(x) ~
R(z) = {Sin O(x) cosf(x) } ’ ves

As it was shown in [CFdAGKO09, BBMT13|, there holds
1 1 ~
(1012) Vo = 5 (V12 - ‘/21) + Z]V logdetH in Q,

where 7 = [ % §] and Vj; is defined in . The derivation of the above PDE
is rather lengthy, and we have decided to omit it.

It is now possible to reconstruct 6, thereby R, in Q up to a constant by in-
tegrating (10.12). The constant can be determined from the knowledge of R(z().
Once R is known, the vectors S; can be reconstructed via and .

In §10.2.2) we shall see how to use this local reconstruction algorithm to image
o in the whole domain 2.

10.2.1.2. The three-dimensional case. The three-dimensional case is slightly
more involved. Indeed, while the Lie group SO(2,R) is one dimensional, in di-
mension three the special orthogonal group SO(3,R) is three-dimensional, and
therefore obtaining the rotation matrix R is more complicated. As it was shown in
[BBMT13|, using the quaternion representation of the elements in SO(3,R) yields
an equation of the form

VR = f(R,Vy;) inQ,
for some function f that depends on R polynomially. As above, it is possible to
integrate this PDE and reconstruct R, hence the vectors S;, in Q.

10.2.2. Global reconstruction. The reconstruction procedure discussed in
the previous subsection is based on estimate ([10.8)), which can be satisfied by using
the results discussed in Chapters [f] and [7] in dimension two and three respectively.
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10.2.2.1. The two-dimensional case. In dimension two it is possible to satisfy
(10.8)) globally, this greatly simplifies the reconstruction. For simplicity, suppose
that the domain 2 is convex and simply connected.

Choose the two boundary values defined by

Y1 = L1, P2 = L2.
By Corollary (see also Remark we have
det [ Vu! Vu? | (z) >C, x €.

Therefore, assuming that o(xg), Vu'(zg) and Vu?(xq) are known for some xq € 99
by boundary measurements, it is possible to reconstruct ¢ in Q2 by using the method
discussed in §10.2.7]

10.2.2.2. The three-dimensional case. In three dimensions it is possible to sat-
isfy only locally, by using the techniques discussed in Chapter m namely the
complex geometric optics solutions and the Runge approximation. For brevity, we
discuss only the approach based on CGO (Theorem [7.2)); the approach based on
the Runge approximation is similar (see Theorem [7.11]).

Assume that o € H239(R3) for some § > 0. In view of Theorem there
exist boundary conditions 1, ..., ¢4 € C%(;R) such that

|det [ Vu! Vu? Vu? ] (z)|+ |[det [ Vur Vu? Vo ] (2)] >0, ze.
Therefore we have the decomposition
Q=0UQ, U={zecQ:|det| Vu! Vu? V' | (z)|>0}.

Considering now the connected components Qé (I € I;) of Q;, we have

a= J .

j=1,2

lel;
Note that, by the compactness of €, we can assume that this union is finite.

It is now possible to apply the local reconstruction procedure discussed above

as follows. Take z¢ € 92 such that o(zg) and Vu'(xg) are known for alli = 1,...,4
by boundary measurements. Let jo € {1,2} and ly € I, be such that zy € Q;((’) By
using the local reconstruction algorithm with measurements corresponding to the
boundary values (1, ¢ and oy, it is possible to reconstruct o and Vu' in Qé‘;
for all i. Proceeding in the same way, we reconstruct ¢ and Vu! in Qé for all j and
[ such that Qé N Qg% # (). Repeating this argument a finite number of step, we can
reconstruct ¢ uniquely in the whole Q.

10.3. Thermoacoustic tomography

This section is devoted to the study of the quantitative step in thermoacoustic
tomography (see Section . The problem of quantitative thermoacoustic to-
mography (QTAT) consists in the reconstruction of the conductivity o from the
knowledge of the internal data

H(z) = o@)u(@)?,  zeQ
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where the electric field u satisfies the Dirichlet boundary value problem for the
Helmholtz equation

Au+ (w? +iwo)u =0 in Q,
U= on 0f.

This problem has attracted considerable attention in the past few years. An
iterative algorithm for the reconstruction of o is proposed in [YGJ10]. Uniqueness
and stability for the problem, under certain assumptions on the parameter is shown
in [BRUZ11]. In this paper, the convergence of an iterative algorithm based on
the knowledge of multiple measurements o (z)|u’(x)|? is established, provided that
the corresponding illuminations ; are suitably chosen. In [BU13| a general theory
for the reconstruction of parameters of elliptic PDEs from the knowledge of their
solutions is developed, and can be applied to our problem as in [Ball2]. Another
formulation of the same ideas is given in [AGJN13|, where the authors exhibit
an explicit reconstruction formula, namely an algebraic identity where o is given
explicitly from the data H. The formula uses multiple measurements where the
illuminations ¢; are with suitably chosen.

Such a suitable choice of illumination can be achieved making use of the meth-
ods introduced in Chapters[7]and [§] This is the focus of this section.

Let us first give a precise formulation of the problem of quantitative thermoa-
coustics with multiple measurements. Let Q C R? d = 2,3, be a C® bounded
domain and o € L*(;R) be the conductivity of the medium such that

AT'<o <A inQ
for some A > 0. Given d + 1 boundary values ¢; € C1*(;C) (i = 1,...,d + 1),
let u!, € HZ .(€;C) N C*(Q; C) be the unique solution to

(10.13) {

For well-posedness and regularity properties of this problem see Lemmata [3.2] and
The polarisation formula yields for i =1,...,d+ 1

Aul, + (w? +iwo)ul, =0 in Q,
ul, =i on ON.

au,,u,

1 . . i . .
Lug, = 5 (olug +ug* = ofug|* — olug[*) + % (orliug, +up? = olu | — olug,[?) -

“ o2

All the factors on the right hand side are measurable quantities. Indeed, by the
linearity of ((10.13)) it is sufficient to use the boundary values 1, ¢;, v1 + @; and
ip1+p; in nd measure the corresponding internal data H(x) = o(x)|u(z)|?.
As a result, the quantities

H,(x) = o(x)ul(2)uj,(z), @ €Q

w

can be considered as known data, and the conductivity ¢ has to be reconstructed.

10.3.1. Local reconstruction. Let us first study the local reconstruction of
o from the knowledge of d+ 1 measurements ul, ..., ud*!, corresponding to a fixed

frequency w and d + 1 boundary values ¢1,...,pq41. Let © C Q be a subdomain
in which the following constraints hold true:

(10.14a) lul| >C inQ,
ul PR ud+1 ~
(10.14b) det | o gl |12C inQ
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We shall comment on how to satisfy these constraints globally in the following
subsection. We now show that ¢ can be uniquely reconstructed in €.

We use the notation v}, = H: /H} = ul /ul, so that v}, is a known quantity as
well. Note that v}, is well-defined in Q2 since ul, # 0 in Q by (10.14a). In view of
(10.13) we have fort =2,...,d+1

—div((u})?Vl) = —div(u}l Vu', — ul Vul)
=l Aul, —ul Aul,
= —u! (W? +iwo)ul + ul (w? +iwo)u,
=0

in Q. Recalling that ul, v, € H?(Q; C), expanding the left hand side of this identity

W W

yields V(ul)? - Voi, = —(ul)2Av?, whence 2Vul, - Voi, = —ul Av? in Q for i =
2,...,d+ 1. Writing these equations in a more compact form we obtain
2Vul [Vo2 - Vot = —ul [Av2 - AvdH] i Q.

We would like to invert the matrix in the left hand side in order to have an explicit
expression for Vul. This is possible thanks to the identity

2 d+1 1\—(d+1) ul udtt
(10.15) det [Vo2 -+ Vodtl] = (u)) det Vsi, V;jgﬂ ,
whose proof is trivial but rather lengthy, and has therefore been omitted. As a
result, in view of (10.14b)) the matrix [Vo2 ---  VuZ*!] is invertible in  and so
we obtain
2Vul, = —ul, [AvZ o AvdH] [Ved - va)“]fl in Q.

1

., can now be inte-

grated in Q, and ul, is determined uniquely in Q up to a complex multiplicative
constant. In other words, we have ul, = ¢f for some unknown ¢ € C* and some

known function f € H?(Q;C). Finally, by using (10.13) we have
Aul ~
Yo — _Af in ,
ul, f
whence o can be uniquely reconstructed in € through the explicit formula
o =iw Y ((Af)/f +w?) in Q.

It is worth noting that, without additional regularity assumptions on o, the above
formula holds only almost everywhere in §2.

Since the v s are known, this first order PDE with unknown v,

w? +iwo = —

REMARK 10.2. The above result allows a direct reconstruction of ¢ from the
knowledge of the data H;. Uniqueness and Lipschitz stability (with respect to
appropriate Sobolev norms) for this inverse problem follow immediately from a
careful inspection of the several steps involved. The stability constant depends on
the lower bound C' > 0 given in : the larger the better.

10.3.2. Global reconstruction. We have seen above that o can be recon-
structed in a subdomain Q where the constraints given in are satisfied for
some C' > 0. It remains to understand how to cover the whole domain 2 with sev-
eral subdomains where the conditions are satisfied for different boundary
values and/or frequencies. As in the previous sections, since o is unknown, this
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problem is highly non-trivial. In Chapters [7] and [§ we have discussed two methods
to construct such boundary conditions in the case of a PDE with complex-valued
coeflicients, namely the complex geometric optics solutions and the multi-frequency
approach. Also the Runge approximation approach could be used in this case, but
we shall not discuss it since only the result for real-valued coefficients was proven
in Chapter [7]

The use of CGO solutions allows to satisfy everywhere in the domain.
In addition to the assumptions discussed above, we suppose that o is the restriction
to € of a function in H2+1+9 (R4 R) for some & > 0. Condition is satisfied
by Lemma [8.5] so that all the assumptions of Theorem are satisfied. By this
result, for a fixed frequency w > 0 there exists an open set of boundary conditions
(1, ¢ar1) in C%(Q; C) such that

lul] >C inQ,
T d+1 _
| det v“;;i vusgﬂ |>C inQ,
for some C > 0. As a consequence, the unknown conductivity ¢ can be uniquely
and stably reconstructed in the whole domain Q by using the method described in
the previous subsection. As mentioned in Section [7.2] this approach has two main
drawbacks: the high regularity required for ¢ and the non-explicit construction of
the suitable boundary values ¢;s.

It is possible to overcome these issues by using multiple measurements. More
precisely, the multiple frequency approach discussed in Chapter [§ allows to choose
a priori d + 1 real boundary values and several frequencies so that the desired
constraints are satisfied everywhere in 2 for different frequencies, as we now de-
scribe. Let A = [Knin, Kmaz] be the microwave range of frequencies, for some
0 < Kpmin < Kpae, and define the finite set of frequencies K™ C A asin .
Choose the d + 1 real boundary values defined by

p1=1, Y2=21,..., @Qa+1 = Tq.

By Theorem there exist a positive constant C' > 0 and a number of frequencies
n > 2 depending only on ©, A and A and an open cover

ﬁ:UQw

WEK(")
such that for every w € K(") we have

lul] > C in Q,,

S

w w
| det {Vui) R

} | >C in Q,.

Note that, since the functions H! are known, the domains 2, are known. The
unknown conductivity o can then be obtained in each subdomain 2, by using
the local reconstruction method discussed above, with the measurements relative
to the frequency w. Since these subdomains cover the whole domain 2, o can
be reconstructed globally. It is worth observing that in order to have explicitly
constructed boundary conditions there is a price to pay: several measurements,
corresponding to several frequencies w, have to be taken.
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10.4. Dynamic elastography

The quantitative step of dynamic elastography consists in the reconstruction of
the tissue parameters from the knowledge of the tissue displacement. Let Q C R?
be a C* bounded domain, with d = 2 or d = 3. We consider here a simplified
scalar elastic model, given by the Helmholtz equation

—div(uVul) — pw?uil, =0 in Q,

(10.16) { ul, =, on OfL.

In this model u}, € C*(Q; R) represents (one component of) the tissue displacement.
The shear modulus is p € W12(Q;R)NC%*(Q;R,), the density is p € L=(Q;R,),
the frequency is w € R,, and ¢; € CH*(Q;R) is the boundary displacement.
We assume that A~™! < u,p < A almost everywhere in  for some A > 0. The
inverse problem discussed in this section consists in the reconstruction of u and p
from the knowledge of several measurements u,, corresponding to several boundary
conditions ¢; and possibly several frequencies w.

The general problem of quantitative elastography modelled by the full Lamé
system has attracted considerable attention over the last decade, see e.g. [MZM10,
BRH 10, Lail4, BBIM14]. The anisotropic case is treated in [BMUT15]. Given
the knowledge of different full displacement vector fields, it is possible to uniquely
and stably recover the Lamé parameters through explicit reconstruction algorithms.
The scalar approximation of the linear system of elasticity was studied in [HMN14]
for the single-measurement case and in [Ball2, BU12, [BU13| for the multi-
measurement case (see also [MOY12]). The exposition presented below takes
strong inspiration from these papers.

10.4.1. Local reconstruction. Let us first study the local reconstruction of
p and p from the knowledge of d + 1 measurements ul,...u+!, corresponding to

a fixed frequency w and d 4+ 1 boundary values ¢1,...,9q+1. Let © C Q be a
subdomain such that the following constraints hold true:

(10.17a) lul] >C inQ,

ud+1

(10.17b) | det gea |2 C in Q.
w

uw
Vul,
We now show that 1 and p can be uniquely reconstructed in Q provided that p(zg)
is known at some point xy € . The inversion method is very similar to that

discussed for quantitative thermoacoustic tomography in the previous section.
First, we observe that by (10.16]) the quantities v!, := u! /ul, satisfy the PDE

—div(pu(ul)? Vi) = —div(pul Vu, — pu, Vul)
=} div(uVaul) — ul div(uVul)
= fufuw2pu3) + uinpufu
=0

in Q, fori =2,...,d+ 1. Arguing as in Lemma we prove that ul, vl €
H?(Q;R). Expanding in turn the left hand side of this identity yields V- (u},)? Vvl =
—pdiv((u})?Voi). Recalling that pu and |u)| are strictly positive in 2, this PDE

can be rewritten as V(log 1) - Vi, = —(ul)2div((u},)?Vv},), which in turn can be
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reformulated in a more compact form as

V(log ) [Ve2 -+ Veltt] = —(ud) 2 [div(ul)?Ved) - div((u})?Vedt)

in Q. By q10.15[) and le.l'?bI), the matrix [VUUQJ vaﬂ'l} is invertible in €,
and so the above system of equations becomes

V(log 1) = —(ul) ™ [div((wl)2Ved) -+ div((Wh)*Vult)] [Ve2 - Vedt] ™!
in Q. This first order PDE with unknown log /1 can be integrated in €, since ul,
and the v!s are known quantities, and p can be uniquely reconstructed in Q up to
a real multiplicative constant. However, since we assumed to know p(zg) for some
o € 2, this constant is uniquely determined.

Finally, using again (10.16) we immediately obtain
div(pVul -
p= - g,
w?u},
which is an explicit reconstruction formula for p in €, since x and ul, are now known

in Q.

10.4.2. Global reconstruction. In the previous subsection, we have de-
scribed a simple method for the local recovery of pu and p. The success of this
approach relies on the fact that the constraints given in are satisfied. The
solutions to do not satisfy in Q in general: waves oscillate, and so
zeros must occur. The methods used in Chapters [7] and [§ can be used to cover the
whole domain Q with several subdomains in which the required constraints are sat-
isfied for different measurements. Any of these methods, CGO solutions, the Runge
approximation and the multi-frequency approach (see Remark is applicable to
this context. As the former and the latter were used in the previous section, we
implement the Runge approximation approach for this modality.

The local reconstruction method described above is not fully local; namely, it
requires the knowledge of p in some point of the subdomain. It is unlikely that u
would be known a priori at one point of each subdomain. It is more relevant to
assume that p is known at a single locus zg € €2, possibly near the boundary. This
makes it impossible to readily use the global reconstruction method discussed in
for a very similar problem, and we will have to adapt the technique applied
in The idea is to start to apply the local reconstruction in the subdomain of
Q) containing xg, and then move to cover the whole domain using that subdomains
overlap.

We also assume that p € C%1(Q;R) (this hypothesis may be reduced to C%
in 2D and to C%® N W13 in 3D by Remark [7.6) and let Q' € Q be a connected
subdomain such that zo € €. Using the Runge approximation approach (The-
orem , there exist N € N* depending only on 2, €/, A and ||MHCOY1(§;R),

N x (d + 1) boundary values cpg € H%(('?Q;R), i=1,....,d+1,7=1,...,N and
an open cover

N
o=J9
j=1
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such that for every j =1,..., N we have

luld| > 1/2 in Qy,

(10.18) uld e At .
| det [qubj V,:g-&-l,j] | >1/2 in Qy,

where u%7 is the solution to (10.16) with boundary condition <pZ Note that, as
discussed in Section the boundary conditions ¢! are not explicitly constructed.
This would not be the case if the multi-frequency approach were used instead,
provided for example that y =1 or d = 2.
As in §10.2.2) consider now the connected components Qé (I € I) of Q;. By

construction we have

o — l

o= | 9.

j=1,..,N
l€I;
Note that, by the compactness of {¥’, we may assume that this union is finite.

It is now possible to apply the local reconstruction procedure discussed in
the previous subsection. Recall that zyp € ' is such that u(xzg) is known. Let
jo € {1,...,N} and ly € I, be such that zop € Q. By , the required
constraints are satisfied in Qz‘; for the boundary values ¢1°, ..., @204_1. Using
the local reconstruction algorithm we reconstruct p and o in Q{g Iterating this
approach, we reconstruct p and o in QF for all j and I such that Q} N Q{g £ 0,
using the boundary values <p{, cee ‘Piz 1~ After a finite number of steps, we have
reconstructed p and ¢ uniquely everywhere in ).

10.5. Photoacoustic tomography

The coupled step of photoacoustic tomography delivers an absorbed energy H
inside the domain which has the form

H(z) = D(z)p(z)u(z),  zel,

where I' is the Griineisen parameter, p is the light absorption and wu is the light
intensity. While I' and p are properties of the tissue under consideration, u is
the light field injected to obtain the measurements. The problem of quantitative
photoacoustic tomography (QPAT) is the reconstruction of x from the knowledge
of (several measurements of) the internal energy H. In many cases, the condition
I' =1 is assumed in order to make the problem more feasible.

This problem has attracted a lot of attention form the physical and mathe-
matical communities, mainly over the past decade. We now mention the main
contribution on the mathematical aspects of this inverse problem; for further de-
tails, the reader is referred to the reviews [CLB09, IGOZ12, [CLAB12|. Except
for few exceptions, most methods are based on the partial differential equation
satisfied by the light intensity u. Depending on the considered regime, light propa-
gation is usually modelled by the radiative transport equation or, in case of highly
scattering media, by its diffusion approximation [Arr99]. The diffusion approxi-
mation has been considered in most contributions, see e.g. [ADCFV16, [BU10|
for the single-measurement case, [CTA11, BR11), Bali2, RGZ13, BU13| for
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the multi-measurement case and [CAKBOG6, [CABOQ7| for the discussion of pos-
sible iterative methods. The full radiative transport equation is considered in
[BJJ10, [CTA11l, [STCR13|.

Without adding further constraints, the above problem in its full generality
is unsolvable. It was known that it is impossible to recover all the parameters in
the diffusive regime, even with an infinite number of illuminations [BR11]. In or-
der to overcome this issue, multi-frequency approaches were proposed in [BR12]
PCAT14|. An alternative approach is to include additional a priori assump-
tions: the unknown parameters may be assumed piecewise constant or more gener-
ally sparse with respect to a suitable basis [RRN09, [NS14, [AA15, MPCA15|,
BMNS15]|.

It should be mentioned that all the methods discussed above regard the inver-
sion in PAT as a two-step process: in the coupled step, the energy H is constructed,
and in the quantitative step the unknowns have to be extracted. Very recently, one
step methods have been developed, in which the intermediate step is skipped, and

the unknown parameters are directly reconstructed from the acoustic measurements
[HNR15, DKV15, PCAT16|

10.5.1. Reconstruction algorithm. In this presentation, we are going to
briefly present the method discussed in [BR11l, [Ball12| considering a very simple
case: the diffusion approximation with constant scattering coefficient. Namely,
assume that the light intensity «* is the solution to
{ —Au 4+t =0 in Q,

(10.19) de o on 5%,

where Q C R? is a smooth bounded domain, d = 2,3, p € L= (s R) is such that
A~! < p < A almost everywhere in  and ¢; € C?(Q;R,) fori=1,...,d+ 1. We
need to reconstruct p from the internal measurements
H;(z) = I'(z)p(@)ui(z), z €L

As in the other hybrid modalities, non-zero constraints have to be satisfied.
Let Q C Q be a subdomain such that
ul “ e ud+1
Vul .. Yyudt!

By the maximum principle, we immediately have that ' > C in  for some C > 0,
provided that ¢1 > 0 on 9. Proceeding as in Sections and consider the
known quantities

(10.20) | det [ ] | >C in Q.

i Hi - ui

v = E = ul .
It is immediate to see that —div((u!)?Vo?) = 0 in Q for every i = 2,...,d +
1. Arguing as in thanks to we can reconstruct u' in Q up to a

multiplicative constant c. Finally, © can be reconstructed in €2 via
—A(cul)
p=——o"

cu
The above algorithm can be applied locally in each subdomain where ((10.20))
is satisfied for well chosen boundary values. The techniques presented in Chapter [7]
can be used to cover the whole domain 2 with subdomains where the required
constraint is satisfied for appropriate choices of the boundary conditions. The
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arguments are similar to those discussed in the previous sections, and have been
omitted. The multi-frequency approach discussed in Chapter [§] is not applicable
here, since is independent of the frequency.

It is worth noting that, in two dimensions, condition can be easily
satisfied globally by using the theory developed in Chapter [f] Supposing that € is
convex and simply connected, it is enough to choose

p1 =1, @2=mx1, 3=
Indeed, this implies that v* is a solution of
{ —div((u")?Vo') =0 in Q,
v =1 on 0%,
for i = 1,2. Therefore, for a fixed Q' € Q, by Corollarythere exists C' > 0 such

that
|det [Vo?(z) Vo?(x)] | > C, re.

By (10.15)), this inequality is equivalent to (10.20)).
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