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A4 Integration Exam 2016 TT

Q1. Solution of part (a)
[6 marks Book]

f is Lebesgue measurable on E if for every Borel subset G € B(R), f~X(G) ={z € E : f(z) € G}
belongs to My, (in the case that f takes values in [—oc0, 00], we require in addition that f~*(c0)
and f~!(—o00) belongs to Mre, as well).

h is Borel measurable (or called Borel function) if for every Borel subset G, h™1(G) is again

Borel measurable.

From the lectures, we know that continuous functions on R are Borel measurable.

Let g = ho f, and let G be Borel measurable subset. Then ¢71(G) = f~1(h"}(G)). Since
h is Borel measurable, so that h™1(G) is Borel too. Since f is Lebesgue measurable, so that
1A ™1(G)) belongs to M. Therefore, by definition, g = h o f is Lebesgue measurable.

Now |f], /T and f~ can be written as h o f with A(z) = |z|, max {z,0}, and h(z) =
max {—z,0} which are continuous so Borel measurable. Hence |f|, f* and f~ are Lebesgue

measurable.

Solution of part (b)

(i) [Z mark, Book] f is Lebesgue integrable if [, |f|dm < oo, which equivalent to say that -

both [, fTdm < oo and [ f~dm < co.
—{2marks;-Book] MCT. If f, : E — [0,00] is a sequence of measurable function, and f, 1

(f, is increasing in n almost everywhere), then

/ lim f,dm = lim [ f.,dm. o
- . Lo FoR n—oo /g
R AN

(ii) [3771@@5, New] Suppose f is Lebesgue integrable, then f is finite almost everywhere.
Consideér gy = | f|1{si<vy- Then gy are measurable, non-negative, and N — gy is increasing.
Since |f| < oo almost everywhere, so that gy 1 |f| and therefore

/ |f|dm:/gNdm—>/|f|dmv
BA{IfI<N} B 7

Hence ”
-~ lim |fldm = lim </ |f|clm—/ lf|dm> =0.
N=voo J pn{|f|>N} N=oo \JE EN{IfI<N}

(iii) [5 marks, New] The LP-norm ||f||, = ([, |f|Pdm) P i [z|fIP < oo, otherwise |[f|l, =
0o. Suppose sup,, [|fall, < oo for some p > 1. Then [fo| < §=z|fnl on BN {|fa] > N} and

therefore

1
Ogsup/ |[faldm < ——sup||full®.
BN{|fal>N} | w1 %P Wl

n
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Since p > 1 so that

1
w1 SUP [ fallh — 0 as N — oo.

Solution of part (c)

[6 marks, Similar] The function <7* is not integrable on (0,00). In fact f is measurable,
but

| i@la=3

n=1

(D™ | cos z| (DT | cos | cos z
-dr > —————dz = =
/mr NG m_z i Vn+1m Z/ \/(n—l—l)ﬂdw >

n=1 n=1

so “%F is not integrable on (m,00), thus not integrable on (0, 0c0) either.

Q2. Solution of part (a)
—lC’T (£‘€L €4 if»(n) )

(2 marks, Book] )CT If f, defined on Eyare measurable /f;{f/ almost everywhere on E,
and there is ain integrable function g on E\mch that"i“f/ﬁ almost everywhere on F. Then

fn, f are integrable on E and 7 > o
// fdm = lim ndim.
// B n—oo

[6 marks, Similar] Both function f and g are continuous on (0,1) and thus are measurable,
and both are non-negative on (0,1). Moreover

lnw = Z—ax”ln:c

n=0

where —z" Inz are non-negative and measurable of course on (0,1), hence by MCT for series

we hav .
Inz
» dr = / —z"Inzds.
We show that each —z™Inz is integrable in (O, 1). In fact for N = 1,2,--+, —z"Inz is con-

tinuous on [+ =, 1], so that is Riemann integrable on this interval, by performing integration by
parts we obtain

1 1 1\"™ 1 1 1
—z"Inzdr = —— | = In—+ —— "d
/1/N " Inzaz n—!—1<N> N nrl /Na: T

so that, by MCT (applying to —1p/n 2™ In z), we obtain that

v 1 /1\™ 1 1 1

It follows that

'Inz n 1
/ dm Z/ —z"Inzdr = Z(n—{—l)Z < 00
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so that ]“m is integrable and
o0

1
/ Inz dx = —1——
o z—1 n?

n=1

[2 marks, Similar] By making change of variable z — 1 — z, we conclude that

'In(1 - ) ! Ing > 1
/O~——dx:/01 do==3=.

:U —
z n=1

[2 marks, Book] Change of variable for Lebesgue integrals: if ¢ : [a,b] — [c,d] is differ-
entiable, strictly increasing or decreasing such that ¢(a) = ¢, ¢(b) = d. Then a measurable
function f is integrable on (c,d) if and only if f o ¢’ is integrable on (a,b), and

[ 6@y = [ s

Solutions of part (b)

[8 marks, Stmilar] f is continuous except at z = 0, so it is measurable for every y. Moreover
lsm(xy)] < |zy|, thus

1 o? 1 1 2 1
z,y)| < |y|—=—=¢ 2% < ==

since —2-3_%2— is integrable on (—00, 00), so that by comparison, z — f(z,y) is integrable for every

Y. ‘(In fact we thus have shown that e~ is integrable on (—o0, 00)). Thus F' is well defined.
[2 marks, Similar] Clearly

5o (@) = <= cos(a)
and
2 fla,y)| < —=e%
8’y YY) = \/ZT_

for every y and z, so that F' is differentiable at any y, and we can dlfferentlate under integral

to obtain

_% os(zy)dz.
«/5% os(zy)
[5 marks, New] We claim that the n-th derivative F™ exists for every n =1,2,--- , and
F("+1) / ——e T cos(zy)dz
P dy ‘ (zy)
forn=0,1,2,---. That is, we can differentiate again and again under integration to obtain .

o0 22
Fentl) () = / —12—6_7:62”(—1)” cos(zy)dz
T
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and © 1 2
Fent2)(y)) :/ e~ T ¥ (~1)" sin(zy)dz.

oo V2T
We already proved the case that n =0, so let us assume that n > 1. In fact
2 d"
~2 —— cos(zy)

1
—€
’ V2 dy™

1 2
< gl
. 1 o] 1

Vor 1+.$23+... .7%13227”
oL (2n)122
= Vor | (2n)122n 4 gin’

The function
(2n) 192n

R L 0
Vor' ' (2n)i2%n + gin
is integrable for any n = 1,2, by comparing it to 1 /|z|*™ on (1, 00), and noticing that it is
continuous on [—1, 1}. Since
d 1 _o2d" 1 _g2drtt
—— cos(zy) = e 7 —— cos(zy)

dyor Var dy
So that we can differentiate under integration for whatever n, to obtain the formula claimed.
[8 marks, Book] Differentiation under integration: Let E be a measurable set, and J C R
be an interval. For each ¢ € J, f; : B — R is measurable, and the following conditions are
satisfied: '
1) for every ¢ € J, f; € L'(E), and define F'(t) = [y fe(z)dz for t € J,
2) for every z € E, the partial derivative

o] o fan(x) — fil®)
5 ft.(:c) = lim =2

h—0 h

exists for every t € J (here the limit runs over h — 0 such that t +h € J), and
3) there is a control function g € LY(E) such that

d
—_ <
atft =9

almost everywhere on E for all ¢t € J. [Here almost ex}erywheré means that there is a null
subset A C FE, such that |2/ (t,z)] < g(z) forz € B \AandteJ)]
Then F is differentiable on J and _

F'(t) = /E%ft(w)dax.

Q3. Solutions of part (a) N
(i) [2 marks, Book] State Fubini’s theorem: Let X,Y € Mpw(R) [s0 X XY € Mpep(R?)] and

f e L}MX xY). Then
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1) for almost all y € Y, f, € L*(X), where f,(z) = f(y,z) for € X, s0 F(y) = Iy fy(z)dz

is well defined for almost all y € Y, and
2) F defined in 1) is integrable on Y (so in particular, F' is Lebesgue measurable), and

[ Faay= [ s dady
Y XXY

/Y < /X f(m,y)d:c) dy = /X < /Y f(a:,y)dy) dz = - f(z,y)dzdy.

[1 mark, Book] Tonelli’s theorem. Suppose f : R? — R is measurable, and suppose either
of the repeated integrals exists and is finite, i.e.

/R (/R |f(:v,y)[dx> dy < oo, of / and /R (/R lf(xay)ldy> dz < oo.

Then f € L*(R?), so that Fubini’s theorem is applicable to both f and [f|.
(ii) [8 marks, Similar] f is continuous except for (0,0), so is measurable. |f(z,y)] is sym-
metric, so we only need to consider repeated integral

= [ (] o) [ (4 20)

f is integrable, according to Tonelli theorem (together with Fublm) if and only if J is finite.
/8 marks, Similr] If o = 1, then

Therefore

- J =/ [_y_ In(1+9?) — 2ylny] dy.

Smce ylny — 0 as y | 0, thus yIny is bounded and continuous on (0,1], so must be-Ricmeni--
shle—heree=is Lebesgue integrable. While yIn(1 + y?) is continuous on [0, 1], so it is

Lebesgue integrable. Hence J < co if oo = 1.
(8 marks, Similar] If « # 1, then

1 1 s y 1
= — dydy.
! 21—a/o {(l+y2)"“1 y2‘“‘3} v

Here 4% is continuous on [0, 1] so integrable on [0,1}. While y'm —a—3 is integrable on (0, 1)
if and only if 2o — 3 < 1, that is o < 2. Hence J is finite if and only if o < 2. Therefore f is

integrable on (—1,1) x (—1,1) if and only if & < 2.

Solution of part (b)

[8 marks, New] The function is measurable and non-negative. Let us compute the

/_:, (/: g(x,y)dy> dz = /_: (/_: (T+]y— ;!Z) = 1)dy> dw
- /_oo (emzm— 1 /_oo 11 !yl_ ¢|2dy> dz.
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[ marks, New] By change of variable for Lebesgue integration [quote the same as in Q2]

e 1 © 1
——————dy———/ ——dy =7
/_w1+|y—zl2 oo 14 [y

so that
(o] 2 2

/Oo (/_oog(x,y)dy> dq;—wf_ooemz_ldcc—ZW/O 6362_1d:v

[7 marks, New] We only need to show

T
e —1
is integrable on (0, c0). Since
z? z? 1
3 = z < 2
ers — 1 $2+§2__|_... 1_}..“’2_
S0 o o 1
/ 256 dr < / ~dr < .
0o €& —1 o 1+%
Therefore

/ (/ g(m,y)dy) dz < 21* < o0.

According to Tonelli theorem, g is integrable on R2.






