Plateau flow
alias
The heat flow for half-harmonic maps

Michael Struwe, ETH Ziirich

International PDE Conference 2022
Oxford Centre for Nonlinear Partial Differential Equations and Centre for Doctoral
Training in PDE

July 22, 2022



Half-harmonic maps

Let N C R” be a closed sub-manifold, 7: N, — N the smooth
nearest-neighbor projection on a p-neighborhood N, of N.



Half-harmonic maps

Let N C R” be a closed sub-manifold, 7: N, — N the smooth
nearest-neighbor projection on a p-neighborhood N, of N.

Definition (Da Lio-Riviere) u: S* — N C R" is half-harmonic if

dr(u)((—A)Y2u) =o0. (1)



Half-harmonic maps

Let N C R” be a closed sub-manifold, 7: N, — N the smooth
nearest-neighbor projection on a p-neighborhood N, of N.

Definition (Da Lio-Riviere) u: S* — N C R" is half-harmonic if
dr(u)((~A)"2u) = 0. )

Half-harmonic maps may be regarded as critical points of the

half-energy
o)~} [ a4t

ofamapu e H1/2(51; N), where

HY2(SY N) = {u € HY?(SY;R"); u(z) € N for a. e. z € S1}.



Half-harmonic maps

Let N C R” be a closed sub-manifold, 7: N, — N the smooth
nearest-neighbor projection on a p-neighborhood N, of N.

Definition (Da Lio-Riviere) u: S* — N C R" is half-harmonic if

dr(u)((—A)Y2u) =o0. (1)

Half-harmonic maps may be regarded as critical points of the

half-energy
o)~} [ a4t

ofamapu e H1/2(51; N), where
HY2(SY N) = {u € HY?(SY;R"); u(z) € N for a. e. z € S1}.

Numerous results on regularity, “bubbling”, and quantization have
been obtained by Da Lio-Riviere, Da Lio-Martinazzi-Riviere,
R. Moser, Schikorra, and others, in particular, when N = Sk,
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The half-energy of a map u € HY/?(S'; N) equals the standard
Dirichlet energy

1
E(u) = 2/B|Vu|2dz

of its harmonic extension u € H'(B;R"). Indeed, we have the
characterization (already used by R. Moser and Millot-Sire)

(=A)Y2u = d,u

of the half-Laplacian as the Dirichlet-to-Neumann map. Thus, the
representation of the operators (—A)'/2 and (—A)Y* in Fourier
space with symbols |£|, 1/|¢|, and Parceval’s identity give
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that a half-harmonic map u € H'/2(S*; R") induces a minimal
surface with free boundary on N (Da Lio-Riviere (2011)).

Indeed, the harmonic extension u € Hl(B;R”) of u satisfies

drn(u)Oru = dw(u)((—A)1/2u) =0.

Thus, u, - uy =0 on 9B = S*, and the (analytic) Hopf differential

¢ = 2202 = r?|u, |2 — |upl? — 2iru, - uy

is real on 9B = S*. Hence ®(z) = const = ®(0) = 0, showing that
u is conformal and therefore has vanishing mean curvature.

Moreover, from the condition dm(u)0,u = 0 we infer that u meets
N vertically.
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Wettstein (2021) studied the heat flow

dr(u)(ur + (—A)Y2u) =0 on S x [0, o], (2)
for the half-energy and he obtained global existence for initial data
up € HY/2(S; N) with sufficiently small energy.

Note that with (—A)Y/2u = d,u, equation (2) is equivalent to the
evolution equation
ur + dm(u)o,u=0 (3)

for a family of maps u = u(t) € H/?(S'; N) with harmonic
extension u € H(B;R"). Observing that

dE(u):/VuVutdx:/ ur - updo
dt B 0B

—— [ Jdntuyufdo =~ [ |uPdo,
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we view (3) as heat flow for E with a free boundary constraint.
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The heat flow for half-harmonic maps

Using the equivalence of the evolution problems (2) and (3), here
we extend Wettstein's results to initial data of arbitrarily large (but
finite) energy.

Theorem (S.(2021)). Let N C R" be a closed, smooth sub-manifold
of R”, and suppose that the normal bundle T+N is parallelizable.
For any up € HY/?(S"; N) there exists a unique global weak
solution u = u(t) of (3) (hence (2)) with u(0) = ug, whose energy
is non-increasing and which is smooth away from finitely many
points in space-time where non-trivial half-harmonic maps “bubble
off". As t — oo suitably, u(t) converges to a half-harmonic limit
map away from finitely many non-trivial half-harmonic “bubbles”.



Remarks

e We exploit the surprising regularity properties of the normal
component dy;(u)d,u of the harmonic extension of u, likely
related to the commutator estimates for the normal projection in
the work of Da Lio-Riviére and others.



Remarks

e We exploit the surprising regularity properties of the normal
component dy;(u)d,u of the harmonic extension of u, likely
related to the commutator estimates for the normal projection in
the work of Da Lio-Riviére and others.

e A simple identity, and the use of the Dirichlet-to-Neumann map
for the harmonic extension u: B — R"” of u instead of the
half-Laplacian (—A)Y2u allow to perform the analysis completely
avoiding fractional calculus.



Remarks

e We exploit the surprising regularity properties of the normal
component dy;(u)d,u of the harmonic extension of u, likely
related to the commutator estimates for the normal projection in
the work of Da Lio-Riviére and others.

e A simple identity, and the use of the Dirichlet-to-Neumann map
for the harmonic extension u: B — R” of u instead of the
half-Laplacian (—A)Y2u allow to perform the analysis completely
avoiding fractional calculus. (Compare Lenzmann-Schikorra.)



Remarks

e We exploit the surprising regularity properties of the normal
component dy;(u)d,u of the harmonic extension of u, likely
related to the commutator estimates for the normal projection in
the work of Da Lio-Riviére and others.

e A simple identity, and the use of the Dirichlet-to-Neumann map
for the harmonic extension u: B — R” of u instead of the
half-Laplacian (—A)Y2u allow to perform the analysis completely
avoiding fractional calculus. (Compare Lenzmann-Schikorra.)

e Even though (3) appears to be degenerate, within our framework
we are able to obtain similar smoothing properties as in the case of
the harmonic map heat flow of surfaces.



Remarks

e We exploit the surprising regularity properties of the normal
component dy;(u)d,u of the harmonic extension of u, likely
related to the commutator estimates for the normal projection in
the work of Da Lio-Riviére and others.

e A simple identity, and the use of the Dirichlet-to-Neumann map
for the harmonic extension u: B — R” of u instead of the
half-Laplacian (—A)Y2u allow to perform the analysis completely
avoiding fractional calculus. (Compare Lenzmann-Schikorra.)

e Even though (3) appears to be degenerate, within our framework
we are able to obtain similar smoothing properties as in the case of
the harmonic map heat flow of surfaces.

e When N is a smoothly embedded, oriented closed curve ' C R”
the flow (3) may be viewed as an alternative gradient flow for the
Plateau problem of disc-type minimal surfaces, the Plateau flow.
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Remarks on the Plateau flow
e |t is not clear whether the classical Plateau boundary condition
(requiring monotonicity) is preserved along the flow (3), even when
I"is a strictly convex planar curve. But also without monotonicity
energy quantization holds (see below).

e It should be straightforward to extend our results to the case
when the disc B is replaced by a surface S of higher genus, if for
given initial data uy € HY/2(S%; N) we consider a family u = u(t)
in HY/2(S; N) solving the equation (3), that is,

ur + dr(u)d,u =0

instead of (2), where v is the outward unit normal along 9S = S*
and where for each time we harmonically extend u(t) to S; see Da
Lio-Pigati (2020) in the time-independent case. Similarly, one
might study the flow (3) on a domain with multiple boundaries.

e In these cases, in order to obtain minimal surfaces one would
also need to flow the conformal type of the domain, similar to
Rupflin-Topping for harmonic map flow.
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Notation

Tubular neighborhood: Suppose for simplicity that N is an
oriented, closed hypersurface with smooth unit normal vector field
v. There exists p > 0 such that the representation

T: Nx]—p,p[> (p,s) = p+sv(p) € Ny = UpenB,(p)

is a diffeomorphism. For g € N, then T=1(q) = (p, h) with

p = wn(q) defines the signed distance function h = h(q). With a
cut-off function n € C*°(R) such that 7(s) = s for |s| < p/2,
n(s) =0 for |s| > 3p/4, we let

disty(q) = n(h(q)) in N,, disty(q) = 0 else.
Then for any u € HY/2(S'; N) with harmonic extension u we have
v(w)0, (disty(u)) = v(u)v(u) - u =: dry(u)u,

on OB = S ,where dry(p) = 1 — dmy(p) for each p € N is the
orthogonal projection to TPLN.
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A regularity estimate
To illustrate a key feature of our method, we re-derive a result
obtained by Da Lio-Riviere using fractional calculus.

Proposition. There exists d > 0 such that for any smooth solution
u € HY2(S; N) with harmonic extension u € H'(B,R") of

dry(u)dyu=f on OB = S,
with E(u) < §2 there holds

| 0suldo < I s,
Proof. We have the orthogonal decomposition
Oru = dry(u)0ru + v(u)v(u) - Oru = f + v(u)0, (disty(u)).
Extend v(p) := Vdisty(p). Note that disty(u) € H}(B) with
IV (distn(u) 125y < ClIVullfzgsy < C62.
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A threshold result

Corollary. (i) For any non-constant, smooth solution
u € HY2(S'; N) with harmonic extension u € H'(B,R") of

dry(u)d,u=0 on B =S, (5)

there holds E(u) > §2, where § = 6(N) > 0.

In particular, let N =T C R3 a closed, smoothly embedded curve,
and let u € H'(B,R") be smooth, non-constant, harmonic, and
satisfying the generalized Plateau condition u € HY/2(SY; N).

(ii) u is conformal iff u solves (5), and then E(u) > 6(F)% > 0.

Proof. Let v: S — T be an arc-length reference parametrization
of I', and let u =~ o0& on OB = S for some smooth &: ST — ST,
Then at any p € St where |9gu| = |0,u| # 0 with some \ # 0 we
have

|dmr(u)0,ul = | (€) - O,u| = Ndgu - O,u| = 0,

and u is conformal iff u solves (5). The claim then follows from (i).
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Non-concentration of energy gives
regularity

Let u be a smooth solution of (3) on [0, To[. For any § > 0, any
T < Ty there exists a number R > 0 such that

sup / Vu(t)Pdz < 6. (6)
ZoGB,0<t<T BR(Z())ﬂB

In the following we show how condition (6) for suitably small § > 0
allows to obtain higher and higher regularity.

Hence the flow (3) can only become singular at time Ty if energy
of size at least 0 > 0 concentrates as t T Tp. (Energy concentration
can then be analyzed via the usual rescaling procedure.)
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Lemma. With a constant C > 0 depending only on N there holds

d
G| luePdo)+ [ 1Vugdz < € [ [9uPlufe

Proof. Writing dmy(u) =1 — v(u) x v(u) we compute

= / Upe - dry(u)urdp = —/ (ug - urg — ug - p(v(u)v(u) - uy))de
oB oB
1
=5 | oo | us-dvlu)usv()-udo

—/ |Vuy|?dz — / Vu-V(v(u)ug - dv(u)uy)dz
B B
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Let u be a smooth solution of (3) on [0, Tp[, and for any 6 > 0,
any T < Ty let R > 0 such that (6) holds on [0, T].

From the previous lemma, with the multiplicative inequality

|v2u2dz+C5R—2/ |Vul?dz,

/ \Vul*? pdz < C§
B BR(Z,')

BR(Z,‘)
where ¢, g € C2°(Bgr(z;)), we first obtain an integral H2-bound.

Proposition. There exist constants 6 > 0 and C > 0 such that for
any T < Ty there holds

-
sup \u¢(t)2d¢+/ /|Vu¢|2dxdt
0<t<T JoB o JB

< / o6 2d6 + CTRE(up).
0B

where R > 0 is as in (6) .
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Uniform H?- and higher bounds
With similar reasoning we also obtain a uniform H?-bound.
Proposition. For any smooth uy € HY/2(S; N) and any T < Ty as

specified above, with a constant C > 0 possibly depending also on
T there holds

i
sup /\Vu¢(t)2dx+/ / lugr Pde dt < C.
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Higher bounds can then be obtained with two lemmas like the
following.

Lemma For any k > 2, with a constant C > 0 depending only on k
and I, for the solution u = u(t) to (2) for any 0 < t < Ty there
holds

d

a(||V8f,§u||fz(3)) + Hagurﬂfz(aB)

<C > IV Ok ull 128y 1T V7 | 128
1<ji <k 1, ¥iji=k+2



Local existence, blow-up and asymptotics

e Local existence can be obtained with a contraction-mapping
argument for the map ®.: v — u = ®.(v), the solution of

us + (e + dn(v))0,u =0, u),_, = uo,

using bounds similar to the previous lemma, which are uniform in
O<ex 1.
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Reference: http://arxiv.org/abs/2202.02083
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