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Abstract

We consider density solutions for gradient flow equations of the form u; = V - (y(u)V N(u)),
where N is the Newtonian repulsive potential in the whole space R? with the nonlinear convex
mobility v(u) = u®, and a > 1. We show that solutions corresponding to compactly supported
initial data remain compactly supported for all times leading to moving free boundaries as in the
linear mobility case v(u) = w. For linear mobility it was shown that there is a special solution
in the form of a disk vortex of constant intensity in space u = ¢t~ * supported in a ball that
spreads in time like ¢2t'/¢, thus showing a discontinuous leading front or shock. Our present
results are in sharp contrast with the case of concave mobilities of the form v(u) = w®, with
0 < a < 1 studied in [9]. There, we developed a well-posedness theory of viscosity solutions
that are positive everywhere and moreover display a fat tail at infinity. Here, we also develop a
well-posedness theory of viscosity solutions that in the radial case leads to a very detail analysis
allowing us to show a waiting time phenomena. This is a typical behavior for nonlinear degenerate
diffusion equations such as the porous medium equation. We will also construct explicit self-
similar solutions exhibiting similar vortex-like behaviour characterizing the long time asymptotics
of general radial solutions under certain assumptions. Convergent numerical schemes based on
the viscosity solution theory are proposed analysing their rate of convergence. We complement
our analytical results with numerical simulations ilustrating the proven results and showcasing
some open problems.

1 Introduction

We are interested in the family of equations of the form

u =V - (y(u)Vo) (
—Av=u (
t

U = Ug

where the function ~(u) is called the mobility. They all correspond to gradient flows with nonlinear
mobility of the Newtonian repulsive interaction potential in dimensiond > 1

Flu) = %/Rd N(u)udz,

with N(u) the Newtonian repulsive potential [7], as they can be written in the form

w4+ V- (y(w)w) =0 (0,400) x RY,

5F (1.1)
w=-V— (0, 400) x R%.
ou
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We will consider nonnegative data and solutions. The linear case y(u) = w is well-known in the
literature as a model for wave propagation in superconductivity or superfluidity, cf. Lin and Zhang
[15], Ambrosio, Mainini, and Serfaty [3, 4], Bertozzi, Laurent, and Léger [6], Serfaty and Vazquez
[17]. In that case the theory leads to uniqueness of bounded weak solutions having the property
of compact space support, and in particular there is a special solution in the form of a disk vortex
of constant intensity in space u = ¢;t~! supported in a ball that spreads in time like cyt'/¢, thus
showing a discontinuous leading front or shock. This vortex is the generic attractor for a wide class
of solutions.

We want to concentrate on models with nonlinear mobility of power-like type v(u) = u®, a > 0.
The sublinear concave 0 < a < 1 range was studied in our previous paper [9]. For nonnegative
data the study provides a theory of viscosity solutions for radially symmetric initial data that are
positive everywhere, and moreover display a fat tail at infinity. In particular the standard vortex
of the linear mobility transforms into an explicit selfsimilar solution that reminds of the Barenblatt
solution for the fast diffusion equation. A very detailed analysis is done for radially symmetric
data and solutions via the corresponding mass function that satisfies a first-order Hamilton-Jacobi
equation.

The present paper contains the rest of the analysis of power-like mobility for convex superlinear
cases when v(u) = u® and « > 1. Again, we perform a fine analysis in the case of radially sym-
metric solutions by means of the study of the corresponding mass function. The theory of viscosity
solutions for the mass function still applies. As for qualitative properties, let us stress that in this
superlinear parameter range a > 1 solutions recover the finite propagation property and the exis-
tence of discontinuity fronts (shocks). We analyse in detail how the stable asymptotic solution goes
from the fat tail profile of the sublinear case a < 1 to the shock profile of the range o > 1 when
passing through the critical value o = 1.

Another important aspect of the well-posedness theory that we develop for viscosity solutions
with radially symmetric initial data, is that the classical approach based on optimal transport theory
for equations of the form (1.1) developed in [2, 12, 7] fail for convex superlinear mobilities as de-
scribed in [7] since the natural associated distance is not well-defined [12]. Therefore, our present
results are the first well-posedness results for gradient flows with convex superlinear power-law
mobilities, even if only for radially symmetric initial data. Finally, let us mention that we still lack of
a well-posedness theory for gradient flow equations of the form (1.1) with convex superlinear mo-
bilities for general initial data, possibly showing that the vortex-like solutions are generic attractors
of the flow.

We also highlight how different convex superlinear mobilities are with respect to the linear mo-
bility case by showing the property of an initial waiting time for the spread of the support for
radial solutions that we are able to characterize. Indeed, let u, be radial and supported in a ball:
suppug = Bgr. We prove that there is finite waiting time at » = R if and only if

limsup (R—r) N

r—R—

up(x)de = C < +o0. (1.2)

r<|z|<R

The waiting time phenomenon is typical of slow diffusion equations like the Porous Medium Equa-
tion [19] or the p-Laplacian equation. In our class of equations it does not occur for the whole range
0 < a < 1. We are able to estimate the waiting time in terms of the limit constant C'in (1.2).

We combine the theory with the computational aspect: we identify suitable numerical meth-
ods and perform a detailed numerical analysis. Indeed, we construct numerical finite-difference
convergent schemes and prove convergence to the actual viscosity solution for radially symmet-
ric solutions based on the mass equation. By taking advantage of the connection to nonlinear
Hamilton-Jacobi equations, we obtain monotone numerical schemes showing their convergence
to the viscosity solutions of the problem with a uniform rate of convergence, see Theorem 5.6 in
constrast with the case of concave sublinear mobilities in [9].

The paper is structured as follows. We start by constructing some explicit solutions and devel-
oping the theory for radially symmetric initial data by using the mass equation in Sections 2 and 3
respectively. We construct the general viscosity solution theory for radially symmetric initial data



in Section 4 showing the most striking phenomena for convex superlinear mobilities: compactly
supported free boundaries determined by sharp fronts and the waiting time phenomena. Section
5 is devoted to show the convergence of monotone schemes for the developed viscosity solution
theory with an explicit convergence rate. The numerical schemes constructed illustrate the sharp-
ness of the waiting time phenomena result, and allow us to showcase interesting open problems
in Section 6. A selection of figures illustrates a number of salient phenomena. We provide videos
for some interesting situations as supplementary material in [20].

2 Explicit solutions

The aim of this section is to find some important explicit solutions of
uy = V- (u*Vo) (0,400) x R?
—Av=u (0, +00) x R? (P)
U = Ug t=20
Notice that, as in [9], we still have that, for C >0
u(t) = (C+ at)" = 2.1)

is a solution of the PDE. The repulsion potential v diverges quadratically at infinity. For C = 0 we
recover the Friendly Giant solution, introduced in [9].

2.1 Self-similar solution

The algebraic calculations developed in [9] still work, we get self-similar solutions of the form

U(t,z) =t = F(|z|t"a7),

Filyl) = <a+ (”ﬂ'f)) - 2.2

Let us remark that, for a > 1, we have F(0) = 0 and F(+oc0) = a~ = (see Figure 1 for a sketch of the
self-similar profiles depending on «). This is different to the case 0 < a < 1, where F(0) is a positive
constant and F decays at infinity. In our present case a > 1, the self-similar solutions have infinite
mass, whereas for 0 < « < 1 the self-similar solutions have finite mass.

with the self-similar profile

a=121
0.3+ a=131

a =141
a=1.51
a=1.61
a=171
01r a =181
a=191

Figure 1: Self-similar profiles whend =1



For 0 < a < 1 these self-similar give the typical asymptotic behaviour as ¢t — +o0c. For a > 1 we
will show this is no longer the case, for finite mass solutions.

2.2 \Vortexes

The vortex solutions defined as

= {(“6“ +at)w walal? < S() = M/(ug" +at) "= (2.3)

0 otherwise
are local weak solutions of (P).

Remark 2.1. Notice that, for t — —ujy “/a, the vortex collapses to the Dirac delta of mass M.

This solution was also constructed by characteristics and the Rankine-Hugoniot condition in [9,
Section 5.2]. However, in that case the Lax-Oleinik condition of incoming characteristics failed. In
our present setting for a > 1, this shock-type solutions are entropic, and we will prove that they are
indeed viscosity solutions of the mass equation (3.1). We will prove that, for « > 1, they now have
significant relevance. In particular, they describe the asymptotic behaviour as t — +co. Notice that
the the radius of the support S(¢) of this kind of solutions solves an equation of type

% = M(ug® + at) "1 F=. (2.4)

There are also complementary vortex solutions:
0 lz|? < a
u(t,z) = Y L J (2.5)
(cg“+at) ™= |z|¢>a

which are stationary (and solve the mass problem (3.1) by characteristics). This type of solution
belongs to a theory of solutions in L>°, but not L*.

3 Mass of radial solutions

In [9] we proved that the mass of a radial solution

m(t,r):/ u(t,x) dx

r

written in volume coordinates p = dw,r? is a solution of the equation

m¢ +m(m,)* = 0. (3.1)

3.1 Characteristics for the mass equation

In [9] we computed the generalised characteristics for the mass equation in the case of sublinear
mobility, o < 1. The algebra for characteristics still works

p = po + am(po)uo(po)*~'t, (3.2)

and the solutions behave like )
U(t,p) = (uo(po)_a + at)_E ) (3'3)

and )
m(t, p) = mo(po) (1 + auglpe)®t)' = .

4



Remark 3.1. Notice that the the generalised characteristics are not the level sets of m.

These solutions are well defined, for a given ug, while the characteristics do not cross.

Proposition 3.2. Let ug be non-decreasing and C*. Then, there is a classical global solution of the mass
equation, given by characteristics.

Proof. Let Pi(po) = po + am(po)uo(po)*~*t. Clearly P,(0) = 0. If uy is non-decreasing, % > 1, and
hence it is invertible. We construct

ult,py — J (P )™ at) ™ ifuo(P(p) #0, -
0 if ug(P;(p)) = 0.
It is immediate to see that u is continuous and C*. O

For 0 < a < 1, in [9] we developed a theory of classical solutions for non-increasing initial
data. In that case, rarefaction fan tails appeared, which gave rise to classical solutions of the mass
equation. In our present case « > 1, it seems that the good data is radially non-decreasing, but this
is not possible in an L' N L* theory, unless a jump is introduced.

3.2 The Rankine-Hugoniot condition

We will prove in Section 4.3 that solutions with a jump, given by a Rankine-Hugoniot condition,
will be the correct “stable” solutions. As in [9], shocks (i.e. discontinuities) propagate following a
Rankine-Hugoniot condition. If S(¢) is the position of the shock, we write the continuity of mass
condition

m(t,S(t)”") =m(t,S#)).

Taking a derivative and applying the equation (3.1) we have that

ds . ult, S()F)* — u(t, S() )

a =m0 S a5 (3:3)

Remark 3.3. Notice that, in the case of the vortex the Rankine-Hugoniot condition determines
precisely the support. In particular, we have u(t, S(t)*) = 0 and u(t, S(t)~) = (ug® + at)~= so (3.5)
is precisely (2.4). In fact, the vortex is simply a cut-off of the Friendly Giant with a free-boundary
determined by the Rankine-Hugoniot condition.

3.3 Local existence of solutions by characteristics

Theorem 3.4. Let 0 < uy € L'(R™) N L>(R™) be radial and such that uy~" is Lipschitz. Then, there
exists a small time T > 0 and a classical solution of the mass equation given by characteristics defined
fort e [0,T7].

Proof. The solution given by (3.2) and (3.3) is well defined as long as the characteristics cover the
whole space, and do not cross. This is equivalent to P;(po) = po+am(po)uo(po)® 1t being a bijection
[0,4+00) — [0,400). Again, we construct (3.4). Since P,(0) = 0, it suffices to prove that % > ¢y > 0.
We take the derivative explicitly and find that



Due to the hypothesis

L= sup |u§ +mo— (u§ )| < oo,

po>0 dpo
and we have that 97 > 1 — atL which is strictly positive if ¢ < T < 1/(aL). Since ug™" is Lipschitz
and bounded, then 1 — oT'L < §7* < C'is Lipschitz. Hence, P;" is Lipschitz in po. Also, it is easy to

see that P, ! is continuous in ¢. Since it is immediate to check that u is continuous by composition,
we have that m is of class C?, and the proof is complete. O

Corollary 3.5 (Waiting time). Let 0 < uo € L'(R") N L>=(R") be radial and such that uy~" is Lipschitz.
Then, there is a short time T > 0 such that, if suppug C Bg, then any classical solution of the mass
equation satisfies supp u(t,-) C Bg fort < T.

Proof. Notice that, if uo is compactly supported, then outside the support the characteristics are
given by P;(po) = po. As long as the solution is given by characteristics, if suppug C Bg for p > waR¢,
then u(t, p) = 0. O

Remark 3.6. This effect of preservation of the support for a finite time is known as waiting time.
In Section 3.4 we will show this holds true as long as the solution is smooth. In Section 4.5 we
show that this waiting time effect must be finite. This will lead us to show that solutions must loose
regularity.

Remark 3.7. Notice that higher regularity of v is preserved by characteristics. Taking a derivative

du —a —1-z dug dPt
- = P)_1 t) —1—(170 t
0 ((wo(P () " +a w
- ay—1-2 dug 1
= (1 + atuo(P;(p)%) Todpt
£0 dpo

(1+ oztuo(Pt_l(,0)))0‘)717é dug

1+ at (ug + mod%(ug‘—l)) dpo

It is easy to see that, for small time, if ug is smooth enough, then u is of class C*.

Remark 3.8. The condition u§ ! Lipschitz is sharp. Let us take, for e > 0

1—¢

uo(p) = (co— p)7 (3.6)

and let us show that characteristics cross for all ¢ > 0. Looking at the characteristics for py = cg — ¢
with ¢ positive but small (so that mg(p) > M/2) we have that

p = po+ amo(p)(co — po)} °t
M
>co— 0+ a75175t

1

But for § < (%)7 we have p > ¢y. But this is not possible, since it must have crossed the charac-

teristic p = ¢o coming from py = ¢o. NoO solutions by characteristics can exist.

The crossing of characteristics will immediately lead to the formation of shock waves. The shock
waves will be lead by a Rankine-Hugoniot condition as above.

Remark 3.9. As shown in Remark 3.8, with initial datum (3.6) we cannot expect solutions by char-
acteristics. We could potentially paste solutions by characteristics on either side of a shock. We will
show that this is the case, and we will show that solutions with bounded and compactly supported
initial data will indeed produce a propagating shock at the end of their support, possibly with a
waiting time (see the main results in Section 4).



3.4 Explicit Ansatz with waiting time

For fixed mass M and prescribed support of u = m, we can construct local classical solutions with
waiting time T'. We will prove that

m(t, p) = (Maal—aall(co_m> , ift<Tandp> (co—a%M(T—t)é>+ (3.7)

(T —t)a—T

is a classical solution of m; + mgm = 0. We represent this function in Figure 2. We will extend

this function by zero p < (co —aa M(T — t)é) to construct a viscosity subsolution of the mass
+

equation.

(Mal — qaT ((C;_:))ﬂl ) where a =2, M =T =¢y =1
Mrooommmemeeee2 2 - D .
—t=0 l
—t=0.1 I
=02 |
—t=10.3 :
—t=04 '
=05 .
—t=0.6 .
t=0.7 I
t=0..8 ;
t=0.9 :
t=0.95 !
t=0.99 !

0 S B
0 Co

Figure 2: Ansatz solution

The intuition to construct this kind of explicit Ansatz in “separated variables” is well known in
the context of nonlinear PDEs of power type (see, e.g., [19]). One starts with a general formula of
the type

m(t, p) = (Mé _ C((cTo—_g)Zy

and we match the exponents through the scaling properties of the equation. By taking 3 = 24,
y= -2 >1andé§ = _L; this gives

(co - p)W)“ ((co —p)

me +mam; = <Mé DR T =gyt OB+ (@B)]

Hence, the sign is that of —cd + (¢yf)*, which in our case is precisely —< 4 ¢*.

Remark 3.10. We have also checked the following properties

1. m € C! in its domain of definition, since v > 1, the matching at p = ¢, is guaranteed by the
explicit formula for m,,.

2. The domain of definition of m depends on the value of T, and p = 0 may not the contained in
the domain.



3. Itis easy to check that the function v = m,, associate to the Ansatz satisfies

cC 1
t,p) = . . —p)s . 3.8
ult ) m(t, p) a1 (T — 1) o (o =p)% (3.8)

Notice that u®~! is a Lipschitz function of p. The easiest way to check this expression is by
using

o

a—1
T VoSG et )

(T —t)a—T

taking a derivative in p, and solving for m,,.

4. Conversely, notice that the condition u$ ! in Theorem 3.4 is sharply satisfied by

_1_
a—1

ug(p) ~ (co — p)§
If this is the behaviour of ug then close to p = ¢q we have that

- [e% a% % 1 [e% 1 ai
(mg=")p = a—_1" 1(77710);)2r_lmﬂv—luofv70[_1Mw—1(co—,o)Jr !

and, integrating in [p, co]

a e
o—

_a_ o _1_
/\4 a—1 — mo 1 ~ /\4 a—1 (CO — p)+ 1 .
Solving for m, we precisely recover the Ansatz

mo ~ (M = M (e — )T )

3.5 A change of variable to a Hamilton-Jacobi equation
The change in variable m = 6“5 leads to the equation
a—1 a—1
0, + 05 = 0. (3.9)
«
This equation is of classical Hamilton-Jacobi form, and falls in the class studied by Crandall and

Lions in the famous series of papers (see, e.g. [11]). Letting w = 6, we recover a Burguer’s conser-
vation equation

a—1\*"1! o
wt+( 5 > (w), = 0. (3.10)

The theory of existence and uniqueness of entropy solutions for this problem is well-know (see,
e.g. [5, 8, 14] and related results in [13, 16]). Notice that the relation between v and w is somewhat
difficult

w(t, p) = dip [(/Opu(t,a)da) ’

Remark 3.11. Notice that, for o < 1 this change of variable does not make any sense sinceas p — 0
we have that m — 050 § — +o00. We would be outside the L' N L> framework.

4 Viscosity solutions of the mass equation

4.1 Existence, uniqueness and comparison principle

The Crandall-Lions theory of viscosity solutions developed in [9] for a < 1, works also for the case
a > 1 without any modifications. Since m, = u > 0 we can write the equation as

me + (m,)3m = 0. 4.1)



Then, the Hamiltonian H(z,p1,p2) = (p2)®z is defined and non-decreasing everywhere. We write
the initial and boundary conditions

my + (mp)im =0 t,p>0
m(t,0) =0 t>0 4.2)
m(0,p) =mo(p)  p>0.

The natural setting is with m, Lipschitz (i.e. m, = v € L) and bounded (i.e. u € L'). We introduce
the definition of viscosity solution for our problem and some notation.

Definition 4.1. Let f : Q ¢ R™ — R. We define the Fréchet subdifferential and superdifferential

D™ u(z) = {p € R™ : liminf uly) = u(@) —ply = 7) > 0}

= ly — |
Dtu(z) = {p € R™ : limsup uly) — u(@) — ply — 2) < 0} .
y—x ly —

Definition 4.2. We say that a continuous function m € C([0, +c0)?) is a:

e viscosity subsolution of (4.2) if
p1+ (p2)gm(t,p) <0, V(t,p) € RE and (p1,p2) € D¥m(t, p). (4.3)
and m(0, p) < mo(p) and m(¢,0) < 0.
e a viscosity supersolution of (4.2) if
p1+ (p2)im(t,p) 20,  Y(t,p) € RY and (p1,p2) € D™m(t, p).
and m(0, p) > mo(p) and m(¢,0) > 0.

e a viscosity solution of (4.2) if it is both a sub and supersolution.

The main results in [9] show the comparison principle and the well-posedness result for viscosity
solutions of (4.2).

Theorem 4.3. Let m and M be uniformly continuous sub and supersolution of (4.2) in the sense of
Definition 4.2. Then m < M.

We will denote by BUC the space of bounded uniformly continuous functions.

Theorem 4.4. If my € BUC([0,+00)) be non-decreasing such that mo(0) = 0. Then, there exists a
unique bounded and uniformly continuous viscosity solution. Furthermore, we have that

Im(t, Moo = lim m(t, p) = mollec, — m5(t: lloo < [1(m0)lloc- (4.4)

If mg is Lipschitz, then so is m.

4.2 The vortex

We next show that the mass associated to vortexes (2.3) (see Figure 3) are viscosity solutions if and
only if a > 1. In [9] we showed that the mass associated to vortex solutions are not of viscosity
type for « < 1. Intuitively, this is another instance of degenerate diffusion versus fast diffusion-like
behaviour, i.e. compactly supported versus fat tails.

Theorem 4.5. The mass associated to the vortex solution (2.3)
mft, p) = min{(cy® + at) "= p, coL}. (4.5)

is a viscosity solution for a: > 1.



m

0.5

Figure 3: Representation of (4.5) wherecy =L =1

Proof. Let us fix a tg,po > 0. If we are not on the edge, i.e. (¢;® + ato)—ipo #+ coL, then m is a
classical solution and it satisfies the viscosity formulation.

Let us, therefore, look at a point such that
(cg“+ ato)*épo = ¢oL. (4.6)

It is clear that no smooth function ¢ < m can be tangent to m at (to, po), since the derivative of
m,(to, pg ) > m,(to, pg ). Therefore, the definition of viscosity supersolution is immediately satisfied,
since D~m(tg, po) = 0.

To check that m is a viscosity subsolution, let us take (p1,p2) € DTm(to, po). Due to the explicit
formula p, € [0, (¢;® + at)~=], and since it is non-increasing in t, p; < 0.

If p, = 0 then, since p; < 0, (4.3) is satisfied. Assume p, # 0. There exists ¢ € C! such that ¢ > m,
¢(to, po) = m(to, po) and ¢y (to, po) = p1 and

®p(to, po) =p2 < (g™ + at) . 4.7)

Let us take a look at the level sets. Since ¢ > m, we have that {¢ < ¢oL} C {m < ¢oL}. Therefore
0{¢ < ¢oL}, is contained in the region {m < ¢yL}. Since ¢ and m coincide at (to, po), then 9{y < ¢y L}
and 9{m < ¢yL} are tangent at (¢¢, po) (see Figure 4).

Figure 4: Relation between level sets. In the figure, M = ¢y L.

Since pa > 0, d{p < coL} can be parametrised by a curve (¢, p*(t)) defined for ¢ € (tg — ¢,t0 + ¢)
such that ¢(t, p*(t)) = coL and p*(tg) = po. Hence, taking a derivative and evaluating at (¢o, po)

*

d
©i(to, po) + dfi(%)%@&%) =0.
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On the other hand, 8{m < ¢yL} can be parametrised as (¢, S(¢)) where
S(t) = coL(cy® + at)=

and hence s
prie coL(cy® + at)*Hi. (4.8)

Notice that the sign of o« — 1 decides the convexity or concavity of the matching curve. Since the
level sets are tangent at (¢o, po), the derivatives coincide and we have

dp* ds —a a1
5 (o) = 4 (to) = coL(eg ™ + ato) a

Hence, we have that

dp* . .
- (55 (to)p(to; po) = —coL(cy® + at) ™= ps.

Applying (4.7) and that a > 1 we have that

p1 = @i(to, po) =

p1 + m(to, po)py = —coL(cy ™ + at)*épz + coLpg
= C()Lp2 (pg_l — (Caa + ozt)*i>
<0,
which is precisely (4.3). This completes the proof. O

Remark 4.6. The notion of viscosity solution can be extended, by approximation, to cover non-
negative finite measures as initial data u. Notice that these vortex solutions concentrate as ¢ N\,
—cp ¢/ to the Heaviside function m(¢, p) — coLHy(p). As we point out above, this proves that if

ug = My (le mo = MHo), (4.9)
then the solution is a cut-off of the Friendly Giant (2.1)

ult,p) = {(at)i p< M(at)=

0 p > M(ozt)% ’
and hence ) .
t) o < M(at)=
mit, ) = (at)"=p p< (a)l 4.10)
M p> M(at)=
For every ¢ > 0 this is a viscosity solution of (4.2) in C((e, +o0) x R4 ). Notice that m is of self-similar
form
P y y<1
m(t,p) = MG - |, where G(y) = . 4.11
=6 () W) {1 - @1
In fact, by translation invariance, it is possible to show that uy = Mé,,, i.e.
mo(p) = MHe, (p)
then
0 p<co
m(t, p) = (ozt)_é(p —co) pEleo,c0+ M(at)i) . (4.12)
M p>co+ M(at)w
is a viscosity solution of the mass equation defined for ¢ > 0. With self-similar form
0 y<0
m(t,p)zMG( p“‘l), where G(y) =y ye(0,1). (4.13)
Mlat)e 1 y>1

11



4.3 Monotone non-decreasing data with final cut-off

As in [9], the theory of existence and uniqueness is written in terms of m, but we take advantage of
the intuition from the conservation law (P) for u, to construct explicit solutions through character-
istics. Notice that taking a derivative in (4.2) we can write

up + (u*m), = 0.

Afterwards, we check that the constructed solution, fall into our viscosity theory for m.

Since it is suggested by (3.2) that characteristics do not cross if ug is non-decreasing, let us look
for solutions with initial data

ot <S8
ug(p) = {ZO(p) Z - SZ , where % in continuous and non-decreasing in [0, Sy). (4.14)

When mq and uq are non-decreasing, it clear that characteristics with foot on py € [0,.Sy] do not
cross. If ug # 0, then ug(Sy ) = uop(So) > 0 and there is a shock starting at Sy which will propagate
following the Rankine-Hugoniot condition (3.5).

We construct the viscosity solution as follows. The characteristic of foot py = Sy is precisely
g(t) =S5y + OéMﬂo(So)ailt.

For p < S(t) we can go back through the characteristics with P, defined above. Let us define

0 if ug(p) =0
a(t, p) = < (To(Pyp)) ™ +at)” = ifig(p) >0and p < S(t), (4.15)
0 if p > S(¢)
The shock is given by
dS o ~ a—1
q ~ MEnSOT (4.16)
S(0) = So

Finally we define

ult, ) = {mm p < S(t) 417)

0 p>S(t).
Solving explicitly is not possible. However, we can prove that

Proposition 4.7. Let o > 1, (4.14). Then, the mass of (4.17) is a viscosity solution of (4.2) and S(t) <
S(t).

Proof. Since o > 1, we have that

i—f =m(t, S(t))u(t,S(t)7)* 1 =m(t, S(t))u(t,S(t)* ' < aMiy(Sy)* ' = i—f.

where M = supmy. Also S(0) = S(0). Hence the shock is slower than the last characteristic (i.e.
S(t) < S(t)) and this implies that there are no outgoing characteristics and the Lax-Oleinik condition
is satisfied.

Now, in order to check that it is a viscosity solution, we can repeat the proof of Theorem 4.5,
replacing (4.8) by (4.16). O
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4.4 Two Dirac deltas
Let us now consider that
Ug = mlépl + m25p2. (4.18)

where 0 < p; < po. Then the initial mass mq is discontinuous, and this creates some technical
difficulties. We will show the viscosity solution for (4.2) is the primitive of

0 p<p1
(at) = p € [p1,51(1)]
u(t,p) _ 0 ) . pe [Sl(t)>P2] (4.19)
(552) T wat) T e lmsio)
0 p > Sg(t)
where s
S(t) = p1+my (at) T, (4.20)
and
1 ma 1
Sa(t) = pa + ami K ( >ta, 4.21)
ammq
with .
K(r) = / (5751 +a) *ds. (4.22)
0

We have the following estimates for the function KX=1: for 7 < sq there exists ¢(sp), C(so) > 0 such
that
0(50)7'ﬁ < ICfl(T) < C(so)rﬁ. (4.23)

This solution is defined for all ¢ such that S;(t) < po, i.e. t < ((p2 — p1)/m1)a1 Ja. For large t, S,
would need to be computed from another further Rankine-Hugoniot condition. We will only use
the value for ¢ small, so this computation is enough for our purposes.

a=2t=030 a=21t=180

1.5 T T T T T T 1.5 T T T T T T

. 1+ —u(t, p)[] . 1r —u(t. p)|
N 0.5F \ “ B N 0.5F b
0 L 0 . \

0 0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
p P
0.2f ‘ ‘ ‘ ‘ ‘ ‘ 0.2f
01t J E01t
—m(t, p) —m(t,p)
00 0.‘1 012 013 014 0:5 016 00 011 012 013 0‘4 0.‘5 016
P p

Figure 5: Solutions with ug given by two characteristics. Computed with the numerical scheme for
m in Section 5 reproducing the exact solution up to approximation error. The function u = m,, is
recovered by numerical differentiation.
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Approximation by viscosity solutions We will prove there is an explicit solution defined for
some T > 0 which is of viscosity type for ¢t > 0. We will approximate the initial data by

my
- pE lp1,p1+ el
ma (p— (p2 —9)) N
ug,& _ c 5 p e [pQ 57 pQ] , (424)
m
- pE [p2, po+ el
0 otherwise

for e and § small enough. The e-regularisation is used to approximate the Dirac deltas at the level
of u. The §-regularisation is used to resolve the appearance of a rarefaction wave at p, due to a gap
in the characteristics. Since viscosity solutions are stable by passage to the limit, we only need to
show that our approximating solution are viscosity solutions.

The first part of the solutions does not notice the §-regularisation. We take ¢ small enough so
that p; + ¢ < pa — 2¢. For p < p; we reconstruct a vortex type solution following Section 4.2 with an
initial gap

0 p<p

uc(t, p) = ((n;l)a m)‘ p € lp1, S (1)

where the first shock is given by

S5(t) = p1 + €1 +ma <<(”Zl)a + at) T (”Zl)la> . (4.26)

Solutions in this form are defined for ¢ € [0, 7.) such that S§(7.) = p2 — §. We leave to the reader to
check that T, does not tend to zero with e — 0.

(4.25)

Q=

For the second part, the characteristics with foot pg € [p2 — 9, p2] are given by

B ma (po + 6 — p2)? (M2 o—1
p—po+a<m1+2€5 (g(pwré—p)) t (4.27)

On the other hand, if py € [p2, p2 + €] we have

. mo mo mo\ @1
p=rpota(m+ 20+ 20— (n+e—p)) () ¢ (4.28)

Notice that in both cases u is given by

u(t,p) = (uo(po)~* +at) "=
By mass conservation we have a further shock starting from ps + ¢ given by a Rankine-Hugoniot
condition
sy
dt

The first part of solution is of viscosity type, by an argument analogous to Section 4.2 and the
second part have a monotone non-decreasing datum with final cut-off as in Section 4.3. We are
reduced now to pass to the limit as e and § tend to 0.

(t) = (mq + ma)u. s(t, S5(t) 7).

Passage to the limitas 6 — 0 For [0, p» — §] the solution did not depend on ¢, so there is no work
needed. Applying a similar argument as in [9] we can pass to the limitin (4.27). The characteristics
with foot in [po, p2 + d] collapse to a rarefaction fan at p, of the form

a— ma
p = p2 +man, 't, Mo € [0, 275} . (4.29)
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By inverting 7o in (4.29) we recover the solution

_1
1 — —ao1 *
u(t,p) = (g +at) = ((pp2> +at> .

amt

The other characteristics are for foot py € [p2, p2 + €] and, by passing analogously to the limit in

(4.28), we have

m mao\ @1
p:po+a(m1+f(lf(pﬁsﬂ)o)))(72) t.

Since u§ is non-decreasing the characteristics do not cross. The Rankine-Hugoniot condition is now

dss

o (t) = (mq1 + mg)ug(uSS(t)_)a_l.

Passage to the limitas: — 0 Passing to the limit we end up only with the rarefaction fan charac-
teristics and recover (4.19) where the first shock is given by (4.20) and the second shock, S, which
defines the support, is a solution of the ODE

a—1

dSQ _ Sg(t) — P2 _ﬁ e
gt () = (matm2) (( p— ) * at) ! (4.30)

SQ (0) = pP2.

Notice that this equation is singular at ¢ = 0 but it can be rewritten as

a5 a1 [ 1 (Sa(t) —pa\ T -
Ti(t) = (m1+ma)t™ o <ta—1 <M> +a> .

amaq

Since =1 € (0,1) the Cauchy problem is well-posed. Alternatively, one can write S, implicitly as the
only value such that

Sz(t)
/ u(t, p) dp = mo.
P

2

In other words,

1

Sa(t) _ —asT B
/ ((pm) —I—at> dp = mo. (4.31)
s amqt

This solution is defined for 0 < t < T where

1 _ a1
T== (M> _
« mi
By scaling analysis on the integral, we can give an algebraic expression of S>(¢). We apply the
change of variables p = ps + am; st= to deduce

1
Sa(t) N T Z2p2 a1y —227 -z
mgz/ (p p2> + at dp:/"m”” ((st‘ al) o —|—at> tiamlds
s amqt 0

Sa(t)—pa

= N _1 So (1) —

= aml/ amyta (S—ﬁ +a) “ds = ami K <2( ) 1/)2) .
0 amyt«

Hence, we recover (4.21). To show (4.23) we simply indicate that, for s < s

sTA T < g adl4a< C’(so)s_ﬁ
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4.5 Waiting time
4.5.1 Existence and estimate

We turn the explicit solution in (3.7) into a viscosity subsolution by extending it by zero, that is we
define m(t, p) as

0 ifp<co—asM(T—t)=
m(t,p)=4 [ =1 _ gos ((C()_'O)Vll> if pe(co—av M(T—t)=,cp) - (4.32)
T —t)a=
M if p>co

Proposition 4.8. m(t, p) is a viscosity subsolution of m; +mm§ = 0.

Proof. Itis clear that 0 is a solution of m, +mm¢ = 0. So is the second part for p > ¢ —ca M(T—t)=,
as we have checked in Section 3.4. At the matching point p = ¢y — ca M(T — t)= , we have that

1
— -+ (Co — «

This corner does not allow any smooth ¢ to be tangent from above at this point, and hence the
condition of viscosity subsolution is trivially satisfied. O

We will denote by ¢y = maxsupp up, Where vy = (myg),, that coincides with the boundary of
mgo = M in the sense that

mo(p) < M for p<cog and mo(p) =M for p > c. (4.33)
Corollary 4.9. Let mo € BUC([0,+400)) and let ¢o = max supp uo. If

Jim sup 2L 0(P)

p—cy (CO - p)ﬁ

< +o0, (4.34)

then there is waiting time as in Corollary 3.5.

Proof. First, we prove that

M_
sup M mol0) o

pelo.co] (Co — p)a=T

Let p, be such that

M — M —
Momn) |, Momlp)

(co — pr)=—T pel0.co] (co — p)oT
If the supremum were infinite, since M —mg(px) is bounded, then we have that p;, — ¢o. This results
in

M — M —

lim Lo(ik) < lim sup % < +o0
Bo(co—pr)oT e (co—p)oT

leading to a contradiction.

Therefore, there exists C' > 0 such that for all p € [0, (]
(co—p)=—1 —

In particular, we have that

e

mo(p) =2 M — C(co — p)=—T.

16



We can apply the convexity of the function f(x) = z=-T to show that

1
a—1 _a 1 _a a a—1 =1 a—1
mo(p) = = M=T — G MaTC(cog—p)oT =MsT ———(co—p)5 " =m(0,p) = .

a—1

for a well chosen T (see, e.g. Figure 6). Therefore, applying the comparison principle Theorem 4.3
then m > m, and thus m has waiting time. O

a=2,t=100 a=2,t=180

Figure 6: The explicit Ansatz viscosity subsolution (4.32) guarantees existence of waiting time. The
subsolution is represented from the explicit solution, whereas « is computed through the numerical
scheme in Section 5. See a movie simulation in the supplementary material [20, Video 1].

4.5.2 Non-existence of waiting time
Theorem 4.10. Let mq, € BUC([0,4+00)) and let ¢o = max supp uq. If

lim sup M_imo(ﬁ = +o00. (4.35)
p—cy (CO - p) o=l

Then, there is no waiting time.

Proof. To prove there is no waiting time, we want to show that S(¢) > ¢o for any ¢ > 0. In order to
do this, we will construct we a sequence of supersolutions 7, with Sk (t) = max supp(my),(t, -) and
times ¢, N\, 0 such that S(¢tx) > co. This ensures that, for some k we have 0 < ¢, < ¢ and hence
S(t) > Sk(t) > Sk(tk) > Cp.

Let us consider a sequence dj, such that

M —
dr — limsup %.
p—rcy (CO - p) o=t
There exists p;, " ¢ such that
M — mo(pr) > di(co — prx)=-T. (4.36)
We construct the viscosity supersolutions my, with initial derivative

ug,0 = mo(pr)do + (M —mo(pk))dp, -
Itis clear that m. (0, p) > m(0, p). By using the comparison principle Theorem 4.3, iy, > m.

Now we apply the theory of Section 4.4. We will select ¢;, > 0 such that S (t) > c¢o + ¢, fort > ¢,
with g, = <528 > 0. Using (4.21), (4.22) and (4.36) we have that

M — mo(pr)
amo(pr)

)t; > e 4+ amo(pe)c-] <dk<00—ﬂk>> ey

Sk(t) = pr + amo(pr) K™ ( amo(pr)

Due to our choice of py, it is sufficient that

di(co — p) a1

+ Kt
g omlp? (Hlge)

)t}’ > co + €k-

17



Solving for t, we have that

@
(co—pr)+er

t> amoler) . (4.37)
—1 ( dulco—pr)*—1
K ( - a(;no(’;k-) )
We know that dj(co — pk)% < M — mg(pr) — 0, therefore we need to study K£~! close to 0. Going
back to (4.23) there exists a constant C > 0 such that

a [e%

(co—pr)+er (co—pr)tek

amo(pr) >C amo(pk) _ 3 ¢ _. ¢
a - a—1 - o jo—
c-1 di(co—pr) =1 dk(cf)*pk)ﬁ o 2 dk 1
omo(px) T amo(pr)
Due to the hypothesis of the theorem d;, — +o0 and hence t;, — 0. O

See a movie simulation of one of the mass supersolutions interacting with a solution without
waiting time in the supplementary material [20, Video 2].

Remark 4.11. Notice that if the lim sup is finite, the previous proof can be adapted to show that the
supersolutions my, give an upper bound of the waiting time.

Remark 4.12. As pointed out in Corollary 3.5, the spatial support of classical solutions does not
change in time. Taking ¢y = maxsupp ug, we construct the supersolution m with initial derivative

o = mo (2) o+ (31— mo (£2)) 5.

This supersolution shows that the support of « must move after a finite time and therefore that the
solution is no longer classical.

4.6 Asymptotic behaviour

We give first a general result of asymptotic behaviour in mass variable.

Theorem 4.13. Assume that ug € L°°(0,00) has compact support, M = |lug|lr1, m be the viscosity
solution with initial data mo and S(t) = inf{p : m(t, p) = M}. Then S(t) ~ M(at)= with estimate

S(0) ,

S(t) 1
0< < 2 (at)E. (4.38)

<———= -1
M(at)=

Furthermore, m has the asymptotic profile in rescaled variable y = o L : with an asymptotic estimate

1
at) a

m (t, M(at)iy)
S| MG

y y<1
-1 =0, ost— +oco whereG(y) = { (4.39)

1 y>1
forany e > 0.

Proof. By Remark 4.6 we take as super and subsolution 7 and m with initial data

mo(p) = M Ho(p), my(p) = M Hs()(p)-

Hence m > m > m. Due to the explicit form of m and m, we have that
M(at)= < S(t) < S(0) + M(at)=.

Due to the self-similar form of m and m given in Remark 4.6, the result is proven. O
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Remark 4.14. Notice that for mg = 01in [0, a], we have m(t, p) = 0in [0, a] SO the supremum of y > 0
is always 1. If ug is continuous and u,(0) > 0, then the supremum can be taken for y > 0.

Let us discuss the asymptotic behaviour when the datum is monotone non-decreasing with final
cut-off. We recall (4.14)-(4.17). We define

u(t, (o) =€)

- _I
(lJuollL +at)™=

U(t7 5) =

Since the solution is constructed by characteristics we have that

0 if uo((at) =€) =0
Ut ¢) = (W) if uo((at)~+€) > 0 and (at)€ < S(1)
[uollzs + ot
0 if (at)=& > S(t)
where ny(t,€) € (0, ||ug|| ). Due to (4.38), as t — +oo we have that
1 if¢e (0, M)
v.e) = {0 if ¢ € (M, +o0).

The value at 0 depends on whether u(0) = 0.

5 A numerical scheme

In the pioneering paper by Crandall and Lions [10], the authors developed a theory of monotone
schemes for finite differences of Hamilton-Jacobi equations, where solutions are shown to converge
to the viscosity solution. They study equations of the form

my + H(m,) = 0. (5.1)

For these equations it is natural to develop only explicit methods. However, for our case m; +
H(m,)m = 0, we will see that it more natural, and probably more stable, to do an explicit-implicit
approximation of the non-linear term H(m,)m. In fact, since the nonlinear term is linear in m, we
can solve for the implicit step in an explicit manner. More precisely, considering an equispaced
discretization

tn = hin pj = hyJ. (5.2)

We select the following finite-difference schemes

n+1 n n n @
M7 = MP (M= MY e
Iy I j

P

which can be written as

n+1 j n n
ﬂ@*=1 h(M/ jA)azaMwaJ (5.3)
+he | "
h, N

P
L heH (522
Notice that the method depends only on the parameter h;/h$. Taking derivatives we have that

oc _1+mH (1) - RH (5)p g o (%)

P () (e ()

Here, G is given by

G(p,q) = where H(s) = s¢.
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Then G is non-decreasing in p under the simple CFL condition:
M e (p_q>p< % (5.4)

Since the denominator in G is larger than 1, we have that G(p, ¢) < p. This is immediately translated
to a maximum principle for M

M < MG < [[mollso- (5.5)

For o > 1 we have two options to obtain a CFL condition. We can check whether the numerical
derivative is bounded (this can be done for some methods, see Section 5.2) or cut-off the equation
by a nice value. For m fixed, since m,, < ||(mo),||z~ due to (4.4), the equation (5.1) where H(s) = 5%
is equivalently to itself with

H(s) = (max{s, [ (mo)lloc}) - (5.6)

We write this cut-off to ensure monotonicity. Nevertheless, once the method is monotone,
Lemma 5.3 ensures that the cut-off part is not reached. Hence, this cut-off is purely technical.

For a > 1 this new H given by (5.6) satisfies
0 < H'(s) < all(mo),lls
Therefore, (5.4) can be taken as

ht< 1

— < — . (CFL)
hp = 2a]|(mo), 15 Imoll
We propose the scheme
M?
n+1 _ J -
M = Y Ve ifj>0,n>0
1+ hoH ()
o (M)
M} = mo(h,j) ifj >0
Mg =0 ifn > 0.

Remark 5.1. As we pointed out in [9], for 0 < a < 1 this method is not monotone. This was fixed
by regularising H. For § > 0 we take

Hs(s) = (s4 +0)* — 6%, (5.7)
By including the boundary and initial condition, we constructed the method

Mn

M = Mﬂn_Mn if j>0,n>0
1+ hyHs <JH>
hp (Ms)
M3 = mq(h,j) ifji>0
My =0 if n > 0.

with this regularisation we know that Hj(s) < ad*~! so we have a CFL condition

ht 517a
hp ~ 2allmolle

(CFLs)

In [9] we made § to converge to 0 with h; and h,, showing the convergence of the numerical solu-
tions.
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5.1 Properties of monotone methods

The following properties of (M) when G is monotone in each variable are a classical matter (see the
original result in [10] and the presentation and references in [1]). We just briefly sketch them for
completeness.

Lemma 5.2. Let o > 1, mg > 0 and bounded and consider the sequence M} constructed by (M) and
assume (CFL). We have the following properties:

1. M]?L“ = G(M}, M} ) where G is non-decreasing.
2. M} < |lmollo
3. If mg > 0 is non-decreasing then:
(@ 0< M} < M;’;rlfor alln,j
(b) There is mass conservation in the numerical scheme

MM = lim MM = lim M

n
j—+oo jotoo 7

= MZ~.
Proof. 1. We have shown this above.

2. This is true for M} by construction, and hence for all », due to the previous item.

3. (a) We proceed by induction in n. For time n = 0 this is true due to the monotonicity of my.

Assume M} < M7, for all 5. Since G is monotone in each coordinate

MPE = G(M},, M}) > G(M}', M}) > G(M}', M} ) = M.

(b) Since the sequence is non-decreasing and bounded, it has a limit. Furthermore lim; (M} —
M7,) = 0. Hence, since H;(0) = 0 we have that
M?P
MY = lim MM = lim J =M.

Jj—+o0 J Jj—+oo 14 htH (MJn - Mjn_1> o0
hﬂ

Notice the biggest advantage of the method (M) is that it preserves the space monotonicity of
m and the total mass, as it should be for a mass equation.

5.2 Convergence of the numerical scheme (M) to the viscosity solution

In order to construct a convergent scheme, it is better to work with a single parameter. For h > 0

we define
h

20| (m0) /155" [Imoll oo

so that (CFL) is satisfied. We now allow M} to be constructed from (M). For ¢, <t < t,.1 and
p; < p < pj+1 We write the piecewise linear interpolation of the discrete values as

h,=h,

M, — M7 M .
M?Jr(p*pj)%Jr(t*tn)% prSt
h _ P
m (t’p> - M’I’LJrl _ M’n+1 M’I’L+1 _ Mn 1 (5.8)
n j+1 j j+1 i+ .
Mj-:ll - (Pj+1 - P)ﬁh—j - (tn+1 - t)ﬁh—tj pr >t
P
This construction ensures that
omt  [Ui, ifp<t omh  [—H(Up) M ifp <t
Op Ut >t ot —H (Uj) M ifp>t
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where U is the numerical space derivative

M? — M
B ) (5.9)

U?L =
J hp -

and the numerical time derivative is given by the relation

ML
J J n+1
— g =H (Up) P+t <.

The strategy of the proof is the following. We will show that these space and time numerical deriva-
tives are uniformly bounded, and hence m” is uniformly continuous, non-decreasing in p and non-
increasing in t. We can then apply the Ascoli-Arzela precompactness theorem and show there exists
a convergent subsequence. We will prove the limit is the viscosity solution.

If we subtract (M) for j and j — 1 we recover an equation for the numerical derivative up

urtt—up N HUMM™ — HU )M
hy h,

=0. (5.10)

Notice that the natural scaling for this equation is h;/h,,.

5.2.1 Boundedness of the numerical derivative

Since (5.10) is a numerical approximation by a monotone method of the nonlinear conservation
law (P), we can expect a maximum principle.

Lemma 5.3. Let 0 < myq be uniformly Lipschitz continuous, bounded and non-decreasing, M} be given
by (M), that (CFL) holds and let Uy given by (5.9). Then, up>0 and

sup UM <supU  Vn > 0. (5.11)
J J ’

Remark 5.4. Once this is proven, the cut-off (5.6) is not needed.

Proof. That U} > 0 follows form Lemma 5.2. We write

urtt—un HUM - HU™,) Mr — M
_ 3 J Ml J Jj—1 H(U™) j—1
0 he M hy FH) h,
urtt —ur HUM) - HU? )
_ J J n+1 J j—1 n n
— W + M P + H(UMUY.

Solving for Uf“, using the fact that 4 is non-decreasing and U > 0, we have that

n n h n n n
Urtt <up — M HUP) - HUL )

h, J
_ Un _ EMnJrlH/(gn)Un + EMn+1H/(£n)Un
DR P R W i)Yt

h n n n h’ n n n
= <1 — h—:Mj HH'(¢ )) Uur + h—:Mj HH(EHUT .

Due to (CFL) we have that the coefficients in front of uy and U}, are non-negative. Hence

Uj +1 < (1 _ F;Mj +1H/(§;L)> Slij U]n + F;Mj +1H/(€;L) Sl}p UJn
=supU;".
j
And this holds for every j so the result is proved. O
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5.2.2 Convergence via Ascoli-Arzela. Existence of a viscosity solution

Theorem 5.5. Let us mo € W1°°(0, +00) and non-decreasing, (CFL), M} constructed by (M) and m" be
given by (5.8). Then, m” is a family of uniformly continuous functions. Then, for every P > 0
mh = m in C([0, P] x [0,T)) as h, — 0. (5.12)

where m is a viscosity solution of (4.2). Furthermore, (4.4) holds.

Proof. First, we notice that m” satisfies (4.4). Due to (5.8), we have that
[y (8, )| < Ml(mo)pllos, — Imi(t, p) < [H(UF)MP™Y < H([[(mo) plloc ) Imol |-
By the Ascoli-Arzela theorem there is a subsequence that converges uniformly in [0, P] x [0,T].

We will show every convergent subsequence converges to the same limit m, and hence the
whole sequence converges. We still denote by h the indexes of the convergent subsequences.

Let m" be a subsequence converging in [0, 7] x [0, P]. We check that it is a viscosity subsolution,
and the proof of viscosity supersolution is analogous. Let (¢, po) € (0,7) x (0, P) and ¢ € C? be
such that m — ¢ has a strict local maximum at (¢o, po) and m(to, po) = ¢(to, po). We can modify ¢
outside a bounded neighbourhood of (¢¢, py), SO that m — ¢ attains a unique global maximum at
(to, po), for h large enough m” — ¢ attains a global maximums in [0, 7] x [0, P] at an interior points
(tn, pr), and (ty, pn) — (to, po) @s h — 0. Our argument is a variation of [18, Lemma 1.8].

Let B C [0,T] x [0, P] be a small open ball around (¢¢, py) where the maximum is global. Let
e = —infg(m — ¢)/2. Define U = {m — ¢ > —} N B which is a open and bounded neighbourhood
of (to, po). We modify ¢ so that is greater than m + ¢ outside U. With the modification, m — ¢ attains
a unique global maximum at (g, po).

Let h be small enough so that [m" — m| < £ in [0, T] x [0, P]. We have that
9

€
mh — ) < ma; (m—p)+-<—=.

max ( X <
[0,t0+1]x[0,p0+1]\U [0,t0+1]%[0,p0+1]\U 2 2

On the other hand

9 S
m"(to, po) — @(to, po) > m(to, po) — ¢(to, po) — 57 Ty
Therefore the maximum over [0, T] x [0, P] is attained at some (¢, pr) € U. The sequence (¢, pp) is
bounded, and therefore as a convergent subsequence. Let (¢, k1) be its limit. We have that

mh(th’ph) - @(thaph) > mh(t,p) - QO(Lp) V(t,p) € [OvT] X [O,P}.

Passing to the limit, since the maximum is unique, we have that (¢, p1) = (o, po). Since all conver-
gent subsequences share a limit, the whole sequence converges.

For such small values of h, let us define

_ || | Pn
weli] o -]

Since m" — ¢ has a global maximum in [0, 7] x [0, P], we have that
m" (tn, pr) = @(tn, pn) = m"(t, p) = o(t, p).
Evaluating on the points of the mesh, we get that
M < (tn, ps) — (tn, pr) +m" (tn, pn)-
Since m" is increasing in p and decreasing in ¢ and the fact that G is non-decreasing, we recover
m"(tn, pr) < m"((np + Dby, juh,) = MI2H = G(M", M)

Jh Jn—1
< G(@(tnh,f%‘h) — @(tn, pn) +m" (ths pn)s ©(tns s Pjn—1) — ©(tn, pr) + mh(tmph))

— @(tnhap]h) - @(th’ ph) + mh(th, ph)
1 + htH (W(tn}L 7pjh)_h¢(t"'h7pjh71))

P
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due to the definition of G. Since ¢ is smooth, for A small enough the denominator is positive and
hence

t — p(t ; tn, s Pi, ) — P(tn, , P —
W( haph) h‘P( mnpjh) +H (4,0( h p]h) h‘ﬂ( v Pin 1)) mh(th,Ph) <0.
t 4

Adding and subtracting (t,, +1, p;)/h, on both sides

tn s Mg - tn s Mg t’n s Mg - t’n sHPin—
90( ntl p]h;lt 90( h p]h) +H <<»0( h p]h,) h@( o Pin 1)) mh(th,Ph)
P
< O(tn,+15Pjn) — P(th, pr) th — tn,
B th = tn, hy .

Clearly ¢, —t,, > 0and, since ¢ is of class C' and m is non-increasing in ¢, we have that

lim (tn,+1,05,) — ¢(tn, pn)

= t <0
P, th — tnh Spt( 0»/’0) >~ U,

Therefore, as h — 0, we conclude that

@t(to, po) + H (0p(to, po)) m(to, po) <0,

for any ¢ such that m — ¢ has a global maximum at (¢y, po). Therefore, m is a viscosity subsolution.
O

5.3 Rate of convergence

Theorem 5.6. Let o > 1 and let h, and h, satisfy (CFL). Let mq be Lipschitz continuous and bounded
and let m be the viscosity solution of (4.2) and M 7 be constructed by (M). Then, for any T > 0

1
sup | m(tn, pj) — MJ'| < Chg.
i>0

0<n<T/hy
where C does not depend on h,,.

Remark 5.7. The original paper by Crandall and Lions allows, by a longer and more involved ar-
gument, proves estimates of the form O(v/h;) with H continuous, but requiring that the function
defining the method is Lipschitz continuous.

Proof. For convenience, in the proof we denote N = [T/h;]. Our aim is to prove that

1
o= sup (m(tn,p;) — M]") < Chj.
i>0
0§7z§T/ht

The argument can be analogously repeated for the infimum. If o < 0 there is nothing to prove.
Assume that ¢ > 0. Let L be the Lipschitz constant of mg. Due to (4.4), it is also the Lipschitz
constant of m.

We begin by indicating there exist ny, j; such that
m(t, p1) — M > %U, where ¢t; = hyny and p = h,j;.
We define
Bt hen, p, hpg) = mit, p) — M — (t, hen, p, hyj)
where, for ¢, A > 0 we define

p— &7+t — s
52

o(t,s,p, &) = < +/\(t+s)>

Then the maximum is at t. € [0,77], p. € [0,+00) and t. = hyn. with n. € {0,--- , N}, & = h,j. with
Je € NU{0}. Again this function is continuous and
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1. Defined over a bounded setin ¢t. and s..
2. If p = +o00 and j remains bounded then & — —oc (analogously in p bounded and j — +o0).
3. If p » +oc and j — +oo then

limsup ® < Mmoo — Moo <0,
p,j—+0o0

so there exists a point of maximum (., hyne, pe, h,j-) such that

(b(téastﬁpsagé“) Z‘b(t, S7pa§> V(t?s7p7£)

In particular
q)(t578€7p57§5) Z q)(ththplvpl) = m(tlapl) - Mﬁl - 2)\tl
Taking
A=— 7 (5.13)
8(1+1) '
we have U
q)(t€7ps>n6>j€) Z 5
In particular,
m(t€7pa) - Mj % + ¢(tsahtn5ap57hpja) > 0 (514)

Step 1. Variables collapse. As ®(t., s¢, pe, &) > ©(0,0,0,0) = 0, we have

lpe — €6|2 + [te — 35|2
22

+ )\(ts + Ss) < m(tavpa) - Mjn; < 2Hm0HOO

Therefore, we obtain

2(m
b= &P 4l = 5P < 2molloec?,  and g2y g2 < Mol

This implies that, as ¢ — 0, the variable doubling collapses to a single point.
Step 2. For ¢ small enough, ¢., p.,n., j. > 0. Since m is Lipschitz continuous

mte, pe) — M-
= m(tsa pe) - m(ov ,05) + m(oa pE) - m(O, gs)
(0.6~ 08 + M) 2
< Lte + Llpe — &l

2| Q

using the fact that m(0,&.) = MY and M7 is decreasing in n. If ¢ is small enough
g
RV oy e
we have Lt. > o/4 and hence t. > 0. Analogously for p. > 0.
If n, = 0 then

(5.15)

o
— < mte, pe) — Mjos

2
= m(tsvps) - m(O»Ps) + m(O, ps) - m(oags) + m(oyfs) - MJOE
< Lte + Llp: — &| = Llte — ne| + L|p: — &|
< L/2||mo | oce-

This is a contradiction if (5.15) holds. An analogous contradiction holds if j. = 0.
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Step 3. An inequality for m via viscosity. We check that

(t7 p) — m(t7 P) - (b(tv Sey Py 55) = m(tv p) - 1/1(75’ p)

has a maximum at (¢., p:). Hence, since m is a viscosity subsolution, we have

0¢ ¢
e e <0.
ot (taa5571057§€) +H (ap (ts; Saap57§£)> m(taapa> <0

Computing the derivatives

2(te — se)
-2

A+ H (2(”62_5)) mte, p.) < 0. (5.16)

Step 4. An inequality for M/ applying that G is monotone. As before, the function
(n,J) ¥ M} — (=@(te, lun, pe, hpj)) = Mj" — ¥ (j,n)
has a minimum at (n., j.). In particular, we obtain
MG > M7 = 4(je, ne) + (4, ).
Since G is monotone, it yields

Ne __ ne—1 ne—1
Mje - G(Mje 7Mj5_1 )

2> G(MJT:E =P (Jesne) + P (Je, me — 1>7Mj25 =Y (Jesne) +P(Je — 1,ne — 1) ) .

S1 52

Similarly to the proof of Theorem 5.5, for A small, one can rewrite the previous inequality as

MI(LE - Sl Sl — SQ
—J= 4+ H M7 > 0.
2y ( . ) e
Hence, we recover
w(]sans) *;L/)(]Eane - 1) +H (1/}(.75,715 - 1) *hﬁj(]s —1,n. — 1)) MJZE > 0. (5.17)
t T

We could compute this explicitly, but it is sufficient and clearer to apply the intermediate value
theorem to deduce

09
o

_%(t(ﬂgeap!ﬁga) + H <

88 (t8788_ht7paa€<€)> M]n: ZO

where 5. € (s — hy, s¢) and & € (& — h,, &.). Hence, we conclude that
2(755;‘95)_/\4_[{(2(%2_55)) M;LE > 0. (5.18)
3 13 €

Step 5. An estimate for o. Substracting (5.16) from (5.18) we have that

8_78 2 5_78 n 2 € 6e
TSNS +H( (pszg))MjEE_H(%U)m(t“pE)

< (i (209 () a0 S g

g2 g2 g2

Notice that the second term is non-positive due to (5.14). We now use the Lipschitz continuity of H,
which holds for the cut-off given by (5.6), and we obtain that

g 2(55 756) hP
7 <0|%28 < oMpmal-.
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Step 6. A first choice of . We take ¢ = Co where C is chosen so that (5.15) hold. Then, we have
that

o3 < Chy,.
where C(T, «) is independent of i, h,, or §. This completes the proof. O

Remark 5.8. Notice that we do not use the equation until step 4 and that the Lipschitz continuity
of my plays a key role. However, the homogeneous boundary conditions do not.

Remark 5.9. Notice that we recover the exponent k3 from the Lipschitz continuity of H. If H is
only a-Hélder continuous as in [9], then the rate of convergence is given by h2

6 Numerical results

6.1 Asymptoticsast — +oo

Through numerical experiments, we see that the vortex seems to be the asymptotic solution also in
u variable. In Figure 7 we represent the asymptotic state of the two-bump initial data constructed
explicitly for small times in Section 4.4. We recall that why the computations in Section 4.4 are only
valid for small time is that the first bump reaches the second bump, and we did not compute the
first shock after this happens. However, as we see in Figure 7, the first bump "eats" the second
bump (possibly in finite time), and we recover the vortex. Since u(0) = 0, we have that u(¢,0) = 0
so the vortex cannot be reached in the supremum norm. Notice also that if uy(0) # 0, then u(0,t) =
(uo(0)~® 4+ at)~=. Nevertheless, the simulation suggest convergence in all L? norms for 1 < p < .

a=2,t=1.00 a=2,t="6.00
L5 ; ; ; ; ; ; 1.5 ; ; ; ; ; ‘
—up(p) —uo(p)
. Lr —u(t, p)| L —u(t, )|
05 1 0.5+ 1
N
0 ‘ 0 ‘ ‘
0 01 02 03 04 05 06 0 01 02 03 04 05 06
P P
1f 1
<z ok
205 $h05
= L L L L L = 0 L L L L L L
0 01 02 03 04 05 06 0 01 02 03 04 05 06
Cie @i
a=2,t=21.00 a=2,t=239.00
15 ‘ ‘ ‘ ‘ ‘ : 15 ; ; ; ; ; ;
—u(p) —uo(p)
1r —u(t,p)|] 1r —u(t,p)|
05} 1 05 1
0 L L L L 0 I n n n
0 01 02 03 04 05 06 0 01 02 03 04 05 06
p p
< 1 . 1
25051 S
— 0 L L L L L L — 0 L L L L L L
0 01 02 03 04 05 06 0 01 02 03 04 05 06

L L
(a7 (atya

Figure 7: Asymptotic behaviour of u in rescaled variables. See a movie simulation in the supple-
mentary material [20, Video 3].

It is an open problem to determine if the first singularity catches the boundary front in finite
time for these particular solutions.
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6.2 Comparison of the waiting time

It is interesting to compare the behaviour of different powers uy(p) = (8 + 1)(1 — p)i which have
total mass M = 1. There is waiting time if 3 > ﬁ (see Corollary 4.9 and Theorem 4.10). We will
work with o = 2. Since the masses are ordered, the waiting time for vy = 2(1 — p); is shorter than
that of up = 3(1 — p)i. It is interesting to notice that the solution for vy = 3(1 — p)% develops a
singularity at the interior of the support, before the support starts moving.

Figure 8: Behaviour of two different powers with waiting time. See a movie simulation in the sup-
plementary material [20, Video 4].

6.3 Level sets of a solution with and without waiting time

In Section 4.6 we showed that t= is the asymptotic behaviour of the support of u for compactly
supported ug. For instance, if ug is a Dirac § function at S(0) of mass M, we have shown that the
support is [S(0), S(0) + M (at)=]. However, for solutions with waiting time, we do not know what is
the behaviour of the support for ¢ small. We illustrate an example when ug = (1 — p)+ fora = 2in
Figure 9 (cf. Figure 6). This initial datum produces a solution with waiting time due to Corollary 4.9,
which by Theorem 3.4 is initially given by the generalised characteristics. However, as pointed
out in Remark 3.1 the characteristics are not the level sets of m. Notice that the level sets of m
are not straight even for ¢t small. For comparison, we show a solution not given by characteristics
(therefore not a classical solution) and without waiting time (by Theorem 4.10) which we represent
in Figure 10.

Level sets of m, wy=(1—p)s, a=2

2 T T T T
N
1.5+ 8
w 1k 7 1
0.5F i
5898 & s £§3
0 X/ I I I I / I
0 0.2 0.4 0.6 0.8 1 1.2

p
Figure 9: Level sets of the numerical solution with ug = (1 — p) for @ = 2, and a uniform mesh in

space of equispaced grid h, = 1le — 3. In Figure 6 the reader may find a comparison with the mass
subsolution with explicit Ansatz.
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0.8

5 Level sets of m, wup=(1—p)}", a=2

1.5+ / i
S5 st d e s JEF
0.5 g ,
RN NE N N
0 / / I I L I 1 I
0 0.2 0.4 0.6 0.8 1 1.2
p

Figure 10: Level sets of the numerical solution not given by characteristics presented in Remark 3.8,
which does not have waiting time due to Theorem 4.10.

Remarks and open problems
1. We have constructed a theory of radial solutions and proved well-posedness of the mass
formulation. Uniqueness in terms of the u variable is an open problem.
Is there a non-radial theory? This seems to be a very difficult problem.
. Is there asymptotic convergence to the vortex solution in the w variable in general?

. An interesting problem is to construct a theory for infinite mass solutions.

A WwN

. In the two bump solution, is there actually convergence to the vortex in finite time? The
numerical experiments suggest so. The ODE for S; can be written explicitly from the Rankine-
Hugoniot condition, and the question is whether S} (¢t) = Sa(t) for some ¢ > 0.

Acknowledgments

JAC was partially supported by EPSRC grant number EP/P031587/1 and the Advanced Grant
Nonlocal-CPD (Nonlocal PDEs for Complex Particle Dynamics: Phase Transitions, Patterns and
Synchronization) of the European Research Council Executive Agency (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No. 883363). The re-
search of DGC and JLV was partially supported by grant PGC2018-098440-B-100 from the Ministerio
de Ciencia, Innovacién y Universidades of the Spanish Government. JLV was an Honorary Professor
at Univ. Complutense.

References

[11 Y. Achdou, G. Barles, H. Ishii, and G. L. Litvinov. Hamilton-jacobi Equations: Approximations,
Numerical Analysis and Applications. Ed. by P. Loreti and N. Anna Tchou. Vol. 2074. Lecture
Notes in Mathematics. Berlin, Heidelberg: Springer Berlin Heidelberg, 2013. pol: 10. 1007/
978-3-642-36433-4.

29


https://doi.org/10.1007/978-3-642-36433-4
https://doi.org/10.1007/978-3-642-36433-4

(2]

(3]

(4]

(5]

(6]

(7]

(8]
(9]
[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

L. Ambrosio, N. Gigli, and G. Savaré. Gradient flows in metric spaces and in the space of proba-
bility measures. Second. Lectures in Mathematics ETH Zurich. Birkhauser Verlag, Basel, 2008,
pp. x+334.

L. Ambrosio, E. Mainini, and S. Serfaty. Gradient flow of the Chapman-Rubinstein-Schatzman
model for signed vortices. Annales de l'Institut Henri Poincare (C) Non Linear Analysis 28.2 (2011),
pp. 217-246. DOI: 10.1016/j .anihpc.2010.11.006.

L. Ambrosio and S. Serfaty. A gradient flow approach to an evolution problem arising in super-
conductivity. Communications on Pure and Applied Mathematics 61.11 (2008), pp. 1495-1539.
DOI: 10.1002/cpa.20223.

P. Bénilan and S. Kruzkov. Conservation laws with continuous flux functions. Nonlinear Differ-
ential Equations and Applications 3.4 (1996), pp. 395-419. DOI: 10.1007/BF01193828.

A. L. Bertozzi, T. Laurent, and F. Léger. Aggregation and spreading via the Newtonian po-
tential: the dynamics of patch solutions. Math. Models Methods Appl. Sci. 22.suppl. 1 (2012),
pp. 1140005, 39. DOI: 10.1142/580218202511400057.

J. A. Carrillo, S. Lisini, G. Savaré, and D. Slepcev. Nonlinear mobility continuity equations and
generalized displacement convexity. J. Funct. Anal. 258.4 (2010), pp. 1273-1309. bol: 10.1016/
j.jfa.2009.10.016.

J. Carrillo. Entropy solutions for nonlinear degenerate problems. Archive for Rational Mechan-
ics and Analysis 147.4 (1999), pp. 269-361. DOI: 10.1007/s002050050152.

J. A. Carrillo, D. Gdmez-Castro, and ). L. Vazquez. A fast regularisation of a Newtonian vortex
equation (2019). arXiv: 1912.00912.

M. G. Crandall and P. L. Lions. Two Approximations of Solutions of Hamilton-Jacobi Equations.
Mathematics of Computation 43.167 (1984). DOI: 10.2307/2007396.

M. G. Crandall and P. L. Lions. Viscosity solutions of Hamilton-Jacobi equations. Transactions
of the American Mathematical Society 277.1 (1983), pp. 1-1. DOI: 10.1090/S0002-9947 - 1983 -
0690039-8.

J. Dolbeault, B. Nazaret, and G. Savaré. A new class of transport distances between measures.
Calc. Var. Partial Differential Equations 34.2 (2009), pp. 193-231. DOI: 10. 1007 /500526 - 008 -
0182-5.

M. Escobedo, J. L. Vazquez, and E. Zuazua. Asymptotic behaviour and source-type solutions
for a diffusion-convection equation. Archive for Rational Mechanics and Analysis 124.1 (1993),
pp. 43-65. DOI: 10.1007/BF00392203.

S. N. KruZkov. First Order Quasilinear Equations in Several Independent Variables. Mathemat-
ics of the USSR-Sbornik 10.2 (1970), pp. 217-243. DOI: 10.1070/SM1970v010n02ABEH002156.

F.-H. Lin and P. Zhang. On the hydrodynamic limit of Ginzburg-Landau vortices. Discrete and
Continuous Dynamical Systems 6.1 (2000), pp. 121-142.

P.-L. Lions, P. Souganidis, and J. Vazquez. The Relation Between the Porous Medium and the
Eikonal Equations in Several Space Dimensions. Revista Matemdtica Iberoamericana (1987),
pp. 275-310. DOI: 10.4171/RMI/51.

S. Serfaty and J. L. Vazquez. A mean field equation as limit of nonlinear diffusions with
fractional Laplacian operators. Calculus of Variations and Partial Differential Equations 49.3-4
(2014), pp. 1091-1120. DOI: 10.1007/s00526-013-0613-9.

H. V. Tran. Hamilton-Jacobi equations: viscosity solutions and applications. Lecture notes avail-
able from author at http://www.math.wisc.edu/ hung/lectures.html. Accessed: 2019-10-
21.

J. L. Vazquez. The interfaces of one-dimensional flows in porous media. Transactions of the
American Mathematical Society 285.2 (1984), pp. 717-737. DOI: 10.1090/S0002- 9947 - 1984 -
0752500-8.

Videos Supplementary Material. https://figshare.com/projects/Vortex_formation_for_a_
non-local_interaction_model _with_Newtonian_repulsion_and_superlinear_mobility/
83687.

30


https://doi.org/10.1016/j.anihpc.2010.11.006
https://doi.org/10.1002/cpa.20223
https://doi.org/10.1007/BF01193828
https://doi.org/10.1142/S0218202511400057
https://doi.org/10.1016/j.jfa.2009.10.016
https://doi.org/10.1016/j.jfa.2009.10.016
https://doi.org/10.1007/s002050050152
https://arxiv.org/abs/1912.00912
https://doi.org/10.2307/2007396
https://doi.org/10.1090/S0002-9947-1983-0690039-8
https://doi.org/10.1090/S0002-9947-1983-0690039-8
https://doi.org/10.1007/s00526-008-0182-5
https://doi.org/10.1007/s00526-008-0182-5
https://doi.org/10.1007/BF00392203
https://doi.org/10.1070/SM1970v010n02ABEH002156
https://doi.org/10.4171/RMI/51
https://doi.org/10.1007/s00526-013-0613-9
http://www.math.wisc.edu/~hung/lectures.html
https://doi.org/10.1090/S0002-9947-1984-0752500-8
https://doi.org/10.1090/S0002-9947-1984-0752500-8
https://figshare.com/projects/Vortex_formation_for_a_non-local_interaction_model_with_Newtonian_repulsion_and_superlinear_mobility/83687
https://figshare.com/projects/Vortex_formation_for_a_non-local_interaction_model_with_Newtonian_repulsion_and_superlinear_mobility/83687
https://figshare.com/projects/Vortex_formation_for_a_non-local_interaction_model_with_Newtonian_repulsion_and_superlinear_mobility/83687

	1 Introduction
	2 Explicit solutions
	2.1 Self-similar solution
	2.2 Vortexes

	3 Mass of radial solutions
	3.1 Characteristics for the mass equation
	3.2 The Rankine-Hugoniot condition
	3.3 Local existence of solutions by characteristics
	3.4 Explicit Ansatz with waiting time
	3.5 A change of variable to a Hamilton-Jacobi equation

	4 Viscosity solutions of the mass equation
	4.1 Existence, uniqueness and comparison principle
	4.2 The vortex
	4.3 Monotone non-decreasing data with final cut-off
	4.4 Two Dirac deltas
	4.5 Waiting time
	4.5.1 Existence and estimate
	4.5.2 Non-existence of waiting time

	4.6 Asymptotic behaviour

	5 A numerical scheme
	5.1 Properties of monotone methods
	5.2 Convergence of the numerical scheme (M) to the viscosity solution
	5.2.1 Boundedness of the numerical derivative
	5.2.2 Convergence via Ascoli-Arzelá. Existence of a viscosity solution

	5.3 Rate of convergence

	6 Numerical results
	6.1 Asymptotics as t +
	6.2 Comparison of the waiting time
	6.3 Level sets of a solution with and without waiting time


