Oxford MAT Livestream 2022 — Integration & Differentiation — Solutions

Warm-up
1. Differentiate z'7 — =7 with respect to z.
e The derivative of 2% is az®! so the derivative of this expression is 1726 4+ 172718,
2. Differentiate 21/x + 3/ with respect to x.

e Remember that \/z = 2/2 and ¢/ = z'/3, so the derivative of this expression is
x~ Y2 4+ £72/3 which we could write as \/LE + le/f*» if we wanted to.

3. Differentiate 1 — 3% with respect to z.

e Remember that the derivative of a constant is 0, so the derivative of this expression
is just —3e3*.

4. Find the tangent to the curve y = e® + 2% at = 2.

e We need to find the value of the derivative g—g at x = 2 because that’s equal to
the gradient of the tangent. We can differentiate to find % = e” + 2z so that
gradient we wanted is e? + 4. We also want the tangent to have the same value at
x = 2 as the curve; that’s e* + 22 at x = 2, which is also €? +4. So our tangent is

y=(e2+4)(x—1).
5. Find the normal to the parabola y = 22 at x = 3.

e First find the derivative at = 3, which is 6 for this parabola. That’s the gradient
of the tangent, and the normal is at right-angles to the tangent, so it has gradient
—%. We have y = —¢ + ¢ and we want the normal to go through the point (3,9).
So we want ¢ = 2.
6. Find the turning points of the curve y = 2* — 223 + 22. Identify whether the turning
points are maxima or minima. For which values of x is y = 2% — 223 + 22 increasing?

For which values of x is it decreasing?

e The turning points must have & = 0 so we must have 42® — 622 + 2z = 0. That
happens when 2 = 0 or when 222—3z+1 = 0 which happens when (2z—1)(z—1) =
0, which is either x =1 or x = %

e Now find the second derivative to check whether these are minima or maxima.
2

373 = 1222 — 122 + 2, which is positive for z = 0, negative for z = %, and positive

for x = 1. So we have a (local) minimum, then a (local) maximum, then a (local)

minimum.

e The function is decreasing for x < 0, then increasing for 0 < x < %, then decreasing
for % < x < 1 then increasing for x > 1.
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7. Two points A and B are on the curve y = 2° + 2% + 2 + 1. A is held fixed at (1,4).
The point B is moved along the curve towards A. What happens to the line through
A and B?

e The line definitely goes through A, which doesn’t move. The thing we learn from
“differentiation from first principles” is that the gradient of the line gets closer
and closer to the derivative of the function at A.

e The derivative is 322 4+ 22 + 1 which is 6 at = 1. The value is 4, so the tangent
is y = 6z — 2. So if the line through A and B is y = mx + ¢ then m gets closer
and closer to 6 and ¢ gets closer and closer to —2.

8. Suppose that the derivative of a polynomial p(z) with respect to x is ¢(z). Find an
expression for / q(z)dz.

e This must be p(z) + ¢ for some constant c.
9. Find the area enclosed between the polynomial y = 22 + 42 + 3 and the z-axis.

e First find the points where y = 0. We have (z + 3)(z 4+ 1) = 0 so these points are
at x = —1 or x = —3. In between, we have y < 0 (by considering the graph).
—1
e So we want — / 2 + 42 + 3dz. That minus sign out the front is because the
-3
function is negative.

e This works out to be %.

1
10. Find/ l4+z+224+ 22+t 4+ 2° +25da.
-1

C x? x3 xt xb 28 x71 2 2 2 352
e This is [JI+7+?+I+?+F+7] 1:2+§+5+7:1—05.

11. Find / 2V dx.

—Tr

21730

e This is [ﬁr = 0. In general, any “odd function” with f(—xz) = —f(z) which

we integrate from —a to a for any real number a will give zero.

/x;i%dx’ /\%df" /<($2)3>5 da, /(x2+1)3dx

3 1 3 1 3
./x+ dx:/——i——,dx:————+cwherecisaconstant.
x3 x? a3 x 212

12. Find
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3
° / Vrdr = /3:1/3 dr = 1554/3 + ¢ where c is a constant.

5 31
° / ((352)3) de = /3:30 dx = :;—1 + ¢ where ¢ is a constant.

7 35
° /<x2+1)3dx:/x6+33:4~|—3932+1dx:%+%+$3+x+cwherecisa

constant.

13. By thinking about the area that the integral represents, explain why

_11 flz)der = /_11 f(—z)dx.

e The graph of f(—=x) is the graph of f(x) reflected in y-axis. Also, note that if we
reflect the interval —1 < x < 1 in the y-axis then we get the same interval back.
On the left-hand side, we're finding the area under f(z) (or maybe negative the
area in any regions where f is negative). On the right-hand side, we’re calculating
exactly the same area, but with the shape of the graph reflected.

MAT questions

MAT 2014 Q1C

e First work out the derivative 3ka? — 2(k + 1)z + (2 — k) and then the second derivative
6kx —2(k +1).

e At z = 1, the first derivative is 3k — 2(k + 1) + (2 — k), which is zero for any k, and
the second derivative is 6k — 2(k + 1) = 4k — 2.

e For this to be a local minimum we would need zero derivative (which we have!) and
we would need the second derivative to be positive, so we would need k& > %

e The answer is (c).
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MAT 2017 Q1A

Let’s look for the stationary points by working out the derivative 62% — 2kx + 2.

That’s got two distinct roots if the discriminant 4k? — 48 is positive, which happens if
k* > 12.

Technically we should probably check that the second derivative isn’t zero at these
points, but since the first derivative is a quadratic, it can only have zero derivative at
a root if there’s a single repeated root (which is not the case).

The answer is (b).

MAT 2014 Q1J

This question is tough. We're not going to work out what the function f(x) is! We're
just going to work out precisely the information f_ll f(x)dx. Let’s give that number a
name (it is a number, not a function of ). I'm going to call it A.

Now the equation we've been given is
6+ f(z) = 2f(—x) + 3Ax?

I don’t know much about f(z), and frankly I don’t care much about the details of f(z),
I just want to find A. I've noticed that if I integrate the left-hand side of the equation,
I get 12 + A.

If T integrate the right-hand side I get

1 1
2/ f(—z)dz + 3A/ r* dz.
—1 —1

I've moved the A outside of the integral there because it’s just a constant.

Now note that [*, f(—z)dz = [', f(z)dz; we talked about this in the warm-up. That’s
A.

So we have 12+ A = 2A + 3A f_11 x2dx. We're almost done, I just need to calculate
one integral and T’ll get an equation for A.

Tget 124+ A=2A+2As0 A=4.

The answer is (a).
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MAT 2016 Q1H

e First, let’s calculate the two areas in the question.

\
N\

e The z-axis and f(z) enclose a region with —y/a < x < y/a where f(x) is positive. The
area is

Ve 2 3/2 2 3/2 4 3/2
a—z°dr =2a”° — =a’* = =a’'".
_\/a 3 3

1/4

e The r-axis and g(z) enclose a region with —a'/* < 2 < a'/* where g(x) is negative.

The area is
1/4

_/a 2 —ade = —§a5/4+2a5/4 = §a5/4

_gl/4

e We want to find out when the first area is bigger. We need

4 5 8
/2 5/4
—a’* > —a’".
3 5
e This rearranges to a > (2)4.
e The answer is (e).
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MAT 2017 Q3
(i) Here’s a sketch

(i)

(iii)

(iv)

2 %
k=1
1.5 | k=2
(1,1)

. k=3

0.5 |
70)
0.5 1 1.5 9

Note that all the curves pass through the point (0,0) and through (1,1). For 0 <z < 1
the curve with the highest value of £ is the largest, but for x > 1 the curve with the
lowest value of k is the largest.

For 0 < z < 1, the curve y = fx,1(x) has a larger value than the curve y = fi(x). The
area we want is

1 1
/ Jrr1(2)— fi(x) dv = / /) gl 4y =
0 0

We can check that if £k = 1 then this is % — % =

211/ (k+1) plH1/k 1 B k+1 k

L+ 1/(k+1) 1+1/k], k+2 k+1

1
G

Remember that y = fi(x) is just y = x. This intersects the line y = ¢ for x = ¢, so
the point of intersection is (c,c). The curve y = fo(x) is just y = 2/ so the point of
intersection with the line y = ¢ is (c?, ¢).

Here’s a sketch

02 04 06 08 1
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We can write the area between the curves and under y = ¢ in two parts as

2

A:/ xl/Z—:z:dx+/ c— zdx.
0 c?

We can calculate these integrals to get (after simplifying)

w

a=C ¢
2 3

Now for the two regions to have equal area, they must each have area %, because we
found in part (ii) that the overall area is %. This gives the equation 5 = % — § which

12
we can rearrange for 4¢3 — 6¢2 + 1 = 0.

We know that 0 < ¢ < 1, so let’s try guessing simple fractions as roots of this cubic. It
turns out that ¢ = % works. Perhaps we could factorise the cubic to check that this is
the only root in that range, but it’s easier to argue geometrically; as ¢ increases from
zero to one, the area under the line y = ¢ only increases, so we can’t have two different

values of ¢ which split the region in half.

Reflection

e Splitting the area up into multiple parts is a good tactic. In the long question, I split
the area up into a region to the left of a point of intersection and a separate region
to the right. I could have spotted that the region to the right was just a right-angled
isosceles triangle, which might have been a faster way to get the area.

e If you've never seen something like f_ll f(t)dt before, it’s worth thinking about what

this means and why it’s the same thing as fjl f(z)dz.

e Drawing sketches is still important, even if the question doesn’t ask you to!
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