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The Camassa—Holm equation

U — Uxxt T 2KUx +3UUx —2Ux Uy — UlUxxx =0, Uli=qg=1T

Camassa—Holm: Phys. Rev. Lett. (1993)

Some properties:

e A model for water waves and hyperelastic rods

e Completely integrable (Lax pair); inverse scattering transform

e bi-Hamiltonian

e Algebro-geometric solutions, infinite hierarchy of integrable equations

e Infinitely many conserved quantities

e Soliton-like solution («multi-peakons»)

e Extensions to systems and multidimensions

e \Wave breaking in finite time with steep gradients while keeping finite Sobolev norm
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Rewrite of the Camassa—Holm equation

Ut + Uy + pyr = 0,

e + (U,U):c — l(u — zpu)aza

P — Pxx — 5(“2 -+ d:u)

3

U(t, ) = H' (R)a u’(ta ) = M-I—(R)v and duac — (U’Z ui)d:v
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The goal

To determine a metric such that

d((u1(t), pa(2)), (ua(t), p2(t))) < a(t)d((u,0, t1,0); (u2,0, H2,0))

a(0) =1

comparing two weak conservative solutions (uj (t), U (t))

Earlier results by Bressan and Fonte (2005) and Grunert, H., Raynaud (2011, 2013)
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The problem |
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As t T

Uz (T0o,1) = —00 u — 0 almost everywhere ||UHH1 < 00

6
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The problem II

Characteristics

20 |
|
3.0 18 H
|
2.5} ] 16 : te
|
14 |
20f 1 |
|
12 [~ H
1.5} | |
10 |
]
i | i |
1.0 8 |
5 |
- |
4+ : tc - 1
00,6 /5 10 -05 0.0 0.5 1.0 15 2.0 ol te — 5 . | ‘tc -2
/' \ \ / \
L / \h - 3 — 1 1

20

o
N
=N
(o2}
[e+]
—y
N
-y
N
-y
»
s
(o]

<
X N

= + .
:O

Wellposedness: uniqueness and stability? 5 5
fpac = (u” + uy)dr

Encode the energy concentration in the measure
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The problem Il
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Conservative solution

Main alternative: Dissipative solution

All intermediate («alpha-dissipative») solutions possible; Grunert, H., and Raynaud (2015)
8

International PDE Conference 2022, Oxford © NTNU



Towards the Lipschitz metric |

Formal calculations, assuming smooth solution (u(t, . ), ,Lb(t, . ))

Ft,2) = ult, (~o0,2)) = [ " du(e),

G(t,x) = /_w (2P — u?)(t,y)dy + F(t,x) = 2P, (t, x) + 2F (t, )

y(t,n) — SU.p{:E | G(t,x) < 77}. (Domain of definition depends

on the total energy)

Formally V(¢ G(t,x)) =2 G(t,V(t,n)) =1
2
Ve + (5”3 +S)Vy(t,n) =U

Z/{(t, 77) — u(t7 y(ta 77))
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Towards the Lipschitz metric Il

Y(t,n) =sup{z | G(t,z) <n}.

Vit U+ 8)Py(t,m) =U
U(t,m) = ult, Y(t,)

Uy + (gui” +SU, =-9
Q(t,n) = Px(t, Y(t,n)) P(t,n) = P(¢t, Y(¢,n))

2
P + (§u3 +8S)P, = QU+ R
(R and S explicit and complicated)

10

International PDE Conference 2022, Oxford © NTNU



The new system of equations

The same system holds for weak solutions:

Vi + (EUB +S)V, =U,

3
2
Uy + (§u3 + S, = —Q,
2
Py + (§u3 +8)P, = QU + R,

Technical problem that the domain depends on the total energy.
Introduce a suitable scaling of functions: ~
; Y(t,n) = (20)'/2Y(t,2Cn)

u(t,R)=C >0
Estimate time development:
d 1~ - 12 . -2 - - 112
dt ||y1 R £2([0,1]) = O(l)( ‘ 1= L2([0,1]) i L2([0,1])
P =B+ VG- VGE)

11
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The two-peakon example

—a(t)e”, z < —v(t),
u(t,x) = { B(t) sinh(x) —v(t) < x < v(t),
a(t)e ", V() < =z,

b b 1

alt) = 5 sinh(y (¢ ~t0)), ()= E e, 1(t) = Infeosh(5 (£~ o)
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The two-peakon example

y(t),
v(@),
<z < (),

t),
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The two-peakon example
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The two-peakon example
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Definition of metric

d : ; , — H ¥ — Y ) HZ/? - Z/? ‘
((u1 ,Ul) (UZ UZ)) Y1 =2 L2([0,1]) s ’ L2([0,1])
N ) pL/2 _ P2 ooy T V201 — \/2C5

Theorem:

d((u1(t), p1 (1)), (ua(t), (1)) < ePd((ur,0, 11,0), (u2,0, b2,0))

0(1) — Omaxj(Cj)(l) as maX(CJ) — 0

J
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An estimate

~ 2 1 -~ 1 ~ . ~ ~
Vit + (gA—?uf =+ A—?Si)yi,n = U;,
d 1 ~ B 1 B B B
p” / (V1 — V2)?(t,m)dn = 2/ (V1 = V2)(V1,e — Va,t) (¢, m)dn
0 0

— 2/0 (371 — 572)(2:{1 - a2)<t’77)d77

4

1
+5 [ =I5l — i) )i
0

1
2 [ (91 = 30) (g8 — STt
0

=11 + I + I3.
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The nonlinear variational wave equation

Joint with S. Galtung and K. Grunert and (in progress)

Ut — C(U) (C(U)Ua:)m = 0, ’Uf‘t_o = Up, Ut|t=0 = U1

0<ct<clu)<c
R=u; 4+ c(u)uzy, S =u;— c(u)ug

R; —cR, =0,
S +¢S, =0,
(R*); — (cR*); =0,
(5%)¢ + (¢S%)z =0 )

® NTNU



The Camassa—Holm equation with noise

The regularized CH equation with transport (or gradient) noise on Stratonovich form:

0 =du-+ :uﬁmu—l—(?wP—s(’}’gu] dt + o O,u o dW,

—92P + P = u? > (8,u)?, for (t,z) € (0,T) x St
Deterministic equation: g = () Inviscid equation £ = ()

Noise on It6 form:

0=du+ [ud,u+ 0P — ediu| dt
1

_ 5g(x)am (0(x)0zu) dt + o(x)0yudW,

1
—0°P+ P =u*+ 5 (8,u)”, for (t,z) € (0,T) x S,

19
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Former work on the noisy CH equation

Earlier work by (incomplete):

Albeverio, Brzezniak, and Daletskii;
Crisan and Holm;

Y. Chen, J. Duan, and H. Gao;

Y. Chen, H. Gao, and B. Guo;
Rohde and H. Tang

H. Tang
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Main theorem in H1

Suppose o € W2 (Sh), pg > 4, and ug € LP°(Q; H'(SY)).

There exists a unique strong H' solution to

0=du+ [udyu+ 9P — sagu] dt

21 (x)a (o(x)0yu) dt + o(x)0,udW,

()

—02P+P=u’+ = (8 w)?, for (t,z) € (0,T) x S,

with initial condition u|(—9 = uog.
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Main theoremin H™

Fix m > 2. Suppose 0 € W™H°(SY), py > 4, and ug € LP°(Q; H™(SY)).

There exists a unique strong H™ solution to

0=du+ [udyu+ 0P — 58§u] dt

_ %g(x)ax (0(2)0,u) dt + o(2)0pudW,

1
—0°P+ P =u*+ 5 (8,u)?, for (¢t,z) € (0,T) x S,

with initial condition u|(—¢ = uyg.

International PDE Conference 2022, Oxford



Solution concepts — weak H™ solution

Fix m € N and pg > 4.  Stochastic basis S := (Q, F, {ft}tZO,IP’)
The triple (S , U, W) is a weak H™ solution to the noisy CH equation

with A the law of ug := u(0) if the following conditions hold:

/H [0][% 1) A(dv) < 0.
m(Sl)

u: Q x [0,7] — H'(S") is adapted, with u € L (Q; C([0,T]; H'(S")).

u € L2([0, T]; H™(SY)) N L ([0, T); H™SY)), if m > 2,

/u(t)goda:—/ ugp dx
St St

t
= / / (—uOyup + (P — e0yu) Oyp) dzds
0 JSt

; t
— 1/ / 00,u Oy (o) da ds —/ / o Oyudx dW (s),
2 0 S1 0 St

23

{ue L2 (; L2([0, T); H2(SY)), ifm =1,
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Solution concept — strong H™ solution

Fix a stochastic basis S = (Q, F {Ft}t>o0, IP’), and a Wiener process W defined on S.

Fix m € N and py > 4, and consider a random variable uy € LP°(Q2; H*(Sh)).

A process u, defined relative to S, is a strong H™ solution

if (S,u, W) is a weak H™ solution with initial distribution A := (ug), P
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Galerkin approximation

Define IT,, : (H' (Sl))* — H, by

n
un = Hpu = E <U, 67;>L2(Sl) €i,
1=1

with €)(2) = cos(2mjz) and e3;41(2) — sin(2njz), = € [0, 1].
n(w, t, ) sz w, t)e;(x
0= dun — e@iun dt + IL, (u,0ruy, + 0 Pluy|) dt
— —1I1I, (60, (60 u,)) dt + 11, (60,u,) AW,
un(0) = I, ug.
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Galerkin approximation — existence theorem

For any fixed n, there exists a unique C(|0,T]; Hy,)-valued

adapted process u,, that is a strong solution to

0 =du, — 68§un dt + IL, (u,0ruy, + 0 Pluy|) dt
1
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A priori estimates — Galerkin approximation

T
] 2
0

1 2p—2

T
2
E ||Un||Loo([o T|;H(S!)) +5P]E/O ||Un(t)||H1(sl) ||awun(t)||H1(Sl) dt
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Tightness of Galerkin approximation

For each n € N, let u,, be a solution with E [|ug|| 1 g1y < oo for p > 2.

Strong convergence in (t,x) variables is secured by a priori estimates.

We will replace {u,} by Jakubowski—Shorokhod representations {., }.
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Tightness of approximation

X, = L*([0,T]; H*(S")) n C([0,T); Hy(SY)),
XW .= C([()? T])7
Xy = H'(SY),

X =X, X Aw X Xp
Let u™ denote the (joint) law of the
(X ,B(X ))—Valued random variable (un, W, Hnuo).

The laws {u™} are tight.
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The Jakubowski—Skorokhod representation

There exist a probability space (Q, F : ]P")

~

and X-valued random variables {(’&n, W, ﬂo,n) }nEN’ (ﬁ, W, ﬂ10),

defined on (S~2, F : IP’), such that along a subsequence (not relabelled),

~

ﬂn Y un, Wn  d W, ﬂo,n Y Hn'U,()

and, P-almost surely,

(i, Wi, io.n) 5 (@, W, 1p) in X
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Weak H! solution of noisy CH equation

Suppose 0 € W#°°(Sh), p > 2, and E ||u0||2;{1(81) < 00.

Let @, W, iip be the Jakubowski-Skorokhod a.s. representations,

and let S be the corresponding stochastic basis.
Then (S , U, W) is a weak H' solution

~

of the CH equation with noise with initial law A := (o), P,

@:Qx[0,T] = H'(S') is adapted, with paths
i(w, -) € C([0,T]; H,(SY))
for P-almost every w € ().

Moreover, & € LP(Q; L>=([0, T]; H*(SY))) N L3( x [0, T]; H3(SY)).
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Pathwise uniqueness in H! — given solutions

Let u, v be strong H' solutions to the viscous stochastic Camassa—Holm equation
with o € W2°°(S') and initial condition ug € L?(Q; H*(S')) for some p > 4.

Then E |lu — U||Loo([o,T];H1(Sl)) =0

Proof (outline):

Since we do not have estimates on

L? ([0, T); L= (Q; WH*°(S1))), we need to replace

T by a stopping time ng < T

We need to invoke a stochastic Gronwall inequality

32
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Main theorem in H1

Suppose o € W2 (Sh), pg > 4, and ug € LP°(Q; H'(SY)).

There exists a unique strong H' solution to

0=du+ [udyu+ 9P — s&‘iu] dt

_ 1 (x)a (o(x)0yu) dt + o(x)0,udW,

()

—02P+P=u’+ = ((’9 w)?, for (t,z) € (0,T) x S,

with initial condition u|(—9 = ug.

Work on € — 0 is in progress.
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Thank you for your attention!
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The scaled system of equations

Azcl/2
~ 2 1 ~3 I s - y
yt‘|‘(§ﬁu +Fs)y77:u’
~ 2 1 ~3 I &~ 1 =
ut—|‘(§ﬁu ‘|‘FS)U77:_EQ’
3 21 ~5 1 & - L o 1 R
(P )t+(3A5u +A68)(P ) 2A2751/2+2A3751/2

~

V(t,n) = AV(t, A%n), U(t,n) = AU(t, A%n),

PY2(t,m) = APY2(t, A%), H(t,n) = A3H(t, A%n)
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Strong H' solution of noisy CH equation

Suppose o € W (S), pg > 4, and ug € LP°(Q; H*(SY)).

There exists a strong H' solution of the stochastic CH equation

with initial condition u|;—g = ug.

X, := L*([0,T); H'(SY)) N C([0, T); Hy(SY)),

P = ey @ ey @ iy ® L -

lakubowski—Skorokhod representation theorem gives convergence of a subsequence.

Gyongy—Krylov theorem.
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Pathwise uniqueness in H™ — given
solutions

Let u, v be strong H™ solutions to the viscous stochastic CH equation
with o € W™T1°°(S!) and initial condition u|,—q = v|t—¢ = ug € L®(; H™(S)).

Uniqueness holds:

||u — UHLoo([o,T];Hm(Sl)) = 0.

Proof:

Since we do not have estimates on
L? ([0, T); L= (Q; WH*°(S1))), we need to replace
T by a stopping time ng < T

We need to invoke a stochastic Gronwall inequality
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Even more details
U2Y; p(t,m) < AT < AP

1 L. ~ o~ ~ - ~ ~ o~ ~
Jo = $|/ (V1 = ) [Uh V1,0 lge gz + Un Vo Ly 2| (Uz + UL ) (U2 — UL ) (L, m)dn|
. <

< A5/ V1 — Vol Uy — Uz\(Qulyln 2 <i12 —|—2Z/l2y2,7 u2<u2)(t n)dn

< 2(”3’1 — y2” + Hul —U2H )
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One more thing...

1 . - - oo .
s = g5l [ (9= Il min(@i2) B = Fu)( )

1 ~, “ 297 <1772 1
= | — ﬁ(yl - y2) Z/{]_ H.lyln(uj )(t7 TI)‘?):O
b 3 = 32 @ min@2)) ) dn)
245 Jo TRy R A

| L od o~
_ ﬁ|/o () — y2)2%(u1 min(U;))(t, n)dn

J

< S le |, [ o 3ren

2

4
< O(1) H3~71 — 572|
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The role of kappa

Up — Ut + 2K Uy + 3UUx — 2Ux Uy — Ulxxx =0, Ule=0 =T

k positive is required in the water wave setting

If U solves the Camassa—Holm equation with positive K, then
v(t,z) =u(t,z — Kkt) + K
solves the equation with Kk = (0

Only explicit decaying solutions when K vanishes

The case of non-vanishing asymptotics studied in Grunert, H., and Raynaud (2012 & 2014)
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Classical results

Constantin, Escher (Acta, 1998): Proof of wavebreaking
Constantin, Escher, and Molinet (1998 & 2000):

If ul;o=u€ H'®) and m:=ia—iisanonnegative Radon measure, then the
Camassa—Holm equation has a unique global weak solution u € C([0, T], H' (R))
forany T>0.

However, if & is odd with @,(0)<0 andae H3([®R), then T is finite.

Bressan and Constantin, H. and Raynaud (2007 & 2008):
Wellposedness of conservative and dissipative solutions
using a novel change of variables
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Multi-peakons

1 & Nai—a.
H(p,q) = Y pipje |gi-a;]
i,j=1 3t

Ch apl ) Pz aql

0

_1 1 1 1 1 1 1 1 1 1
-20 =15 -10 -5 0 5 10 15 20 25 30

n n
5];' = Z p]-e_|qi—qj|, pi = Z pPip;j Sgn(qi — qj)e_|qi_qj|.
Jj=1 j=1

n
u(t,x) =y Pi(t)e_lx_qi(t)l is a weak solution of the Camassa—Holm equation
i=1
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The two-peakon example

1 1 1 1 1 1 1
-20 -15 -10 =~ 0 5 10 15 20
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Upshot first equation

d I~ -2 . -2 - -2
2y, - <01 (( _ U — U
dt Hyl ? L2(jo,1]) — W] =% L2([0,1]) ! L2(]0,1])
- 2
—I—HP1/2 7321/2 o) + /Oy — /_C2|2)
Similar for the other equations
d((u1, p1), (uz, p2)) = Hyl 2| a0 + Hul — U L2(o.1])
+|[Bire - pi oo F V20T = V20

Theorem:

d((u1(t), p1 (1)), (ua(t), (1)) < eZd((ur,0, 11,0), (u2,0, 12,0))

44
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Four-multipeakon

3t 0 time
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Lagrangian variables

Initial data: (uo, ,LLO)

New Lagrangian variables:

y(0,€) = sup{z | x + Fo(x) < ¢},
H(O,ﬁ) =& — y(07§)7
U(0,£) = u(0,y(0,5)),

Time evolution:

ye(t,€) = U(t,§),

Ue(t,€) = —Q(1,€),

Hy(t,€) = (U — 2PU)(t,€)
This system has smooth global solution

Relation to other variables: y(t, 77) = y(t, l(t, 77))
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Time evolution in Lagrangian variables

X=@UH  X(t)=S(Xo)

Problem: Lack of uniqueness in

Lagrangian variables — relabeling
Recover measure:

1= yz (Hed§)
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Further details — the simplest case

1

5] = |2 / (B — ) — To) (8, )| < / (P1 — P2)? + (@ — Uh)?)(t, m)dn

0

5 2 5 2
:Hyl_yZH -I—HZ/{1—U2H
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Further details

3 U
[l =1 [ O = IG5 — 1) )i

| / G — Do) U3y — UED1) (6, 1))

- (maxg
A7 — A§|
A3 A3

T | / (= Do) U3V 1 Ly <ty + T Lasty )t )l

< 51 / (F — ) U — Th )2 T (2, )l

+ E'/ (V1 = Vo)t V1o gz <z + Uh Vo Lige i3]
0
X (2;[2 + 2/71)(2/72 — Z;ll)(ta ﬁ)d77|

1 / (1 — o)ty min(U2) By — 1.0) )

A5_A5 - ~ ~e ~ ~a
| 11151452' |/ (V1 = Vo) Ui V1,nLa,<a; +Us Vo,nla,<a,)(t,m)dn)
142 Jo

=J1+ 2+ J3+ Jy.

_I_
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