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Setting of the problem

Newton equations : Nonlinear wave equation :
d*X; . 02 _
772 == VV(i-j+X;—X;) a—Tf(a:,T)—dw [DAE(Ve)] =0,

JFt

E(A)= > V(k+ Ak),for A € R

keZ\{0}
Link between these settings (in 1D) ?

Related works:
Berezhnyy/Berlyand 2006, E/Ming 2007, Ortner/Theil 2012.
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Formal limit

X,
de2

—ZVV(’L—j—l—XZ —Xj)
JFt

: t L L
Assuming that X;(t) = N¢ (%, N) and considering a macroscopic time 7 = t/N,

1 9% (it _ o it it
Nﬁ(ﬁ’ﬁ)__.;é.w{z_”N(qb(N’N)_¢<N’N>>}'

7

<

As N — oo, we remark

. . | 1 |
No(wow) e (3ow)) 2 e (o) -9 - g0 (5o ) G=dii= i,

1 0%¢ [ i it
vos (ww) = ];VV{“W(N <)
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Formal limit

A2 X; -
772 Z—ZVV(Z—]—|—X7;—Xj)
j#i
1 52 ot 1 ¢
107 ety 1 V{VV(k—ngb(i,—)k)-k}
Nor2 \N'N/) " 2N & N'N

Assuming that :/N — «, a fixed macroscopic point, we obtain

82
8—:25(%7') —div [DAE(Ve)] =0,

where

E(A) = )  V(k+ Ak),
kcZa\{0}

for A € R4*x4,
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Simplest case: NN linear

Nearest neighbour interaction:

d?> X;
dt?

= V’(l + Xit1 — XZ) — V’(l + X,; — Xi—l)

with the convention that Xo = 0, X1 = 0. Linear case: V(x) = %(:13 —1)2.

d? X;
dt2

= Xip1 —2X; + Xi—1.

) 1
Limit equation: ¢ (% i) = —X;(t).

"N N
0%¢ i+1 0t it i—1 t
5=V () 2 (ww) e (o))
o2 o2
@)~ S m) =0
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Simplest case: NN linear

Proposition
Let (40, 1) € [H*(0,1)]? be such that ¢°(0) = 0 and ¢°(1) = 1. Define, for all N € N, and for

a||1<’i<N,
’ (N) ’ N

Let X;(t) be the unique solution to the NN-linear Newton equation, with the convention
Xo=0, Xny1 =0,andlet¢p € L> (R, H'(0,1)) be the unique solution of linear-NN wave
equation. Then, we have the convergences

1 )
V1 > 0, — X,;(NT) — —, — 0,
' 1§?§N|N () ¢(N T) Noo

and

dX; o6 [ i
vr >0, Nry - 22 (L 0.
N 1 ¢ | =

Proving the result amounts to proving convergence of a finite difference scheme.
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Bottom line for Proof

For a function ®, we denote by
D:®(x) = 1 (®(x+¢/2) — P(z —e/2)),
where, of course, ¢ plays the role of 1/N. This discrete differentiation can be iterated:
D2® = %(®(x+¢) — 28(x) + ®(z — ¢)).
Using this notation, proving (after renormalization in time) the convergence of the solution to the

Newton equation to the solution to the wave equation basically amounts to proving (if we omit the
truncation error terms) that the solution . to

02P,
ot2

— D2®. =0,

with suitable (vanishing) initial and boundary conditions, vanishes with . This is an immediate
consequence of the fact that ®. satisfies the energy equality

l 9 2
H I E
dt Ot

+ HD€<I>€H2> — 0.
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Simple case: NN nonlinear convex

Nearest neighbour interaction:

d2 X,

712 = V’(l + Xit1 — Xz) — V/(l + X,; — Xz'—l)

with the convention that Xo = 0, X411 = 0.

Limit equation: qb( L1 ) _ X;(t)
q \N'N) N

227(5 :N[V’ [1+N(¢ (221%) _(’5(%%))]
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Simple case: NN nonlinear convex

Proposition
Assume that V € C4, V/(1) = 0 and that V"’ > « > 0 for some constant «. Assume that
¢ € C°([0,T),C*([0,1])). Let N € N, and define, forall 1 <i < N,

0_ a0f % o_ (%
x0=ne® (1) =o' (5);

Let X;(t) be the unique solution to the NN nonlinear equation, with the convention
Xo =0, Xny+1 = 0. Then, we have the convergences

1 1
VT e (0,T), sup ‘—X- NT —qzb(—,T) — 0,
(0,T) M i(NT) ~

and

dX; 0 '
vr € (0,T), sup | Z(NT)——qb (L,T>| — 0.
1<i<N | dt or

Proof: similar to the linear case.

X. Blanc, Oxford, 2012. — p. 10




NNN linear non convex

d? X;
dt2

=c1(Xit1 —2X; + Xi-1) + c2(Xip2 — 2X; + X;-2)

The (formal) limit reads:

02 02
5 ;b(ac T) — (€1 + 4c2) a—xq;

which is well-posed iff ¢; + 4c2 > 0.

(377 T) =0,

Special case: ¢; > 0,c2 > 0. Then the NN proof applies:

— &
dt (H i

What about the case when c¢; + 4co > 0 only?

2

+c1 || De®e||? + 4 c2 ||D2€<I>€||2> =0
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NNN linear nhonconvex

d®>X;
e c1(Xig1 —2X; + Xi—1) +c2(Xig2 —2X; + Xi_9)
2
This also reads = —c1 AX — coBX, with
(2 0 -1 0 0\
(2 -1 0o - 0\
0 2 0 —1
—1 2 —1
S 1 0 2 0
A= |, . . . o |, and B=
_ 0 —1
: —1 2 —1
\0 0 _1 2) —1 0 2 0
\ 0 0o -1 0 2

First miracle: B = 4A — A2,
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NNN linear nhonconvex

d2 X
dt2

= —1AX — caBX = —(c1 + 4c2)AX + c2 A2X,

Second miracle: the spectrum of A is explicit

k
A = 4sin? (—ﬂ-> ,
2(N + 2)

ke
(uk)i:sin( e >,
N +2

pr = (c1 + 4e2) A\ — C2>\i <0

If ¢c1 < O,

IS possible: exponential growth in time

d?z
dt?

1

= sinb (/i)

= —pr = a(t) = 2(0) cosh(vTart) + 5 (0)
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NNN linear nhonconvex

T T T
0 5 10 15 20

Eigenvalues )\, (®) and p;, = (c1 + 4c2) A\ — 227 (o) with
C1 — —1,02 = 0.9
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NNN linear nhonconvex

Proposition
Assume that c; + 4c2 > 0, and that ¢ is the solution to the wave equation, with ¢°, ' € C4(0, 1).
Assume that the functions ¢° and ¢! satisfy

3¢ >0, 30>0, st VkeN* ‘@(k)‘ n ‘gﬁ(k)‘ < Ce Ok,

Forany N € N, define

V0 <3 < N, X;):Ngb()(i), VP =¢! <i>
N N

and let X; be the unique solution to the Newton equations. Then, we have the convergences

1 )
V7 > 0, sup |—X,L- NT —qb(—,T) — 0,
1<i<N | N (N7) N

and

dX; 0 )
VT >0, sup ‘ ’L(NT)——qb (i,7-> — 0.
1<i<N | dt
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NNN linear nhonconvex

A proof by weak convergence

0 4c2) D% ® 2Di®. =0
52 — (c1 +4c2)D2P. + coe“D_P. = 0.
Energy estimate:
d 0 2 2 2 2 2
o 5@5 + (c1 + 4c2) || De®c||* — c2e” | DZ:||” | = 0.
Differentiate k times the equation and obtain a similar energy estimate
2 k+1ag |12 2 || nk+2a [IP)

for each differentiation order k. In order to “eliminate” the nonpositive contribution of the last term,
we now weight and combine all these estimates so as to obtain
2
= 0.
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2
+(c1 + deo) HD’;“@E P HD’;JFQCDE

d = 2k k
—~ 25 HD —<I>5
k=1




NNN linear nhonconvex

This parameter ¢ is next adjusted, in function of ¢, so as to cancel the series of the two right-most
terms by making it a telescopic series. We therefore conclude that some norm of the form

+oo 9
> i [ota.
k=1

remains bounded over time.

Up to an extraction, we may assume ®. is weakly convergent, and it remains to deduce that the
convergence is strong.

This will be a consequence of the preservation of the energy by the equation, and the fact that
strong convergence holds at initial time.
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NNN linear nhonconvex

Proposition

Assume that c; + 4co > 0, and that ¢ is the solution to the wave equation, with initial data

¢Y, ¢! € H(0,1). Consider the initial conditions N¢° (<) and ¢* (<) for Newton equations.
There exists a filtered initial condition X2, V.2 such that

1 ? )
_XO_ o~ V-O— 1 <_> 07
1§S?£N|N § ¢ (N>‘+ c AN ) vk

and, denoting by X; the unique solution to the Newton equations with initial condition X2, V.2,

1

1 ()
VT > 0, —X;(NT1) — —, — 0,
' 1§Slzl£N|N Z( T) qb(N T) N —oo

and
dX;

1
v > 0, Nt)— — | —, — 0.
' 1§S?£N‘ dt (N7) or (N T)‘NHO@
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NNN nonlinear cases: linearized regimes

We introduce a parameter v € (0, 1) and modify the (say NN) Newton equation as follows:

dQXi _ N7 |:V1/ (1+ Xit1 —Xi> _V1, <1+ X; —XZ'_1>

dt? N~ N
Xiio — X; X, — X;_
/ 142 v\ oy ) 1—2
e (“ N ) " (” N ”
Then we can prove that the corresponding limit is
0%¢ 0%
ﬁ(xﬁ) — (V') +4v5'(2)) @(%7‘) =0,

Remark: We have no clue on the nonlinear nonconvex non-linearized case.
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NNN nonlinear nonconvex but linearized

Formal idea:
02P.

v 1D VV (™ D.®.) =0,

When ~ € (0, 1), we observe that, still formally, ®. converges to the solution ® to

%P
—— —VV(0).D?*® = 0.
o2

Proof using our "weak convergence + energy conservation" technique.

It is beyond our reach, without assuming convexity and thus simply using weak convergence
arguments, to determine the limit of a term like D.VV (D, ®.) unless VV is linear. This explains
why, in the present state of our understanding, we need to resort to the specific normalization
using v € (0, 1).
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Shocks

The nonlinear wave equation may develop shocks.

The "numerical scheme" defined by Newton equation does not
dissipate (numerical) entropy.

mnl\/\/\f\f\ﬂ/\
VVVVVU\/\/V

A A i N

. \/ vvvvvvvvvvuv\/\!\lw

N =10 N =100
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Shocks
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Shocks

Test of weak convergence:

0.1 ¢ . —— T —— :
r mode 1
mode Q0 ======--
0.01 T -
0.001 .
0.0001 | .
le-05 . — | . — | . —
10 100 1000 10000
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