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Overview of the talk

@ Semilinear elliptic PDEs

@ Regularity of critical points
© Smoothness of stable solutions
@ Known results and Brezis’ problem

@ New results

© Smoothness of finite Morse index solutions
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Part 1: Semilinear elliptic PDEs
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Semilinear elliptic PDEs

Given Q C R”, one looks at u : Q2 — R solving

—Au=f(u) inQ,
u>0 in Q,
u=20 on 09.
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Semilinear elliptic PDEs

Given Q C R”, one looks at u : Q2 — R solving

—Au=f(u) inQ,
u>0 in Q,
u=20 on 09.

Some natural structural assumptions on f:

f >0, fsmooth, convex, increasing, and superlinear (at +oc).
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The energy functional
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The energy functional

Set .
F(t) ::/ f(s) ds.
0

Then our PDE corresponds to the Euler-Lagrange equation for
the energy functional

V] == /Q<V2V‘2 - F(v)) dx.
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The energy functional

Set .
F(t) ::/ f(s) ds.
0

Then our PDE corresponds to the Euler-Lagrange equation for
the energy functional

V] == /Q<V2V‘2 - F(v)) dx.

In other words, u solves —Au = f(u) if and only if

d
0= 3| elu+eg= /Qw-vg _fue  vee CYQ).
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Minimizers vs stationary vs stable

Since f is superlinear,

F(t)>t>  for tlarge.
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Minimizers vs stationary vs stable

Since f is superlinear,

F(t)>t>  for tlarge.

Thus, given v: Q — Rand M > 0,

£[MV] :MZ/Q '2"2 —/QF(MVH—OO

as M — +oo. Hence, £ has no global minimizers.
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Minimizers vs stationary vs stable

Since f is superlinear,

F(t)>t>  for tlarge.

Thus, given v: Q — Rand M > 0,

£[MV] :MZ/Q '2"2 —/QF(MVH—OO

as M — +oo. Hence, £ has no global minimizers.

Then, one can look at:

@ critical points: u € W, ?(Q) s.t. %L:Og[queé] =0Vv¢e G

Alessio Figalli (ETH Zirich) Finite Morse index solutions to elliptic PDEs



Minimizers vs stationary vs stable

Since f is superlinear,

F(t)>t>  for tlarge.

Thus, given v: Q — Rand M > 0,

£[MV] :MZ/Q '2"2 —/QF(MVH—OO

as M — +oo. Hence, £ has no global minimizers.

Then, one can look at:

@ critical points: u € W,?(Q) s.t. £

_08[u+e§] =0Vv¢e G

d2

@ stable critical points: in addition,

_OE[U +e] >0
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Part 2: Regularity of critical points
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The (sub)critical case
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The (sub)critical case

Assume that

0<f()<CH+tP, p<
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The (sub)critical case

Assume that

n+2

p
o<f(ty<CO+t), p<_——

Using classical PDE tools, one can show that

ue W2 = yel™.
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The (sub)critical case

Assume that

n+2

p
o<f(ty<CO+t), p<_——

Using classical PDE tools, one can show that

ue W2 = yel™.

Once u € L, one uses classical elliptic regularity (ER):

uel* = fluel>® = Auecl™

ER
= ueC = fluyeC™™ = Aue C"®

ER
= ueCd® = .
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The supercritical case
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The supercritical case

Let
u(x)=1[x|"*—1 in By, a>0.

Then a
—AU=Clx| > 2=C(1+u).
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The supercritical case

Let
u(x)=1[x|"*—1 in By, a>0.
Then a
—Au=Clx| 2 =C(1+u)".
Also, 1
Vu| = C'|x|7*".
Thus
/ Vu2<oo < 2(a+1)<n at2 n+2
B, «Q n-—2
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The supercritical case

Let
u(x)=1[x|"*—1 in By, a>0.
Then a
—AU=Clx| > 2=C(1+u).
Also, 1
Vu| = C'|x|7*".
Thus

/\Vu|2<oo & 2a+1)<n & at2 n+2
B, «Q n-—2

No regularity!!!
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Part 3: Smoothness of stable solutions
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Stable solutions

A critical point is stable if

2

d /
0< 5| Elutet]= /Q VER - F(u)e?  VEe G(Q).

Remark: to prove smoothness, it suffices to prove
boundedness.
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A motivating problem (Barenblatt-Gelfand 1963)

Given \ > 0, let u solve the Barenblatt-Gelfand problem

—Au = Xf(u) inQ,
u>0 in Q,
u=20 on of).
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A motivating problem (Barenblatt-Gelfand 1963)

Given \ > 0, let u solve the Barenblatt-Gelfand problem

—Au = Xf(u) inQ,
u>0 in Q,
u=20 on of).

When f(u) = €Y, this is a model for combustion of solid fuel,
where:

- A +— amount of combustible;

- boundedness of stable solutions <— pointwise bounds for
the thermodynamic quantities.
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The radial case

In 1972, Joseph-Lundgren studied the radial case Q2 = B;.
The PDE reduces to a ODE, and they could show the following:

stable solutions
A A

flull e ' l[ull oo E
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3<n<9 n > 10
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The radial case

Thus, there exists A\* > 0 such that:

stable sols exist if and only if A € [0, A*]

n < 9: stable sols are bounded for A € [0, ]

n > 10: stable sols are bounded for A € [0, \*)
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The radial case

Thus, there exists A\* > 0 such that:

stable sols exist if and only if A € [0, A*]

n < 9: stable sols are bounded for A € [0, ]
n > 10: stable sols are bounded for A € [0, \*)

This was extended to any domain if f(u) ~ uP or f(u) ~ e" by
Crandall-Rabinovitz (1975).
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The radial case

Thus, there exists A\* > 0 such that:

stable sols exist if and only if A € [0, A*]

n < 9: stable sols are bounded for A € [0, ]
n > 10: stable sols are bounded for A € [0, \*)

This was extended to any domain if f(u) ~ uP or f(u) ~ e" by
Crandall-Rabinovitz (1975). Many results followed...
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A singular stable solution in dimension

u(x) = —2log |x| € W,?(By) solves
—Au=2(n—2)e" forn>3.

Is it stable?
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A singular stable solution in dimension

u(x) = —2log |x| € W,?(By) solves
—Au=2(n—2)e" forn>3.

Is it stable?

Stability:

52
V€2 >2(n—2)

1 1
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A singular stable solution in dimension

u(x) = —2log |x| € W,?(By) solves
—Au=2(n—2)e" forn>3.

Is it stable?

Stability:

52
5 VE? > 2(/7—2)/B1 X V¢ e Ci(By).

Hardy’s inequality:
n—2)2 2
/ e > ¢ i ) / £ yeeals).
B; B;

|x[2

So Hardy =- Stability if n > 10.
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Open problems and some known results

Letu e W(} 2(Q) be a stable solution of —Au = f(u), with f > 0
smooth, convex, increasing, superlinear.
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Open problems and some known results

Letu e W(} 2(Q) be a stable solution of —Au = f(u), with f > 0
smooth, convex, increasing, superlinear.

e Brezis-Vazquez, 1997: Is there a universal estimate on
IV ull2q) in every dimension?
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Open problems and some known results

Letu e W(} 2(Q) be a stable solution of —Au = f(u), with f > 0
smooth, convex, increasing, superlinear.

e Brezis-Vazquez, 1997: Is there a universal estimate on
IV ull2q) in every dimension?
¢ Nedeyv, 2000:
-uel>(Q)ifn<g;
- answers positively to Brezis-Vazquez if Q convex.
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Open problems and some known results

Letu e Wg 2(Q) be a stable solution of —Au = f(u), with f > 0
smooth, convex, increasing, superlinear.

e Brezis-Vazquez, 1997: Is there a universal estimate on
IV ull2q) in every dimension?
e Nedeyv, 2000:
-uel>(Q)ifn<g;
- answers positively to Brezis-Vazquez if Q convex.
e Brezis, 2003: /s there something “sacred” about dimension
10? Can one prove in “low” dimension that u is smooth?
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Open problems and some known results

Letu e Wg 2(Q) be a stable solution of —Au = f(u), with f > 0
smooth, convex, increasing, superlinear.

e Brezis-Vazquez, 1997: Is there a universal estimate on
IV ull2q) in every dimension?
Nedev, 2000:

-uel>(Q)ifn<g;

- answers positively to Brezis-Vazquez if Q convex.

Brezis, 2003: /s there something “sacred” about dimension

10? Can one prove in “low” dimension that u is smooth?
Cabré-Capella, 2005: u € L>*(Q) if n <9 and Q = By.
Cabré 2010 - Villegas 2013: u € L*(Q) if n < 4.
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New results: answers to Brezis and Brezis-Vazquez
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New results: answers to Brezis and Brezis-Vazquez

Theorem (Cabré - Figalli - Serra - Ros-Oton, Acta Math. 2020)

Letf:RT™ — R™ be convex, nondecreasing, and superlinear.
Letu e Wg 2(Q) be a stable solution of

—Au = f(u) inQ

with 9Q € C3.
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New results: answers to Brezis and Brezis-Vazquez

Theorem (Cabré - Figalli - Serra - Ros-Oton, Acta Math. 2020)

Letf:RT™ — R™ be convex, nondecreasing, and superlinear.
Letu e Wg 2(Q) be a stable solution of

—Au = f(u) inQ

with 0Q € C8. Then:
Q [Vull2@) < C(n,Q)||ullp1q) < C(n, f,Q) foralln> 2.
Q [Ullge@y < C(n, Q)| Ul @) < C(n,f,Q) forn < 9.

Remark: if Q2 is convex, then it suffices to assume f > 0 and
locally Lipschitz.
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Part 4: Smoothness of finite Morse index
solutions
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Finite Morse index solutions

Given u solution of —Au = f(u), define

Q,lé] = /Q VER - F(u)e e e CYR).
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Finite Morse index solutions

Given u solution of —Au = f(u), define

Qulé] = /Q VER - FU)E@ Ve e CHQ).

We say that ind(u) = k € N if k is the maximal dimension of a
subspace X C C}(Q) such that

Qulgl <0 vVEe X\ {0}
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Boundedness vs Morse index (l)

Let u solve
—Au=f(u) inQ,
u>0 in Q,
u=20 on 092.
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Boundedness vs Morse index (l)

Let u solve
—Au=f(u) inQ,
u>0 in Q,
u=20 on 092.

Bahri-Lions (1992): let f(t) ~ tP for ¢ > 1 with p < 2. Then

ind(U) <C =4 ||U||LOO(Q) < C.
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Boundedness vs Morse index (l)

Let u solve
—Au=f(u) inQ,
u>0 in Q,
u=20 on 092.

Bahri-Lions (1992): let f(t) ~ tP for ¢ > 1 with p < 2. Then
ind(U) <C =4 ||U||LOO(Q) < C.
Let f(t) ~ tP for t > 1 with p = 22 Then 3 {uy}k>1 sit.

ind(Uk) =1 but HUkHLoo(Q) — OQ.
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Boundedness vs Morse index (II)

Farina (2007), Dancer-Farina (2009): let f(f) ~ A\tP for t > 1
with p > 2 or f(t) ~ Ae!. Then

ind(U) <C = ”U”Loo(Q) < C.
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Boundedness vs Morse index (II)

Farina (2007), Dancer-Farina (2009): let f(f) ~ A\tP for t > 1
with p > 2 or f(t) ~ Ae!. Then

ind(u)<C < |l < C.

Figalli-Zhang (2021): let f'(t)f > pfo s)ds for t > 1 with
p > 2 Then

ind(U) <C = HU”Loo(Q) < C.

In particular, the same picture as in Joseph-Lundgren holds.
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Thanks for your attention!
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