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Summary. The purpose of this course is to analyse vortex singularities appearing in

Ginzburg-Landau type problems. For that, we consider the following variational model:

Eε(u) =

∫
Ω

1

2
|∇u|2 +

1

4ε2
(1− |u|2)2 dx, u : Ω ⊂ R2 → R2,

where ε > 0 is a small parameter. We are interested in the asymptotic behaviour as ε→ 0

of critical points uε of Eε that are solutions to the system of elliptic PDEs:

−∆uε =
1

ε2
uε(1− |uε|2) in Ω.

As ε → 0, it is expected that uε converges to a so-called S1-valued canonical harmonic

map, whose prototype is the following complex function:

u∗(z) = eiϕ∗
(
z − a1

|z − a1|

)d1
. . .

(
z − aN
|z − aN |

)dN
, (1)

where ϕ∗ : Ω→ R is harmonic and ak ∈ Ω are the vortex singularities of winding number

dk ∈ Z. These vortices correspond to zeros of uε around which the functional Eε concen-

trates and blows up at order | log ε| in the limit ε→ 0. Our aim is to present a variational

approach in proving this concentration phenomenon of Eε around vortices.

Organisation. I will start by introducing the problem: a quick physical motivation,

the objects we focus on (vortices, jacobian, winding number...) and the main results we

want to present (concentration of the jacobian of uε and of Eε). To prove these results,

I will review some basic facts of Functional Analysis, Calculus of Variations and Degree

Theory, in particular, some properties of the jacobian, winding number, co-area formula,

Γ-convergence etc. Then we will prove the main results.

Tentative schedule. Fridays at 10am-noon on May 14, May 21 and May 28, 2021.
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1 Summary of Lecture 1. Introduction

Let Ω ⊂ R2 be a smooth bounded simply-connected domain. For u : Ω→ R2, we consider

the Ginzburg-Landau functional

Eε(u) =

∫
Ω

1

2
|∇u|2 +

1

4ε2
(1− |u|2)2 dx, (2)

where ε > 0 is a small parameter. Note that W (t) = 1
4ε2

(1− t2)2 is a nonnegative double-

well potential leading to the limit target space S1 = {u ∈ R2 : W (|u|) = 0}. Thus, as

ε → 0, we expect that the limit configurations of the above model are S1-valued maps

u∗ : Ω→ S1.

Motivation. This “toy” model arises in physics, in particular, in the Landau theories

for phase transitions (e.g., superconductivity, Bose-Einstein condensates, liquid crystals,

micromagnetics...) where u represents the order parameter. Typically, for superconductors

of type II, |u|2 represents the density of Cooper pairs of superconducting electrons. The

state |u| ∼ 1 is the so called superconducting phase (the Meissner state), while |u| ∼ 0

is the normal phase (corresponding to a “normal” conductor). In the mixed state (the

prototype of our model), u has zeros corresponding to the so-called vortices away from

which |u| ∼ 1 (see more details in [13]).

This model can also be seen as a regularisation of the harmonic map problem. Indeed,

it is known that S1-valued harmonic maps u with nontrivial topology (e.g., the boundary

data has nonzero winding number on ∂Ω) have infinite Dirichlet energy. Thus, it is natural

to seek energetically optimal maps by relaxing the constraint |u| = 1 and replacing it with

a term that penalises deviations of u from unit length, then considering a suitable limit

which presumably should have an energetically optimal placement of singularities (see

more details in [2]).

Goal. We are interested in the asymptotic behaviour as ε→ 0 of critical points uε of Eε

that are solutions to the system of PDEs:

−∆uε =
1

ε2
uε(1− |uε|2) in Ω. (3)

As ε→ 0, it is expected that uε converges to a S1-valued harmonic map u∗, i.e.,

−∆u∗ = u∗|∇u∗|2 in Ω. (4)

Moreover, u∗ has in general point singularities called vortices that are limits of the “topo-

logical” zeros of uε. These vortices are detected by the jacobian jac (u∗) and they represent

high energy concentration regions of Eε with a cost of order | log ε| as ε → 0. Our aim
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is to present a variational approach based on Γ-convergence in proving this concentration

phenomenon of Eε around vortices.

Asymptotic behaviour of minimisers. First, we study the minimisers uε of the energy

Eε for a given S1-valued boundary data g : ∂Ω→ S1 that is smooth. Such minimisers uε

of Eε with uε = g on ∂Ω exist (by the direct method in Calculus of Variations), they are

smooth solutions to the PDE system (3) and their asymptotic behaviour (in particular,

the nucleation of vortices) strongly depend on the winding number of g:

deg(g) =
1

2π

∫
∂Ω
g ∧ ∂τg dH1 ∈ Z, (5)

where τ = ν⊥ is the unit tangent vector field at ∂Ω orthogonal to the unit outer normal

field ν and a ∧ b = a1b2 − a2b1 for a = (a1, a2), b = (b1, b2) ∈ R2.

Case 1: deg(g) = 0. In this case, g admits a smooth lifting ϕ0 : ∂Ω→ R, i.e., g = eiϕ0 on

∂Ω, ϕ being unique up to an additive 2πZ constant. For small ε > 0, one has uniqueness

of minimisers uε of Eε with uε = g on ∂Ω (see [14]). The asymptotic behaviour of uε is

given by the following result of Bethuel-Brezis-Hélein [1]: as ε→ 0,

uε → u∗ in H1 ∩ Cmloc ∩ C1,α(Ω)

for every m ∈ N and α ∈ (0, 1) where u∗ : Ω→ S1 is the unique S1-valued harmonic map

satisfying (4) with the boundary condition u∗ = g on ∂Ω. More precisely, u∗ = eiϕ∗ with

ϕ∗ : Ω → R satisfying ∆ϕ∗ = 0 in Ω and ϕ∗ = ϕ0 on ∂Ω. As a consequence, uε does not

have zeros for small ε since |uε| → |u∗| = 1 uniformly in Ω as ε→ 0. Also,

Eε(uε) =
1

2

∫
Ω
|∇u∗|2 dx+ o(1) as ε→ 0.

Case 2: deg(g) 6= 0. In this case, g does no longer have a smooth lifting, but BV liftings

with jumps and we expect the nucleation of vortices inside the domain. At the limit ε→ 0,

the prototype of a vortex vector field of winding number 1 at a = 0 in the unit disk B1 is

given by

u∗(x) =
x

|x|
= eiθ.

Note that u∗ does no longer belong to H1, but only in W 1,p for p < 2 in B1; so, u∗ is a

singular S1-valued harmonic map. At the level ε > 0, a minimiser uε converging at u∗ in

B1 is expected to have the form

uε(x) = fε(|x|)eiθ
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where the radial profile fε solves the following ODE: −f ′′ε − 1
rf
′
ε + 1

r2
fε = 1

ε2
fε(1− f2

ε ) for every r ∈ (0, 1),

fε(0) = 0, fε(1) = 1

(see [11]). This symmetric approximation uε has a topological zero at a (around which

there is a circulation of the phase of 2π) that induces a large energy on disks of radius

r > 0: Eε(uε, Br) = π log r
ε +O(1) as ε→ 0. The asymptotic behaviour of uε is given by

the following result of Bethuel-Brezis-Hélein [2]:

Theorem 1.1 ([2]) If d = deg(g) > 0 and uε is a minimiser of Eε with the boundary

data g, then for a sequence ε→ 0,

uε → u∗(x) = eiϕ∗(x)
d∏

k=1

x− ak
|x− ak|

in W 1,1 ∩ Cmloc(Ω \ {ak}k) ∩ C
1,α
loc (Ω̄ \ {ak}k),

for every m ∈ N and α ∈ (0, 1) where a1, . . . , ad ∈ Ω are d distinct vortex points in Ω of

winding number 1 and ϕ∗ : Ω→ R satisfies ∆ϕ∗ = 0 in Ω and ϕ∗ = ϕ̃0 on ∂Ω with1

eiϕ̃0 = g(x)
d∏

k=1

x− ak
|x− ak|

on ∂Ω.

Moreover, Eε(uε) = πd| log ε|+O(1) as ε→ 0.

The second order term in the expansion of Eε(uε) was also determined in [2] and

contains the so-called renormalized energy corresponding to the interaction energy between

the vortices. More precisely, as ε→ 0,

Eε(uε) = πd| log ε|+W (a1, . . . , ad) + dγ + o(1)

where the renormalized energy is given by

W (a1, . . . , ad) = lim
r→0

(∫
Ω\∪dk=1Br(ak)

1

2
|∇u∗|2 dx− πd| log ε|

)
while γ is a constant corresponding to the energy of a radially symmetric minimiser uε =

fε(|x|)eiθ in the unit disk B1 with the boundary data g(x) = x on ∂B1, i.e.,

γ = lim
ε→0

(
Eε(uε, B1)− π| log ε|

)
.

The renormalized energy W governs the optimal position of vortices, the interaction be-

tween them corresponds to a logarithmic repulsion, i.e., W ∼ −π
∑

k 6=` log |ak−a`|+O(1)

as mink 6=` |ak − a`| → 0.

1For x ∈ R ∼ C, we denote by x̄ the complex conjugate of x.
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Jacobian. The Jacobian determinant plays an important role in this theory as it detects

the vortices of the order parameter. Let u : Ω ⊂ R2 → R2 be smooth; then

jac (u) = det(∇u) = ∂1u ∧ ∂2u.

Note that jac (u) is well defined in the larger class u ∈ H1(Ω,R2) since ∂1u, ∂2u ∈ L2, so

jac (u) ∈ L1. But how to define the Jacobian for a canonical harmonic map u∗ /∈ H1? In

fact, the notion of Jacobian jac (u) can be extended as a distribution when u ∈ W 1,1 ∩
L∞(Ω,R2):

jac (u) =
1

2
curl(u ∧∇u)

where the current j = (u ∧ ∂1u, u ∧ ∂2u) ∈ L1 as u ∈ L∞ and ∇u ∈ L1. Moreover, jac (u)

belongs to W−1,1 as dual of Lipschitz functions ζ vanishing at the boundary ∂Ω, i.e.,

< jac (u), ζ >:= −1

2

∫
Ω
∇⊥ζ · u ∧∇u dx, ζ ∈W 1,∞(Ω), ζ = 0 on ∂Ω.

As u∗ ∈W 1,1(Ω,S1), then jac (u∗) ∈W−1,1.

Examples. If u ∈ H1(Ω, S1), then jac (u) = 0. If u∗(x) = x
|x| ∈W

1,1 ∩ L∞, then jac (u∗) =

πδ0 where δ0 is the Dirac mass at 0. Moreover, if u∗ is the canonical harmonic map in (1),

then jac (u∗) = π
∑N

k=1 dkδak .

The following characterisation of the Jacobian holds in the space W 1,1(Ω, S1) (see [5]

for the space BV (Ω, S1)):

Theorem 1.2 ([3]) If u∗ ∈ W 1,1(Ω,S1) and jac (u∗) ∈ M(Ω) is a measure in Ω, then

there exist N distinct points a1, . . . , aN and d1, . . . , dN ∈ Z \ {0} such that

jac (u∗) = π
N∑
k=1

dkδak .

In particular, ‖ jac (u∗)‖M = π
∑N

k=1 |dk|.

2 Summary of Lecture 2.

The aim of this lecture is to study the asymptotic behaviour of the energy Eε for more

general configurations uε that are not minimisers for some boundary data. The framework

is given by the Γ-convergence of the functionals 1
| log ε|Eε in the strongW 1,1 topology. Recall

that Eε(u) <∞ if and only if u ∈ H1(Ω,R2). We extend Eε : W 1,1(Ω,R2)→ [0,+∞] by

setting Eε(u) = +∞ if u ∈W 1,1 \H1(Ω,R2). The following result holds:
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Theorem 2.1 ([10]) Let E0 : W 1,1(Ω,R2)→ [0,+∞] be defined by

E0(u) =

‖ jac (u)‖M if u ∈W 1,1(Ω,S1), jac (u) ∈M(Ω),

+∞ otherwise.

Then 1
| log ε|Eε ⇀ E0 in the Γ-convergence sense in the topology W 1,1, i.e.,

a) lower bound: if uε → u in W 1,1, then lim infε→0
1

| log ε|Eε(uε) ≥ E0(u).

b) upper bound: if u ∈ W 1,1(Ω,S1) with jac (u) ∈ M(Ω), then there exists uε → u in

W 1,1 such that 1
| log ε|Eε(uε)→ E0(u) as ε→ 0.

3 Exercises

Exercise 1 Let Ω ⊂ RN be a connected open set and u : Ω→ SM with N,M ≥ 1.

a) If ∆u = 0, then prove that u is a constant.

b) If u is a SM -valued harmonic map, i.e.,

d

dt

∣∣∣∣
t=0

∫
Ω

∣∣∣∣∇( u+ tζ

|u+ tζ|

)∣∣∣∣2 dx = 0 for every ζ ∈ C∞c (Ω;RM+1),

then −∆u = u|∇u|2 in Ω.

c) Assume that N = 2 and M = 1.

c1) Let u ∈ C2(Ω,S1) and j = u ∧∇u be the associated current. Prove that u is a

S1-valued harmonic map if and only if div j = 0 and curl j = 0 in Ω.

c2) If u ∈W 1,1(Ω, S1) is the canonical harmonic map

u(x) = eiϕ
n∏
k=1

(
x− ak
|x− ak|

)dk
,

for a1, . . . , an ∈ Ω, d1, . . . , dn ∈ Z and ϕ ∈ W 1,1(Ω,R), prove that the current

j = u ∧∇u satisfies div j = 0 and curl j = 2π
∑n

k=1 dkδak in Ω.

Exercise 2 Let Ω ⊂ R2 be a smooth bounded open set and g : ∂Ω → R2 be a smooth

function.

6



a) Prove that for every ε > 0, there exists a minimiser uε of the energy Eε defined in

(2) over the space

H1
g (Ω,R2) = {u ∈ H1(Ω,R2) : u = g on ∂Ω}.

Moreover, uε satisfies the Euler-Lagrange equation (3).

b) Prove that every solution uε ∈ H1
g (Ω,R2) to the PDE (3) is smooth in Ω̄.

c) If |g| = 1 on ∂Ω, prove that every solution uε ∈ H1
g (Ω,R2) to the PDE (3) satisfies

|uε| ≤ 1 in Ω. (Hint: start by proving that ρ = 1−|uε|2 satisfies −∆ρ+ 2
ε2
|uε|2ρ ≥ 0

in Ω and conclude by the maximum principle...)

d) Prove that if ε > 0 is large enough, then Eε is convex over H1(Ω,R2); as a conse-

quence, there exists a unique solution uε ∈ H1
g (Ω,R2) to the PDE (3).

Exercise 3 Let B1 be the unit disk in R2, d ≥ 1 be an integer and g : S1 → S1 be

given by g(eiθ) = eidθ for every θ ∈ [0, 2π]. Prove that for every ε > 0, there exists a

solution uε ∈ H1
g (B1,R2) of the form uε(x) = fε(|x|)eidθ for every x ∈ B1 to the PDE (3).

Moreover, the radial profile fε solves the following ODE:2 −f ′′ε − 1
rf
′
ε + d2

r2
fε = 1

ε2
fε(1− f2

ε ) for every r ∈ (0, 1),

fε(0) = 0, fε(1) = 1.

Exercise 4 Let Ω ⊂ RN be a smooth bounded simply connected domain.

a) If k ∈ N and u ∈ Ck(Ω,S1) prove that there exists a lifting ϕ ∈ Ck(Ω,R) of u, i.e.,

u = eiϕ in Ω and ϕ is unique up to an additive constant 2πZ.

b) If p ≥ 2 and u ∈ W 1,p(Ω, S1) prove that there exists a lifting ϕ ∈ W 1,p(Ω,R) of u,

i.e., u = eiϕ in Ω and ϕ is unique up to an additive constant 2πZ.

(Hint: Start by proving that curl(u ∧∇u) = 0 and apply Poincaré lemma to obtain

∇ϕ = u ∧∇u...)

Exercise 5 Let Ω ⊂ R2 be a smooth bounded domain, u ∈ C1(Ω,R2) and j(u) = u∧∇u
be the associated current to u.

a) if u 6= 0 in Ω, prove that

|∇u|2 =

∣∣∣∣j(u)

|u|

∣∣∣∣2 +
∣∣∇|u|∣∣2.

2Such solution fε is unique, see e.g. [8].
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b) if |u| = 1 in Ω and ρ ∈ C1(Ω,R), prove that

|∇u|2 = |j(u)|2, j(ρu) = ρ2j(u).

Deduce that

|∇(ρu)|2 = ρ2 |j(u)|2 + |∇ρ|2 = ρ2 |∇u|2 + |∇ρ|2.

c) if ϕ ∈ C1(Ω,R), prove that

j(eiϕu) = j(u) + |u|2∇ϕ.

Exercise 6 Let Ω ⊂ R2 be a smooth bounded domain.

a) If u, v ∈ H1(Ω,R2) and ζ ∈W 1,∞(Ω,R) with ζ = 0 on ∂Ω, prove that∣∣∣ ∫
Ω

(jac (u)− jac (v))ζ dx
∣∣∣ ≤ 1

2
‖u− v‖L2

(
‖∇u‖L2 + ‖∇v‖L2)‖∇ζ‖L∞ .

b) If u ∈ H1(Ω,S1), then jac (u) = 0.

c) If d ∈ Z, a ∈ Ω, ϕ ∈ C1(Ω,R) and u(x) = eiϕ
(
x−a
|x−a|

)d
, prove that jac (u) = πdδa.
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