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The Landau equation as a Gradient Flow
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Abstract

We propose a gradient flow perspective to the spatially homogeneous Landau equa-
tion for soft potentials. We construct a tailored metric on the space of probability
measures based on the entropy dissipation of the Landau equation. Under this met-
ric, the Landau equation can be characterized as the gradient flow of the Boltzmann
entropy. In particular, we characterize the dynamics of the PDE through a func-
tional inequality which is usually referred as the Energy Dissipation Inequality (EDI).
Furthermore, analogous to the optimal transportation setting, we show that this in-
terpretation can be used in a minimizing movement scheme to construct solutions to
a regularized Landau equation.

1 Introduction

The Landau equation is an important partial differential equation in kinetic theory. It gives
a description of colliding particles in plasma physics [37], and it can be formally derived as
a limit of the Boltzmann equation where grazing collisions are dominant [16], 44]. Similar to
the Boltzmann equation (see [7] for a consistency result and related derivation issues), the
rigorous derivation of the Landau equation from particle dynamics is still a huge challenge.
For a spatially homogeneous density of particles f = f;(v) for t € (0,00),v € R? the
homogeneous Landau equation reads

Oif (v) = Vy - (f(v) /Rd v = 0" — 0.)(V, log f(v) = V,, log f(v*))f(v*)dv*) - (D)

For notational convenience, we sometimes abbreviate f = f;(v) and f, = fi(v,) . We also
denote the differentiations by V =V, and V, = V,,. The physically relevant parameters
are usually d = 2,3 and v > —d — 1 with II[z] = T — % being the projection matrix onto
{z}+. In this paper, for simplicity we will focus in the case d = 3 and vary the weight
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parameter ~, although most of our results are valid in arbitrary dimension. The regime
0 < v < 1 corresponds to the so-called hard potentials while v < 0 corresponds to the soft
potentials with a further classification of —2 < v < 0 as the moderately soft potentials and
—4 <y < —2 as the very soft potentials. The particular instances of v = 0 and v = —d are
known as the Maxwellian and Coulomb cases respectively.

The purpose of this work is to propose a new perspective inspired from gradient flows for
weak solutions to (), which is in analogy with the relationship of the heat equation and the
2-Wasserstein metric, see [36, B]. One of the fundamental steps is to symmetrize the right
hand of (). More specifically, if we consider a test function ¢ € C>®°(R?) we can formally
characterize the equation by

d 1

— | ofdv= __/ fflv =o' (Vo=V.o.) - TMv—v.](Viog f — V. log f.)dv.dv, (2)
dt Jpa 2 /) Jpoa

where the change of variables v <+ v, has been exploited. Building our analogy with the
heat equation and the 2-Wasserstein distance, we define an appropriate gradient

Vo = |v—v,|" 2 v — 0,](Vd — V,0,),
so that equation (2)) now looks like

i ¢fdv = —% / » .V - Vlog fdv.dv,

dt Jpa

noting that I = II. To highlight the use of this interpretation, we notice that V¢ = 0,
when we choose as test functions ¢ = 1, v;, |[v|? for i = 1,...,d which immediately shows
that formally the equation conserves mass, momentum and energy. The action functional
defining the Landau metric mimics the Benamou-Brenier formula [6] for the 2-Wasserstein
distance, see [23, 24, 26] for other distances defined analogously for nonlinear and non-local
mobilities. In fact, the Landau metric is built by considering a minimizing action principle
over curves that are solutions to the appropriate continuity equation, that is

_ - 1 2
dr(f,g) = 8w+%gl-(l\£luu*):0{2/o //R2d \4 du(v)d,u(v*)dt}, (3)

Ho=f, p1=g

where the V- is the appropriate divergence; the formal adjoint to the appropriate gradient
(see Section 21)).

Also, we notice that analogously to the heat equation, written as the continuity equation
o f =V - (fVlog f), the Landau equation can be formally re-written as

0f = 59 - (1.¥ 1o ),
equivalent to the continuity equation with non-local velocity field given by
Of +V - (U(f)f) =0
U(f) == Jv—o"Tv -] (Vg f - V.log f.) fudv, .
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Considering the evolution of Boltzmann entropy we formally obtain

L og fdv = —D(f;) = —& //R ¥ log fI2f fudvadv < 0. (5)

dt R4 N _5
In physical terms this is referred to as the entropy dissipation or entropy production for it
formally shows that the entropy functional

HIf] = y [flog fdv

is non-increasing along the dynamics of the Landau equation. Moreover, by integrating
equation () in time one formally obtains

s+ | D(f.)ds = Hify). ©)

In [44], Villani introduced the notion of H-solution, which captures this formal property.
Motivated by the physical considerations of certain conserved quantities and entropy dissi-
pation, H-solutions provided a step towards well-posedness of the Landau equation in the
soft potential case. Omne advantage to this approach is that it avoids assuming that the
solutions belongs to LP(R3) for p > 1. For moderately soft potentials, the propagation of L?
norms is proven and this is enough to make sense of classical weak solutions [47]. In the very
soft potential case, there is no longer a guarantee of LP propagation due to the singularity
of the weight. We refer to [I7, Section 1.2] for a heuristic description of this difficulty.

Similar to H-solutions our approach will also be based on the entropy dissipation ([).
Following De Giorgi’s minimizing movement ideas [2, [3], we characterize the Landau equa-
tion by its associated Energy Dissipation Inequality. More specifically, we show that weak
solutions to (II) with initial data f, are completely determined by the following functional
inequality:

HIf:] + %/0 |f|§L(s) ds + %/0 D(f,) ds < H]fo] for a.e. every t > 0,

where | f |3, (s) stands for the metric derivative associated to the Landau metric defined above.
Our analysis is also largely inspired by Erbar’s approach in viewing the Boltzmann equation
as a gradient flow [25] and recent numerical simulations of the homogeneous Landau equation
in [I5] based on a regularized version of (). In contrast with the classical 2-Wasserstein
metric, one of the main features of the Landau equation () and metric @) is that they
are non-local. Hence, the convergence analysis usually relying on convexity and lower-semi
continuity needs to be adapted to deal with the non-locality of this equation. In particular,
our characterization Theorem [[1]is based in using (expected) a-priori estimates to deal with
the non-locality through appropriate bounds.

On the other hand, the state of the art related to the uniqueness for the Landau equation
depends on the range of values v may take. In the cases of hard potentials or Maxwellian,
the uniqueness theory is very well understood due to Villani and the third author [21], 22,
45]. In the soft potential case, one of the first major contributions to the general theory



of the spatially inhomogeneous Landau equation (v > —3) was the global existence and
uniqueness result by Guo [35]. This result was achieved in a perturbative framework with
high regularity assumptions on the initial data. Through probabilistic arguments, the next
major improvement to uniqueness for y € (—3,0) came from Fournier and Guérin [27]. Their
result established uniqueness in a class of solutions that shrinks as v decreases towards —3,
as more LP and moments assumptions are needed. In their proof, uniqueness is shown by
proving stability with respect to the 2-Wasserstein metric.

Still lots of open questions for the soft potential case remain. In particular, a fundamen-
tal question like uniqueness for the Coulomb case is unresolved. To tackle this and other
problems an array of novel methods have been employed. Here is an incomplete sample of
the contributions made in this direction which highlight the difficulties of the soft potential
case [22], 21, (11, 12], [IT], [47, 33], BT, 34) 32) 43| 30} 42, 29]. A brief glance at some of these
references illustrates the breadth of techniques that have found partial success at answering
the open questions; probability-based arguments, kinetic and parabolic theory, and many
more.

The purpose of this paper is to bring in another set of techniques to help answer some of
these fundamental questions. The gradient flow theory applied to PDEs has flourished in the
last decades. In their seminal paper [36], Jordan, Kinderlehrer, and Otto proposed a varia-
tional approach (JKO scheme) extended later on to a wide class of PDEs using the optimal
transportation distance of probability measures. These results and many more achievements
from their contemporaries allowed for novel approaches to questions of existence, uniqueness,
convergence to equilibrium, and other aspects of a large class of PDE; we mention [3] [40] for
a coherent exposition of these techniques and the relevant literature, even as more advances
have been made since then.

The advantage of our variational characterization of the Landau equation is that it unveils
new possible routes of showing convergence results for this equation. First of all, it allows for
natural regularizations of the Landau equation by taking the steepest descent of regularized
entropy functionals instead of the Boltzmann entropy as in [I4]. This idea was recently
developed in [15] leading to structure preserving particle schemes with good accuracy. We
can also consider the framework of convergence of gradient flows based on I'-convergence
introduced in [39, 41] to attack the convergence of these numerical methods [I5]. Moreover,
this approach is flexible enough to also study the rigorous convergence of the grazing col-
lision limit of the Boltzmann equation to the Landau equation. In this case, we can take
advantage of the similar developed framework of Erbar for the Boltzmann equation [25] to
set this question in simple terms. Namely, the convergence of the associated metrics and the
lower-semicontinuous limit of the dissipations. Being able to do this even at the regularized
level would be already a breakthrough in understanding the connection between these equa-
tions. Finally, deriving uniqueness from the variational structure is classically done through
convexity properties of the entropy functional with respect to the geodesics of the Landau
metric. This is another important avenue of research that our work opens.

The plan of this paper is as follows. Section Pl introduces the prerequisites and contains
the statements of the main results. We first construct and analyze in Section [3] the Landau
metric based on ([B]). For a regularized problem, Section [] shows the equivalence between
weak solutions and gradient flows, while Section Bl shows the existence of gradient flow
solutions via a Minimizing Movement scheme. Finally, we show in Section 6 that a gradient
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flow solution is equivalent to H-solutions of the Landau equation () under some integrability
assumptions. Appendix A is devoted to some technical lemmata needed in the proof of the
main theorems regarding the chain rule identity behind the definition of weak solutions for
the regularized Landau equation.

2 Preliminaries and the main results

We start by introducing the necessary notation and definitions together with a quick overview
of gradient flow concepts to make our main results fully self-contained.

2.1 Notations and definitions

We denote
as. b < 3C(L..)>0st. a<C(...)0.

We adopt the Japanese angle bracket notation for a smooth alternative to absolute value
WP =1+, veR™

For € > 0, we denote our regularization kernel to be an exponential distribution

G*(v) =G (v/e), G(v)=Caexp(—(v)), Ca= (/R exp(— (v>)dv) _1-

d

Our results work for some general tailed behaviour in the kernels given by

G0) = 6w/, 6(0) = Cuaespl ), Cua= ([ dexp<—<v>5>dv)_l,

for s > 0; we point out some of the limitations and restrictions on s > 0 in the later
estimates. We shall refer to G* as the Maxwellian regularization. We denote the space of
probability measures over R? by #2(R?), endowed with the weak topology against bounded
continuous functions. We will mostly be dealing with the Lebesgue measure on R? as our
reference measure which we denote by £. The subset 22¢(R%) C 2(R?%) denotes the set of
absolutely continuous probability measures with respect to Lebesgue measure. For p > 0,
we also define the probability measures with finite p-moments 2,(R%) by

2@ = {ue 2w

mli) = [ @ dut) < oo}

Finally, for E > 0, we consider the subset &, zg(R%) C 2,(R?) of probability measures with
p-moments uniformly bounded by E;

2, (R i= {1 € 2,

my(p) < E}

We denote by M the space of signed Radon measures on R? x R? with the standard
weak™ topology against the continuous and compactly supported functions of R? x R¢. The

b}



space M? is the space of signed d-length Radon measures. For T' > 0, we will add the time
contribution of the measures by denoting M to be the space of signed Radon measures on
R? x R? x [0, 7] with the usual weak* topology. Similarly, M% will be the space of signed
d-length Radon measures on R? x R¢ x [0, 7.

For p € 2(R%), we define a family of regularized entropies H.[u] by

Holu] = / = G)0)logl » (),

which we shall see is well-defined provided p has a finite moment in Lemma Formally,
one can calculate the first variation of this functional in &, as

7T ) = G wlogl x G7J0).
op
For a functional F : 22¢(R%) — R with first variation ‘;—?, we refer to the F Landau equation
as
OF OF.
= : U — Ux 2+’YH — Ux ~r *—* d * ] -
of V(f/Rdﬂv v PTIf v]<v5f Vaf*)v) (1)

To clarify the meaning of V-, for a given test function ¢ and vector-valued test function A,
we have

/ / )0, 0.) - A(v, v)dvsdo = — | ¢(0)[F - Al(v)do.
R2d R4
In this way, the F Landau equation ([7]) can be concisely written as
1= ~ OF
of =59 (1195,

Note, by formally testing (1) with ¢ = f;i, one obtains an analogy of Boltzmann’s H-theorem
with the functional F;

%]—"[ft] =—Dzr(fi) = _%//]R?d 1

We will refer to D as the F dissipation. These notations induce our notion of weak solutions
to the F Landau equation ([T).

2
@f{—; dvdv, < 0.

Definition 1 (Weak F solutions). For T' > 0, we say that a curve f € C([0,T]; L'(R?)) is
a weak solution to the F Landau equation ([7) if the following hold.

1. fL is a probability measure with uniformly bounded second moment so that

fi >0, fi(v)dv =1, ¥te[0,T], sup / W)? fi(v)dv < oo.
R4 Rd

te[0,7

2. The F dissipation is time integrable

/OTDAft)dt: ;/// fh
6

2
dvdv,dt < oo.

- OF
Vsf




3. For every test function ¢ € C°((0,T) x R?), equation () is satisfied in weak form
T 1 T ~ )
/ O fir(v)dvdt = - / / ffiVo- Vidvdv*dt.
0 Rd 2 0 R2d (Sf

For € > 0, we will refer to the weak H. solutions as e-solutions and, recalling H is the
Boltzmann entropy, we will refer to weak H solutions as just weak solutions or H-solutions.

2.2  Quick review of gradient flow theory

We recall the basic definitions of gradient flow theory that can be found in more generality
in [3 Chapter 1]. Throughout, (X,d) denotes a complete (pseudo)-metric space X with
(pseudo)-metric d. Points a < b € R will refer to endpoints of some interval. F : X —
(—00, 00| will denote a proper function.

Definition 2 (Absolutely continuous curve). A function p : t € (a,b) — p; € X is said to be
an absolutely continuous curve if there exists m € L*(a, b) such that for every s <t € (a,b)

cMw@S/mmW

Among all possible functions m in Definition 2] one can make the following minimal
selection.

Definition 3 (Metric derivative). For an absolutely continuous curve pu : (a,b) — X, we
define its metric derivative at every t € (a,b) by

. BT d(fens fie)
(1) = Jim S

Further properties of the metric derivative can be found in [3| Theorem 1.1.2].

Definition 4 (Strong upper gradient). The function g : X — [0,00] is a strong upper
gradient with respect to F' if for every absolutely continuous curve u : t € (a,b) — p € X
we have that g o u : (a,b) — [0, 00] is Borel and the following inequality holds

Fld ~ Flal < [ atm )il o< s i<

Using Young’s inequality and moving everything to one side, the inequality in Definition 4]
implies

I I
F[ut]—F[u5]+§/g(ur)zdr+§/ la2(r)Ydr >0, Va<s<t<b.

If the reverse inequality also holds, one obtains the stronger Energy Dissipation Equality.
This leads to our notion of gradient flows.



Definition 5 (Curve of maximal slope). An absolutely continuous curve p : (a,b) — X
is said to be a curve of mazimal slope for F' with respect to its strong upper gradient
g: X —[0,00] if Fopu:(a,b)— [0,00] is non-increasing and the following inequality holds

1/t 17
F[ut]—F[us]+§/g(ur)zdr+§/ |pf2(r)dr <0, Va<s<t<b.

F' has the following natural candidates for upper gradient.

Definition 6 (Slopes). We define the local slope of F' by

) = g =

The superscript ‘4’ refers to the positive part. The relaxed slope of F' is given by

|07 F|(p) = inf{lim inf |OF | (0n) = pin = p1, Sug(d(umu), F(pn)) < +oo}.
n (o.] ne

2.3 Main results

In order to understand the Landau equation as a gradient flow, we need to clarify what type
of object the corresponding metric is.

Theorem 7 (Distance on &y 5(R?)). The (pseudo)-metric dy, on Py 5(RY), satisfies:
e d;-convergent sequences are weakly convergent.
e d;-bounded sets are weakly compact.

e The map (po, 1) — dr(po, p1) is weakly lower semicontinuous.

o For any 7 € P(R?) the subset P (RY) := {p € Popyr)(RY) |dp(pn,7) < o0} is a
complete geodesic space.

The content of this theorem is essentially that our new proposed distance actually pro-
vides a meaningful topological structure on %5 5(R?). Furthermore, the connection to e-
solutions of Landau is established when considering the previous notions of slope and upper
gradient with respect to d.

Theorem 8 (Epsilon equivalence). Fiz any ¢, E > 0,7 € [—4,0]. Assume that a curve
w0, T) = Py p(RY) has a density p; = fiL. Then p is a curve of mazimal slope for H.
with respect to its upper gradient /Dy if and only if its density f is an e-solution to the
Landau equation.

From the numerical perspective, we can also construct e-solutions using the JKO scheme
(see Section [l) which is the following

Theorem 9 (Existence of curves of maximal slope). For any ¢, E > 0,7 € [—4,0], and
initial data py € P p(RY), there exists a curve of maximal slope in Py (R for H. with
respect to its upper gradient /Dy, .



Remark 10. The choice of an exponential convolution kernel G¢ is perhaps unnatural com-
pared to the Maxwellian regularization G?¢ for the regularized entropy H.. We discuss in
more detail the estimates that fail using G*¢ in Remark as it pertains to Theorem [l
With respect to Theorem [ the general construction of some curve can be done even with
the Maxwellian regularization. However, due to the same lack of estimates, this curve might
not be a curve of maximal slope with respect to \/Dy,.. This is discussed in Remark 36l

Motivated by recent numerical experiments [15], TheoremsBand [ provide the theoretical
basis to this € approximated Landau equation. In the limit ¢ — 0, more assumptions are
required.

Theorem 11 (Full equivalence). We fix d = 3 and v € (—3,0]. Suppose that for some
T >0, a curve p : [0,T] — P(R?) has a density u; = f.L that satisfies the following set of

assumptions

1 oments and LP ssume that for some 0 < n < v 4 3, we have
(A1) (M dLP) A hat f 0<n<vy+3 h
3—n
()7 fi(v) € L°(0,T; LL N L7 7 (RY)).
(A2) (Finite entropy) We assume that the the entropy is bounded in time

Hif) = / fulos i € LF(0.T),

(A3) (Finite entropy-dissipation) We assume that the entropy-dissipation of f is integrable
m time

- M|’
Vﬁ dvdv, =

D(f) = Dult) =5 [[ 1.

1
3 // ffv— v v —v.](Viog f — V. log f.)|*dvdv, € L}(0,T).
R6

Then 11 is a curve of mazimal slope for H with respect to its upper gradient /D if and only
if its density f is a weak solution of the Landau equation.

Remark 12. When ~ € [—2,0], it is known that for suitable initial data (lying in weighted
LP spaces for p large enough and for a sufficient power-like weight), weak solutions of Landau
equation satisfying [(A1)H(A3)|are known to exist (and to be strong and unique under extra
conditions). We refer to [47], and Appendix B of [I§] when v > —2, for details.

When v € (—3,—2), Assumption is not known to hold for global weak solutions
with large initial data. Solutions satisfying are nevertheless known to exist for
initial data close to equilibrium (cf. [35], in a much larger spatially inhomogeneous context),
or in the Coulomb case v = —3 (in that case 3_2:17 being replaced by oo) for large initial
data, but on specific intervals of times only ([20] [4]).




It is an open problem to find the range of values v under which we can show the existence
of curves of maximal slope for the original Landau equation (), or equivalently, contructing
solutions of the original Landau equation passing € — 0 in Theorem[9 Some of the difficulties
to achieve this result are the propagation of moments for the regularized Landau equation
uniformly in ¢ and the compactness of sequences with bounded in e regularized entropy
dissipation Dy,.. The rest of this work is devoted to show the main four theorems in the
next four sections.

3 The Landau metric d;

Our approach to defining the distance d;, mentioned in Theorem [7] closely follows the dynamic
formulation of transport distances originally due to Benamou and Brenier [6] and further
extended by Dolbeault, Nazaret, and Savaré [23]. We also refer the reader to Erbar [25] for
a similar approach.

3.1 Grazing continuity equation

We consider for v € [—4, 0] the grazing continuity equation:
1~
@,ut + §V : Mt = 0, in (0, T) X Rd, (8)

which is interpreted in the sense of distributions. For every ¢ € C°((0,T) x R%), we have

/OT 5 at¢<t,v)dﬂt(v)dt+%/oT //RM[%]@,v,u*)th(v,v*)dt:0,

Equivalently, for ¢ € C>°(R?),

d 1

& Lewdnw =5 [[ 9w vam). ©)

The curves (iu)icpo,17, (My)icpo,r) are Borel families of measures belonging to M, and M
respectively. We will refer to u from the pair as a curve and M as a grazing rate. For some
regularity properties, we will also need to assume the following moment condition

/OT//R2d(1+ o] + [v.])d| M| (v, v.)dt < . (10)

We first establish some a-priori properties of solutions to the grazing continuity equation.

Lemma 13 (Continuous representative). For families (u), (M) satisfying the grazing con-
tinuity equation and the finite momement condition (IQ), there exists a unique weakly™ con-
tinuous representative curve (fit)ieor] such that fi = p a.e. t € [0,T]. Furthermore, for
any ¢ € C=((0,T) x RY) and any to,t1 € [0,T], we have the following formula

~ ~ t1 1 t1 N
¢t1dﬂt1 — / (r/)todlu’to = / 8t(bd,utdt + 5 / / V¢thdt
R4 R4 to Rd to R2d

10



Proof. This proof is nearly identical to [3, Lemma 8.1.2]. There, it was crucial to estimate
the distributional time derivative of ¢ + ;. We perform the analogous estimate here to
highlight the difference in our context. Fix ¢ € C*(R?) and consider the map

t€(0,T) = m(¢) = y ¢(v)dm(v) € R.

According to (), the distributional time derivative is

1 . 1 |
AGEE / [ Vb0 = 5 / /R o= I~ )(VC — V.C)Mi(, ).

Using the moment condition (I0) and a mean-value estimate for v € [—4, —2), we have the
following estimates depending on v € [—4, 0],

(O] < { supere [VC(w)] [fgaa(L+ |o] + [0 )d| M| (0,0.) 5 € [-2,0]
PSS Tsupyepa [DAC(W)] [ fgoa (14 [0] + o)A M| (v, 0,) v € [-4,-2) °

The rest of the proof proceeds as in [3, Lemma 8.1.2] using the C*-norm of ¢ for the soft
potentials v € [—4, —2) as opposed to their C! control of (. O

Define
mps) = / Cvdu(v), B(u) = / IoPdyu(o).

Lemma 14 (Conservation lemma). Fiz v € [—4,0] and let (f1¢)icjo,r1, (Mi)icor) be Borel
families of measures in M, M? respectively satisfying ®) and the moment condition (I0).
Assume further that ()i is weakly™ continuous with respect to t. We have that mass
and momentum are conserved;

(R = po(RY),  m(ue) = m(uo), Yt €0, 7).
In the case v € [—4, —2] we have that the energy is conserved;
E(:ut) - E(Mo)a vt € [O>T]

Proof. We show the proof of the conservation of energy for v € [—4, —2]. We consider a
fixed ¢ € C2°(By) which satisfies

0<p<1 and p(v) =1 in By.

We denote
¢r(v) = ¢(v/R).

Using the grazing continuity equation, we have, recalling w(|v — v,|) = |v — v,|'*2, that

/Rd lv2oR(v) dus(v) — /Rd l020m(v) dyio(v)

= [t (vontor + 1P ) = 10 T a0
(1)

11



Estimating, using that ®g(v) we use the cancelation from the projection II to obtain

/Ot //]R?d wll (vpr(v) — vepr(vy)) dM,| < /Ot //(BRXBR)Cw lvor(v) — vapr(v,)| d|M,]

t
< / // 14 [o] + [o.] dIM,],
0 (BrXBR)®

where we have used v € [—4, —2] to bound

1 lv—wv,| <1
wver(v) — vepr(V:)| S -
[0pn(v) = vepn(v.) {|v|+|v*| P

Similarly, using that Vg is supported in Bsg \ Br and that ‘D {|v\2w}‘ <1, we
obtain that

t
[ wn(\vﬁw—ww) ) £ [ veplelelan
0 R2d R R (BrxBRr)*

where we have controlled the difference with a mean-value type estimate. From the previous
bounds, we can use hypothesis (I0) to take R — oo in (IIl) and obtain the conservation of
energy

/Rd [w[*0r(v) du(v) = /Rd 1|2 or(v) duo(v).

The proofs for conservation of mass and momentum involve testing the grazing continuity
equation against ¢r and v;¢r respectively where v; is the i-th component of v. For these
statements, the case v € [—4, —2] follows the same as just presented. For v € [—2,0], the
estimates can be more blunt since the weight is no longer singular. O

Remark 15. Note that as -y increases into the range (—2, 0], the weight function w starts
adding growth so the mean-value type argument in Lemma [I4] no longer helps unless more
moments of M are assumed than ([I0]). Due to the conservation of mass, the unique weakly*
continuous representative (fi;) of Lemma has the additional property of being weakly
continuous in the context of Z(R%).

Based on the previous results, we propose the following definition.

Definition 16 (Grazing continuity equation). For some terminal time 7" > 0, we define
GCE7 to be the set of pairs of measures (ju;, My)scpo,r) satisfying the following:

1.y € Z(RY) is weakly continuous with respect to t € [0,7]. (M,)iep,7) is a family of
Borel measures belonging to M¢.

2. We have the moment bound

T
/// (14 o] + o) d| M| (v, v)dt < oo.
0 RQd

12



3. The grazing continuity equation (§)) is satisfied in the distributional sense. That is, for
every ¢ € C°((0,T) x R?),

T 1 (7 ~
0 Rd 2 0 R2d

or equivalently for every ¢ € C°(R?),

d

t Ju C(v)dpy(v) = %/RM V¢(v,v,)dM,(v,v,).

For fixed probability measures \, v, we may also specify the subset GCE (A, v) as those pairs
(u, M) € GCE7 such that pg = A\, pur = v. For E > 0, we will speak of curves (u, M) €
QCS%E such that

ma () = /Rd<v)2dut(v) <E, Vtel0,T].

3.2 Action of a curve

In this section, we construct the action of a curve under the grazing continuity equation. We
introduce the following function o : R? x R>g — [0, 00] by

ul® s#0

alu, s) = 208,’ s=0,u=0 .
00, s=0,u#0
Lemma 17. « is lower semi-continuous (lsc), convex, and positively 1-homogeneous.
For fixed u € Z(R%), M € M?, we define ' € 2(R? x R?) by
pt(dv, dv,) = p(dv)p(dv.).

Consider 7 € M given by 7 = u' + |M| and the decompositions ' = f'7 and M = N7. We
define the action functional as

Alp, M) = / /R _a(N, f1dr. (12)

This is well-defined by the 1-homogeneity of a. The following lemma establishes a more
concrete expression for the action functional.

Lemma 18. Let u € Z(R?) be absolutely continuous with respect to L and p = fL. Let
M € M? be given such that A(u, M) < co. Then, M is absolutely continuous with respect
to ff.dvdv, given by density U : R? x R? — R such that M = ff.Udvdv, = mdvdv, and

1 1 2
A(p, M) = §/R2d f £ U Pdvdv, = 5//}1@1 |;Z}| dvdv,.

Proof. The proof is identical to |25, Lemma 3.6] up to appropriate modifications. O
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Lemma 19 (Lower semi-continuity of action functional). The action functional A as defined
in ([I2) is lower semi-continuous in both arguments. Specifically, if p, — p weakly in P (R?)
and M,, > M weakly* in M?, we have

A(p, M) < liminf A(pu,, M,).

n— oo

Proof. This result is an application of the general lsc result in [8, Theorem 3.4.3] since «
satisfies the required convexity, Isc, and homogeneity assumptions by Lemma [I7] O

Another useful property of the action functional is the compactness provided by bounded
action. We first state

Lemma 20. Let F : R* — [0,00] be measurable and fix any p € PR, M € M. We
have the following bound:

//de v, 0.)d| M]|(v,v,) < V2A(u, M) (//de v, v,)2du( )du(v*)) (13)

Proof. This proof follows [25] Lemma 3.8]. We provide the simple argument by Cauchy-
Schwarz for completeness. By considering 7 = p ® p + | M|, we estimate

//R2dFd|M|vv* //R ‘ dr(v,v.) //R (‘0;—]\74
([ (B o) ([ o)
— VA, M)} (//R (v, v.)?dp( )d,u(v*))

Remark 21. Suppose we have p; € 2(R?) such that

2d“®“> \/Qd“®“d7
dr

T
ma(ue) = / [ Iof dpuo)at < .

then for M € M the previous estimate (I3)) yields

T T %
/ // 1+|v|+|v*|d|Mt|(v,v*)dt§/ Ay, My)? <1+2/ |v|2dut) . (14)
0 R2d 0 R4

Therefore, if the integral in time of the second moment of x4 is bounded, then M satisfies
the moments conditions (I0) and the energy is conserved (I4]). In the sequel, we will be
considering curves that have bounded second moment which guarantee ([I4]).

-
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Proposition 22. Let (u}, M}),, be a sequence in GCEr such that (ug), is tight and we have
the following uniform bounds

T T
sup/ lv|* durdt < oo and sup/ A(pg, M) dt < oo. (15)
neN Jo R4 neN Jo

Then, there exists (pg, My) € GCET such that, possibly after extracting a subsequence, we
have the following convergences

= weakly in Z(RY), Vvt e[0,T]
Mpdt = Mdt  weakly* in M¢ ‘

Furthermore, along this subsequence we have the following lower semi-continuity

T T
/ A(pe, My) dt < lim inf/ A(pg, M) dt.
0 0

n—oo

Sketch proof. This result follows from a similar proof to [23] Lemma 4.5] and [25] Proposition
3.11] which we sketch. The second moment bound for " in (IH) produces a limit pu. The
bounded action in (IZ) and the estimate (I4]) produce a limit M;dt for a subsequence of
Mrdt. The lower semi-continuity follows from Fatou’s lemma and Lemma O

3.3 Properties of the Landau metric

We define the distance, d;, induced by the action functional on %5 5(R%). Throughout, we
will be working in the grazing continuity equation space defined earlier by QCS%E for 7> 0
some terminal time and £ > 0 any second moment bound.

Definition 23. For \,v € &, p(R?) we define the (square of the) Landau distance by

(N, v) = inf {T/OT A, My)dt ‘ (1, M) € GCERP (N, y)} . (16)

We have an equivalent characterization of d; which can be seen in other PDE contexts

such as [25] 23].

Lemma 24. Given \,v € Py 5(R?Y), we have

d(\,v) = inf {/OT VA, M,)dt ' (11, M) € GCEZF (A, u)} . (17)

Proof. This proof uses the same reparameterisation technique in [23, Theorem 5.4]. O

Proposition 25 (Minimizing curve). Suppose that pg, iy € Pog(RY) are probability mea-
sures such that dp(pio, 1) < co. Then there exists a curve (p, M) € GCEY" (1o, 1) attaining
the infimum of (I6) (equivalently, also (IT)) and A(uy, My) = d? (po, p11) for almost every
te[0,1].

15



Proof. This result follows from the direct method of calculus of variations where the lower
semicontinuity comes from Proposition 22 U

Proof of Theorem[7]. We prove the statements in exactly the order they are presented in
the theorem, starting with the properties of the proposed Landau distance as a metric. The
positivity of dy, follows from the positivity of a. We now check that d;, satisfies the properties
of a metric.
dy, distinguishes points
Fix po, 11 € Pop(RY), we check that dp(po,p1) = 0 <= o = ;. Suppose that
dr,(y10, p11) = 0. By Proposition 28 we can find (1, M) € GCE" (1o, p1) which is a minimiz-
ing curve and moreover 0 = dp,(po, 1) = A(pe, My) implies M = 0. The grazing continuity
equation reduces to d;u; = 0 which implies p; is constant in time.

The converse statement follows similarly by pairing the constant curve p : ¢t — pg = 11y
with the zero measure so that (1,0) € GCEY" (1o, ).
Symmetry
Symmetry follows because time can be reversed for every curve. For instance, if (u, M) €
GCEX" (1o, p11), then one can check that the pair

p ot (T —t), M :t——-M(T—1t)

belong to GCEZ" (111, po) with the same action.

Triangle inequality

We sketch the argument using a glueing lemma as in [23, Lemma 4.4]. Let u° u', pu? €
Py p(R?) be such that dp,(u°, u') < oo and dp,(ut, u?) < oo. If not, dr, (1, p?) < dp(p°, u*)+
dr(pt, p?) holds trivially. By Proposition B5, we can find minimizing curves connecting these
probability measures

{ (1, M) € GCEY (10, 1) }
(u'=2, M=) e GCETH (!, ?)

Their concatenation from time 0 to 1 is given by

_omt 0<t<1)/2 [ o2MiPt, 0<t<1)2
He = M%(?—21/2)’ 1/2<t<1" e 2M21t——>%/2> 1/2<t<1

One can check that (i, M) € GCEX® (10, 1i?), so it is an admissible competitor in the com-
putation of dp(u°, u?). By looking at the action on the different time pieces, we obtain

1
Ao (i, 1) < / Aljae, My)dt = dy (1, 1) + di (4, 12).
0

dy -convergence/boundedness implies weak convergence/compactness
Fix p™, u® € &5 g for n € N be such that dp(u>°, u") — 0 as n — oco. By Proposition 23]
take minimizing curves (v, M") € GCEY (u>, ™) such that

dp(p>=,u") = Ay, M), ae. tel0,1].
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By compactness in Proposition 22 there are limits (v, M) € GCETY such that v — v and
M™ = M up to a subsequence. Moreover, the lower semicontinuity in Proposition 22 gives

A(Vt, Mt) S lim inf A(th, Mtn) = 0,
n—o00

hence M = 0 so that v is a constant in time. Since v(0) = p, this implies > = v(1) =
lim,, ., p" which establishes the weak convergence.

(P,,dL) is a complete geodesic space

We start with the geodesic property from completely analogous arguments to Erbar [25],
the remaining statement that 2. equipped with dj is a complete geodesic space follows.
Fix 7 € Py p(R?Y) with uo, 1 € £, the triangle inequality ensures dr (g, 1) < 00 S0
Proposition 25 guarantees the existence of a minimizing curve (p, M) € GCE>" (ug, p11). One
easily sees that this also induces a minimizing curve for intermediate times. More precisely,
for every 0 < r < s < 1, we have that (£ — jir, t — M) € GCEXE (11, 1) also minimizes
dL(,ura ,Us)'

To show completeness, let (14™),en be a Cauchy sequence in &,. The sequence is certainly
dr-bounded so by Proposition 22 we can find, up to extraction of a weakly convergent
subsequence, ™ € P, p(R?) such that " — > in P, p(R?). Lower semi-continuity of d,
and the Cauchy property of the subsequence gives

dp(p", 1) < limrgioréf dp(pu™, ™) — 0, asn — oo.
For any n € N the triangle inequality gives
dr(p™,7) < dp(p™, p1") +di(p", 7) < oo,
So u>® e .. O

Proposition 26 (Metric derivative). A curve (ju)co,r C Py 5(R?) is absolutely continuous
with respect to dy, if and only if there exists a Borel family (My)icjo.m) belonging to M such
that (p, M) € GCEXT with the property that

T
/ \V4 .A(/.Lt, Mt)dt < 0.
0

In this equivalence, we have a bound on the metric derivative

d2
i I i) < A, 01), ae 1€ (0.7)

Furthermore, there exists a unique Borel family (Mt)te[o,T} belonging to M? which is charac-
terized by

L2 (pe®put)

M, =Um®@p, and U€eT,:={Ve|pdec Cx(RI)}
such that (i, M) € GCEE (1o, pr) where we have equality:
i 2(t) = A, My),  a.e. t € (0,7).
Proof. The argument follows exactly as in [23, Theorem 5.17]. O
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4 Energy dissipation equality

The goal in this section is to prove Theorem [§ which states that the notions of gradient
flow solutions coincide with e-solutions to the Landau equation. To fix ideas, we recall the
regularized entropy functionals acting on probability measures

Helu =:/£d<u>kc:v<v>log<u>ka><v>dv,

with G¢(v) given by
G(v) = e Cyexp {— <%>} :

The crucial ingredient to prove Theorem [l is the following

Proposition 27 (Chain Rule €). Suppose (11, M) € GCEZT and

T
/ .A(/.Lt, Mt)dt < Q.
0

Then, supye(o ) He[pte] < 0o and the ‘chain rule’ holds

ol -l =5 [ [[ %]

Remark 28. Recall the expression for the dissipation

=3 1 2]

o
Using a time integrated version of Lemma 20, we have the estimate

L

O
Therefore, under the hypothesis of Proposition 27, we have that

5;‘} CdM,dt, YO<s<r<T. (18)
il

dpu(v)dp(v..).

=

D[ dt.

-mwmwﬁs/Amwm

|mww%mmsfMMmmﬁ@

which implies that D, [,ut]% is a strong upper gradient of H,, see Definition [
Taking Proposition 27 for granted, we can prove Theorem &

Proof of Theorem|[8. Throughout, u = fL is a curve of probability measures with uniformly
bounded second moment.
Weak e-solution = Curve of maximal slope

Consider f an e-solution to the Landau equation. Define m = —f f*@‘ggjf so that the pair

of measures (u = fL£, M = mL ® L) therefore belong to GCEE. Indeed, the distributional

18



grazing continuity equation from Definition is precisely the weak ¢ Landau equation.
Based on the definition of M and the finite H,. dissipation, we have the bound

T T
| A s = [ p.igyar < o
0 0
which implies the weak continuity of u. By Proposition 26, we have
|ﬂ|2(t) = A, My) = D(f;) < o0, ae. tel0,T]

Using Proposition 27], we have for any 0 < s <r < T

1 /" 1 /..
M) — el + / Do)t + / AP (t)dt < 0.

According to Definition [B, this is the curve of maximal slope property.

Curve of maximal slope = weak e-solution

Assume that = fL is a curve of maximal slope for H, with respect to the upper gradient
v/D.. Since y is absolutely continuous with respect to dy,, Prop081t10nguarantees existence
of a unique curve M : t € [0,7] — M, € M% such that fo VA(pg, My)dt < oo and
i1)?(t) = A(pe, My) a.e. t € [0,T]. Furthermore, the pair (u, M) € GCEL. According to
Lemma [I8] let M = mL ® L for some measurable function m. We apply the chain rule (Ig])
with Cauchy-Schwarz and Young’s inequalities with minus signs in the follow computations.

i -winl =5 [ [ 9K
_%/OT (//R ) (//R |m|2dvdv*)2dt

> _%/OT (% //R dvdv*> it — —/ < //R |m|2dvdv*) dt
=3 | paspar— [ 1feo

All the inequalities in the calculations above are actually equalities owing to the fact that p is
a curve of maximal slope. In particular, since we have the equality in the Young’s inequality,
this implies that \/m— = —V/f [« V6H€ As in the previous direction, the weak e Landau

equation coincides with the grazing contmulty equation when m is equal to —f f, V‘ms O

dt

The rest of this section is devoted to proving Proposition 27. We need some lemmata to
establish crucial estimates. The following result is a variation of [10, Lemma 2.6].

Lemma 29 (Carlen-Carvalho [10]). Let uu be a probability measure on R with finite second
moment/energy, ms(pn) < E for E > 0. Then, for every e > 0, there exists a constant
C =C(e, FE) >0 such that

[log(ux GYW)| < C (=)
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Proof. Starting with an upper bound, we easily see

pxG(v)= [ G(v—1v)dul) < 1.

Rd

Turning to the lower bound, we cut off the integration domain to |v'| < R, for some R > 0
to be chosen later. We estimate, for € > 0 small enough

(2 i < e e (B) < e () (2)).

This is substituted into G*(v — v') to obtain

1 x G (v) > /ng G (v — v)dp(v') >, exp {—ﬁ (<§> + <§>) } A,SR du(v').

At this point, we appeal to Chebyshev’s inequality to see

v —

(%
€

€

[auy=1- [ dpwyzie g [ ),
[v'|<R |'[>R R

[v'[>R

We can now choose, for example, large R such that 1 — % > % to uniformly lower bound the
integral f\v’l <pdp(v') away from 0 and then conclude the result after applying logarithms. [

Lemma 30 (log-derivative estimates). For fized € > 0 we have the formula

ey Lot v
VGE(v) = €<€> G (v)=. (19)
For p € P(RY), denoting 0" = 2 and 9V = %;Uj, we obtain
€ 1 %l € 4
Vlog(u G| < 2, (07 og(u+ 6)(w)| < 5. (20)

Proof. Equation ([9) is a direct computation after noticing

VG =VlegG =V <_ <E> + const.) = —1 <E>_l E-

Ge € € \e¢ €

The first order log-derivative estimate of (20) is calculated using formula (I9) to obtain

-1
v—1

G (v —v")du(v")

€

V(1 G)(0)] = |* VG(v)| < 1/Rd <U . U,>

€ €
1

<z /Rd G(v —v)du(v') = %(u * G)(v).

€
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For the second order, we first look at 9%y * G¢ which can be computed with the help of (I9)
, 1 —'\ Tl —
(L) )
€ Jpa € €
() S ety
€ Jpa € € € €
2

|0 1% G(v)] =

3 €
< gﬂ*G (v).

Combining this estimate with the previous first order one, we have

0 x G B (01 * G) (07 x G°)
px G° (b G)?

4

_62‘

|07 log (1 * G) (v)| =

Lemma 31. Fiz e > 0 and v € [—4,0] with u € Py g(RY) for some E > 0. We have
1. Moderately soft case v € [—2,0]:

Se lo]*2 + o2,

- 0H,
‘V O

_ ‘@[GE *log(x G (v, v..)

2. Very soft case v € [—4, —2]:

<. L.

~vE

~ OH.
‘V o

In particular, it holds

\Y, dp(v)dp(v,) < E.

/1.

Proof. We develop the expression for @% in integral form to be used throughout this proof.

OH.
op

~ OH.
v
— v — v, F o — 0,](V, G * log(p  GF)(v) — V. G * log(u * G°)(v.)) (21)

= |v — v, "2 II[v — v,] g G (V") < - VMM:GCS (s — U/)) dv'.

= VG * log(p * G) (v, v,)

1. Moderately soft case v € [—2,0]: We use (a concave version of) the triangle inequality
(valid since 14 3 > 0) and the first estimate of (20) to bound the last line of (21))

~ OH,
\Vm

2
<2l 4 o2 [ G S ol o
R4
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2. Very soft case v € [—4, —2]: We perform estimates in two cases, the far field [v—v,| > 1
and near field |[v — v, | < 1.
v — v, > 1:
In the far field, we have |[v—wv,|'*2 < 1 hence we can brutally estimate (1)) using again
the first estimate of (20) to obtain, similar to the moderately soft case, the estimate

~ OH.
‘V o

2
< -
€

v — .| <1:
We can remove the singularity from the weight with a mean-value estimate and the
second estimate of (20)
Vi * G¢ aEyes
yerT o =
px G px G

_V/QL*G6

1 x G€ (v =)

< sup

4
[v—v.| < 5 |v—v.].
1,j=1,....d €

(v =)

LOO

Inserting this into (21I), we have

~ OH,
'V o

O

Remark 32. Originally, we considered the general family of convolution kernels G*€ de-
scribed in Section 2.1l Besides the context of the Landau equation, Lemma (excluding
the second order log-derivative estimate) can be generalized to this family of s-order tailed
exponential distributions with additional moment assumptions on . In particular, equa-
tions (I9) and (20) (for s > 1) become

VG*e s <g>8—2 v |[V(px G 1

(v) = == : () S = W)

Gs© € \e € 1x GS€

Since Maxwellians are known to be stationary solutions for the Landau equation, we wanted
to perform the regularization with s = 2. However, the analogous estimates of Lemma, [30] for
s = 2 are not sufficient for Lemma [31]in the &, framework. For example, in the moderately
soft potential case, the estimate reads

~0H € ol ol
'Vé—/j Se (0)* 72+ (0)*2 ¢ L(u o p).
However, there is one value of v = —2 for which the estimates hold when using a Maxwellian

regularization kernel G?€. A restriction to 2, resolves the issue mentioned above for the
moderately soft potential case, but then a fourth moment propagation is needed which we
did not pursue. A similar issue is present in the very soft potential case.

Proof of Proposition[27. To prove equation (I8)), our strategy is to regularize the pair (u, M)
in time with parameter 6 > 0 and differentiate the regularization. Then we obtain uniform
bounds in ¢ needed to take the limit o — 0.
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Finite reqularized entropy
We have the following chain of inequalities

Hlp) = / (s G (0) o G (0)dv S / (% GYw) ) dv S 1+ .

The first inequality comes from Lemma 29 because log(p; * G°) has linear growth (uniform
in time) while in the second inequality, one realises that p; * G has as many moments as ji;
with computable constants.

Time reqularization with 6 > 0

Without loss of generality, let p be the weakly time continuous representative (Lemma [I3])
and M be the optimal grazing rate (Proposition 20]) achieving the finite distance dj. We first
regularize the pair (u, M) in time for a fixed parameter § > 0 as follows. Take n € C3°(R)
with the following properties

suppy € (—1,1), >0, () = n(—1), / (et = 1.

We define the following measures for ¢ € [0, T, by taking convex combinations

1 1
/,L? ::/ n(t/),ut_(;t/dt/, Mté Z:/ n(t/)Mt—(St’dt/-

1 1

Here, we constantly extend the measures in time. That is, if t — 6’ € [—0,0], we treat
Wi—sp = o, My_s = 0. For the other end point, if ¢t — §t' € [T,T + 0], we set p_sp =
pr, My_sy = 0. This transformation is stable so that (u’, M%) € GCEr and in particular, the
distributional grazing continuity equation holds

1~
We derive equation ([I8)) using this regularized grazing continuity equation. Consider

Ml = [ (0l + G)0) gl G )

which we differentiate with respect to ¢ by appealing to the Dominated Convergence Theo-
rem. Firstly, due to the time regularization, we have

0 { (ug * G)log (g * G)} = [(Qupy) * G°] (log(ug + G) +1).
The L! bound is obtained on the following difference quotient for a fixed time step h > 0
(1 + G) log(pgyp * G) — (g + G) log(pug * G

<

S = =

(110 % G) — (1 = G°)

sup |log(ul * G) + 1.
sE[t,t+h]
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where we have used the Mean Value theorem with the chain rule. Applying Lemma 29] we
obtain

1

)%[(ufﬂ % G) log(pd,, % G) — (1l % G°) log(ud + G* )]‘ Se 3 (i = G = (i G| (v) -

We apply the Mean Value Theorem on the difference quotient again to get

]' / € T €
L0 5 GV Lo (4 % ) — (18 % G) ol 5 G| e N1 <M0*G - ut*Gdt) ().

i

Since p has finite second order moments, this last expression belongs to L. By the Domi-
nated Convergence Theorem,

Gl = [ 0w 6] (oslo = G+ 1w = [ (@) - 1G° ol G

The last line is achieved by the self-adjointness of convolution with G¢ and eliminating the
constant term due to the conserved mass of ;°. Integrating in ¢, we obtain

Mol - o) = [ T / () - [6° # og(u « )

1 /" ~
- / / [ 196 wlog(uf + 69 - bt (22)

o S5
—2 s R2d 6:“’?

We now turn to establishing estimates independent of 6 > 0 to pass to the limit.
Estimates on the right-hand side of ([22):
According to Lemma [31] we have the estimate

i,
ol

9.

Ser [0 + v,

‘@

where p < 1. By the first moment assumption of M;, we have

[ LS

This estimate also extends to M}

[ LS

Note that these estimates are independent of § > 0.
Convergence 6 — 0:
Using the weak in time continuity of ;, we can consider

7 N d| M| (v, v, )dt <6E/ // [v| + || d| M| (v, v,)dEt < o0.
I

N d|M?|(v,v,)dt < .

opf

1

g % GE(v') = py + G<(V)| < / () (pe—srr, GV =) = (e, G0 = )|t

-1
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The - stands for the convoluted variable. Since t belongs to a compact set, the function
t — (g, G(v' = +)) is uniformly continuous from the weak continuity of p. In particular,
using the continuity in v" and the lower bound from Lemma 29 we conclude that for any
R>0

| log(pd * G°) — log (11, % G°)| — 0 uniformly on Bp. (23)
Therefore by Lemma, 29|
~ 0 ) ~
Vi vV—= e = |[VG * log(1d % G) (v, v,) — VG x log (1 * G) (v, v,)]
opf Opt

< | wlVG (o =) = VG (u, « = V)| log g * G(v')) — log e * G*(v"))] d/

< f w|VG (v —0") = VG (v, — ")|C (V) dv'
B,
+sup |log(u * G°) — log(py * G€)| w|VG (v —v") = VG (v, —0')| dv'.

BRO BRO

For a fixed (v, v,), we obtain the convergence to zero by taking § — 0 and Ry — oo in the
previous estimate. Using continuity, we obtain that for any R > 0

OH. ~ OH,
S )~V n)

We turn to the limit estimate for the right hand side of (22)). For any R > 0, we have

// e dMédt—// dt
R2d 5Mt R2d ,Ut
5?—[ ~ OH " ~ OH
— -dM‘Sdt'+ <. dt—// . dt‘
R2d< 5Mt 5%) ' R2d 5,Ut ! R Ofy
OH.

/// d|M5|dt+/ // e GOt d|M?|dt 4 o(1).
BrxBpr BRXBR

E (mt cmt Sty

The last term is o(1) as 6 — 0 due to similar estimates from the previous step. By sending
9 — 0 (the first term vanishes due to (24])) and then sending R — oo (the second term
vanishes again due to the estimate from the previous step), we obtain the convergence

OH,
1i ~dM?dt = Odt. 25
51—I>I(1) 2/ /devé,ut / /de Mt ( )

Convergence of the left-hand side of (22)
By ([23), Lemma 29 and the uniform bound on the second moment, we have that

[Helpr] — Help]| < /Rd (12t % G) log iz * G)(v) = (e % G°) log e * G)(v)|dv

— 0, asd—0.

‘V — 0 uniformly on [0, 7] x Bg x Bg. (24)

Therefore, by the previous equation and (25) we can take § — 0 in (22]) to obtain

Ml =l =5 [ [[ 95 avtvar

which is the desired result. O
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5 JKO scheme for e-Landau equation

This section is devoted to the proof of Theorem [9 after a series of preliminary lemmata.
Our construction of curves of maximal slope in Theorem [ uses the basic minimizing move-
ment /variational approximation scheme of Jordan et al. [36]. Fix a small time step 7 > 0 and
initial datum gy € P, p(R?) and consider the recursive minimization procedure for n € N

vy 1= o, V, € argminyc g, . | He(A) + d2( vy 1 A) ] - (26)

Then, we concatenate these minimizers into a curve by setting

po = to, wy =vy, forte ((n—1)1,nl. (27)

The scheme given by (26]) and (27) satisfies the abstract formulation in [3] giving

Proposition 33 (Landau JKO scheme). For any 7 > 0 and pg € Py p(R?), there exists
v € Py p(RY) for every n € N as described in [28). Furthermore, up to a subsequence of
ui described in 27) as T — 0, there ezists a locally absolutely continuous curve (fi:)i>o such
that

[y — fe, vt € [0, 00).

Proof. Our metric setting is (Z,,,dr) (see Theorem [) with the weak topology o. This
space is essentially &2y p(R?) except we need to make sure that dy, is a proper metric, hence
we remove the probability measures with infinite Landau distance. We follow the proof of
Erbar [25] which consists in verifying [3, Assumptions 2.1 a,b,c]. These assumptions are
listed and verified now.

1. H. is sequentially o-lsc on d;-bounded sets: Suppose pu, € P p(RY) — u €
Py p(R?), this implies p, * G° — p* G in Py(RY). 1t is known that

Hiw) {fRd v)log f(v)dv, p=fL

400, else

is o-1sc and since H () = H(p * G°), we achieve the first property.

2. H. is lower bounded: By Carlen-Carvalho Lemma 29 for fixed € > 0, log(u *x G¢)
is uniformly lower bounded by a linearly growing term. For fixed p € %5 5(RY), we
have, with Cauchy-Schwarz

.

iz~ [ o crto= ([ @ GE@)@)% > (O() + B)

3. dr-bounded sets are relatively sequentially o-compact: This is one of the con-
sequences from Theorem [

The existence of minimizers, v, to (26]) and limits, u;, to ([Z1) is guaranteed from [3, Corollary
2.2.2] and [3| Proposition 2.2.3], respectively. O
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At the abstract level, the limit curve constructed in Proposition B3] has no relation to
v D.. The following lemmata bridge this gap.

Lemma 34. For any pg € P»(RY), we have

V De(po) <107 He|(10).

Proof. For fixed €, Ry, Ry > 0 and v € R, take T' > 0 from Theorem [47 in Appendix [Al and
the unique weak solution u € C([0, T]; Z25(R?)) to

{ Op = V- Audr, Jpa drthr, (v —va)|v — v, Iw — 0 J(J5 — 5, )dp(v.) }
n(0) = o '

The functions 0 < ¢g,, ¥r, < 1 are smooth cut-off functions with the following properties

NEES [0, < 1/R
¢R1(U)_{ O, |’U‘ZR1—|—1 ) ¢R2(z)_{ 1’ |Z‘22/R2 :

For t > 0 we define J; to be the gradient of the first variation of H. applied to p;, meaning
JE = VG x log[p, * G| € C=(R%:RY).

For this proof alone, we define the reduced e-entropy-dissipation

1
DI (o) =5 [ [ om0 = 0ol = o[ o = 0] = J5) [ dpa(w)dpofc).
R2d

On the other hand, as the e-entropy dissipation comes from the negative time derivative of
entropy, we have

He(po) — He(pe) di(po, pir)

DR ) — i Melte) = Help)

— i
t10 t 0o dy (110, f2e) t
<y { P el 3
t10 dr (o, i) t

(/ \/ / Oy Oy Uy [0 — 0 2(JE = JE) - Tv — 0] (J§ — JS*)dus(v)dus(v*)dS> }

<07 Hel (1)) D™ (1ao).-

In the last inequality, we have used the Lebesgue differentiation theorem with strong-weak
convergence since 4 is continuous in time as well as the fact that qﬁ%l < ¢p, and 1@32 < Vg,
since 0 < ¢pr,,¥r, < 1. We are left with the inequality

DI (116) < |07 Hel(1o), ¥Ry, Ry > 0.

As functions of Ry, Ry individually, D?%2 (1) is non-decreasing. Furthermore, the integrand
of DEvE2(10) converges to the integrand of D.(ug) pointwise pg-almost every v,v,. Thus,
an application of the monotone convergence theorem in the limit R;, R, — oo on the above
inequality completes the proof. O
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Lemma 35. |0~ H,.| is a strong upper gradient for He in P,,(RY) where g € Py p(RY).

Proof. Fix \,v € 2,,(R?) so that by the triangle inequality of Theorem [T} we have dp,(\, v) <
oo. Now by Proposition 23] there exists a pair of curves (pu, M) € gcsf connecting \, v and
A(pe, My) = d2(\, v) for almost every t € [0, 1]. Using Remark 28 and Lemma B4} we have

H(N) — ()] < / VDGl (1)t < / 0 M)l (1)t

O

We now have all the ingredients to prove Theorem [ so that we can relate curves of
maximal slope to weak solutions of the e-Landau equation.

Proof of Theorem[d. Take a limit curve u; constructed in Proposition By the previous
Lemma [35 the assumptions of [3, Theorem 2.3.3] are fulfilled so the curve is a maximal slope
with respect to |0~ H.| and satisfies the associated energy dissipation inequality

1 [ /.
Helm) = Mol + 5 [ 107 HuPa +5 [l a <o

The inequality of Lemma [34] gives

1 /" 1 (", .
Holir) — Helns) + 5 / Do)t + / AP ()t <0,

which is precisely the statement that the limit curve p; is a curve of maximal slope with
respect to v/ D.. O

Remark 36. The results of Proposition and Lemma [B4] can be generalized to other
regularization kernels G*¢, in particular, the Maxwellian regularization. However, this is not
the case for Lemma [37] since the proof relies on Proposition 27, see Remark B2

6 Recovering the full Landau equation as ¢ — 0

Theorems [ and [ provide the basic existence theory for the € > 0 approximation of the
Landau equation. In this section, we prove the ¢ | 0 analogue of Theorem [ which is
Theorem [IT1

Sketch proof of Theorem [11. By repeating the proof of Theorem [§ we see that the crucial
ingredient is the chain rule (I8)) in Proposition 271 For now assume the following

Claim 37. Assume|(A1), [(A2), |(A3) and let M be any grazing rate such that (u, M) €
GgeeL and

T
/ A(,U/t, Mt)dt < 0.
0

Then we have the chain rule

il =l = [ [[ 9 |5E] vt (28)
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By following the steps of the proof of Theorem [ and using (28] instead of (I8, one
completes the proof of Theorem [[1l We dedicate this section to proving Claim B7]

Equation (28)) is clearly the € | 0 limit of (I8]). The left-hand side of (28] can be obtained
from the left-hand side of (I8) using the finite entropy assumption and the fact that
€ — H,[p] is non-increasing for every t. We refer to [25, Proof of Proposition 4.2; Step 4:
part d)] for more details on a similar argument.

The difficulty remains in deducing that the right-hand side of (I8]) converges to the
right-hand side of (28] as € | 0 given by

[ LS5
0 R6 5

under the additional assumptions [(A1), [(A2), [(A3)[on f. The key result which we will
use repeatedly in this section is the following theorem which is a specific case of the result
in [38, Chapter 4, Theorem 17].

Theorem 38 (Extended Dominated Convergence Theorem (EDCT)). Let (Hc)eso and (1) eso
be sequences of measurable functions on X satisfying I. > 0 and suppose there exists mea-
surable functions H, I satisfying

dt—>// v— dMdt, €10 (29)
Rﬁ

1. |H.| < I, for every e > 0 and pointwise a.e.

2. H. and I. converge pointwise a.e. to H and I, respectively.

lim/Iez/I<oo.
0 Jx X
lim/ HE:/H.

0 Jx X

Setting M = mL @ L (valid by Proposition [[]) and using Young’s inequality on the
right-hand side of ([I8]), we obtain the majorants
|:(SH :| 1 |mt|2
op

~ | 0H.
Vléu]mtﬁ 2 I
Notice that the first term is precisely the integrand of D. while the second term is the

integrand of the action functional A(j,, M;) which has no dependence on € and is henceforth
ignored. We can apply EDCT B with X = (0,7) x R® to prove (29) once we show

[ Lo [5e] v [ fLonfe (5]

The pointwise a.e. convergence hypothesis of EDCT is straightforward based on the
regularization of H. through G¢. Focusing on (B0), we will use a standard Dominated

3.

Then, we have the convergence

dv.dvdt, € {0. (30)
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Convergence Theorem (DCT) for the integration in the ¢ variable, by proving

1 ~ 2 1 B 2
// —ff |V OH. dv,dv — // —ff |V 6—% dv,dv, a.e. t,
RS 2 op R6 2 op 31)
2 2
// 1ff* \Y% oA dv,dv < C// 1ff* \Y4 oH dv,dv, ae.t Ve>D0,
R6 2 5,[,6 R6 2 (SI,L

where C' > 0 is a constant independent of ¢ > 0. The estimate of (BI]) guarantees the L}
majorisation due to the finite entropy-dissipation assumption |(A3) O

Our estimates in this section accomplish both the convergence and the estimate of (3T
by nested application of EDCT The significance of all three assumptions [(A1)] |(A2)]
and will be apparent in proving the convergence in (31]).

Remark 39. In this section, the only properties of G¢ we use are that it is a non-negative
radial approximate identity with sufficiently many moments. As in the construction of
minimizing movement curves in Section [§ the results of this section can be achieved with
other radial approximate identities.

6.1 Outline of technical strategy to prove (31

The need to apply EDCT B8linstead of the more classical Lebesgue DCT is that we are unable
S [ ot
v %]
estimates in this section rely on the self-adjointness of convolution against radial exponentials
(SACRE) to construct a convergent majorant in .

Step 1: Finding majorants and appealing to EDCT[3§

We seek to find pointwise a.e. majorants in the v variable

- [6H,
\%

{ op ]
where I!(v) satisfies the hypothesis for the majorant in EDCTB8. We show that I! converges

pointwise to some I, since I' depends on ¢ only through convolutions against G¢, which is

an approximation of the identity. Hence, we are left with showing the integral convergence
Item [ of EDCT

2
to prove pointwise estimates in v for the function v — f fRs I« dv,. Instead, our

2
dv, < I'(v),

o r
R3

I'v)dvdt — | I'(v)dv, €— 0.
R3 R3

Step 2: Use SACRE with G¢
To show the integral convergence for I!, we find functions A' and B! such that

It (v) < AY(v)(G" = BY)(v)

and apply EDCT B8 As in the previous step, the pointwise convergence is easily proved.
Hence, we are left to show the integral convergence

/ AYG x« BYdv — | A'B', e—0.
R3

RS
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The key observation is applying SACRE to obtain

/ AYG * BY) = / (G * AHB*.
R3 R3 T
Therefore, we have reduced the problem to showing integral convergence Item [B] of EDCT
for I? (as the pointwise convergence is easily proved).
Step 3: Reiterate step 2
We repeat the process outlined in Step 2 by finding functions A? and B? such that we have
the pointwise bound

IZ(v) < A%(v)(G * B)(v).

Again the pointwise convergence for the majorant follows easily, hence we only need to check
the integral convergence Item B of EDCT [3§] given by

/A2(GE*B2)—> A2B?.
R3 R3

Using SACRE, we study instead the integral convergence of
I3(v) = (G° x A*) B2

Eventually, after a finite number of times of finding majorants and applying SACRE, we
will obtain a majorant I? for which the estimates and the convergence as ¢ — 0 follows from
the standard Lebesgue DCT, using the bound of the weighted Fisher information in terms
of the entropy-dissipation (see Theorem [40]) and assumption .

6.2 Preparatory results

As mentioned in the previous section, for the final step of the proof we need a bound on the
weighted Fisher information and a closely related variant in terms of the entropy-dissipation
originally discovered by the third author in [19].

Theorem 40. Suppose v € (—4,0] and let f > 0 be a probability density belong to Lj ., N
Llog L(R?). We have

dv + - f) (v)?

2

v X V(S—H dv < C(1+ Dyy(f)),

5H
ver 57

of

where C' > 0 is a constant depending only on the bounds of ma_(f) and the Boltzmann

entropy, H(f), of f.

The estimate in this precise form can be found in [I8, Proposition 4, p. 10]. We will refer
to the second term on the left-hand side as a ‘cross Fisher information’.

To decompose the entropy-dissipation in a manageable way that makes the cross Fisher
term more apparent, we have the following linear algebra fact.

[ sy

Lemma 41. For x,y € R?, we have
|2 *(y - Maly) = | x y[*
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Proof. Without loss of generality, we assume neither z,y = 0 or else the statement holds
trivially. Let 6 be an oriented angle between = and y. We expand the definition of I1[z] and
observe

2 (y - Ozly) =y - (|2’T — z @ 2)y = [2[*ly]* — |z - y|* = |z[|y|*(1 — cos®0) = |z|*|y|* sin® §
= |z x y|*.
0

The following lemma shows how we use assumption [(A1)| to control the singularity of
the weight.

Lemma 42. Given v € (—3,0], assume that f satisfies|(A1) for some 0 <n < v+ 3, then
we have for a.e. t
fe@)]v — v Vdv, < C1(F) / fe@®vaPlo — v "dv. < Co(t) (v)7,  (32)
R3
where .
[l Sin 17 1Ol 1t

1Cell=0r) Som 110" SO

3—n .
Lo (O,T;leLTSﬂ*n (R3))

Proof. We will only prove the first inequality of (B2]) since the second inequality uses the
same procedure. We split the estimation for local |v| < 1 and far-field |v| > 1.

v <1

We split the integral over v, into two regions

felv — v Vdv, = / felv — vi|7dvy + / felv — v |7 du,
R3 |[v—vs|>1 [v—v4|<1

< 1+/ filv — v,V dv,
|[v—vs|<1

where we have used that fRS f=1and~ < 0. For the integral with the singularity, we apply

Young’s convolution inequality with conjugate exponents ( 31 _3+’7)

3+y=n’ v
W9 el
<(2) 7 1l

/ Felo=va"dve < {[f(xm M < NI pomn lIxm 7] =20
|[v—vs|<1

Here, w, is the volume of the unit sphere in R3.
lv| > 1
Once again, we split the integral into two parts

/ felv — v Ydv, = / felv — vi|Vdv, + / felv — vi]"du,
R3 |v4|<5 [0l 04|25 [0l

< 2_7|v|7/ fudvy, + 2_7|v|7/ felve 0 — v, |"du,.
o <50l o] >3]
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The first term and second term come from the following inequalities based on their respective
integration regions

1
[0 = v 2 o] = Jo 2 Slol, 1 <277 o] o7

We estimate the first integral using the unit mass of f, while the second integral is more
delicate but again uses the splitting of the previous step to obtain

/ felv=v ["dv, <277 o[ +277 |7 (/ felve o = v,V du, —i—/ felve 7o — U*Pdv*) :
R3 |[v—vs|>1 [v—vs|<1

In the large brackets, the first integral can be estimated by m_,(f). Now we use the same
Young’s inequality argument for the remaining integral to obtain

L3F

—34n
_ — Wa K —
_ ol 0 Y Y v _“ . Y .

R3
The proof is complete by combining the estimates for |v| < 1 and |v| > 1. O

Lemma 43 (Peetre). For anyp € R and x,y € R?, we have

<z_;z < QP12 (g — yy)IPL

Proof. Our proof follows [5]. Starting with the case p = 2, for fixed vectors a,b € RY we
have, with the help of Young’s inequality,

1+ ]a—0b*> <1+ |a>+2al|b] + 6> < 1+ 2|al* + 2|b|?
< 2+ 2|al* + 2|al|b]* + 2|b]* = 2(1 + |a*) (1 + |b]?).

Dividing by (b>2 and setting a = x — y, b = —y, we obtain the inequality for p = 2

[\

—~

z) < 2(x—y)*.

) ~

By taking non-negative powers, this proves the inequality for p > 0. On the other hand,
when we divided by (b)* we could have also set a = x —y, b =z to obtain

—~

<

S~
o

2 §2<I_y>2

—~

)
Taking strictly non-negative powers here proves the inequality for p < 0. O

Next, we prove an estimate for algebraic functions (growing or decaying) convoluted
against G with respect to the original function.
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Lemma 44. For any p € R, we have

/[Rd (W)’ G(v —w)dw < C (v)?,

where C' > 0 is a constant depending only on |p| and my(G).

Proof. We use Peetre’s inequality in Lemma [43] to introduce v — w into the angle brackets

/]Rd (w)? G (v — w)dw < 2P/ <U>p/ (v — "' G (v — w)dw

Rd

[p|

— o2 [y /Rda T [w?) % e 9G (w/e)dw = 20172 (v /Rdu +elw®) % G (w)dw
< C|p| <U>p |:1 + ¢lP! 9 |w\pG(w)dw} < C|p| [1 + e‘p‘m‘p‘(G)} <U>p

0

We stress that Peetre’s inequality is necessary for the estimate of Lemma [E4] with
non-positive powers p which we apply in the sequel. Finally, the last result we will need is
an integration by parts formula for the differential operator associated to the cross Fisher
information.

Lemma 45 (Twisted integration by parts). Let f,g be smooth scalar functions of R® which
are sufficiently integrable. Then, we have the formula

/RS(’U X Vyg(v)) f(v)dv = — /}R3 g(v)(v x V, f(v))dv.

Here, the meaning of v X V,, is

v x Vo f(v) = (v*0° f(v) — v°0* f(v),v°0" f (v) — v f(v), v f(v) — v*0" f(v)).

6.3 Proof of (BI) using EDCT [3§

We start by decomposing and estimating the integrand of D,.. With the help of Lemma 4],
we expand the square term of the integrand to see

7[5

2
= |v — v """ |H[v — v,] (b % a* — b° * a%)|?

<o — v, 7(4]v x (b * a®)|* 4 4|v, x (b * af)|?
+4lv x (b5 % aS)|* + 4|v, x (b° * a)[?)
<4lv — v, " v x (b * a®)|* +4|v — v, |7 Jvs x (b5 % af))?
D Y e— /

@ @
+4lolo — v, |7 [ ag® v Plo — v, b o,
—— ———

&) @
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where we use the shorthand notation
b = G° and a® = Vlog(G* « f). (33)

By using that G¢ is an approximation of the identity, we know that the integrand of D,
converges pointwise a.e. to the integrand of D as € | 0. As well, each @) for i = 1,2,3,4
converge pointwise a.e. to

o x VP |0 X V. ful? Vi fil? VS
I? 12 12 T

By EDCT B8] to show the integral convergence in (31l), it suffices to show, for example,

//RG Fhv — v @dvdv, — //RG Flalv _U*P‘Uxfizvﬁdvdv*,

and similarly for each (@) for ¢ = 2,3,4. By symmetry considerations when swapping the
variables v <> v,, the convergence for the terms () and @) controls the convergence for 2)
and (3), respectively. Hence we will focus on the term (@) first and then on term ().

@ , @ = , @ = , @ =

6.3.1 Term @
We seek to show in the limit € | 0,

// fflvaP o — v )b * af|Pdv,.dv = / (/ folval?lv — U*Pdv*) AR
RS R3 R3

2
= ( [ oo —vmdv*) VIP
R3 R3 f

By the reordering of integrations written above, we now think of the double integral over v, v,
of f fulvs*lv—v.]7|b**ac|? as a single integral of the function ([g. filvs|?|v — v.[7dv.) f|b*ac|?
over v. For this is the single integral convergence that we will use EDCT [3§ for. We can use
Cauchy-Schwarz on the convolution integral to absorb the power term as follows

< ([ st —w) ([ #0-w) @ jawia)

< C )b () et ()],

(34)

|be *CLE|2 —

/]RS b (v — w)a(w)dw

where the last inequality comes from Lemma 44l Continuing with Lemma [2], we have
([ £doPlo= e, ) 50w < €16 o)
R3
By EDCT B8], we reduce the problem to showing in the limit € | 0

[yl lao - wy ¥ g,
R3 R3 f
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This is were we use SACRE, Step 2 of our general strategy [0.1l Application of SACRE and
further simplification using the specific forms of a¢ and b (see ([B3])) yields

[ty = [ pos iy oo = [ @ %d (35)

We work with this simplified expression and note that pointwise convergence is still valid

b+ V2 VP
bE*f — f .

Next, we notice that the function (F, f) — 71 s jointly convex in F € R? and f > 0, so we
7 is jointly

can use Jensen’s inequality to obtain a further pointwise majorant for the integrand of (BH))

BTy, (19
bex [~ f

Using EDCT [38 again, we reduce the problem to showing in the limit € | 0

v)7h¢ * |Vf|2} v v“’wv
[orw e[S v [orTa

We use SACRE once more and place the convolution onto the weight term

/R3 (V)b % [%] dv = /Rg[be * <~>7]%dv.

Now, we are in a position to apply the classical Dominated Convergence Theorem. We notice
that we have the pointwise convergence

[0 (7] = {v).
Furthermore, using Lemma 4], we can estimate b (-)7 uniformly in € to find the domination

VP SIVIP
f o

Using Theorem M0 and the finite entropy-dissipation assumption we know that the
right-hand side belongs to L! a.e. t € (0,T). Therefore, for a.e. t € (0,T) the conditions of
the Dominated Convergence Theorem are satisfied so we have the integral convergence

NN/ N /o
/Ra[b*<'>]fd_>/Rg<> fd.

We have closed the argument for the convergence of ([B4]) after retracing the previous esti-
mates with EDCT

(6% ()] < Cv)
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6.3.2 Term D
We seek to show in the limit € | 0,

// v —v v x (b * ) |*dv,dv = / ( felv — v*|7dv*) flv x (b° % a)|Pdv
RS rs \JR3
2
— ( felv — v*|7dv*) Mdv
rs \JR3

using the same strategy of nested applications of EDCT 3§ like in the previous Section [6.3.11
We will encounter difficulty when trying to use Jensen’s inequality due to the cross Fisher
information term. As in the previous Section [6.3.1] we have written this double integral over
v, vy as a single integral over v. By EDCT [B8 and Lemma [42] it suffices to show the integral
convergence of

(36)

AJ@U@X(K*ﬁHMU% oy X VIE (37)

RS S
to obtain the integral convergence of ([Bf). Pointwise, we can make the following manipula-
tions

v X (b°xa) =vx (/RS G (v —w)Vlog(f Gf(w))dw)
=0 X ( g VG (v — w)log(f * Gf(w))dw)
= /RS w x VG (v —w)log(f * G(w))dw

= [ G(v—w)wx Vog(f *x G(w))dw, (38)
R3
where we have used the radial symmetry of G¢ to get the cancellation (v—w)x VG (v—w) = 0
and the twisted integration by parts Lemma [45] (we note that we not pick any signs in the
integration by parts, as the variable w appears with a minus sign in the arguments of G¢).
We apply Cauchy-Schwarz, multiply and divide by (w)”, and use Lemma (4] to obtain
G (v —w) (w)™” dw) ( G (v —w) (w)”

2
dw)
R3
2
dw) .

Remembering that this majorant holds pointwise on the integrand of (31), we multiply by
(v)7 f(v) and obtain

2

dw) .

Vf*xGY(w)
f*Ge(w)

w X

lv x (b % a)|* < <

R3

Vf*xG(w)
f* G (w)

smwﬂ<45rw—wmwvwx

Vo G(w)
fx Ge(w)

w X

wWﬂwwxw*fW5f<Agﬂv—m«w”
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Now, we recognise a convolution inside the brackets. Hence, using SACRE we can re-write

. S VR Gew) B L v x V% Ge(v))?
/Rgf</RSG(v—w)(w) TG ) dw)dv—/RS(v> T+ Go) dv.

Using EDCT B8, we need to show the convergence of the right-hand side. Here, it is now
possible to use Jensen’s inequality after some more manipulations.

w X

Claim 46.
X VEGWE [ e, gyl V@)
f*G(v) RS f(w)
Proof of Claim[]6l. We start by repeating a similar argument to (B8). Using that G¢ is
radially symmetric and the twisted integration by parts Lemma [45] we obtain

duw. (39)

VX VfxGv) = v x ( VG (v — w)f(w)dw)

RS

_ /R w x VG (v —w) f (w)dw
= /RS GE(’U — ’lU) ('lU X vwf(w)) dw

=:F(w)

Therefore, since (F, f) — @ is jointly convex in F' € R® and f > 0, we apply Jensen’s
inequality to the left-hand side of (B9 to see

o x VG ) |F*G? |F'P? jw x V f(w)]?
= v) < * G (v) = G(v—w)——————dw,
IO I ET Iy B A S 7
which proves the claim. O

Continuing, by EDCT B8] we seek to establish the integral convergence of

/Rg ()’ {'?2 *Ge} (v)dv = /RB[@V*GE](U)%CW

Finally, the integrand of the right-hand side has a majorant due to Lemma [44]

AN« va va
[(-)7* G](v) (0) < (V) O

Once again using Theorem A0 and Assumption we obtain that for a.e. ¢ € (0,7) the
right hand side belongs to L!(R?). Using Dominated Convergence theorem, we see that the
integral converges. Tracing back the estimates, this takes care of the convergence of the term
(D and establishes the convergence in (B31).

We note that the estimates in the previous subsections not only establish the a.e. point-
wise convergence of (BII), but also the majorisation

o5l
op

OH,
<
/462 {5u} -y C/£62
38

dv,dv, a.e.t Ve >0,




where

CIGO T )+H<~>2_Vf(t)|lm(

3—n 3—n
Loo (O,T;leL?i' Fr=n (R3) 0,T;L*NL3+v=m (R3))

by Lemma 2] Hence, using assumption |(A3){and (B1]) we can apply Lebesgue DCT to pass
to the limit in the time integral and show the desired chain rule Claim [37

A An auxiliary PDE for Lemma [34]
In this section, we study weak solutions to the following PDE

{ O = Vb, Joo Omastbn, (v — v2)o — 0.0 = 0.](JG — Jo)dp(v)}

wO0) = o (40)

We assume the initial data gy belongs to 925(R%). For Ry, R, > 0, the functions 0 <
ORr,,Vr, < 1 are smooth cut-off functions used to approximate the identity function in
different ways.

on)={ o S8 1 el ={

For e > 0, J§ is the gradient of first variation of H. applied to jip, meaning

07 |Z|§1/R2

JS = VG* x log[uo * G] € O (R% RY).
The main result of this section is

Theorem 47. Fiz ¢, R, Ry > 0, v € R, and uy € P5(R?). Then, there exists a T > 0
which depends on €,v, Ry, Ry, and po such that equation ([Q) has a unique weak solution
e C([0,T); 25(RY)).

By LemmaB0, we know that J§ is uniformly (with constant depending on € and ). The
purpose of ¢r,, ¢r,« is to cut off the growth of J§, J§, to ensure that the ‘velocity field’ in the
right-hand side of (40Q) is globally Lipschitz (it is, in fact, smooth and compactly supported).
The g, (v —v,) term avoids the possible singularities coming from the weight |v — v,|7*? for
soft potentials v < 0.

The time, T' > 0 in Theorem [47] has an explicit upper bound. Our strategy is to employ
a fixed point argument in the space C([0, T]; Z5(R%)) which we will equip with the following
metric

A, v) = sup Walu(t), (1)), pv € C(0,T); 2o(R%),
t€[0,7]
where W, is the 2-Wasserstein distance on %, (R?). We have closely followed the procedure
in [9] with appropriate modifications for this setting.

Remark 48. Since we are cutting off the ‘velocity’ field at radius Ry, Rs, the growth of
J§ is inconsequential. Hence the results of this section can be applied when replacing the
convolution kernel of J§ with general tailed exponential distributions G*(v) for s > 0.
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For ;1 € 25(R?), we will denote by Ulu](v) the following function

Ulp(0) 1= ~ém, [ Smpbma(v = vl = 0. Pl = v (J5 = Ji)du(w.),
R
so that the PDE in (@0) can be written as a nonlinear transport/continuity equation

Ault) = —V - {u(OU (D))}
To fix ideas, the weak formulation of (@Q) is such that the following equality holds for all
test functions 7 € C°(RY) and times ¢ € [0, 7]

[ )= [ o)

Rd
_ / o Vr(v) / Dt (v — 00 — w20 — 0] (T — T ) dps(v2) dps(0)ds.
0 R4 Rd

Thanks to all the smooth cutoffs from ¢g,, @r,«, and ¥, and puy € P(R?), we can enlarge
the class of test functions to smooth functions with quadratic growth. In particular, by
choosing 7(v) = |[v|? and symmetrising the right-hand side by swapping v <+ v, we see that
the second moment of 1 is conserved along the evolution of ({0).

Our first step is to look at the level of the characteristic equation associated to (4.

Lemma 49 (Characteristic equation). For any T > 0, u € C([0,T]; 25(R%)) and vy € R,
there exists a unique solution v € C*((0,T);RY) N C([0,T];R?) to the following ODE

% =Ulu(t)](v), v(0) = vp.

Furthermore, the growth rate satisfies
lv(t)| < max{|vo|, Ry + 1}, ¥Vt €[0,T].

Proof. Ulu(t)](-) is smooth and compactly supported uniformly in ¢, so classical Cauchy-
Lipschitz theory gives existence and uniqueness of solution v with the promised regularity.

For the estimate on the growth rate, note that U[u] has support contained in Bpg, 1.
Points outside this ball do not change in time according to this ODE. O

We will denote by <I>L the flow map associated to this ODE, so that

d
77 %u(v0) = Ulu(®)(®},(v0)), @i (vo) = vo-
It is known that, given v € C([0,T]; Z5(R?)), the curve of probability measures p(t) =

P! #10 is a weak solution to
Ou(t) = =V -Ap@) U ()]}, w0) = po.
Here, ®! #14 is the push-forward measure of pg defined in duality with 7 € Cy(R?) by
[ @it = [ (@)
R R
We seek to find a fixed point to the map u +— @) #po as it would weakly solve (). To

better understand the properties of this map, we need to establish estimates on the flow map
through U as a function of time and measures.
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Lemma 50 (L* estimate for velocity field). There exists a constant C' = C'(e, 7y, Ry, Ra, o) >
0 such that for every T > 0 and v € C([0, T]; 25(R?)), we have

Ul (®)](v)] < C, Vtel0,T],veR™

Proof. Estimate for v > —2:
We have the following three inequalities

o =" o o T — Il 1,0 Jf Sepo

due to the range of v, boundedness of II, and Lemma[30, respectively. These three inequalities
provide the estimate

U] Sy Pri(v) /Rd Or, (0) ([0 4 v F2)dw (v),

where we have dropped ¢, altogether. For the integral term, we apply Holder’s inequality
taking advantage of the compact support of ¢, and the unit mass of 14 to further obtain

U 0)](0)] Saemo Dry (0) (BRI + (0)°7) /R dn(v.) Sp br (0)(0)*.
Again, since ¢g, has compact support, we can brutally estimate the polynomial to conclude.
Estimate for v < —2:
Unlike the previous case, we change one of the inequalities due to the unavailability of a
triangle inequality and use

YR (v = va)lo = v S1/RITE (M=l <1, J§ Sew L

From these inequalities and the compact support of ¢p,, we have

U O))| Svepo.rs Ori(v) /R [ Omi(vi)di(v,) <1,

which concludes the proof. O
The next result follows exactly as in [9].

Lemma 51 (Time continuity of flow map). Let C' = C(e,v, Ry, Ra, o) > 0 be the same
constant from Lemmal50. Then for any T > 0, and v € C([0,T]; 22(RY)) we have

1@, — O || poo(ray < Ct — s].

Our next objective is to establish the regularity of the flow map with respect to the
measures in the subscript. To simplify the subsequent lemmata, let us use the notation in
the following

Lemma 52. Define
F i (v,w) € RT X R 6, (0) o, (0)Yr, (v — w) v — w| v — w](J5(v) — J5(w)).

The function I is smooth and compactly supported. In particular, for every k,l € N, there
is a constant C = C(€,7, Ry, Ra, po, k,1) > 0 such that

||D5D£UF||L°°(RdXRd) S C
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Proof. The compact support property comes from the factor of ¢g, (v)dg, (w) in the defini-
tion. The regularity comes from the avoidance of v = w due to the factor ¥g,(v —w). O

Corollary 53 (Pointwise and measurewise regularity of U). Consider the constant C =
C(e,v, R1, Ro, p10, k,1) > 0 from Lemmal2d above. We have the following

1. Take Oy = C(e,7, Ry, Ro, j19,0,1) > 0. For every T > 0; %, 12 € C([0, T]; 25(RY)); t €
[0, T];v € R we have the estimate

U ()](v) = U @)](0)] < CiWa(vy, 7).

2. Take Cy = C(e,7, Ry, Ro, j10,1,0) > 0. For every T > 0;v € C([0,T]; P5(R%));t €
0, T];v1,v9 € RT we have the estimate

[Uv@))(vr) = Ulp(t)](v2)| < Cafor = val.

Remark 54. By considering the anti-symmetric property of F' when swapping variables
v <> w, one really obtains C; = C5. Their distinction in this corollary is artificial.

Proof. Ttem [Tt

Firstly, for every t € [0, T take 7(t) € P5(R?xR?) the 2-Wasserstein optimal transportation
plan connecting v'(¢) and v2(t) which exists, see [46]. We estimate the difference with
notation from Lemma

U (0)](v) = U ®)](0)] =

/Rd F(v, w)dv} (w) — /R F(v,w)dvf(w>'

< // |w — w|dm(w, )
R2d

S 01W2(l/t1, 1/2).

The first inequality uses a mean-value type estimate (in the second variable of F') and the
second inequality uses Cauchy-Schwarz or equivalently, that W5 is stronger than Wj.

Item 2F

As with item [I, we estimate the difference using F' to find

[Uv(@®)](vr) = Ulr(®)](v2)] =

/R F(on,w) = Flug, w)dn(w)

< ) |F(v1,w) — F(vg, w)|dv,(w)
R
< Calvy — vyl.

Once more, a mean-value type estimate is applied (in the first variable of F') and we recall
vy is a probability measure. O
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The next result combines both items of Corollary (3] to estimate the regularity of the
flow map with respect to measures and follows exactly as in [9].

Lemma 55 (Continuity of flow map with respect to measures). For T' > 0 fir any v',v? €
C([0,T]; P5(R?)) and t € [0,T). With C := C, = Cy the same constants in Corollary [53,
we have the estimate

@ — @[ porey < (67 = D)d(v', 1),

vl ™

recalling that d(v', 1) = sup,ciop Walv), 7).

It is by now classical how to obtain Theorem (47| from Corollary and Lemma [B5],
see [9] [13] 28] for instance. The time of existence can be given by any 0 < T' < é log 2 where
C > 0 is chosen as in Lemma and the result follows by a fixed point argument and a
classical extension to show that the solution is defined for all times.
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