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Mathematical Methods |

Question 1
Consider the differential equation far
Tuze +u, = f for O<a<l, Q)

whereu, := du/dz and f is a real continuous function defined {fn 1], together with the boundary condi-
tions
u,(0) is bounded,  u,(1) +au(l) =0, 2

whereq is a real constant.
(i) Inthe particular case =0 and f(x) =432z, find the general solution of equations (1) and (2).
[4 marks]

(i) Let 6(xz—s) be the Dirac delta function. For the case“ 0, find the Green’s functio#(z, s) for
z, s € [0, 1], satisfying

(xGg)y = 0(x—s) for O<z<1, (3)
G.(0,s)isbounded, G,(1,s)+aG(1,s) =0,
forall s € [0,1]. [6 marks]
Show that your solutiol=(x, s) satisfies (3) in the sense of distributions. [5 marks]

Hence show that, faog # 0, the general solution of equations (1) and (2) can be written in terms of an
integral involvingG(x, s). Why is your solution unique? [4 marks]

(iii) For a =0, use the homogeneous adjoint problem to find a condition on the funttibat guarantees
equations (1) and (2) have a solution. Verify that — 2z satisfies your condition. [6 marks]
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Question 2
(i) Show that the partial differential equation
v — V20p = kvge + v+ A

for real constants\ # 0 andk > 0 has travelling wave solutions of the fornfz,t) = —\ u(z),
z = (z + ct)/Vk if u(z) satisfies the ordinary differential equation

W'+ u—1=e(a—u?)u (1)
whereu' := du/dz, anda ande are constants which you should find in terms:pf andc. [6 marks]

(i) Show that where < 1 and« lies in an interval which you should determine, there is a periodic solution
of equation {) of the form

u(z) =14 Asinwz + euy(z) + 0(62)7

where the period ofi(z) is 2 + O(€?), andu(0) =1. Find A in terms ofa. [5+4 marks]
[You may use the identityin? z cosz = §(cosz — cos 3z).]

Find the form ofu;(z) up to undetermined constants, and give a brief explanation of how you could
find these constants and thée2) correction to the period. [5 marks]

(i) Consider the(u, u') phase plane for equation)( find any equilibrium points and classify their stability.
Hence, suggest why such a limit cycle (or periodic orbit) might exist when ande > 0 is sufficiently
small. [5 marks]

Question 3
Consider the differential equation, for smait 0,

ey — (1—z)y + %(l—az:)y2 =0, for O<z<1,
wherey’ := dy/dx, with boundary conditions

y(0)=1 and y(1)=0.

(i) Show that there cannot be a boundary layer at0. [7 marks]

(i) Find the leading order behaviour ¢fx) at fixedz € (0,1) ase — 0. [5 marks]
(iii) Find the leading order boundary layer behaviouy6f) nearz =1, and hence find a composite solution

that yields a uniformly valid leading order approximationjta) for 0 <z <1. [6+5 marks]

(iv) Hence, give a rough sketch of the solution fe£0.1. [2 marks]
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Question 4

Find the explicit solutions(z, y) of the following PDE problems and, in each case, determine the region of
the (z, y) plane where the solution is well defined.

(@ 3z + 4y)a—u + (4 — 3y)@ = bu, u(z,0) =1, —oo <z < o0; [8 marks]
ox oy
(b) ’LLQ% + Ou =0, u(z,0) = —x, —o0 <z < o0 [8 marks]
or 0Oy
(©) (69@) 9y 1, u(z,0) =z°, 0 <z < 1. [9 marks]
Question 5
Consider the problem
u  0%u
D T D
ou
a(z,y)ut Bz,y)o— = g(z,y), (z,y)€ oD,

on

whereD is a closed bounded region of the, y)-plane with smooth boundadyD and outward-pointing unit
normaln.

(i) Show that, if a solution ofX) exists, then it is unique provided > 0 andg > 0. [5 marks]

(i) For the casex = 0, 3 = 1, show that £) has no solution unlesssolvability condition(which you
should find) is satisfied, in which case the solution is non-unique. [5 marks]

(i) Now suppose that3 = 1 and D is the unit circlez? + y? < 1. Show that nonzero solutions to the

homogeneous problem (with= 0) exist if « = —n, wheren is a positive integer.Hint: look for a
separable solution in polar coordinatés. [5 marks]

(iv) Forthe caser > 0,5 > 0, show that, if the functiold(z, y; £, ) is defined to satisfy

9°G  9%°G
@JFTZ/Q = 0, (z,y)eD\(n),
oG
alz,y)G + Bz, y)5 - = 0, (z,y) €D,

G~ o logl(wy) — (€)@ (2,9) — ()

then the solution ofx) is
_ 4 (99

[10 marks]
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Question 6

(@) Afunctionu(z,y) satisfies

0 0
[ (Plne + Qa2 + R ady =0

for all continuously differentiable test functiogsthat vanish on the boundary of the regibn Show
that, if P and(@ are continuously differentiable, ands continuously differentiable i, thenu must

satisfy the PDE
oP 0Q
—+ —=R.
Ox * oy
Show also that, if: is continuously differentiable everywhere except on a cdhtbat crosse®), then

the slope ofC must be given by

dy _ [QF
de [P’
where[ - | denotes the jump in the value ofacrossC. [10 marks]
(b) Consider the PDE system
ou 0
5 + %(uw) = 0,
ov 0
5 + %(Uu}) = 0,
0 0 9
a(uw) + 9 (uw® +v) = 0
(i) Show that the system is hyperbolic provided: > 0. [4 marks]
(i) Show that the Riemann invariafit = v/u is conserved along the characteristiagdt = w.
[5 marks]
(iii) Now assuming thal? = ¢, wherec is a constant, find the other two Riemann invariants.
[6 marks]
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