
Degree Master of Science in Mathematical Modelling and Scientific Computing

Mathematical Methods II

Thursday, 17th April 2008, 9:30 a.m. – 11:30 a.m.

Candidates may attempt as many questions as they wish. The best four solutions will count.

Please start the answer to each question on a new page.

All questions will carry equal marks.

Do not turn over until told that you may do so.
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Question 1

Let F be a twice continuously differentiable function of its arguments, and consider the first order partial
differential equation

F (x, y, u, p, q) = 0, wherep := ux, q := uy,

together with the initial dataΓ : x0(s), y0(s), u0(s) for 0 ≤ s ≤ 1. Briefly explain Charpit’s Method for
finding solutionsu(x, y) (possibly in parametric form) of this problem, stating clearly where you would
expect such solutions to be determined by the dataΓ.

Solve

x
∂u

∂x
+

(
∂u

∂y

)2

− u− 1 = 0,

whereu(x, 0) = x for 0 ≤ x ≤ 1, indicating on a sketch where your solutions are determined by the initial
data.
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Question 2

Suppose thatv > 0 and thatc(v) > 0, and thatu andv satisfy the partial differential equations

ux + uuy +
c2(v)

v
vy = v ,

vx + uvy + vuy = − v2

c(v)
.

Show that the system is hyperbolic, and that the characteristics are given by

dy

dx
= u± c(v).

Along the positive characteristics,y′ = u + c(v), show that the Riemann invariant

u +
∫ v c(v̂)

v̂
dv̂

is constant.

Suppose that the initial data isu(0, y) = c(y), v(0, y) = y for 1 < y < ∞.

By evaluating the Riemann invariant on the positive characteristics, show that, ifc(v) = 1/v, thenu = c(v)
throughout the region which they span. In this case, show that the negative characteristics are straight lines
there, and by integrating the characteristic equation along these straight lines show that the solution in this
region is

u = 1/v =
√

2x + 1/y2.
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Question 3

The twice continuously differentiable functionu(x, t) satisfies

∂u

∂t
=

∂2u

∂x2
+ f(x, t, u) for x, t > 0,

u(x, t) → 0 as x →∞ for fixed t > 0,

u(x, 0) = 0, u(0, t) = 1 for x, t > 0,

u(x, t) is bounded forx, t ≥ 0,

where the continuous functionf(x, t, u) satisfiesf(x, t, u) < 0 for x, t > 0, andf → 0 as1/x, u → 0.

(a) Show thatu(x, t) cannot have a maximum at anyx0, t0 > 0.

(b) State the conditions that a Green’s functionG(x, t, ξ, η) for the above problem must satisfy in order that
u(ξ, η) may be expressed in terms of integrals involvingG andf ; and hence derive such an expression.

(c) Findu(x, t) whenf(x, t, u) = (2t)−1 exp(−x2/4t).

[Hint: find u(x, t) by using a similarity solution of the formF (η), whereη = x/tβ .]
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Question 4

Let f be a continuous function in the domainD ⊂ R2, and letu(x) = u(x, y) satisfy

−∆u = f(x, y) for (x, y) ∈ D, (P)

u(x, y) = 0 for (x, y) ∈ ∂D (the boundary ofD).

State the defining properties for a suitable Green’s functionG(x, ξ), wherex, ξ ∈ D for this problem (P), and
hence briefly derive the following expression for the solution of problem (P):

u(ξ) =
∫∫

D
G(x, ξ)f(x) dx for ξ ∈ D.

Let the orthonormal sequence{φn}, n = 1, 2, . . . , satisfy

−∆φn = λnφn for (x, y) ∈ D,

φn = 0 for (x, y) ∈ ∂D,

whereλn ∈ R form an ordered sequence0 < λ1 ≤ λ2 ≤ . . ..

Show that, if{φn} is a suitable spanning set so that

G(x, ξ) =
∞∑

n=1

cn(ξ)φn(x),

then

G(x, ξ) =
∞∑

n=1

φn(x)φn(ξ)/λn .

WhenD =
{
(x, y) : x2 + y2 < 1

}
, find G(x, ξ) explicitly.

If alsof(x, y) = (x2 + y2)2 = x4 + 2x2y2 + y4, find u(x, y) explicitly.

[Hint: ∆u = urr + 1
rur + 1

r2 uθθ whenr2 := x2 + y2, θ = tan−1 y/x are polar co-ordinates.]
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Question 5

(a) Use the language of distributions to rigorously define the delta functionδξ ≡ δ(x− ξ) with singularity
ξ = (ξ1, ξ2, ξ3), whereξ ∈ Ω andΩ is a subset of3-dimensional Euclidean spaceR3. Be sure to
explicitly specify and describe the proper space in which each function lives.

(b) Show using distributions that

δ(ax) =
1
|a|

δ(x)

for x ∈ R anda 6= 0. Use this result to verify thatδ(x) is even.

(c) Give a rigorous definition of what it means for a sequence of scalar functionsfn(x) (x ∈ R) to converge
weakly asn →∞. Show that the functionfn(x) = n

π
1

1+n2x2 converges weakly, with

lim
n−→∞

∫ ∞

−∞
fn(x)g(x)dx = g(0) ,

for any test functiong.

(d) Show that for a continuous scalar functionf (which is not necessarily differentiable), the expression
u = f(x− ct) (wherex ∈ R andt is time) is a weak solution of the partial differential equation

ut + cux = 0 .
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Question 6

Consider the viscous Burgers equation,

ut + uux = εuxx ,

u(x, 0) = u0(x) . (1)

(a) Use the method of characteristics to show that forε = 0, one can findu(x, t) by satisfying the equation

F (u) ≡ u0(x− tu)− u = 0 . (2)

(b) If ε = 0 andu0(x) = sinx, use the result of part (a) to find the critical timetc ≥ 0 at which solutions
first become singular (i.e., the earliest time that a shock occurs).

(c) Let ε = 0 still hold and consider the “Riemann problem”

u0(x) =

{
ul , x ≤ 0 ,

ur , x > 0 .
(3)

Draw the characteristics in the(x, t)-plane for all possible situations. When do shocks occur?

(d) Now consider the caseε > 0 with u0(x) given by (3) withul > ur. Let ξ = (x − st)/ε and derive a
formula for “traveling wave solutions”u = w(ξ) of (1,3) with propagation speeds. Give an expression
for the weak solutionu that one obtains in the limitε → 0. (You donot have to prove that it’s a weak
solution. Just derive the formula.) Also give an expression for the propagation speed of the solution
obtained in this limit.
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