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Solutions Topology A.5
Problem 1

(a) i) A topological space X is disconnected if there are disjoint open
non-empty subsets U and V such that UUV = X. If X is not disconnected,
it is called connected.

A (non-empty) subset A of a topological space X is connected if A with
the subspace topology is connected. [B, 2]

ii) Assume that AU B is disconnected. Then there are open subsets of
X, U,V , such that

(AUB)NU #£0, (AUB)NV £0, (AuB)NUNV =0

Let x € ANB. Thenx € U or x € V. Say x € U. Since A is connected
A C U. For the same reason B C U. So (AU B) NV = 0, a contradiction.
B, 4]

iii) Assume that f(A) is not connected. Let U and V be open sets such
that

FANV#D, f(ANU#0, f(ANVNU =0.

Then f~'1(U) and f~'(V) are open in X. So, f~H({U)NA and f~(V)NA
are disjoint and open in A. Since A is connected, one of f~}(U) N A and
F7H(V)N A is empty. Hence, one of f(A)NU and f(A) NV is empty. So,
f(A) is connected. [B, 4]

(b)i) Let B={U xV :U CTx,V CTy}. Clearly X x Y C B. Also

(U1><V1)ﬂ(U2><V2):(UlﬂU2><V1ﬁV2)

hence (U; x V1) N (Uy x V3) lies in B. So B is a basis for a topology. [B, 4]

ii) Assume that X,Y are Hausdorff. Let (z,y) # (2'y/). Then either
x # 2’ or y # . Without loss of generality we assume that  # 2’. Then
there exist U,V open disjoint in X with x € U,z € V. It follows that
(z,y) e UXY,(2'y) e VXY and UxY NV XY =0. So X xY is
Hausdorft.

Conversely we show that X is Hausdorfl: Let z,2’ € X with = # 2’
Given y € Y there are open sets Uy, Us in X, V;, V5 in Y such that

(r,y) € Uy x Vi, (2, y) € Uy x Vo, Uy x ViNUy x Vo = ).
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Then x € Uy, 2’ € Uy and U; N Uy = ). The same argument applies to Y. [B
and S, 4]

iii) We show first a lemma: If C and A;,i € I are connected sets in
a topological space Z and A; N B # () for all i then F' = C U J;; 4; is
connected. Indeed let U,V be open subsets of Z such that UNV NF = ()
and F CUUV. fCNU # () then C C U since C' is connected. For the
same reason A; C U for all i. It follows that F* C U. We argue similarly if
CNV # (. It follows that either FNU or FNV is empty. So F is connected.

Let xq GX—A,yO €Y —B.

XxY\AXxB=Xx(Y-B)UY x (X — A)

Each set X x {y} with y € Y — B is connected and intersects {zo} x Y. So
by the lemma X x (Y — B)U{zo} x Y is connected. By the same argument
Y x (X —A)UX x {yo} is connected. (xq,yo) lies in both these sets so their
union which is equal to X x (Y — B)UY x (X — A) is connected by part (a
ii). [N, 4]

iv) Let A C X be finite and let let a € A. If A = {a} clearly A is
connected. Otherwise if B = A\ {a}, then X \ B, X \ {a} are open sets,
AC (X\B)U(X\{a}) and ( X\ B)N(X \{a}) N A =0so A is not
connected. If A is infinite and U,V are open non-empty then ANU NV # ()
so A is connected. [N, 1]

Let A = {a,b} x X. Then U = X \ {a},V = X \ {b} are open in X
so Ux X,V xXareopenin X x X, AN(U x X)N(V x X) = () and
AC(UxX)U(V xX). So Ais not connected. [N, 2]

Problem 2

(a) i) A family U = {U; : i € I} of subsets of a space X is called a cover
if X = J;c; Ui If each Uj; is open in X then U is called an open cover for X.
A subcover of a cover {U; : i € I} for a space X is a subfamily {U, : j € J}
for some subset J C I such that {U, : j € J} is still a cover for X. We call it
a finite subcover if J is finite. A topological space X is compact if any open
cover of X has a finite subcover. [B, 2]

ii) Let {U; : i € I} be an open cover of Y. Then {f~}(U;) : i € I} is
an open cover of X. The compactness of X implies that there exists a finite
subcover {f~!(U;) : j € J} Since f is onto, {U; : j € J} is a finite subcover
for Y. [B, 3]

(b) i) Let X/R be the set of equivalence classes of R. The quotient
topology T’ of X/R consists of the sets U such that p~(U) is open in X.
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Clearly 0, X/R lie in T'. Let Uy,Uy € T'. Then p~Y(U; N Uy) = p~(U;) N
p Y Usy) so UyNUy, € T'. Alsoif {U;:i €1} C T then

p ((Ju) =r W)

so JU; lies in T'. [B, 3]

ii) Suppose that g is continuous. By the definition of the quotient topology
p is continuous. So, g o p is continuous.

Suppose that g o p is continuous. Let U be an open subset of Z. Then,
by assumption, g o p~!(U) is open in X. This is p~'1(¢~'(U)) . By the
definition of the quotient topology, g~!(U) is therefore open in X/R. So, g
is continuous. [B, 2]

(c) i) We note that p is injective on K. So p~'(p(X — K)) =X — K. It
follows that p(X — K) is open. [S, 2]

ii) Let f:[0,1] — S* where f(t) = e*™. Since f(0) = f(1), this gives a
well-defined function g : X4 — S where g([z]) = f(z). So f =gopand g
is continuous by (b,ii). Since X = [0, 1] is compact X4 is compact as well.
As S is Hausdorff and g 1 — 1, ¢ is a homeomorphism. [S, 2]

iii) Let f : [0,1] — X4 where f(z) = [x]. Then f is the restriction of p to
[0,1] so it is continuous. As [0, 1] is compact and f is onto X4 is compact.
Let h: [0,1] — S where h(t) = e*™*. This gives a well-defined 1-1 and onto
function g : X4 — S* where g([x]) = h(x) if z ¢ A and g([z]) = h(0) = h(1)
if z € A. So h is the restriction of g op to [0,1] and g is continuous by (b,ii).
Since X4 is compact and S! is Hausdorff g is a homeomorphism. [S 4]

iv) Let [al, [b] € Xz. If a,b ¢ Z pick open neighborhoods U,V of a,b in
R such that UNV =0 and UNZ =0,V NZ = (. Then by i) p(U),p(V) are
disjoint open containing respectively [a], [b]. If, say a € Z, let m = min{|n —
bl;b € Z}. If e =m/3 then the sets U =, (n —e,n+¢€), V= (b—€,b+¢)
are an open saturated sets [a] € p(U),[b] € p(V) and p(U) Np(V) = 0. So
Xy is Hausdorff.

Let a,b be distinct irrational numbers. Then if U,V are open sets con-
taining [a], [b] respectively, p~*(U), p~' (V') both intersect Q. It follows that
p(U)Np(V) # 0 so Xg is not Hausdorff. [S, 4]

v) Let S be a countable subset of R. For each n € N we pick x,, € (n,n+1)
with x,, ¢ S. The sets K, = {z, : n € N, n > r} are all closed disjoint from
S. So by (c, 1) p(X — K,) is open in Xg. Clearly Xg = |, p(X — K,.) and
this open cover has no finite subcover, so Xg is not compact. [N, 3]
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Problem 3

(a) i) The standard n-simplex is the set

A" ={(z1, ..., Tpns1) € R™!: 2, > 0Vi and sz =1}.

An abstract simplicial complex is a pair (V,X), where V is a set (whose
elements are called vertices) and ¥ is a set of non-empty finite subsets of V/
(called simplices) such that

(1) for each v € V' | the 1-element set {v} is in ¥;

(2) if o is an element of 3, so is any non-empty subset of o.

A face inclusion of a standard m-simplex A™ into a standard n-simplex
A" (where m < n) is a function A™ — A" that is the restriction of an
injective linear map R™™! — R™™! which sends the vertices of A™ to vertices
of A™.

The topological realisation |K| of an abstract simplicial complex K =
(V, %) is the space obtained by the following procedure: (1) For each o € ¥,
take a copy of the standard n-simplex, where n+1 is the number of elements
of 0. Denote this simplex by A,. Label its vertices with the elements of
0. (2) Whenever ¢ C 7 € 3, identify A, with a subset of A, via the face
inclusion which sends the elements of o to the corresponding elements of 7.

In other words, |K| is a quotient space, obtained by starting with the
disjoint union of the simplices in (1), and then imposing the equivalence
relation that is described in (2). [B, 4]

ii) Let K’ be the simplicial complex with the vertex set V', but where every
non-empty subset of V' is a simplex. Then |K’|is homeomorphic to a standard
simplex. The inclusion |K| — |K’| is a continuous injection. The standard
simplex is a subset of R"™. Hence, we obtain the required continuous injection
f K| = R" Leta,b € |K|. If UV are disjoint open neighborhoods of
f(a), f(b), f7HU), f~1(V) are disjoint open neighborhoods of a,b. [B and S,
3]

iii) An n-dimensional manifold is a Hausdorff topological space M such
that every point of M lies in an open set that is homeomorphic to an open
set in R"™. A 2-dimensional manifold is a surface. [B, 2]

iv)

[, 4]
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b) i) Let P be a finite-sided convex polygon in R? . Suppose that P has an
even number of sides. Arrange these sides into pairs. For each such pair, the
two sides of the pair will be identified. More specifically, suppose that e and
¢’ are two sides of a pair. If e is an edge of P, edge joining (z1,41) to (z2,y2)
and €’ is an edge of P joining some points (x, ;) to (24, y5) we identify the
point (1 — t)(x1,y1) + t(22,y2) to the point (1 — t)(z), v}) + t(zh, y5) where
t €10,1].

Once one has chosen the edges e and ¢’ to identify, there is still some
choice about how this identification is made, because we can choose e to run
from (x1,y1) to (x2,y2) , or the other way round. We encode this choice by
drawing an arrow on e, running from (xy,y;) to (z2,y2). When arrows have
been drawn on both e and €’ , this determines how they are identified. This
construction is a polygon with a complete set of side identifications. [B, 3]

ii) It is convenient to describe a polygon with side identifications using
a word, which is a string of letters, possibly with ()~! signs. We start with
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some vertex of the polygon, and run around the boundary of the polygon.
Each pair of edges that is to be identified is given a letter. We orient the
edge in some way. When we come to that edge, we write down the letter
or its inverse, depending on whether we traverse the edge in the forwards or
backwards direction.

With this notation let M, be the surface corresponding to the word
zx~tyy~t. For g > 1 let M, be the surface obtained from the word:

xlylelyfl....:cgygfng_lyg_l. Let N be the surface obtained from the word
xxyy . For h > 1,let Nj, be the surface obtained from the word: x z1....x525.

The classification theorem of closed combinatorial surfaces states that
every closed combinatorial surface is homeomorphic to one of the manifolds
M, , for some g > 0, or N}, , for some h > 1.[B, 4]

g

iii) All these squares can be encoded by words. Without loss of generality
we may assume that the 1st letter of the word is b. Then the second letter
will be either ! or ¢*'. By relabelling we may assume that if the second
letter is not b*! then it is c¢. Similarly if the second letter is b*' we may
assume that the 3rd letter is c.

So, up to relabelling the 4 sides we obtain the following words correspond-
ing to the indicated surfaces:

bbce = Ny, bbee ! = Ny, bb tee™ = My, bb~tec = Ny, bebe = N,

bebe ™t = Ny, beb te ™t = My, beb e = N,

We see that the words bebe corresponds to N; and beb~'c to N, by the
following ‘cut and paste’ diagrams:
[N, 3]
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