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Mathematical Methods I

Question 1

Consider the differential equation foru,

xuxx + ux = f for 0<x<1, (1)

whereux := du/dx andf is a real continuous function defined on[0, 1], together with the boundary condi-
tions

ux(0) is bounded, ux(1) + a u(1) = 0, (2)

wherea is a real constant.

(i) In the particular casea=0 andf(x)=4x3−2x, find the general solution of equations (1) and (2).

[4 marks]

(ii) Let δ(x−s) be the Dirac delta function. For the casea 6= 0, find the Green’s functionG(x, s) for
x, s ∈ [0, 1], satisfying

(xGx)x = δ(x−s) for 0<x<1, (3)

Gx(0, s) is bounded, Gx(1, s) + aG(1, s) = 0,

for all s ∈ [0, 1]. [6 marks]

Show that your solutionG(x, s) satisfies (3) in the sense of distributions. [5 marks]

Hence show that, fora 6=0, the general solution of equations (1) and (2) can be written in terms of an
integral involvingG(x, s). Why is your solution unique? [4 marks]

(iii) For a=0, use the homogeneous adjoint problem to find a condition on the functionf that guarantees
equations (1) and (2) have a solution. Verify that4x3−2x satisfies your condition. [6 marks]

JMAT 7301 - 2 -



Question 2

(i) Show that the partial differential equation

vt − v2vx = kvxx + v + λ

for real constantsλ 6= 0 andk > 0 has travelling wave solutions of the formv(x, t) = −λ u(z),
z = (x+ ct)/

√
k if u(z) satisfies the ordinary differential equation

u′′ + u− 1 = ε (α−u2)u′ (1)

whereu′ := du/dz, andα andε are constants which you should find in terms ofk, λ andc. [6 marks]

(ii) Show that whenε¿1 andα lies in an interval which you should determine, there is a periodic solution
of equation (1) of the form

u(z) = 1 +A sinωz + ε u1(z) +O(ε2),

where the period ofu(z) is 2π +O(ε2), andu(0)=1. FindA in terms ofα. [5+4 marks]

[You may use the identitysin2 z cos z = 1
4(cos z − cos 3z).]

Find the form ofu1(z) up to undetermined constants, and give a brief explanation of how you could
find these constants and theO(ε2) correction to the period. [5 marks]

(iii) Consider the(u, u′) phase plane for equation (1), find any equilibrium points and classify their stability.
Hence, suggest why such a limit cycle (or periodic orbit) might exist whenα>1 andε>0 is sufficiently
small. [5 marks]

Question 3

Consider the differential equation, for smallε>0,

ε2y′′ − (1−x)y′ + 1
2
(1−x)y2 = 0, for 0<x<1,

wherey′ := dy/dx, with boundary conditions

y(0) = 1 and y(1) = 0.

(i) Show that there cannot be a boundary layer atx=0. [7 marks]

(ii) Find the leading order behaviour ofy(x) at fixedx ∈ (0, 1) asε→ 0. [5 marks]

(iii) Find the leading order boundary layer behaviour ofy(x) nearx=1, and hence find a composite solution
that yields a uniformly valid leading order approximation toy(x) for 0≤x≤1. [6+5 marks]

(iv) Hence, give a rough sketch of the solution forε=0.1. [2 marks]
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Mathematical Methods II

Question 4

Find the explicit solutionsu(x, y) of the following PDE problems and, in each case, determine the region of
the(x, y) plane where the solution is well defined.

(a) (3x+ 4y)
∂u

∂x
+ (4x− 3y)

∂u

∂y
= 5u, u(x, 0) = 1, −∞ < x <∞; [8 marks]

(b) u2∂u

∂x
+
∂u

∂y
= 0, u(x, 0) = −x, −∞ < x <∞; [8 marks]

(c)

(
∂u

∂x

)2 ∂u

∂y
= 1, u(x, 0) = x2/3, 0 < x < 1. [9 marks]

Question 5

Consider the problem

∂2u

∂x2
+
∂2u

∂y2
= 0, (x, y) ∈ D,

α(x, y)u+ β(x, y)
∂u

∂n
= g(x, y), (x, y) ∈ ∂D,

(?)

whereD is a closed bounded region of the(x, y)-plane with smooth boundary∂D and outward-pointing unit
normaln.

(i) Show that, if a solution of (?) exists, then it is unique providedα > 0 andβ ≥ 0. [5 marks]

(ii) For the caseα ≡ 0, β ≡ 1, show that (?) has no solution unless asolvability condition(which you
should find) is satisfied, in which case the solution is non-unique. [5 marks]

(iii) Now suppose thatβ = 1 andD is the unit circlex2 + y2 ≤ 1. Show that nonzero solutions to the
homogeneous problem (withg = 0) exist if α = −n, wheren is a positive integer. [Hint: look for a
separable solution in polar coordinates.] [5 marks]

(iv) For the caseα > 0, β ≥ 0, show that, if the functionG(x, y; ξ, η) is defined to satisfy

∂2G

∂x2
+
∂2G

∂y2
= 0, (x, y) ∈ D \ (ξ, η),

α(x, y)G+ β(x, y)
∂G

∂n
= 0, (x, y) ∈ ∂D,

G ∼ 1
2π

log |(x, y)− (ξ, η)| as (x, y) → (ξ, η),

then the solution of (?) is

u(ξ, η) =
∮

∂D

( g
α

) ∂G
∂n

ds.

[10 marks]
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Question 6

(a) A functionu(x, y) satisfies

∫∫

D

(
P (x, y, u)

∂ψ

∂x
+Q(x, y, u)

∂ψ

∂y
+R(x, y, u)ψ

)
dx dy = 0

for all continuously differentiable test functionsψ that vanish on the boundary of the regionD. Show
that, ifP andQ are continuously differentiable, andu is continuously differentiable inD, thenu must
satisfy the PDE

∂P

∂x
+
∂Q

∂y
= R.

Show also that, ifu is continuously differentiable everywhere except on a curveC that crossesD, then
the slope ofC must be given by

dy
dx

=
[Q]+−
[P ]+−

,

where[ · ]+− denotes the jump in the value of· acrossC. [10 marks]

(b) Consider the PDE system

∂u

∂t
+
∂

∂x
(uw) = 0,

∂v

∂t
+
∂

∂x
(vw) = 0,

∂

∂t
(uw) +

∂

∂x

(
uw2 + v

)
= 0.

(i) Show that the system is hyperbolic providedv/u > 0. [4 marks]

(ii) Show that the Riemann invariantR = v/u is conserved along the characteristicsdx/dt = w.

[5 marks]

(iii) Now assuming thatR ≡ c2, wherec is a constant, find the other two Riemann invariants.

[6 marks]
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