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General Relativity

General relativity is a geometric theory of gravitation whose main object of
study are the Lorentzian manifolds (M3, g, f) satisfying the Einstein

field equations
1

where T}, is the energy momentum tensor of matter&EKNaturaIIy, we are
interested in the Einstein vacuum equations

R, =0. (2)
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The stability problem in general relativity

The dynamic nature of the EVE become apparent when the system is
formulated as a Cauchy problem.

Theorem (Choquet-Bruhat) J

The Einstein vacuum equations are well-posed, in Sobolev regularity.

Question: Is Minkowski/Schwarzschild /Kerr stable as a solution of the
EVE?

Minkowski C‘K) L-R
Sckwav%scjl\'\\d K-S ,'D\'\'KT
Kewr K‘S
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The stability problem in general relativity

The dynamic nature of the EVE become apparent when the system is
formulated as a Cauchy problem.

The Einstein vacuum equations are well-posed, in Sobolev regularity.

Theorem (Choquet-Bruhat) J

Question: Is Minkowski/Schwarzschild /Kerr stable as a solution of the
EVE?

Minkgwski C‘K‘ L-R
Sehworzschild K-S, DHRT
Kew K‘S

Conjecture: The subextremal family of Kerr black holes is asymptotically

stable as a solution of the EVE.*T\&,
asevy.
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Collisionless many-particle systems in GR

We introduce a distribution function f : P — [0,00) defined in the
manifold

P = {(az,p) € TM: g.(p,p) =0, where p is future—directed}. (3)

The distribution function is only supported on null vectors. We call P the
mass-shell.

T =Ry g ® Y2 % 1L 73@5"““ f’BJ
(5 0
0 5)
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Collisionless many-particle systems in GR

We introduce a distribution function f : P — [0, 00) defined in the
manifold

P = {(a;,p) € TM: g.(p,p) =0, where p is future—directed}. (3)

The distribution function is only supported on null vectors. We call P the
mass-shell. We introduce the massless Vlasov equation by

p*Ope f — p P’ T30, f = 0. (4)

We define the stress energy momentum tensor for massless Vlasov by

1. Al T , dvol 5
\;Ii (X)) = prp“p volp, oo (5)
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The Einstein equations under spherical symmetry

Let (M3T1 g) be a spherically symmetric spacetime in double null
coordinates given by

% D 9,
& ,‘\ f g=—20%(du ® dv + dv ® du) + r*(u, v)dyse, (6)

%,
where 2 and r are non-negative functions. We introduce the spherically
symmetric Einstein—massless Vlasov system bP/

(&u&/r — —%j — 8“8”7" + 4mrTy,,
aua’l) IOgQ — 4r2 _1_ uravr — 87.‘-1—1/11/1)&‘"“'€ 7)

O (120,,7) —47T’I“Tuuﬂ 2, \\/ // y
0u(Q720,r) = —4nrT,, Q2 /
‘ SR N ¢

where T, Ty and T, are components of the energy momentum tensor.
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L iterature review

© Stability of Minkowski for the spherically symmetric Einstein—massless
Vlasov system (Dafermos).

@ Stability of Minkowski for the full Einstein—massless Vlasov system

(Taylor, Bigorgne-Fajman-Joudioux-Smulevici-Thaller

*Mbi\tbmo{, )s{rk,s«u}
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| iterature review

© Stability of Minkowski for the spherically symmetric Einstein—massless
Vlasov system (Dafermos).

@ Stability of Minkowski for the full Einstein—massless Vlasov system

(Taylor, Bigorgne-Fajman-Joudioux-Smulevici-Thaller).

e Jacobi, gue ¥t opug

© Integrated energy decay for the massless Vlasov equation in slowly

rotating Kerr (Andersson-Blue-Joudioux).
ok Mdn D,

© Superpolynomial decay for the massless Vlasov equation in

Schwarzschild (Bigorgne).
#v? 8%
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Asymptotic stability of Schwarzschild

N
)

=0 =N

Theorem (VR)

The exterior of the Schwarzschild family is asymptotically stable as a
solution of the spherically symmetric Einstein—massless Vlasov system.
More precisely, for every initial data sufficiently close to Schwarzschild, the
resulting solution asymptotes exponentially to another member of the
Schwarzschild family.
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The main result: linear version

2 N4
% il % o

O, }

=0 v=1n rzQ
Theorem (Decay of the stress energy momentum tensor)

Let fy be a compactly supported initial data for the massless Vlasov equation in
Schwarzschild. There exists a positive constant R > 2M such that the solution f
of the massless Vlasov equation in Schwarzschild satisfies

Cy Cy Cy
T'U'U S Y T'U/'U S Y T'U/'U/ S 9
18 exp(Cau) r4 exp(Cau) r2 exp(Cau)

(8)

for all (u,v) € {r > R}, where C1 and Cs are two positive constants depending
on fo, M and R.m.‘wd&
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The main result: linear version

9 N4
o t
-~ 2 ou
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=0 r=2n r=R
Theorem (Decay of the stress energy momentum tensor)

Let fy be a compactly supported initial data for the massless Vlasov equation in
Schwarzschild. There exists a positive constant R > 2M such that the solution f
of the massless Vlasov equation in Schwarzschild satisfies

2M
e B e GO

_ 03( 2M)
exp(Cyv)’  ~*" ~ eXp(C’4v)

(9)

exp(Cyv)

for all (u,v) € {r < R}, where C5 and Cy are two positive constants depending
on fo, M and R. g
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The geodesic flow in Schwarzschild |

The geodesic equations for the null momentum coordinates are given by

dpY 2

(G =AY - g,
dp? 2

S =2 (p")? + 33, (10)
a  —

\ ds D

where [? := 7“4fyfu_r,ep‘4119:B is a conserved quantity along the flow, the
so-called angular momentum. We obtain another conserved quantity along
the flow given by the energy F := (1 — %)(pu —|-p”)nsince Schwarzschild
Is stationary.

{ 2
T-= S£? 1 vl () . s o an

%

=0 r=Zh =3M
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The geodesic flow in Schwarzschild |l

The geodesic equation for the radial coordinate is given by

, W
roo=p,
12
oo
p= (r 31\4«2&@ i =N W’

which admits a fixed point corresponding to the unique sphere where null
geodesics can orbit, the so-called photon sphere Llnearlzmg around the

fixed point, we obtain the system ke logp sy
?V'
o T
r. o =p,
l2

)" r—3M v

which admits an hyperbolic fixed pomt.mmw;g_
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Decay of the energy momentum tensor

Let us consider a fixed component of the stress energy momentum tensor
of matter given by

T . oAD"
Tofu) =55 [ [ @@, (13)

The decay estimates for T;,, come from several features of the geodesic
flow in Schwarzschild:

@ The red-shift —_ éﬁv+m((\'\7’= 9}

ds 53
?V'

© Decay towards null infinity "l(l\—?.h) ﬂk(\'- 17_
rZ AR

© Future trapped geodesics -
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Derivatives of the energy momentum tensor |
To estimate radial derivatives of the energy momentum tensor like

Or Tyw = (Q%p") (%p")0,
27“2 /]Rng /IR+ ( )

we require bounds for O, f. For this purpose we estimate Jacobi fields in
the mass-shell.

dp
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Derivatives of the energy momentum tensor |

To estimate radial derivatives of the energy momentum tensor like

87“Tufu _ QQ u QQ v
27“2 /]RJr /]R+ ( )

we require bounds for 0. f. For this purpose we estimate Jacobi fields in
the mass-shell.

/// = GO =R, N
9T T=0

Let V' € TP be an arbitrary vector field on the mass-shell. By the Vlasov
equation, we have

dp

V(f)(xs,ps) = J(f}‘égﬁwo,po)a (14)

‘k
where J := d¢_s| (s, p,)(V) is a Jacobi field in the mass shell along the
corresponding null geodesic 7.

Renato Velozo Ruiz Stability of Schwarzschild April 11, 2022 14 /19



Jacobi fields along the photon sphere

Let v be a trapped null geodesic contained in the photon sphere. We set a
parallel vector field Pgs along v by

P Oy s
ERVERENETT

An explicit computation shows that the radial component of a Jacobi field

(15)

J = J% + JC P satisfies the linear ode 3
d2JG l2 JG I
ds? 81M¥Mtb\\m~\;£,\m
¥ K<CO

A similar computation in the mass-shell in terms of the Sasaki metric

shows the same ode for the radial components of a Jacobi field
T ¥R aeus

J = J%Hor, ) (p) + JHor(, ) (Pa) + JG, ) Ver(Pg).
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Derivatives of the energy momentum tensor ||

Let us investigate the value on the photon sphere of the term in the radial
derivative 0,1},

92 u QQ v V
27“2/]R+/R+ )

By the previous computation, Jacobi fields along trapped null geodesics
grow or shrink exponentially fast.

dp

(16)

r=3m
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Derivatives of the energy momentum tensor ||

Let us investigate the value on the photon sphere of the term in the radial
derivative 0,1},

92 u Q2 v
27“2 /]R+ /R+ )

By the previous computation, Jacobi fields along trapped null geodesics
grow or shrink exponentially fast.

dp

(16)

r=3m

Nonetheless, the set of Jacobi fields shrinking exponentially fast are
concentrated in a small region of Py}
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The nonlinear difficulties |

The result follows via a boostrap argument including exponential decay for
T, and 0,T},, in the bootstrap assumptions.
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The nonlinear difficulties |

The result follows via a boostrap argument including exponential decay for
T, and 0,T},, in the bootstrap assumptions.

Let us focus in the null geodesic flow around » = 3m. The geodesic
equation for the area-radius is given by

roo=p,
2 (17)
p’r — 7“_4(T o 3m) — 4mr (Tuu(pu)Q o 2Tuvpupv + Tvv (pv)Q)j
where m(u,v) is the so-called Hawking mass. J
3
L = Z"}"'\t
Es)
s
W ol
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The nonlinear difficulties |

The result follows via a boostrap argument including exponential decay for
T, and 0,T},, in the bootstrap assumptions.

Let us focus in the null geodesic flow around » = 3m. The geodesic
equation for the area-radius is given by

roo=p,
A
pr — 7“_4(T o 3m) — 4mr (Tuu(pu)Q T 2Tuvpupv + Tvv (pv)Q)j

*

(17)

where m(u,v) is the so-called Hawking mass. Although T is not Killing
anymore, we can still work with the energy of a geodesic v

E(s):=—g(T,%) = —0urp“(s) + (‘907“]9”(5)“.é (18)
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The nonlinear difficulties 1l

Let v be a future-trapped null geodesic. There exists a unit spacelike
vector field GG such that the vector field

PG:G—T’}/

is asymptotically parallel,
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The nonlinear difficulties Il

Let v be a future-trapped null geodesic. There exists a unit spacelike
vector field G such that the vector field

E
P(;'::G—ST’V

is asymptotically paralle|. Moreover, the component JC of some Jacobi
fields J written using a suitable double null frame, satisfies
d*J< 2
ds2 ~ 8lm?

JC + Em;.

A similar ode is satisfied by the G-components of the corresponding Jacobi
fields in the mass-shell. Estimates for the components of the Jacobi fields
in spacetime can be recovered integrating the Jacobi equation.
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Asymptotic stability of Schwarzschild

N
i

)

=0 =N
Theorem (VR)

The exterior of the Schwarzschild family is asymptotically stable as a
solution of the spherically symmetric Einstein—massless Vlasov system.
More precisely, for every initial data sufficiently close to Schwarzschild, the
resulting solution asymptotes exponentially to another member of the
Schwarzschild family.

Thank you for your attention!
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