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ABSTRACT. We are concerned with the global existence theory for spher-
ically symmetric solutions of the multidimensional compressible Euler
equations with large initial data of positive far-field density so that the
total initial-energy is unbounded. The central feature of the solutions
is the strengthening of waves as they move radially inward toward the
origin. For the large initial data of positive far-field density, various ex-
amples have shown that the spherically symmetric solutions of the Euler
equations blow up near the origin at certain time. A fundamental un-
solved problem is whether the density of the global solution would form
concentration to become a measure near the origin for the case when
the total initial-energy is unbounded and the wave propagation is not at
finite speed starting initially. In this paper, we establish a global exis-
tence theory for spherically symmetric solutions of the compressible Euler
equations with large initial data of positive far-field density and relative
finite-energy. This is achieved by developing a new approach via adapt-
ing a class of degenerate density-dependent viscosity terms, so that a
rigorous proof of the vanishing viscosity limit of global weak solutions of
the Navier-Stokes equations with the density-dependent viscosity terms
to the corresponding global solution of the Euler equations with large
initial data of spherical symmetry and positive far-field density can be
obtained. One of our main observations is that the adapted class of de-
generate density-dependent viscosity terms not only includes the viscosity
terms for the Navier-Stokes equations for shallow water (Saint Venant)
flows but also, more importantly, is suitable to achieve our key objective
of this paper. These results indicate that concentration is not formed in
the vanishing viscosity limit for the Navier-Stokes approximations con-
structed in this paper even when the total initial-energy is unbounded,
though the density may blow up near the origin at certain time and the
wave propagation is not at finite speed.

1. INTRODUCTION

We are concerned with the global existence theory for spherically sym-
metric solutions of the multidimensional (M-D) compressible Euler equations
with large initial data of positive far-field density, i.e., given constant density
p > 0 at infinity, so that the total initial-energy is unbounded. The study of
spherically symmetric solutions dates back to the 1950s and is motivated by
many important physical problems such as flow in a jet engine inlet manifold
and stellar dynamics including gaseous stars and supernovae formation (cf.
[19, 28, 52 (5 59]). The central feature of the solutions is the strengthening
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of waves as they move radially inward toward the origin. An existence theory
has been established in Chen-Perepelitsa [17] and Chen-Schrecker [I8] via an
approach of vanishing artificial viscosity for the case when the initial data are of
finite-energy, which requires that p = 0. For the far-field density p > 0, various
physical examples have shown that the spherically symmetric solutions of the
compressible Euler equations blow up more often near the origin at certain time
(see [19] 28, [59] and the references cited therein). The fundamental unsolved
problem is whether the density would form concentration to become a measure
near the origin for the case when the total initial-energy is unbounded and
the wave propagation is not at finite speed starting initially. In this paper, we
establish a global existence theory for spherically symmetric solutions in L
of the compressible Euler equations with large initial data of positive far-field
density p > 0 and relative finite-energy in R for N > 2. This is achieved by
developing a new approach via adapting a class of degenerate density-dependent
viscosity terms, so that a rigorous proof of the vanishing viscosity limit of global
weak solutions of the compressible Navier-Stokes equations with the density-
dependent viscosity terms to the corresponding global solution of the Euler
equations with large initial data of spherical symmetry and positive far-field
density can be obtained. One of our main observations is that the adapted class
of degenerate density-dependent viscosity terms not only includes the viscosity
terms for the Navier-Stokes equations for shallow water (Saint Venant) flows,
among others (c¢f. Bresch-Dejardins [2, 3], Bresch-Dejardins-Lin [5], Lions [39],
and Mallet-Vasseur [44]), but also, more importantly, is suitable to achieve
our key objective of this paper. These results indicate that concentration is
not formed in the vanishing viscosity limit for the Navier-Stokes approxima-
tions constructed in this paper even when the total initial-energy is unbounded,
though the density may blow up near the origin at certain time and the wave
propagation is not at finite speed.

More precisely, the M-D Euler equations for compressible isentropic fluids
take the form:

Qyp + divM = 0,
{ e (1.1)

M + div(@) +Vp =0,

for (t,x) € R, x RY with N = 2, where p is the density, p is the pressure, and
M € R¥ represents the momentum; see also Chen-Feldman [14] and Dafermos
[20]. When p > 0, U = % € RV is the velocity. The constitutive pressure-
density relation for polytropic gases is

p=p(p) = kKp",

where v > 1 is the adiabatic exponent; by scaling, constant x in the pressure-
2
density relation may be chosen as Kk = % without loss of generality. We

are concerned with the Cauchy problem for (1.1) with the Cauchy data:
(p, M)|t=0 = (po, Mo)(x) — (p, 0) as |x| — oo, (1.2)

where (p,0) is a constant far-field state, for which the initial far-field velocity
has been assumed to be zero in (|1.2)) without loss of generality, owing to the
Galilean invariance of system ince a global solution of the Euler equa-
tions normally contains the vacuum states {(¢,x) : p(¢t,x) = 0} where
the fluid velocity U(t, x) is not well-defined (even though the far-field density

is positive), we will use the physical variables such as the momentum M(t, x),
M(t,x)

p(t,x)
when the vacuum states are involved throughout this paper.

or , which will be shown to be always well-defined, instead of U(t,x),




GLOBAL SOLUTIONS TO THE COMPRESSIBLE EULER EQUATIONS 3

In order to construct global spherically symmetric solutions in L} = of the
Euler equations with large initial data of positive far-field density, p > 0,
the approach of vanishing artificial viscosity developed in [I7, 18] is no longer
applied directly, and the problem has been remained open. To solve this prob-
lem, in this paper, we develop a different approach by adapting a class of
degenerate density-dependent viscosity terms so that the required uniform es-
timates in terms of the viscosity coefficients can be achieved for the vanishing
viscosity limit. More precisely, we consider the M-D Navier-Stokes equations
for compressible barotropic fluids with the adapted class of degenerate density-
dependent viscosity terms:

up + div = 0,
{ oA (1.3)

O M + div(M2M) 4 Up = ediv(u(p) D(22)) + eV (A(p)div(£1)),

where D(%) = %(V(%) + (V(%))T) is the stress tensor, and the shear and
bulk viscosity coefficients u(p) and A(p) depend on the density and may vanish
on the vacuum. Indeed, in the derivation of the Navier-Stokes equations from
the Boltzmann equation by the Chapman-Enskog expansions, the viscosity
terms depend on the temperature, which are translated into the dependence
on the density for barotropic flows (¢f. [42]). Moreover, for the shallow water
(Saint Venant) models, N = 2,y = 2, and (u(p),A(p)) = (p,0) (c¢f. Lions
[39, §8.4]); also see [2 5] for such models in geophysical flows. This indicates
that it is of independent interest and importance to analyze the Navier-Stokes
equations with the density-dependent viscosity terms. In particular, we
are also interested in the inviscid limit of the Navier-Stokes equations .
Formally, as ¢ — 0+, the Navier-Stokes equations (|1.3]) converge to the Euler
equations . A fundamental problem in mathematical fluid dynamics is
whether a rigorous proof of the vanishing viscosity limit of the solutions of the
Navier-Stokes equations to the Euler equations could be provided.

There has been an extensive literature in the analysis of the vanishing ar-
tificial/numerical viscosity limit to the isentropic Euler equations. For the
1-D case with general L*° initial data, it has been analyzed by DiPerna [23],
Ding-Chen-Luo [22], Ding [21], Chen [I0} 1I], Lions-Perthame-Souganidis [40],
Lions-Perthame-Tadmor [41], and Huang-Wang [32] via the methods of entropy
analysis and compensated compactness. Also see DiPerna [24], Morawetz [46],
Perthame-Tzavaras [48], and Serre [54] for general 2 x 2 strictly hyperbolic
systems of conservation laws. The vanishing artificial viscosity limit to general
strictly hyperbolic systems of conservation laws with general small BV initial
data was first established by Bianchini-Bressan [1] via direct BV estimates with
small oscillation; see also [8] [9] and the references cited therein for the rate of
convergence.

For the study of spherically symmetric weak solutions, the local existence of
such solutions outside a solid ball at the origin was discussed in Makino-Takeno
[43] for the case 1 < v < %; also see Yang [61 [62]. A first global existence of
spherically symmetric solutions in L* including the origin was established in
Chen [12] for a class of L> Cauchy data of arbitrarily large amplitude, which
model outgoing blast waves and large-time asymptotic solutions. A compact-
ness framework was established in LeFloch-Westdickenberg [37] to construct
finite-energy solutions to the isentropic Euler equations with spherical symme-
try and finite-energy initial data for the case 1 < v < % As indicated earlier,
the convergence of the vanishing artificial viscosity approximate solutions to
the corresponding finite-energy entropy solution of the M-D Euler equations
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with large initial data of spherical symmetry was established in [I7} [I§] for any
~ > 1 for the case p = 0.

For the compressible Navier-Stokes equations with constant viscosity coeffi-
cients (7.e., u and X are constants), the global existence of solutions has been
studied extensively; see [30,[35] and the references cited therein for the 1-D case.
For x € RV, N > 2, Lions [39] first obtained the global existence of renormal-
ized solutions, provided that ~ is suitably large, which was further extended
by Feireisl-Novotny-Petzeltova [25] to v > % and by Plotnikov-Weigant [49] to
v = %, and by Jiang-Zhang [34] to v > 1 under the spherical symmetry. When
wand X\ depend on the density, the Navier-Stokes equations become degen-
erate when p — 0. Such cases were analyzed in Bresch-Desjardins-Lin [5] based
on the new mathematical entropy — the BD entropy, first discovered by Bresch-
Desjardins [2] for the particular case (i, A) = (p,0), and later generalized by
Bresch-Desjardins [3] to include the case of any viscosity coefficients (u, A) sat-
isfying the BD relation: A(p) = pu/(p) — p(p); also see Bresch-Desjardins [4].
When the initial data are of spherical symmetry, Guo-Jiu-Xin [29] obtained
the global existence of spherically symmetric weak solutions of the system for
v € (1,3) in a finite ball with Dirichlet boundary conditions.

The idea of regarding inviscid gases as viscous gases with vanishing physical
viscosity can date back the seminal paper by Stokes [56] and the important
contributions of Rankine [50], Hugoniot [33], and Rayleigh [51] (¢f. Dafermos
[20]). However, the first rigorous convergence analysis of the inviscid limit from
the barotropic Navier-Stokes to Euler equations was made by Gilbarg [26] much
later, in which the existence and vanishing viscous limit of the Navier-Stokes
shock layers were established. For the convergence analysis confined in the
framework of piecewise smooth solutions, see [27), B1l [60] and the references
cited therein.

The key objective of this paper is to establish the global existence of spher-
ically symmetric solutions of :

plt.x) = plt,r), M%) =m(t,r)>  for r=|x], (1.4)
subject to the initial condition:
(p, M)(0,x) = (po, Mo)(x) = (PO(T)ymO(T)é) — (p,0) asr—o0 (15)

with p > 0 and relative finite-energy. To achieve this, we establish the van-
ishing viscosity limit of the corresponding spherically symmetric solutions of
the Navier-Stokes equations with the adapted class of degenerate density-
dependent viscosity terms and approximate initial data of similar form to (1.5).
For spherically symmetric solutions of form , systems and (|1.3) be-
come

T

et (2 4 ), + A g,

{pt + m, + Nﬁlm = 07

and

{pt + m, + N_lm = 07

m2 —1m?2 m —1m —1m
my + (7 —|—p)r + &= 17 = 5((u+)\)((?),« + & 17))T —e 1;/@,
(1.7)

respectively.

In Chen-Perepelitsa [15], the vanishing viscosity limit of smooth solutions
for the 1-D Navier-Stokes equations to the corresponding relative finite-energy
solution of the Euler equations has been established for p > 0; also see [16] for
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the 1-D shallow water case. In [I7, [I8], the convergence of artificial viscosity
approximate smooth solutions to the corresponding finite-energy entropy so-
lution of the Euler equations with spherical symmetry and large initial
data has been established for p = 0 (also see [53]). As indicated earlier, in this
paper, we develop a different approach to investigate the vanishing physical
viscosity limit of the weak solutions of the M-D Navier-Stokes equations
with spherical symmetry to the corresponding relative finite-energy solution
of the Euler equations with large initial data of positive far-field density
p > 0. Owing to the non-zero initial density at infinity so that the total initial-
energy is unbounded, which may cause the possibility for additional nature of
singularities at origin » = 0 and far-field r = oo, several key techniques for the
previous uniform estimates as in [I5] [I7, 18] no longer apply. In particular,
for the weak solutions of the Navier-Stokes equations, it is essential to ensure
enough decay of solutions a priori as r — oo so that integration by parts on
unbounded regions can be performed for the key estimates in the proof.

We now describe some of our approach and techniques involved to solve
the problem in this paper. Owing to the singularity at » = 0, it has not
been clear yet whether there always exists a global smooth solution of the
Cauchy problem of the Navier-Stokes equations with smooth large initial data
of spherical symmetry. To achieve our key objective, the main point of this
paper is first to obtain global weak solutions of the compressible Navier-Stokes
equations with some uniform estimates and the ngcl7(:ompactness7 so that
the compactness framework in [I5] can be applied. For this purpose, we first
construct smooth approximate solutions (p%%, ms%?), depending on the three
parameters (e, d,b), through the Navier-Stokes equations ; see 7.
Noting that the spherically symmetric Navier-Stokes equations (1.7)) become
singular at the origin, we first remove the origin in the approximate problem.
For the smooth approximate solutions as designed, it is direct to obtain the
basic energy estimate, Lemma Under relation , we also obtain the
BD entropy estimate, Lemma Similar to that in [I5], we can obtain the
uniform higher integrability of the density; see Lemma [3.3

To employ the compactness framework in [I5], we still need the uniform
higher integrability of the velocity, as described in Proposition for all v >
1. To prove this, we apply the relative entropy pair (7, §) of the spherically
symmetric Euler equations to obtain in §4. The most difficult
terms are the second and third terms on the right-hand side of , which
are essential for the M-D case (these two terms do not appear for the 1-D case).
By a careful analysis on the relative entropy pair, we see that

mapﬁ(ﬂﬂ”) + m78m77(p7 m) —G(p,m) = C'y(ﬁ)(m? + e(p, ﬁ)) (1.8)

for some constant C(p) > 0, which implies that the third term on the right-

hand side of (4.54)) can be bounded by using the basic energy at least locally;
see Lemma the details. In fact, estimate (|1.8) is quite subtle. Since the
left-hand side of contains the terms on % and p?t? we have to deal
with such terms; otherwise, the higher integrability of the velocity may not be
obtained. This is achieved by our observation of underlying cancellation by
dividing it into several cases; see 1) for the details of its proof.
From the expression of § in (4.60)), in order to control the second term rN~1§
on the right-hand side of (4.54)), we need to obtain some decay rate estimate
of (p=9% — p,m=%)(t,r) as r — co. To achieve this, we first obtain the upper
and lower bounds of density p%° so that they are independent of b. With
these bounds of the density and property satisfied by the approximate
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initial data, we can prove a better decay estimate for (p=% — p, m=%)(t, r),
uniformly in b; see Lemmas in more detail. Then the decay estimate
allows us to control 7V ~1§. Since the boundary values of (p®%?, us:%)(t,b) are
determined by the equations and may depend on &, we integrate over
[0,T] x [b—1,b] x [d, D] to avoid the trace estimates, so that Proposition |4.1]is
obtained. Then we take the limit, b — oo, to obtain the global existence of a
strong solution (p*%, M%) = (p=%, m*° X) for on [0,00) x (RN \ Bs(0))
for each fixed 4 > 0. Noting that the second term on the right-hand side of
vanishes when b — oo, we obtain the desired estimates in Proposition

By similar arguments as in [44] [29], we can then take the limit, § — 0+, to
obtain the global weak solution (p°, M®) = (p°,m® *) of the Cauchy problem

for (1.3]). To prove that
Om(p®,m?) + 0rq(p°,m?) s compact in H }(R}),

special care is required, since (p®, m®) is only a weak solution and 9;n(p, m®)+
O9rq(p®, m?) is only a local bounded Radon measure for each fixed ¢ > 0. More-
over, since the viscosity coefficients depend on the density, we can not say
that (’7;: ) is a function due to the possible appearance of the vacuum in gen-
eral so that it is not suitable to use the weak form of (p°, m®) to prove the
ngi—compactness. In fact, the ngi—compactness is achieved through smooth
approximate solutions and their limits.

Based on the uniform estimates and the nggfcompactness, we then employ
the compactness framework in [I5] to take the vanishing viscosity e — 0 for all
v > 1. On the other hand, we have to be careful to pass the limit, ¢ — 0, in
the momentum equations (see (5.43))), since it is quite delicate to vanish the
right-hand side of by using the uniform estimates in Theorem To
overcome this difficulty, we employ underlying cancellations and introduce a
new function V¢, which is uniformly bounded in L?(0,T'; L?) so that the right-
hand side of is expressed by . Then we can vanish the viscosity

terms by using the new expression.

The paper is organized as follows: In §2, we first introduce the notion of
relative finite-energy solutions of the Cauchy problem 7 for the com-
pressible Euler equations and then state Main Theorem I: Theorem for
the global existence of such solutions. To establish Theorem 2.2, we construct
global weak solutions of the Cauchy problem and for the compressible
Navier-Stokes equations and analyze their vanishing viscosity limit, as stated
in Main Theorem II: Theorem [2.4] We also give several related remarks. In §3,
we first construct global approximate smooth solutions (p®%%, m®%?) and make
the basic energy estimate and the BD entropy estimate of (p=%°, m=%?), uni-
formly bounded in (g, d,b), for the Navier-Stokes equations (3.1). In §4, we de-
rive the higher integrability of the approximate smooth solutions (p%%°, m®9?)
uniformly in b. In §5, we first take the limit, b — oo, of (p=%?, m=%?) to obtain
global strong solutions (p=°, m®?) of system with some uniform bounds
in (g,9), and then we take the limit, 6 — 0+, to obtain global, spherically
symmetric weak solutions of the Navier-Stokes equations with some de-
sired uniform bounds and the ngclfcompactness, which are essential for us to
employ the compensated compactness framework in §6 to establish Theorem
2.2. In the appendix, we construct the approximate initial data with desired
estimates, which are used for the construction of the approximate solutions in
§3.

Throughout this paper, we denote LP(Q), W*P?(Q2), and H*(Q2) as the stan-
dard Sobolev spaces on domain  for p € [1,00]. We also use LP(£; vV ~1dr)
or LP([0,T) x Q; rN=1drdt) for Q C R, with measure r¥~1dr or rN-1ldrdt
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correspondingly, and LP ([0,00);r¥~1dr) to represent L ([0, R); rN~1dr) for
any fixed R > 0.

2. MATHEMATICAL PROBLEMS AND MAIN THEOREMS

In this section, we first introduce the notion of relative finite-energy solutions
of the Cauchy problem (|1.1)—(1.2)) for the compressible Euler equations.

Definition 2.1. A pair (p, M) is said to be a relative finite-energy solution of

the Cauchy problem (1.1))—(1.2)) if the following conditions hold:
(i) p(t,x) = 0 a.e., and (M,%)(t,x) = 0 a.e. on the vacuum states
{(t,x) : p(t,x) = 0};
(ii) For a.e. t > 0, the total relative energy with respect to the far-field
state (p,0) is finite:

/RN <;|yﬁ|2 + e(p, ﬁ)) (t,x)dx < Ej, (2.1)
where
Ey := /RN (;yp%f + e(po,ﬁ))(x) dx < o0 (2.2)

is the finite total relative initial-energy, and e(p,p) is the relative in-
ternal energy respective to p > 0:

e(p,p) = % (0" =07 =" p—0)); (2.3)
(iii) For any ((t,x) € CZ([0,00) x RY),

/N (p¢e + M - V() dxdt + / (p0¢)(0,x)dx = 0; (2.4)
R+ RN

(iv) For all (t,x) = (1, -+ ,¥n)(t,x) € (CZ([0,00) x RV )Y,

/RNH (M- D0 + M2 9w+ i) div ) dxdt

NZARNG
+ Mo(x) - 9(0,x)dx = 0, (2.5)
RN
where and whereafter we always use Rf“ =R, x RY = (0,00) x RN for

N > 2.
Our first main theorem of this paper is

Theorem 2.2 (Main Theorem I: Existence of Spherically Symmetric Solu-
tions of the Euler Equations). Consider the Cauchy problem of the Euler equa-
tions with large initial data of spherical symmetry of form . Let
(po, Mo)(x) satisfy with the positive far-field density p > 0. Then there
exists a global relative finite-energy solution (p, M)(t,x) of and
with spherical symmetry of form in the sense of Definition where
(p,m)(t,r) is determined by the corresponding Cauchy problem of system
with the initial data (po,mo)(r) given in (L5).

To establish Theorem [2.2] we first construct global weak solutions of the
Cauchy problem of the compressible Navier-Stokes equations with ap-
propriately adapted degenerate density-dependent viscosity terms and approx-
imate initial data:

(pa M)'t:O = (p(s)ng)(X) — (p07 MO)(X) as € — 0, (26)
constructed as in the appendix satisfying Lemmas and Lemma [A-3[i).
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For clarity, we adapt the viscosity terms with (u, A) = (p,0) in , as the
case for the shallow water (Saint Venant) models, and £ € (0,1] without loss
of generality throughout this paper. The arguments also work for a general
class of degenerate density-dependent viscosity terms; see Remark below
for more details.

Definition 2.3. A pair (p°, M) is said to be a weak solution of the Cauchy
problem (L.3) and (2.6) with (u, \) = (p,0) if the following conditions hold:
(i) p°(t,x) 2 0 a.e., and (M*, %Z)(t,x) = 0 a.e. on the vacuum states
{(t,x) : p°(t,x) = 0},
o€ L0, T5 L, (RY)), VVpF € (L0, T3 L2 (RY)))",
ME
N

(ii) For any ta = t1 = 0 and any ((t,x) € C3([0,00) x RY), the mass
equation (1.3}, holds in the sense:

[ rotxax— [ (rmxdx

RN

e (L=(0,T; L*RV )Y

- /tt 2 /RN (6°Ce + M? - VC) (1, %) dxdt;

(iii) For any ¢ = (1, - ,¥n) € (C3([0,00) x RN))N, the momentum
equations (1.3)), hold in the sense:

c ME o ME N
/Rf+l (M 'wt+\/p7'(\//?'v)¢+p(ﬂ)dlv¢> dxdt

+ /]RN MG (x) - ¥(0,%x) dx

1 , Mé 5
s/Rf“ (5M (A4 Vdive) + 7 - (TP V)u
+VpE - (\A//lpé V) dxdt.

Consider spherically symmetric solutions of form ([1.4). Then systems (|1.1)

and (|1.3) for such solutions become (|1.6) and (1.7)), respectively. A pair of
functions (n(p,m),q(p, m)) is called an entropy pair of the 1-D Euler system

(i.e., system (1.6) with N = 1) if they satisfy
31577(/)7 m) + 8rq(p? m) =0
for any smooth solution (p,m) of the 1-D Euler system; see Lax [36]. Further-
more, 7)(p, m) is called a weak entropy if
Np=0 =0 for any fixed u = Ly
p

From now on, we also use u = % and m alternatively when p > 0.

From [41], it is well-known that any weak entropy pair (7, ¢) can be repre-
sented by

n(p,m) = / X(p; s —u)(s)ds,
& (2.7)
a(p.m) = / (65 + (1 — B)u)x(p: s — u)ep(s) ds
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when p > 0, where the kernel is

x(p;s —u) = [p? — (s — u)?)%  for b= 72(37__71) >—1and 6 := VT_I

For instance, when 9 (s) = %52, the entropy pair consists of the mechanical
energy and the associated energy flux:

1m? 1m?3
Wpm) = 5o rel) d(pm) = 5wl (), (28)
where e(p) = ﬁp’y represents the internal energy. Since we expect that

(p,m)(t,r) — (p,0) with p > 0 as r — oo, we define the relative mechanical
energy
2

m
7" (p,m) = — +e(p, p 2.9
' (pym) = 5>+ elp,p) (2.9)
with e(p, p) defined by (2.3) satisfying (see [15]):
e(p,p) 2 Cop(p” = p°)? (2.10)

for some constant C, > 0.

Theorem 2.4 (Main Theorem II: Existence and Inviscid Limit for the Navier-S-
tokes Equations). Consider the compressible Navier-Stokes equations with
N > 2 and the spherically symmetric approximate initial data satisfying
that, as e — 0,

(P5,m5)(r) = (po,mo) (1) in Lise([0,00); 7~ 1dr), (2.11)

o0
E§ = oJN/ 7*(p5, mg) rN~tdr — E, (2.12)
0

ES = 52/0 |(v/p5),|* ¥ tdr — 0, (2.13)

and there exists a constant C > 0 independent of € € (0,1] such that
E§+ E; S C(Ey+1) (2.14)

for Ey defined in (2.2) and wy = 27T%F(%)_1 as the surface area of the unit
ball in RY. Then the following statements hold:

Part I. Existence for the Navier-Stokes Equations (|1.3)): For eache > 0,
there exists a global spherically symmetric weak solution

(b MO)(t%) = (°(t.7). " (1,7)7) = (o (1), p° (1, ) (1,7) )

of the Cauchy problem of (1.3) and (2.6)) in the sense of Deﬁnition where
us(t,r) = ?E((tt’:)) a.e. on {(t,r) : p°(t,r) # 0} and u(t,r) = 0 a.e. on
{(t,r) : p°(t,r) = 0}. Moreover, (p=,m®)(t,r) satisfies the following uniform

bounds: Fort > 0,

o0
/ 7 (p%,m®) (¢, r) rNoldr + 5/ p°(s,r)|us (s, 7")|2 rN=3drds
0 R2

+
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/ / “(t,r))"  drdt < C(d, D, T, Ey), (2.17)

/ / e(t,7)|uf(t,7)|> + (pE(t,r))%Le) rNoldrdt £ C(D,T, Ey)  (2.18)

for any fized T € (0,00) and any compact subset [d, D] € (0,00), where and
whereafter we denote R := {(t,r) : t € (0,00), r € (0,00)}, and C > 0 and
C(d,D,T,Ey) > 0 as two universal constants independent of €, but depending
n (y,N) and (d, D, T, Ey), respectively.
Let (n, q) be an entropy pair defined in for a smooth compact supported
function ¢ (s) on R. Then, for e € (0,1],

om(p®,m) + 0rq(p®, m%) is compact in Hy}(RY), (2.19)

where H, ! (R2) represents H=((0,T] x Q) for any T > 0 and bounded open
subset Q € (0,00).

Part II. Inviscid Limit to the Euler Equations : For the global weak
solutions (p®, M®) of the compressible Navier-Stokes equations established
in Part1, there exist a subsequence (still denoted) (p®, m®) and a vector function
(p,m) such that, as e — 0,

(p7m°) = (07 m)(t,r) in (Li, % Ly

loc loc

/ / ) — (%)(t,r)’z rNldrdt — 0 for any fized T, D € (0, 00),

)([0,00); 7~ tdr),

where p € [L,y + 1), ¢ € [1,225) and (p, M)(t,x) := (p(t,7),m(t,7)%)

is a global relative finite-energy solution of spherical symmetry of the Euler

equations (L) with initial data (L.5)) in the sense of Definition [2.1]

Remark 2.5. In Theorem - the approzimate initial data functwns (pg, ms)
satisfying conditions )—(2.13]) are constructed in Lemmas and
Lemma i) in the appendix. Then Theorem is a direct corollary of The-
orem 241

Remark 2.6. The main point of Theorem[2:4is to construct suitable Navier-
Stokes approximate solutions that converge strongly to a global relative finite-
energy solution of spherical symmetry of the Euler equations with initial
data (1.5)) in the sense of Definition under the relative finite-energy con-
dition only. We can follow the same arguments as in §3-86 to obtain
a rigorous proof of the inviscid limit from the Navier-Stokes to Euler equa-
tions with fived same initial data (po, mo) of appropriate regularity and decay
at infinity.

Remark 2.7. When both p and \ are constants, it is still an open problem for
the inviscid limit from to , since the BD entropy estimate is invalid
for this case so that the required uniform estimate for the derivative of the den-
sity has not obtained yet. On the other hand, our analysis in this paper applies
to a class of more general viscosity coefficients (u(p), A(p)). For instance, our
results hold for the class of (u(p), A(p)) that satisfy the BD relation (see [3,44]):

Ap) = pu' (p) — p(p) (2.20)
with some additional conditions; see also the approzimate system (3.1])—(3.4)).
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3. APPROXIMATE SOLUTIONS AND BASIC UNIFORM ESTIMATES

In this section, we first construct global approximate smooth solutions and
make their basic energy estimate and the BD entropy estimate, uniformly
bounded with respect to the approximation parameters.

The main difficulty is to obtain some uniform estimates directly for the
exact solutions of the Navier-Stokes equations with approximate initial
data , owing to the potential appearance of the vacuum and singularity of
their limits at both the origin, » = 0, and the far-field, » = oo, generically. On
the other hand, for our purpose, it suffices to obtain first uniform estimates for
appropriately designed approximate solutions of the Navier-Stokes equations
(1.3). To achieve these, we construct the approximate solutions as the solutions
of the following approximate Navier-Stokes system with positive density (i.e.,
p > 0 so that the velocity, u = %, is well-defined) in truncated domains:

{Pt + (pu)
(pu)e + (pu® +p),

Mtpu? = e ((n+ M) (ur + 1)), — e 2

(3.1)

where t > 0 and r € [§,b] with 6 € (0,1] and b > 1+ 6"}, and
up) =p+6p%,  Ap) =d(a—1)p" (3:2)
with a € (&=11). For concreteness, we take o= 212\[];1. It is easy to check

N
that (u(p), A(p )) in (3.2) satisfy relation (2-20).

We impose w1th the following approximate initial data:
(pu)(0,7) = (p5”",ug™")(r)  for r € [5,0], (3-3)
and the boundary condition:
u(t,0) = u(t,b) =0 fort >0, (3.4)
where ps’ ” and uj %t are smooth functions satisfying

0 < (B2)F < pg™ < (Be) ™ < o, (3.5)

for some small constant § (determined in Lemma [A.1]).

Such approximate initial data functions in (3.3]) have been constructed in
the appendix, which satisfy all the properties in Lemmas [2

For N = 2,3, the existence of global smooth solutions (p** ‘S b uE 5 ®) of (B.1)-
with 0 < p*%(¢,r) < co can be established as in Guo- J1u Xm [29]. In
fact, for any N = 2, a similar global existence result for smooth solutions of the
approximate system 7 can be obtained by using analogous arguments
as in §3 and §4.1 of [29]; see also [30, [34]. Since the upper and lower bounds
of p%% in [29] depend on parameters (g, d,b), the key point of this section is
to obtain some uniform estimates of (p=% u=%%) independent of (4, b) so that
both limits b — oo and § — 0+ can be taken to obtain the global weak solution
of and ; see §5.

Throughout this section, for simplicity, we always fix parameters ¢, € (0, 1]
and b > 1+ 071, use u®%" or m*%® alternatively since p=%° is positive, and
drop the superscripts of solution (p=%° u%?)(¢,7) and the approximate initial
data (pg &b 8’5’b), when no confusion arises. We keep the superscripts when
the 1n1t1a1 data functions are involved.
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Lemma 3.1 (Basic Energy Estimate). The smooth solution (

(3.4) satisfies that, for anyt >0,

/b(;pu +elp, p)) (t,r) N~ 1dr+€// pu? +Ng
+55// au? + 2(a — 1)(N — 1)

+(1+(N-1)(a—1))(N - 1)%}(8,7“) rN=1ldrds

pru) of B1)-

1
pu?) (s,r)rV " tdrds

r

b 1 ) N1 Ee,é,b
=/ (5p0ug + e(po, p) (r) ™~ Hdr =: =2 —, (3.6)
s WN

where Eg’é’b satisfies the properties stated in Lemma in the appendiz. In
particular, there exists a positive constant ¢y > 0 (depending only on N) such
that

2

/b(;PU +e(p.p))(t, )7 N= 1d7‘+€// puz +—)(s r)rV - ldrds

+cNga/ /

Es 4,b
< £ SC(Eo+1) foranyt>D0, (3.7
N

u2
)(s, r)r¥ " ldrds

for some constant C > 0 independent of (e,0,b), where we have used (A.37).

Proof. Multiplying (3.1), by rN~ly and performing integration by parts, we
have

d (b1
dt Js 2

b —
= —5/6 ((,u +A) (ur + Nr 1u) (rN 7w, — (N — I)M(TN_QU2)T)(17". (3.8)

b
pu2 rNldr + / Prth rNldr
5

For the second term on the left-hand side of (3.8)), it follows from (3.1)); and
integration by parts that

b b
/6PrurN_1dr:TK_Py1 : pu(p?™ ), rNdr
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For the viscous term, a direct calculation shows

(1 ) o+ L) @), (N = D),

= (P2 4+ (N — 1)V 32)
+)\(7’N W2+ 2(N — D)V 2uu, + (N — 1)27’N73u2)
= (5p°‘( N1y 4 2(a — 1)(N — 1)rVN 2,
+ (N = 1)1+ (a—1)(N - 1))TN—3u2)

+p(rN T + (N = 1)rN34?), (3.10)
For the first term on the right-hand side of (3.10]), we calculate its discriminant:
4(a —1)(N = 1) —4a(N = 1)(1 + (a — 1)(N — 1))

=4(N — 1)*( 71a)<0,
since o € (NT, ). Thus, there exists a positive constant ¢y > 0 such that
N -1 _ _
(4 X) (ur + f“) ("), — (N = Dp(r¥2u?),

2 2
= p(u? + %)TN_I + endp® (ul + %)'FN_l. (3.11)

Integrating over [0,t] and using , we obtain (3.6)-(3.7). O

For (y, A) determined by (3.2)), system (L.3) admits an additional a priori es-
timate for the density (via the BD entropy), as observed by Bresch-Desjardins
[2, 3] (see also Bresch-Desjardins—Gerard-Varet [6]) with the Dirichlet bound-
ary conditions in the 3-D case. For the spherically symmetric problem, we
have

Lemma 3.2 (BD Entropy Estimate). The smooth solution of (3.1)—(3.4) sat-

isfies

b
52/ ((1+5poc 1_,_52 2(a— 1))p7‘)(t 7’) N-— ldT

+5/ / (L+6p* 1" 2p2) (s,7) N drds < C(Ey + 1), (3.12)

where we have used

sup  sup  (ESO"+ EPOY) < C(Eo +1), (3.13)
0<e,051b>146-1

which follows from (A.38), with

b
B0 = 52/5 (1+ 20608 + 262022 | (Vo). | ¥V~ dr. (3.14)

Proof. It is more convenient to deal with (3.1) in the Lagrangian coordinates
for this proof. We divide the proof into four steps.
1. For simplicity, denote Ly := féb po(r)rN =1 dr. Note that

b b
4 p(t,r)rN"ldr = —/ (pur™=1),.(t,7) dr = 0.

Then

b b
/ p(t,r)rNldr = / po(r)rNtdr = L, for all ¢ > 0.
s s
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For r € [4,b] and ¢ € [0,T], we define the Lagrangian transformation:

e / p(t’y) yNildya T =1,
5

which translates domain [0, 7] x [4,b] into [0, T] x [0, Lp] and satisfies

92— prN=1 >0, 2 = _purN-1 0T =0, I =1,
d 1 d at at (3.15)
%:pTN_l >0, EZU, E:L %ZO
Applying the Lagrange transformation, system (3.1)) becomes
pr+ PQ(TN_IU):E =0,
(3.16)
Ur + 7Ny = erN T (p(n 4+ N (N ) ,) | — (N = 1)rN 2 g,
and the boundary condition (3.4]) becomes
u(r,0) = u(r,Ly) =0 for 7 > 0. (3.17)
2. Multiplying (3.16)); by 1/(p) and using (2.20)), we have
pr + pp+ N (N ), = 0. (3.18)
Substituting (3.18) into the viscous term of (3.16), leads to
ur + 1Ny = —erV ) — e(N = 1)V 2. (3.19)

Note from that g—: = u. Then the last term of is rewritten as
e(N = D)rV2up, = (N — D)rV 2rpe = (0N 1) s
which, with , yields
(w+erN 1), + 7V p, = 0. (3.20)

3. Multiplying (3.20) by u + er™~1u,, we have
1 d Ly Ly Ly
- (u—i—arN_lux)gdx—i—E/ p$umr2N_2dx+/ peurN"ldz = 0.
2dr J, 0 0
(3.21)

For the last term on the left-hand side of (3.21)), it follows from integration by
parts and (3.16), that

Ly, Ly Ly
/ peurt tdr = — / p(uerl)m dz = /{/ P 2p, dx
0 0 0

Ly Ly n
== / (P ), dr = i/ e(p.p) dz. (3.22)
0 dr Jo

y—1 P
Substituting (3.22)) into (3.21)) leads to
d Ly 1 = Ly,
. (§(u+5rN_1ua:)2+ e(/;p)) dx—i—s/ Patte 7N 72dz = 0. (3.23)
0 0

Integrating (3.23) over [0, 7] yields

Ly 1 = T Ly
/ <7(u+57ﬂN—1,ux)2+ M) dsc—i—s/ / Pattz 72N " 2dxds
0 2 P 0o Jo

Ly 1 —
- /O (§(u0 terdon)? + e(ﬁ;;)o,p)) da. (3.24)
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4. Plugging (3.24) back to the Eulerian coordinates, we have
b T b
1 r r -
/ (fp‘u—i—eﬂff—l-e(p,ﬁ)) TN_ldr—i—a/ p—,urrN Ldrds
a 2 P 0 a P

b
1 X
- / <§po\uo + 8@\2 + e(po,ﬁ)) rNldr,
a Po
which, with (3.7), leads to (3.12)). O

Lemma 3.3. For given d and D with [d, D] € [§,b], any smooth solution of

B-1)-(3.4) satisfies

T
/ / Pt r)drdt £ C(d, D, T, Ey), (3.25)
0o JK
where K is any compact subset of [d, D].

Proof. We divide the proof into five steps.

1. Let w(r) be a smooth compact support function with suppw C [d, D]
and w(r) =1 for r € K. Multiplying (3.1), by w(r), we have

-1

putw

N -1

(puw)y + (1 + pyw) + X
N —1

=e((p+N)(ur + uww) —e

-1

Up W

+ (pu2 +p—elp+ M) (u + N u))wy. (3.26)

Integrating (3.26) over [d, ) and multiplying the resultant equation by pw, we
have

(P*u® + pp)w?® = —pw(/d

T

"N-1
puw dy) — pw / pulw dy
t d Y

+pw/ (pu2+p—s(u+A)(uy+ N- 1u)>wydy
d

N-1 "N-1
+ep(p+ ) (ur + " u)w2 — 5pw/ ; upyw dy.
d

A direct calculation shows

T
ppw? = —(pw/ puw dy) — (puw/
d t d
N-—-1 " "N-1
— puw/ puw dy—pw/ puw dy
r d d Y

T +)\
+pw/ (qu—i—p—E'u
d

T

-
puw dy) + puw, / puw dy
T d

(yuy + (N — 1)u))wy dy

N-1. ,

"N-1
— epw ” upywdy +ep(p+ A) (ur + u)w
d

=Y 1. (3.28)

Jj=1

To estimate the right-hand side of (3.28]), we first note from (2.10|) and (3.7))
that

D
/ ' rN7ldr £ C(D, Ep). (3.29)
d
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Using (3.7) and (3.29)), we see

D C D D
[ o [ lar s [ 40N e s 0@ DB,

d d d
(3.30)

D C D Noi
/d pu*dr < IN= 1/(1 pu? rNldr < C(d, Ey). (3.31)
2. Now it follows from - ) that
< /d (‘(pw/dr puwdy) (T,r)‘ + ‘(pw /drpuwdy) (O,r)Ddr

é O(d7DaT7 EO)? (332)

T D T D T

/ / I drdt:/ / (puw/ puwdy) drdt =0, (3.33)
0 Jd 0o Jd d T
T D

/ / I3 drdt| =
0o Jd

Il drdt

(puwr/ pUW dy) drdt| £ C(d, D, T, Ey),
d

(3.34)
T D T
/ / Lidrdt| < pu | pudy)drdt| < C(d, D, T, E),
o Jd d
(3.35)
T D 1
/ / Is drdt| = pu wdy)drdt < C(d, D, T, Ey).
o Jd
(3.36)
3. We now estimate I. It follows from (3.7]) that
T D r
‘/ / (pw/ (pu2+p)wydy)drdt’ < C(d,D. T, Ey), (3.37)
0o Jd d
T D T
5 (e}
‘/ / Epw / M(yuy—k (N - 1)u)wy dy)drdt‘
Y
< C(d, D, Ey) / / (p+5p%) )nyldydt}
0
< C(d,D,T, Ey). (3.38)
Then it follows from ((3.37] ,m ) that
T D
]/ / Iy drdt| £ O(d, D, T, Ey). (3.39)
0o Jd
4. For I, it follows from (3.7]) and integration by parts that
"1
’/ — ULy W dy‘
§‘ (puw)( tr +’/ —fuw—&—uyw—i—uwy)(tydy‘

II/\

1
~((p -+ 0p) ) (¢, 7) + C(d) / (o2 + 6p°u2) PN dr + C(d, D, Ey),
d
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which implies

T D
0 d
T D T D
§C’(d,D,T,EO)(1+5/ / (p+§pa)u§rN*1drdt)+e/ / pPw? drdt
0 d 0 d

T D
<C(d,D,T,Ep) +¢ / / pPw? drdt, (3.40)
0 d

where we have used o < 1.

For Ig, it follows from (3.7)) and the Cauchy inequality that

T D
‘/ / Is drdt‘ <
0 d

+ed

T D
N -1
/ / P> (ur + u) w? drdt
0 Jd r
T D _
/ / plt (ur + N lu) w? drdt
0 Jd r
T D u2
C(d)/ / e(p+6p™) (ur + 72) rN=tdrdt
0o Jd
e [T D
+z / / (p® + p*T*)w? drdt
2Jo Ja

T D
<C(d,D,T,Ey) + 5/ / pw? drdt. (3.41)
0o Jd

A

To close the estimate, we still need to bound the last term on the right-hand
sides of (8:40)(B-41).

We first consider the case: v € (1,2]. Notice that

T D
6/ / pPw? drdt
0o Jd
T D
§€/ (/ p”dr) sup (pg_'wa) dt
0 d

reld,D]

[IA

T
C’(d,D,Eo)/ e sup (p*w?)dt
0 reld,D]

[
R T D
C(d, D, Ey) / / (ep* 77| pr|w? + ep®Ywlw,|) drdt, (3.42)
0o Jd

A
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where C’(d,D,EO) is a constant depending on (d, D, Ep). A direct calculation
shows that

T D T D
/ / ep* | pr|w? drdt < / / ep? 2 p2 drdt + — / / 3= drdt
0o Jd 0o Jd

<C(d,D,E +7// 3w? drdt,
=0 0) 20(d, D, Ep) Jo Ja ©

(3.43)
T D D
/ / ep* Tw|w,|drdt < Esup pw)(t r)(/ p2_7|wr|dr) de
0o Ja d

C(d,D EO)/ e sup(pw)(t,r)dt

r

A

D
§C(d,D,EO)/ / (lorlw + plw,|) drd

<CdDE0 // P22 + pz’Vw)drdt+1)

< C(d, D, Ey). (3.44)
Combining (3.42)—(3.44)), we have
T D
5/ / pPw?drdt £ C(d, D, Ey) for v € (1,2]. (3.45)
0 d

For the case: v € [2, 3], notice that

T D
€ / / pPw? drdt
0o Jd

T D
< 5/ sup (pQw)/ pwdr dt
0 d

re(d,D]
T D
< O(d, D,EO)/ / (eplpr|w + ep®|w,|) drdt
< C(d, D, Ep) / / 2p7 72| p[Pw + pP|w,| + p* T Tw) drdt
< C(d, D, Ey). (3.46)

For case v € [3,00), it is direct to see

T D T D
/ / pPw? drdt < C(d,D)/ / (L+rV=1p7) drdt < C(d, D, E).
0 d 0 d

(3.47)
Now substituting (3.45)—(3.47) into (3.40)—(3.41]), we obtain
T D
‘/ / (Fr + Is) drdt| < O(d, D, T, Ey). (3.48)
0 Jd

5. Integrating (3.28) over [0,T] x [d, D] and then using (3.32)—(3.36)), (3.39),
and (3.48]), we conclude (|3.25]). d
4. UNIFORM HIGHER INTEGRABILITY OF THE APPROXIMATE SOLUTIONS

To employ the compensated compactness framework in [I5], we further re-
quire the higher integrability of the approximate solutions.
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From now on, we denote

My:=Eo+p+p t+0 1+ 1+ sup ES’M < 00,

b>1+46-1
ce5ib (4.1)
My :=M;+ sup E;7" < oo,
b>146-1
where
8 b Hor 12N
Ey%5/m@y+pi|)w4m

5 Po (4.2)

b
. 1 _
Eové,b ;—/5 (*QPoug e(po’ﬁ))ﬁ(zv D+ g

for some ¥ € (0,1). From Lemma we note that ES*° and ES°° are
uniformly bounded with respect to b, while the upper bounds may depend on
(e,9), so that M; and Ms are finite for any fixed (g, ¢), independent of b > 0.

Proposition 4.1. Let [d, D] € [0,b]. Then the smooth solution of (3.1])—(3.4)
satisfies

9
2

T D
/ / (plul® + p ) (t,r) rN"'drdt £ C(d, D, T, Eo) + C(T, M2)b™ 2,
0o Ja
(4.3)
where ¥ € (0,1) given in (4.2).

To prove 7 we need to integrate the equations from the far-field, so that
the asymptotic behavior of (p — p)(¢,7) and u(t,r) near boundary r = b must
be known. Indeed, the key point for Proposition [£.] is that a decay rate of
(p — p)(t,r) and u(t,r) can be derived, and the positive constant C'(T, M) in
is independent of b so that this term vanishes when b — oco. In order to
prove Proposition 4.1} it requires the following six lemmas.

To obtain the asymptotic behavior of p(t,r) near boundary r = b, we first
need the lower and upper bounds of p(t,r), which are independent of b.

Lemma 4.2 (Upper Bound of the Density). There exists a constant C(M7) >0
such that the smooth solution of (3.1)—(3.4) satisfies

0 < p(t,r) < C(Mp) fort =20 andr € [4,0]. (4.4)
Proof. Notice that
{e(p, p)=lp—pP ifpe(§,20),
lp—pl"  if pe Ry\[§,27].
Denote
A(t) :={r : r€[8,b], p(t,r) = 2p} (4.5)
with A1(t) :={r : r € [1,b], r € A(t)} C A(t) and As(t) := A(t)\A1(t). Tt is
easy to see that
(pp) 2 C(p)"  forre Aft), (4.6)

which, along with (3.7)), yields
b
5z [z [ elpp)dr  Clp) o)
5 'O
Since E5" < C(Ey + 1), we have
|A(t)| = [AL(2)] + [A2(2)] = C(p, Eo). (4.7)
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Since p(t,r) is a continuous function on [4,b], then, for any r» € A(t), there
exists ro € A(t) such that p(t,r0) = 2p and |r — ro| < C(p, Ep), which implies

Volt,r) £ V/plt o) + /r o)l

2¢/p(t,y)
b 2
§ﬁ+c(ﬁ,Eo)(/6 Prar)
<\/7+ paEO)

6
§ C(p7€a 57 EO)

1
2

This completes the proof. Il
Lemma 4.3. The smooth solution of (3.1))—(3.4]) satisfies

bPQN FN-1
/6 pgN dr = C(T, M) for any t € [0,T]. (4.8)

Proof. We divide the proof into three steps.

1. We rewrite (3.20) as

(51"N_1

Um)‘r = —Ur — TN_lp;E (49)

in the Lagrangian coordinates. Integrating (4.9) over [0, 7] leads to

e(r" ) (1, w) = e(rV T g ) (0, 2) — (u(e, ) — uo(@)) — /OT(T"N_lpz)(Sam) ds.
(4.10)

Multiplying (.10) by (r¥~'u,)?V~! and integrating the resultant equation
yield

Lo N1 2N
- [ ) as
0
2N —1

b v 2N -
§</ Y1) ()| dx>

< A1), w0, (V) O)| e + Co ™ 0V | o om0y |
which leads to

/ B \(rN-lua(r)dex

< @) l(w(r), uo, O A L I A 2
(4.11)
Notice that |uac = [(Lp'=*+6)(p*)z] = 6|(p*)z] and (p7)z = Lp?=*(p*)s. It

follows from and - that

/0 b!(rN*(pa)m)(T)!”dx

< (12,0, )| (), o, ) 0) 2

+HrN a2 (om0 | (4.12)
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Plugging (4.12)) back to the Eulerian coordinates and noting o = 20721

SN We see
that, for ¢ € [0, 7],
b 2N
Pr N-—1
t)r dr
| Gx)o
b
<o@es B+ [ ()0
o
t rb 2N
14 N-—1
+// T drds}. 4.13
] (5R)e (4.13)

2. In order to close the above estimate, we need to bound féb puN N =1 dp,
Multiplying (3.1), by r¥"1u?V~1 and then integrating by parts, we have

1d (" oy nva b N-1 N
—— [ pu* T dr—/ p(r™ T, dr
2th/6 s

’ N-1 N N N N
= —g/ {(,u + ) (ur + Tu) (PN 12N, (N = Dp(rV 2? )T} dr.
)
(4.14)
By similar arguments as in (3.10)—(3.11)), we obtain
N -1
(1 + X)) (ur + Tu) (PN 12NN (N = D p(rV 22N,
2
> pu2N—2{(2N — uZ+ (N — 1)%}7”—1. (4.15)

For the pressure term, it follows from (4.4)) and the Holder inequality that

b
/ p(rN_1u2N_1)Tdr
§

b
/ p((?N — )N 2N "2y, (N — l)rN_2u2N_1) dr
s

I/\

_;/bpu”‘2(u + ) N- 1dr+C/ 2y-1,2N~-2 N-14,.
5

b b
g/ puzN_2(u + ) N= 1dr—|—C(M1)(1+/ pu2NrN_1dr). (4.16)
) 4

Substituting (4.15| into , we have

b b
i pu?N PNl < O (M) (1 +/ pu®N TN—ldr)’
s s

A

dt

which, with the Gronwall inequality, implies

b
/ pu N ldr S O(T, M) for t € [0,7): (4.17)
o

3. Now substituting (4.17) into - 4.13)) yields

/5<p’“ )()N1dr<CTM1 1+//

Applying the Gronwall inequality to ( , we conclude (4.8). O

With the above preparation, we have the following lower bound of the den-
sity.

N_ldrds). (4.18)
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There exists C(T, M) > 0 de-
4)) ;

22
Lemma 4.4 (Lower Bound of the Density).
pending only on (T, My) such that the smooth solution of . . satisfies
(4.19)

p(t,r) = C(T, M)~ >0 for (t,r) € 0,T] x [4,0].
Proof. Define
B(t) = 1{r: r €[5, 0 p(t,r) < 2} (4.20)
r € [1,b],r € B(t)} € B(t) and Ba(t) := B(t)\B1(t).
(4.21)

with By (t) := {r
Similar to (4.6)—(4.7)), we have
IB(1)| < C(p, Eo).
Since p(t,r) is a continuous function on [, b], then, for any r € B(t), there
= ] Thus, for

exists ro € B(t) such that p(t,ro) = § and |r — ro| < C(p, Eo)

B >0,

/ _1|p7-|dy‘
T0
2N —1

T ([ )
B(t)

p2N

p(t,mo) ™+

p(t,r) P <

<o +5( [
< C(p) + BC(T, M) mgf)p(t )77,

where has been used in the last inequality. Then we have
max p(t, 7)™ < C(p) + BC(T, M) mgf() p(t,r)=#
reB(t

%, we obtain

reB(t)
Taking 8 > 0 small enough such that SC(T, M;) <
D).

t.r)y B <C
Tglggg)p( , 1) 7 =C(p)

Therefore, we conclude
5 =C(T, M;)™* for all r € B(t),
O

plt,r) 2 C(p)

which leads to (4.19).
Remark 4.5. Since M, is independent of b, the key point of Lemmas[£.2] and

[4:4) is that the lower and upper bounds of the density are independent of b
With the above lower and upper bounds of the density, even though they
depend on (e, d), we can have the following weighted estimate:
) be some positive constant. Then the smooth solu-

Lemma 4.6. Let ¥ € (0,
tion of (3.1)—(3.4) satisfies
b
/ (2pu +e(p, p)) PPN D 5/ / (p+ adp 2AN=D+qpds
5 0o Js
(4.22)

g C(T, MQ)

Proof. The proof consists of five steps
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1. Let L € [0, N]. Multiplying (3.1), by ¥ ~1*Lu and then integrating by
parts yield

d (b1 b
N §PU2 pN =Ly 4 / prurN Ty
s 5

L b
= —/ pud rN 2Ly
2 Js

b
N-1 N-—-1+4+1L
—8/ (n+ A (ur + u) (u, + %u) NIl gy
6
b
N-—-2+4+1L
+e(N — 1)/ (2, + ;u) rN=2 Ly, (4.23)
o

2. Tt follows from integration by parts, (4.4]), and (4.19)) that

b
/prurN_lJrLd?“
5
_4d b( 2) N -1+1q ’WL/b (7L — 1) N2+
T f; T e o AVALC P r

b 4 b
2—C(T,M1)/ (pu2+e(p,,5)) TN—2+LdT+&/ e(p, p) rN "1 Ldr.

d 5

(4.24)

Using the Sobolev inequality:

u() |1 < Cllul)] 2 ur ()] 2 (4.25)

we have

L

b
/ pu3 pN=2tL gy
21/s

1 1 b
< Clluluwl f. [ pu? r¥>+2ar
5
b b 4

gC(T,Ml){/ puZrN " + (/ pu2rN_2+Ldr) }, (4.26)

5 5

where we have used (4.4)), (4.19), and
b 3
Julls < c ) ([ gt ¥ tar)” < o)
5

3. For the viscous term, a direct calculation shows

-1

w) (uy + WU)TN—IJJJ
N=2+L ) n2e
T

= (n+ ) (ur + N
+ (N = 1)pu(2u, +

(p+ adp®)u2rN =1L L (T, My)rN 73 pu®, (4.27)
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4. Substituting (4.24) and - into (4.23)) yields
iblg \\ N—1+L e [ 2 N-1+L
(5pu* +elp,p))r dr+ 5 (p+a5p Ju; dr
dt J; ‘2 2
4
3

b b
= o, Ml){/ (pu® +e(p, p)) PN 73 Edr + (/ pulrN 2L dr)
5

)

b
+/ pu N = 1dr} (4.28)
4

5. Taking L = 1 in (4.28)), integrating the resultant inequality over [0, ],
and using (3.7)) yield

b
/(1pu +e(p, p) Nerr // (p+ adp®)u rNdrds
5

b
1
< / (2p0u0 + e(po, )) rNdr 4+ C(T, My)
5
< C(T, Ms) for all t € [0, T].
Then, taking L =2,3,--- , N — 1, in (4.28) step by step, we have

b t b
1
/ (5pu® +elp. p) r*N " 2dr + % / / (p+ adp®)yu; N~ 2drds
5 0 Jé

b
1
< / (5,00“(2) + e(po, p)) r?N72dr 4+ O(T, Ma)
5
< C(T, Ma) for all ¢t € [0,T. (4.29)

Finally, taking L = N — 1 4+ ¢ with ¥ € (0,1) in (4.28)) and integrating it over
[0,t], then it follows from (4.29) that

b t b
1
/ (ipu2+e(p,ﬁ))r2N*2+’9dr+s//(p+a5pa)uﬁr2N*2+ﬂdrds
5 0o Js

b
1
< / (iﬂoug + e(po, p)) r*N 2 dr + O(T, Ma)
5
< C(T, Ms) for all ¢t € [0,T).

This completes the proof. (I

Lemma 4.7 (Decay Estimates). Any smooth solution of (3.1)—(3.4]) satisfies
that, for all r € [1,b],

l(p—p)(t,7)| < O(T, My)r—1N-D~7% (430)
! 9
/ (lu(t, )| + [u(t,r)*) dt < C(T, Ma)r=N*1=%  for any T > 0. (4.31)
0
Proof. It follows from , [@4), (#19), and ([@.22) that, for all t € [0, 7],
b
/ (1o = p)(t )2+ L, ) P)r =17 4 [pp () 2) 2

/ / |y (t, )2 r2N =D drdt < C(T, My). (4.32)
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For any r € [n,n + 1] N [1,b] with n + 1 < [b], it follows from (4.32) and the
Sobolev inequality that

o-penP<2( [

n

n+1

o= penfar) ([ o opar)’
n+1 "
[ o= pnkar

n+1
< Cn-iv-1-3 (/

n

n+1 %
X (/ |pr(t,7")|2 erldr)

n+1
e B

1
(o= )t PN )

9
2 .

< C(T, M)~
Similarly, for r € [n,n+1]N[1,b] with n+ 1 < [b], it follows from (4.25) and
[33) that
n+1

\u(tﬂn)‘Z < C,er(Nfl)*ﬂ/ |U(t,7”)|2 P2(N=1)+9 4.

n+1
+ CT72(N71)719 (/ |u(t, 7,)|2 7,2(N1)+19d7,> :

n+1 %
) (/ lur<t,r>|2r2‘N‘””dr>
n

n+1 1
< o@D ([T e e oan) ),
n

which yields

Ju(t, r)] + |u(t, )’
n+1

< (T, My)r—N+1-% < /

Integrating (4.33) over [0, T], we obtain

|y (t,7) |2 P2V =D+ 4 1> . (4.33)

/0 (Ju(t, m)| + |ut,r)*) dt < C(T, Mg)r_N'H_g for any r € [1, [b]].

Finally, we consider the case that r € [b—1,b]. Then, by the same arguments
as above, we see that, for r € [b— 1, ],

I(p—p)(r)| £ C(T, Ma)b~ 3(N-D=3
T
| e+ ute.r))de < € by,
0

Combining all the above estimates, we prove (4.30)—(4.31]). This completes the
proof. O

Choosing (s) = 1ss| in (2.7) leads to the corresponding entropy pair as

1t
n* (p,m) = §p/ (u+ p’s)|u+ p’s|[1 — 32]3_ ds,
-1 (4.34)

1 1
0 (pm) = 30 [ (s 8"5)at ps)fu+ o] (1= 573 d,
-1
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where b = %, 0= %_1, and m = pu as indicated earlier. Then a direct

calculation shows
n*(p,m)| < Cy (plul® +07),  ¢%(p,m) > CT* (plul® + p7*7),  (4.35)

where and whereafter Cy > 0 is a universal constant depending only on v > 1.
Moreover, notice that

1
1 1
dpn* = /1 (= gut O+ s)lu+p"s|[1 -5 ds,

R (4.36)
O™ = / lu+ p%s| [1 — 5] ds.
-1
Then
| < Co(lul + %), 1 < O (fuf® + p*°),
1 (4.37)
n#(p,0) =0, nf(p,0) = 2p9/ s[1 - s”]%ds.
0
Now we define the relative entropy pair as
ﬁ(pv m) = U#(Pa m) - 77#(157 O) - nfz(ﬁv O)m,
2 (4.38)

~ _ _ m _
d(p,m) = ¢"(p,m) — g™ (. 0) — 0 (7. 0)(=- +(p) = p(p)-
With these, we have the following useful lemma.

Lemma 4.8. The relative entropy pair (7],q) satisfies
2

_ m? 8 _m _
mdgii(p.m) + == Omi(p,m) = d(p,m) = C(p) (7 +e(p,p), (439
where C(p) > 0 is a positive constant depending only on (v, p).

Proof. The estimate for (4.39) is very subtle, which will be used to overcome
the singularity from the far-field in the M-D case, different from the 1-D case.
The proof is divided into three steps.

1. Claim: (n*,q") satisfies

2
m
mo,n* (p,m) + 7%77#(/), m) — q% (p,m)

< min {0, —q"(p,0) + C’Vpg_lmQ}, (4.40)

1
where ¢#(p,0) = 6p*"*! / s°[1 — 5?5 ds.

0
A direct calculation shows that
# m? # #
moyn™ (p,m) + P Omn™ (p,m) — ¢ (p,m)

0

1
= §p1+0 / (u—ps)slu+ p’s|[1 — s?]% ds. (4.41)
—1

Now we divide the proof into three cases:
Case 1. w = 0 and |u| = p?. For this case, u + p’s = 0 for s € [~1,1]. Then

2
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On the other hand, we have
L # #
mo,n” + 75mn —q7 =0=—=¢"(p,0) +¢"(p,0)

1
= —q7(p,0) + 9/ s°[1 — 5?5 dsp' T30
0
< —q*(p,0) + C,p""tm?, (4.43)
where we have used that p? < |u| in the last inequality.

Case 2. v > 0 and |u| < p?. For this case, sg := — 5 € (—1,0], which implies
that u? — s2p?? <0 for s > |sg|. Then

2 1
ma,n® + %amﬁ# —q* = 9p1+9/ (u? — s%p?)s[1 — 525 ds S 0. (4.44)
\

S()l

On the other hand, we have
m2
m(?pn# + 78m77# — q#

1
_ 0p1+0/ (u2 . s2p29)s[1 . 52]3_ ds
|

So‘

1 1
= 9p1+9u2/ s[1—s%% ds — 0p1+39/ s°[1—s%5 ds
[sol 0

[sol
+ Optt30 / s°[1 — s ds
0

—q%(p,0) + C,p" " 0u? + C p' 50
—q%(p,0) + Cyp"~'m?. (4.45)

A IIA

Case 3. u < 0. Similar to (4.42)—(4.45)), we also obtain (4.40).
Combining Cases 1-3, we conclude the claim for (4.40)).

2. Claim: (n#,q") satisfies
174 (7, 0)((p) = p(0)) — a* (p,0) + ¢* (5, 0)

= 20" / s[1— %% ds (p(p) — p(2) — ' (P)(p — 7))

g [ sl I ds (Y - (30— ). (446)
14 (2,0) (p(p) — p(p)) + a*(p,0)
1 3
_ /0 s[1— 578 ds (2,5%@) - v(?fil)pv+9). (4.47)

A direct calculation shows that

1
/ s*[1— %5 ds = %B(2,1+b) = B(1,1+b)
0

2(2+b)
1 1

=376, s[1 — 5?5 ds, (4.48)
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where we have used the properties of the beta function B(:,-). Using (4.48| -,
we have
14 (7,0) (p(p) — p(p)) — ¢ (p,0) + 4% (p, 0)
1
=2 [ sl= 21 ds(0l0) = 5(0) — 5 ()0~ )

¢ ! 216 1430 1436 2(2+b) 5 _
~ g [ sl IR As(p = P e TR (- ). (4.49)

Combining 2+b = L and 7&2(2“’) 14360 with (4.49)), we conclude (4.46).

For (4.47)), we note that

which implies (4.47).
3. Noting (2.10) and (4.5)), we have

e(p, ) Lagy(r) = Cyp(p? — %)% Lary ()

1
Hp(1— @)2029 Ty (r)

Z Cyp(p) Lag (r). (4.50)

If r € A(t), then it follows from and (£.47) that

m2
(mapﬁ(pv m) + Tamﬁ(pv m) - (j(pﬂ m))IA(t) (7”)
m2
= {(mapn#(p, m) + *amn#(py m) — q%(p,m))

+(5,0) - (bp) — p(7)) + a7 (5,0) } Lo (1)

3
/ [1—s? ds (2/) p(p) — (;};gl)p7+9)f,4(t)(r>
C
C

A

[IA

v (P)p(P) L ace)(r)
v (P)e(p, p) L (1), (4.51)

A

where (4.50) has been used in the last inequality.
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On the other hand, for r € A°(t) = [0,b] \ A(t), it follows from (4.40)) and
[AG) that

(md,ii(p,m) + %(’%ﬁ(foa m) = q(p,m)) Lae(s) ()

= { mdn® (p.m) + =0 (pm) — a* (o, m)
+ 5(5,0) () = P(P)) + 4 (5,0) } Lac(0) (1)
< {a#(7.0) + 1:(5.0) (66) = p(5)) = 47 (9, 0) ac(ay (1) + Co "~ P Lac gy ()

=2p° /o s[1 — 5715 ds (p(p) — p(p) — P (D) (p — P)) Lac(ey(7)

462 ! _ _ _
" 31 /0 s[1— %% ds (p'* = '+ — (1430)p™ (p — p)) Lac (1) ()

+ C,ype_lmglAc(t) (’I“)

<25’ /O s[1 — 5% ds (p(p) — p(p) — P'(P)(p — P)) Lac(r) (r)
+ Cyp’ ' mP Lye (1)

< Cy (7 m? + e(p, p)) Lac(r ()
< 07@)(”‘7 + e(p, 7)) Lae(ry (1), (4.52)

where we have used (2.3) and p?(t,r) < (2p)? for r € A°(t). Combining ([4.51))
with (4.52)), we conclude (4.39)). O

Now we are in the position to prove the key estimate, Proposition
Proof of Proposition We divide the proof into six steps.

1. For 7j(p,m) defined in ([@.38)), we multiply (3.1, by V~18,7(p, m) and
B-1), by r¥=18,,7(p,m) to obtain

2
PN+ (V@) + (N = N2 (= G+ md,i + %@nﬁ)

N -1

r

= ¥ 10, (0 + g+ L), (0+ 0%} (453)

Let y € [b—1,b] and r € [d, D]. Integrating (4.53)) over [r,y] leads to
qt,r)yr =
d v

=5 [ t2) 2 et gty

y m2
+ (N — 1)/ (= G+md,i+ 78m17) (t,z) 2N 2dz

N -1 N -1
W), = =——(p+3p").u} 2N dx

(4.54)

_ g/Ty Ot { ((p + adp™)(uz +
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Integrating (4.54)) over [0,T] x [b — 1,b] x [d, D], we have

T D
// Gt r)rN"tdrdt
0o Jd
T b D py m2
:(N—l)/ / / / (md,n + 78mf]—q~)(t,z)zN72dzdrdydt
b—1
/ / / (T, z) —7(0, 2)) 2N =1dzdrdy
b—1
+(D—d)/ / q(t,y)y™ ~dydt
0o Jo—1
T pb D ry ~ N -1
[ i {(e asetyue + X,
o Jo—1Ja Jr Z

_N-
(p +0p%), } 2N ldzdrdydt

I
M-

Jj. (4.55)

Jj=1
2. For Jp in (4.59)), it follows from ([3.7) and Lemmathat
J1 S0 ( / / pu® +e(p, p))(t, 2) 2N ~1dzdt

S Cy(p ) 7 (Eo+1) (4.56)

3. For Jy in ([4.55), we first note that |Opmn™ (p, m)| < %fol[l — s%]% ds.

This, combining (4.36) and (4.37) with the Taylor expansion of n#(p,m) at
m = 0, yields

1
0 (p,m) = 2/ s[1— 2% ds pPm + Ry (p,m) (4.57)
0
with
2
m
Ralp.m)| < € (458)

Then it follows from (2.10), (4.37)—(4.38), and (4.57)—(4.58)) that

1 2
Ii(p, m)| < 2/0 s[1 — %)% ds |m(p® — p°)| + |R1(p,m)| £ C (7 +e(p.p)),

which, along with , implies

N-1
|J2| = /b 1/ / 71(0,2)) 2N "'dzdrdy| £ C,D(Eg 4+ 1). (4.59)

4. For the third term J3 in (4.55), we need to use the decay properties
obtained in Lemma A direct calculation shows that

3
m
4™ (p,m) — 4% (p,0)] = C’y(|p2| +p*|ml),



GLOBAL SOLUTIONS TO THE COMPRESSIBLE EULER EQUATIONS 31

which, with (4.46), yields

5 402 [t - _ _
ilpm) = o [ sl = P s (7 1 — (14:30)% (0~ )

— 27’ /0 s[1—s°1% ds (pu® + p(p) — p(p) — P'(P)(p — p))
+ (¢%(p, pu) — ¢*(p,0))

< C(T, M) (lp— pI* + |ul® + |ul), (4.60)

where we have used the Taylor expansion, (4.4)), and (4.19)) in the last inequality.
Now it follows from (4.60) and Lemma that

b T
T3] < C(T, My)D / / (Io = 1% + [uf* + ul) (t, y) v™ ~Ldydt
—1J0

< O(T, My)b™ 2. (4.61)

5. For Jy in (4.55)), we regard 7,,,(p, pu) as a function of (p,u) to obtain

0mii(p, pu)| < C5 (Jul + [p° = 5°)), (462)
0muii(ps pu)| < Cyy |Ompii(p, pu)| < Cyp? 7,

which, with integration by parts, leads to

|J4|§e/OT/b:/dD
T (o= 1)3(p").

o A A N (T e N TN R

+ 5pa‘(zN_18mﬁ)zg|) dzdrdydt
T D
v [0 (16 o+ 8o .0
0o Jd
+ 4| (rN 2 p*udpi) (t, 1) D drdt

T b
ez [ [ (|6 ok 000 ()

+ 6] (v 2 udm) (. y) !) dydt. (4.63)

N-1

),

[ 0mi {0+ abpyus). + o+ a0
N -1

u} dz| dydrdt

In order to estimate the terms on the right-hand side of (4.63)), we notice
that

e(p.p) I (r) = C(p) ", (4.64)
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where B(t) is defined in (4.20). Then combining (4.64) with (2.10), (3.7), and
(4.21) implies that

b
|0 =) e
b
< C(p) /d Ity (r) (p(6® = 7)) (8, 7) r¥
b
4 /d T () (0 (0° — 7°)%) (t, ) r¥ —1dr

b b
< C0) [ elp.plt.r) " 4ar 4 Co) [ Ty ) ar
b

b
<) [ elpp)(t.r) ¥+ C) [ T () el )
= Clp EO)' (4.65)

Combining (4.62]) and ( with ( ., -7 and the Cauchy inequality, we

conclude that the ﬁrst term on the right-hand side of ( are bounded by

T b D Yy
) / / / / {e22(p+ 3p") (2 + 0 02) + edp?
0 b—1Jd r

+p%(p" = %) + 22 (pu + e(p, ﬁ))} N3 dzdrdydt
§ C(ﬁa daDaT7 EO) (466)
Using (3.7), (3.12)), (4.65)), and the Cauchy inequality, we can bound the second
term on the right-hand side of ( - by

Dd/ / (p + 6p°)u? + edp® ——l—(pu +e(p,p))

+p(p" = p )2} Nl drdt
< C(p,d, D, T, Ey). (4.67)

Using (3.7), (3.12), (4.4), (4.19), (4.65]), the Cauchy inequality, and Lemma

the last term on the right-hand side of (4.63)) can be bounded by

cp [Tt . _
= / / (0 + 80y + (pu® + e(p. ) ) y™ " dyat
0 b—1

T b
vei ) [ [ Py g
0 b—1

< C(p,d, D, T, Ey) + C(T, Ma)b™ 2. (4.68)
6. Substituting (4.56)), (4.59), (4.61)), and (4.63)-(4.68), we have
/ / q(t,r)drdt < C(p,d, D, T, Eo) + C(T, My)b™ 2 (4.69)

Then ) follows from 7 (4.35), and (4.69)). This completes the proof. O

Employing Proposition we can obtain the following higher integrability
estimate up to the origin.

Lemma 4.9. The smooth solution of (3.1))—(3.4]) satisfies

T 1
/ / (plul® + p7 ) (¢, 7) rN"tdrdt < C(T, Eo) + C(T, Ma) b=z, (4.70)
o Js
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Proof. Let w(r) be a smooth non- negatlve cut-off function Wlth suppw C [0,2]
and w(r) = 1 for r € [0,1]. Multiplying (3.1); by wd,n* (p, m)r¥~! and .2
by wd,n™ (p, m)r¥ 1, we have
(wir¥ e + (wgr¥ ), — weg e

2
m
+ (N = Dw(— ¢ +mon" + —8mn#)rN_2

N-1 N -1
= cwd® { (0+ adp") (ur + =), = == (o + 5p")rufr¥
(4.71)
Integrating (4.71) over | with » £ 2, and then integrating the resultant

equation over [0,T] x [4, 2] and using (4.40), we have

[ [t
J} Frowanrese [ [-umnnias
n / / / wy(y)a* (t,y) v~ Ldydrat
—5/ // ((p+ adp™)u ) yNldydrdt
—(N-1) /// p+oz(5p)(Z) yNLdydrdt
— (N = 1)(a—1)es / /5 / W) (5°), %y

5
=>1I, (4.72)
For I, it follows from (4.35)) and Lemma that

2 2
L £ 0/5 (plul® + p7) (T, y) yN‘lder/cs (poluol® + p3) (y) y™ ~'dy
2
1 ) _
<C [+ ol + o) k) sy

2
1 _
+c/6 (1+ Zpoluol* +e(po, ) () y™ " dy

< C(Bo+1). (4.73)
For I, we use Proposition with d =1 and D = 2 to obtain

9

T 2
RC [ [ qtenyY e S O@ By O@ MY @y
0 1
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For I3, we integrate by parts to obtain
T 2 2
Is = (N — 1)6/ / / (p + adp®)uy By w(y) y™ ~2dydrdt
0 5 r
T 2 42
+e / / / (p + 0p™)uy O wy (y) y™ ~dydrdt
0 6 Jr
T 2 2
+ 6/ / / (p + adp®)uy (Dmn™ )yw(y) y™ ~*dydrdt
0 6 Jr

T 2
+E/ / (p + adp™)uy O™ w(r) rN ~tdrdt
o Js

4
j=1

We regard 07 (p, pu) as a function of (p,u) to see that
|8mu’7#(pa pu)| + pl_e\ampn#(p,puﬂ =0,
which, with (4.37) and Lemmas leads to

4 T r2
> Iy < C/O /5 e(p+0p) (Juyl* + p72p%) y™ ~'dydt
=2

T 2
+/ / (e(p+ 6p™)ul® + (p7 + p*T7 1)) yN dydt
0 )

< C(T, Ey). (4.76)

To estimate I3, we have to be more careful, since the weight is ¥V =2 that may
not be enough. Fortunately, we can gain a weight y by changing the order of
integration:

T 2
Iy = (N — 1) / / (p + abp™)uy B w(y) (y — )y dyds
0 )

T 2
<Ce [ [ o+as)uyl(ul + ")y et
0

< C(T, Ey). (4.77)
Combining (4.75)—(4.76) with (4.77) yields
I; < C(T, Ey). (4.78)

For 14, using (4.37) and changing the order of integration as in (4.77)), we
have

T 2 2
nsce [ [0 [l o0+ s (fuyl + )y ayarar
0 T
T |U‘2 1 N-1
<o, EO)+C/ / (S0 + 807 g+ (7 97477 1)) ™y
0 4
< O(T, Bo). (4.79)

Finally, for Is, we first integrate by parts and then change the order of
integration as in (4.77) to obtain

A

T 2 2
. u _ _
Is < C(T,Eo)JrCE(S/ / P (Juy[* + p7 Slpy|2+y7+p” D)y dydt
0 1

< (T, Ey). (4.80)
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Substituting (4.73)—(4.74) and (4.78)—(4.80) into (4.72), and using (4.35),
i 0

we conclude (4.

We now prove a lemma which is needed when we take the limit: b — co.
Lemma 4.10. The smooth solution of (3.1))—(3.4]) satisfies that, for any t €
[0,T7],

T
lur (8)]172 +/O (lue®NZ2 + lunr (ON72) At < C(T, fluor||z2, Ma).  (4.81)

Proof. It follows from (3.1]); that
—e((u+Nuy), + puy = (4.82)

where H := —puu, —p,. +e(p+ )\)( —1 ) —i—sN 1u)\ Multiplying (4.82)) by
uy and integrating it over [4,b], we have

cd [P b " b
f—/ (,u—l—/\)|ur\2dr—|—/ pufdrzf/ (u—|—/\)t|ur|2dt+/ Huy dr.
(4.83)
Using (3.7), (3.12), (4.4), (4.19), and the Sobolev inequality:
1 1
lurllLee < C(llurllze + llurllZe lurl72)
we obtain
I
S [t il ar
2 Js
b
< C(T. M) [ (Ipral + |+ ul) e
1 1 5
< CO(T, Mz){HUHizHPer (lur 72wl 22 + [lurl72)
1 5 1 1
+ 2 el ze + llurllze (heellze + ||Ur||iz||urr||ia)}
5 1
< O(T, M) { (llurlz + el F2) larr 72 + lur 32 + 1} (4.84)
b
|/ Hutdr|
1
< 8/ p|ut|2dr—|—0/ p | H?dr
2 2 2 I 2
< O M) (ol + Dlors ) s + e} + 3 [ phufar
1 b
< 5 [ ohuar + O AG) (Jurl: +1) (4.85)
5

To close the above estimate, we combine (4.82) with (3.7)), (3.12), (4.4)), and
(4.19) to obtain

e 13 < O Ma) I/BlZa + sl e e 12 + 1 )
< (T M) Ipuals + el furell o + g3 + 1
< (T, M) I/pul3e + llur = + 1} (4.86)
Combining 7, we obtain

d b b b
G [ Pars [Codar < o@an) {1+ fulis [ o i ar},
o )
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Applying the Gronwall inequality, we have

b t b
/ (1 + N ? d7“+/ / pu? drds < C(T, ||ug,|| L2, Ma),
1 0 Jé
which, with (4.86)), implies (4.81)). O

5. LIMITS OF THE APPROXIMATE SOLUTIONS FOR THE NAVIER-STOKES
EQUATIONS

In this section, we first take the limit, b — oo, to obtain global strong
solutions (p=?,u%?) of the Navier-Stokes equations with some uniform bounds
with respect to (£,0). Then we take the limit, § — 0+, to obtain global,
spherically symmetric weak solutions of the Navier-Stokes equations with
some desired uniform bounds with respect to £ > 0 on [0,T] x [0, c0), which

are essential for us to employ the compensated compactness framework in §6.

5.1. Passage the limit: b — oo. In this subsection7 we fix parameters
(g,6) and denote the solution of 1 3.1)-(3.4) as (p=%b,u=2?). It follows from
(IA.31])—( and Lemmas in the appendlx that there exist sequences
of smooth approximate initial data functions (p5%%, u5*?) and (p5°, u5®) sat-

isfying (3.5) and the properties:

(65" mis)(r) = (o5, )(r) in Lo ([5,00)5rYdr) as b= oo,

(B BT — (E5°, ES) as b — 00,
ESOP 4 BSOP o jug®?| 12 is uniform bounded in b,
(5.1)
where
E8’6 . > * e,6y\ N—1
0= 77(p0 ,my )T dr < oo, (5.2)

2 N_
rN=ldr < 0.

(5.3)

From (3.7)), (3.12)), (4.4), , and (4.81]), there exists a positive constant

C > 0 that may depend on (e,d,T), but is independent of b, so that

Ny

ES :52/6 (14 2a8(p5°)* 1 + a?8%(p5°)**=2) | (V 05°)

0< G <o) £ 6, (5.4)
o (6= = B o) s sy + 105 gy ) (O
T
+/0 s g (0 < €. (5.5)

We extend p=%°(t, 1) and u2°(t,r) to [0, T] x [6, 00) by defining p=%t(t,r) = p
and uS%(t,r) = 0 for all r € [0,7] x (b,00). Then it follows from (5.5) and
the Aubin-Lions lemma that

(pe,é,b us,é,b)
b

More precisely, we have

is compact in C([0,T]; L}, _[§,00)) with p € [1,00).

loc [

Lemma 5.1. There exist functions (p=°,us%)(t,r) so that, as b — co (up to
a subsequence),

(P52 uOt) — (p=°,u0)  strongly in C([0,T]; LY, _[5,00)) for all p € [1,00).

loc [
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In particular, as b — 0o (up to a subsequence),

S00) 5 (50 uf?) a.e. (t,r)€[0,T] x [0, 00).

Using Lemma it can immediately be proved that (p=°, u%?%) is a weak
solution of the initial-boundary value problem (IBVP) of the Navier-Stokes

equations (3.1)):

(pw)(0,7) = (95", ug®)(r)  for 7 € [6,00), 5.0
=g =0 for t = 0. '
Moreover, it follows from (5.4)—(5.5) and the lower semicontinuity that
0<C < p™(t,r) < C, (5.7)
su ( e,6 D, us,& 2 ) + €,012 ) ¢
te[O,pT] H(p P )HH ([6,00)) Hpt HLZ([é,oo)) ( )
T 5 5\ 12 A
+/O [ u5s)| 2 5,00y (B dE = C- (5.8)

These facts yield that the weak solution (p?,us?) of (5.6) is indeed a strong
solution. The uniqueness of this strong solution (p%°,u%?) is ensured by prop-

erties (5.7)—(5.8), the corresponding version of Lemmas 3.1-3.2 (i.e., (5.10)—
(5.11)) below), and the basic L?-energy estimate as in §3. This implies that the

whole sequence (p=%, us%?) converges to (p*°,u®%) as b — oo.
Then it is direct to know that (p=° M=%)(t,x) = (p=°(t,r), m=°(t,r) %)

with p9(t,x) > 0is a strong solution of the initial-boundary problem of system

(1.3) with (h, g) determined by (3.2)) for (¢,x) € [0,00) x (RV\B;s(0)) with the
following initial-boundary data:

{(,06’67 ./\/1575)(07 X) = (p8’6 (), m(€)76 (r) §)’ (5.9)

M=° (tv X) |x€835(0) = 0.

From Lemma £} 7). §12). 2. @3 @@, (@), ED. Fatou's

lemma, and the lower semicontinuity, we have

Proposition 5.2. Under assumption (5.1), for any fized (e,9), there exists a
unique strong solution (p=°,us°) of IBVP (5.6). Moreover, (p*°,us?) satisfies



38 G.-Q. CHEN AND Y. WANG
.7) and, fort e (0,T],
> /1
/ (5071 (0™, ) (1) P e
)

T [e's) |ua,6|2
+€/ / p575|uf,’5|2—&-p8"572 )(sm)rN_ldrds
r
£,0|2 | 8’5|2 N-1
—|—ch5 *(Jus)® + — ) ) (s,r)rN ~tdrds
r

< ES° < C(Ey + 1) (5.10)

e 2 o o _
e A e e R e e O X Pt

“/ / )3), |+ 80y e s

2) (s,7) rN"tdrds

< C(Ey+ 1), (5.11)
T D
[ ] wrortiemn < c@.n.1.By) (5.12)
T D
[ 6o v ey ) en e i s €. 1By (53)
0 )

for any fizred T > 0 and any compact subset [d, D] of (J,00), where ¢y > 0 is
some constant depending only on N determined in Lemma (3.1}

5.2. Passage the limit: § — 0+. In this subsection, for fixed ¢ > 0, we
consider the limit, § — 0+, to obtain the weak solution of the Navier-Stokes
equations. It follows from Lemma in the appendix that

{(po ,mg’ D) — (p§, m5)(r) in Ll _([0,00); 7N =1dr) as § — 0+,

5 ped (5.14)
(Ey°,E7°) — (E§, EY) as 6§ — 0.

To take the limit, we have to be careful since the weak solution may involve
the vacuum state. We use similar compactness arguments as in [44] 29] to
consider the limit: § — 0+. We first extend our solution (p*°,u*?) as the zero
extension of (p%9,u%?) outside [0, T] x [4, c0).

Lemma 5.3. There exists a function p°(t,r) such that, as § — 0+ (up to a
subsequence),

(p°°, V=) — (0%, Vp®) a.e. and strongly in C(0,T;LL ) for any q € [1,00),
(5.15)

where LL  means LI(K) for any K € (0,00).

loc

Proof. It follows from - ) that
Vped € L®(0,T; HE ) < L>=(0,T; LS,) uniformly.

Notice that, for fixed ¢ > 0, the solution sequence (p=°, %) satisfies (3.1)) for
(t,7) € [0,00) x [6,00). Using (5.10)) and the mass equation (3.1]);, we see that

1 N -1
O /pa,é — _(, /p5,6u575)r + 5‘ /pe,éuiﬂs _ T, /p876u6’6 (516)
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is uniformly bounded in L2(0, T’; HIOC)7 which, using the Aubin-Lions lemma,
implies that

pe0 is compact in C(0,T; Ll ) for any ¢ € [1,00).

loc

Since \/p=% and \/p=%us? are uniformly bounded in L%°(0,7T;L{S.) and
L>=(0,T; L2 ) respectively, we see that

p=ous? = \/p=0 (\/p=ou?) s umformly bounded in L>(0,T; L2 ). (5.17)
Then it follows from the mass equation (|3 1 that
N-1

9p=° = —(p=°u?), — ——p*°u™° is uniformly bounded in L>(0,T; H,}).
T

Moreover, we obtain that

po0 = 24/p=9(\/p=9), is uniformly bounded in L>®(0,T; L3.).
Then the Aubin-Lions lemma implies that
p=° is compact in C(0,T; L{ ) with ¢ € [1, 00).

O

Corollary 5.4. The pressure function sequence p(p®°) is uniformly bounded

in L>°(0,T; L{. ) for all q € [1,00] and, as § — 0+ (up to a subsequence),

loc
p(p=°) = p(p°) strongly in LY(0,T; Li ) for all ¢ € [1,00). (5.18)

loc

Lemma 5.5. As § — 0+ (up to a subsequence), m=° converges strongly in

L*(0,T; LL.) to some function m®(t,r) for all q € [1,00), which implies that
meo(t,7) = (p=°usO)(t,r) — me(t,r) a.e. in [0,T] x (0, 00).
Proof. A direct calculation shows that
ms? = 2(v/p=)  (Vpeoust) + \/W(\/Téuavé) (5.19)
is uniformly bounded in L?(0,T; L] ). Thus, it follows from (5.17)~(5.19) that
m® is uniformly bounded in L(0, T} V[/licl) (5.20)
It follows from and (5.18) that 9, (( (v/p=0us?)? )%), #(\/pfﬁus"sf7
and 9,p(p=?) are unlformly bounded in L*>(0, T} T/V10C Y, L®(0,T; L}.,), and
L2(0,T; HIOC) respectively.

From , we see that
wpeﬁ)a(ws (o9 (5 "+ ™)) and /oo (Ve 0+ =)

r
are uniformly bounded in L? (O T;LE.).
Since

(1(p™°) + A(p™°)) (us® + u’)

= (aé\/(pE,é)a + \/(p6,6)2—a) (\/(pg,é)aui,é + Nr_ 1\/@1[5’5),

we conclude that
N -1
O (((p™) + A(p™0)) (w5 + Tu“‘))

is uniformly bounded in L?(0,T; Hy,!). Also, it follows from (5.10)—(5-11)) that

e e (N R )(F )

r

N-—-1
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is uniformly bounded in L2(0,T; L{ ). Then we conclude that

dyms? is uniformly bounded in L%(0, T} VVIOC ),
which, with (5.20)) and the Aubin-Lions lemma, implies that
me° is compact in L?(0,T; L}

loc

) for all p € [1,00).
O
Lemma 5.6. m®(t,7) = 0 a.e. on {(t,r) : p°(t,r) = 0}. Furthermore, there

exists a function u®(t,r) so that m®(t,r) = p°(t,r)us(t,r) a.e., u(t,r) =0 a.e.
on {(t,r) : p=(t,7) =0}, and

m*° —m strongly in L*(0,T; LY. ) for p € [1,00),
£,0 e
mpg = mn = = VpFu’ strongly in L*(0,T; L} ).

m=’ %3+ is uniformly bounded in L>(0,T; L?), then Fatou’s

/ps,é

lemma implies
T [e'S) £,0 2
t,
/ / lim inf M N=1qrdt
o Jo =0+ pf (t T)

e’} t 2
< lim/ / \m | rNldrdt < oo.

Proof. Since

50+ t
Thus, m®(t,7) = 0 a.e. on {(¢t,r) : (t ) = 0}. Then, if the limit velocity
u®(t,r) is defined by setting u®(¢,7) := ((t :)) a.e. on {(t,r) : p°(t,r) # 0}

and uf(t,r) =0 a.e. on {(t,r) : p°(t,r) = O} we have
m(t,r) = p°(t,r)u(t,r) a.e.,

T e’} mg 9 T ()
/ / ’—E| rNldrdt = / / o [uf PN Tl drdt < oo
o Jo VP o Jo

Moreover, it follows from and Fatou’s lemma that, for [d, D] € (0, c0),

T prD me 6|3
/ / pfluf)® drdt £ lim / / drdt £ C(d, D, T, Ey) < oo.
0 d 6—0+
(5.21)
Next, since m®°® and p=° converge a.e., it is direct to know that sequence
&8 € m® £
\Vpetust = \’/”ﬁ converges a.e. to \/p*u® = &= on {(t,r) : p°(t,r) # 0}.

Moreover, for any given positive constant R > 0, it follows from Lemmas 5.3
and 5.6 that

\/psv‘sug"sl‘ug,séR = VUl <r a.e. (5.22)

For R > 1, we cut the L?>-norm as follows:

T D )
/ / |V peou™® — /puf|” drdt
0 d
T /D )
< / / |\/p5’5u5’61|u5‘5‘§R — VUl e <p| drdt
0o Jd
T D )
i 2/(; /d ‘ V P8’6UE’6[|HE,J|§R| drdt
T /D )
+ 2/0 /d |«/p5u51|ug@R| drdt. (5.23)
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It is direct to know that 1/ pfﬁ‘sus"SIW,aéR is uniformly bounded in L>(0,T; LY
for all p € [1,00). Then it follows from ([5.22]) that

T /D
/o /d | v ps,éus’él—‘ua,é‘§R — \/piguslwng]Q drdt — 0 as 6 — 0+.
(5.24)

Using 7 we have
T D
/0 /d (Vo 5u Tyesiza|* + |VoFu T e 2] *) drdt

1 /TP f
= E/o /d (p=°[u=? > + p*|uf)?) drdt < C(d, D, T, Eo)R™". (5.25)

Substituting (5.24)—(5.25) into (5.23) leads to

T /D
lim / / |\/p575u5’5 — \/,Eu5|2 drdt £C(d,D,T,Eo)R™" forall R > 0.
d

=0+ Jo

Then the lemma follows by taking R — oc. O

Let (p®,m®) be the limit obtained above. By using Fatou’s lemma and the
lower semicontinuity and Proposition it is direct to obtain

Proposition 5.7. Under assumption (5.14)), for any fized € and T > 0, the
limit functions (p,m*) = (p°, p°u®) satisfy

p°(t,r) =20 ae., (5.26)
u®(t,r) =0, (:Z;)(t,r) = VpE(t,r)us(t,7) =0 a.e. on {(t,7) : p(t,7) =0},
(5.27)
N-1 me |2 N-3
/o ( ))( r)r dr%—s/R%r NE (s,r)r" ~°drds
SE;SEy+1 fortz=0, (5.28)

52/ |( pE(t,T)>T|27“N_1d7“+E/ ‘((pg(s,r))%)rer_ldrds
0 :]

SC(Ey+1) fort =0, (5.29)
/ / Nt ) drdt £ C(d, D, T, Ey), (5.30)
/ / L P 4 (o)) (¢, r) PN Ndrdt < C(D, T, Eo), (5.31)

where [d, D] € (0, c0).

‘We now show that
x
(0, MO)(t,%) = (5 (1, 7), e (1) ) (5:32)

is a weak solution of the Cauchy problem (1.3) and (2.6)) in R" in the sense of
Definition 2.3
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Lemma 5.8. Let 0 <ty < to < T, and let ((t,x) € C*([0,T] x RY) be any
smooth function with compact support. Then

[tttz %) dx
RN
to
=/ p°(t1,x)C(t1, %) dx+/ / (p°C + M* - V() dxdt. (5.33)
RN t1 RN

Proof. Notice that (p=%, M*?) is a strong solution of (I.3) and (5.9) over
[0,00) x (R \ Bs(0)). It follows from (1.3), and a direct calculation that

ta
0 :/ / ((p™%)¢ + divm=)( (¢, x) dxdt
t1 JRN\Bs(0)

to t2
=/ p=0¢ dx —/ / (p°¢ + M0 - V() dxdt
RN\ Bs(0) t1 t1 JRN\B;(0)
to ta
= / pOCdx|  — / / (p°¢ + M0 - V() dxdt, (5.34)
RN t1 ty RN

where we have used the fact that (p%, m®°) is extended by zero in [0, T] x [0, §).
Notice that, for i = 1,2,

| /RN (o0 = %) (1, %)C (81, %) dx|

<[ )R ax]
RN\ B, (0)

[ = ) 0t dx. (5.35)
5.(0)
Denote
b(t,7) = / C(t,rw) dw € CL(0,T] x [0, 00)). (5.36)
9B1(0)
Then, with (5.15)), for any fixed o > 0, we have

g | | o™ — ) (1 )G 1 ) dx]
5—0+ RN\BU (0) ( )

6—0+

Using ((5.10) and (5.28)), we obtain
[0 ) )
Bs(0)

=wy lim ‘/ (ps’5 — %) (ti, 7)o (ts,7) TNfldr‘ =0. (5.37)

1

7 _ 5 _1
§ C”C”L‘x’{/ ((ps,é)’v + (pe)’y) ,,,N 1dr}70_N(1 w)
0
< C(B)|Cllpee¥") 50 aso —0, (5.38)
which, along with (5.35)) and (5.37)), yields

tw [ O 0g ) dx= [ X dx fori= 12
0—=0+ JrN RN
(5.39)

From (55.36)), a direct calculation shows

Or = / w - V{(t,rw)dw (5.40)
90B1(0)
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which, with (5.15) and Lemma [5.6] implies
to
lim S0¢ + M= . V() dxdt
6—0+ /RN\B (0) (P Ct C)
=wy hm / (P72 +m=°¢,) rVdrdt

—wN/ / p by +mS, ) rVtdrdt

to
:/ / (p°Ce + M - V¢) dxdt. (5.41)
t1 RN\ B, (0)

Similar to that in (5.38]), we also have

ta
[ 5 ] < O, Bl YO,
t1 JBs(0)

ta
‘/ / (M= — M) -VCdxdt‘
t1 JB,(0)
£,0|2 me 2 1
< O V¢ / / |m | E‘ )(t,r)rj\’_ldrdt}2
ty

to %
/ / p=0 + p°) (t,r)rN ! drdt}
t1

< C(T, ) [V¢ | g 3,

which, with (5.41]), yields

to ta
lim / / (ps"sg} + M° . V() dxdt = / / (p°G + M* - V() dxdt.
020+ /¢, JRN t1 JRN
(5.42)
Combining (5.39) and ((5.42)) with (5.34)), we conclude (5.33). O

Lemma 5.9. Let ¢(t,x) € (C3([0,00) x RN))N be any smooth function with
suppyp € [0,T) x RN for some fized T € (0,00). Then

M M .
R R G T T

+ MG (x) - ¥(0,x) dx

RN

S /szl {%M (AP + Vdive) +

€

\/E
\ﬁ V)Y paxdt (5.43)

(VY -V

+V\F(

= e Nﬂ\ﬁ{vgxm \Tf\mﬁ“VXN %)}:vwdxdt, (5.44)

where VE(t,7) € L2(0,T; L2(RY)) is a function such that

T
/ / |VE(t,x)|2dxdt < CE,
0 RN

for some C > 0, independent of T' > 0.
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Proof. Let ¢ = (¢1,--,¢n) € (C3([0,00) x RN))N be a smooth function
with suppy € [0,7) x RY. For any given o € (0,1], let x,(r) € C®(R) be a
cut-off function satisfying

Xo(r) =0 forr <o, x,(r)=1forr =20,

C
XIS S, )] S .

o
Denote ¥, (t,x) := ¥ (t,x)xs(|x]).
Taking 0 small enough so that 6 < o, then it follows from (1.3), and inte-
gration by parts that

(5.45)

M M

/ {Mg’é OV, + ——
Rﬁ+1 p&,(s pE,(S

V)T, + p(p°%) div \1:[,} dxdt
+ [ M°(x) ¥, (0,x)dx
]RN
= J20 4 I, (5.46)

where

£,0 £,0
Jod ;:55/ (pe’é)”‘{D('A/i )V, + (a— l)div(j\/i—é) div\I/a} dxdt,
RV+1 pe pe

+

(5.47)

(Vpee V),

5
Jgl = —¢ Lo (A, + Vdiv¥,) + M
2 RNV+L

2 /ps,5

V/pe (ME’[S V)W, fdxd
+ pel s (——=- o rdxdt
/p6,6
M5,6
=</ . Vpe0 A/ pd D( e ) : VU, dxdt. (5.48)
RY ’

A direct calculation leads to

M5? iy usl ;T
€,0 1 2
81( p;5 ) = UT 7“2] -+ 7(5” — 7“2] ) (549)
Using (5.10)), there exists a function Ve(¢,r) so that
ME° X®X /e mf X ® X
0 J N y- _ ===
\/g, / pe D( p675 ) Ve 3 + , \/F(INXN o) ) (550)

in L2(0,T; (L?>(RM\B,(0)))Y*¥) as § — 0+ for any given o > 0. Moreover,
we have

T
/ / |Ve|? dxdt < CEy. (5.51)
0 RN
It follows from ([5.10]) and (5.49) that
51 £ Cllbllon,supp v ) Vs [

supp ¥

e [y (s
supp ¥,

< C(||v)|erysupp ¥, o, EO)\/5>6 -0 as 0 — 0+. (5.52)

1
2

(ps,ﬁ)a TN_ld’I“dt}

1

‘ua,é‘Q 3
2t —2) erdrdt}
T

Denote

D10(t, 1) = / (w- (AT, (¢, 7w) +w - (Vdivl,) (¢, 7w)) dw.
0B1(0)
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Then it is clear that ¢1, € C2([0,T] x (0,00)). Thus, using Lemma we
have

M0 (AT, + Vdivl,) dxdt

N+1
R

=wn ms"sqﬁla rN=ldrdt
R

— WN meiy rN L drdt
=2

= ME - (A, + VdivD, ) dxdt as 0 — 0. (5.53)

N+1
RY

Similarly, using Lemmas [5.3] and [5.6] we can prove

[ AR v v+ 9 (Y

NI
- {ME~(V\/E-V)+V\/E-(
R VT

) }\I/ dxdt

e
vl

U, dxdt as § — 0. (5.54)

Combining (|5.50) with (5.53)—(5.54)), we obtain that, as § — 0,

€,0 _ 1 e . . K ) =
Jy = 6/R$+1 {2/\/1 (AY, + Vdivl,) + = (VVpE- V)W
ME
+VVp© - (\/—E~V)\I/g}dxdt
g ® ®
= Ve R {Vax K \T[\T/np—(INxN XTX)} : VU, dxdt.

(5.55)

Also, by similar arguments as in (5.53)), applying Lemma Corollary
and Lemma [5.6] we have

Meé Msé

€,0 c0 .
/Rf“ {M OV, +\/7 (\/— ) -+ pp )le\Ilg}dxdt

K.(K
N

+ MG(x) - U,(0,x)dx
RN

— . {ME . 8)5\:[/0' —+ . V)\Ijo_ +p(ps)dlv\:[/o-} dth
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as 0 — 0, which, with (5.55)), yields

M ME
ME 0,0, + T - V)T, + p(p°) divil, b dxdt
/Rf“{ t N (\/pT ) p(p°) div } X
+ MG (x) - ¥,(0,x) dx
RN
1. . Me _
s/M+l{2M (AW, VdivE,) + T (VY V),
vy (X V)W, | dxdt
VPE
B [ eX®X e m? CX®X\ |
— o \/;T{V X \/E(INX]V — )}.V\I}dedt. (5.56)

Next, we consider the limit, o — 0, in (5.56)). We first define

o(t,r) = / w - P(t,rw) dw
9B1(0)

=/
== w-(t,y)dS.
N1 Jas, (0) (t,y) dSy
1 .
= N1 / divep(t,y) dy, (5.57)
B (0)
which implies
lo(t,r)] = ClI¢ller)r; (5.58)

also see [34, 53]. Using (5.57)), Lebesgue’s dominated convergence theorem, and
Proposition [5.7], we have

o—0

lim { ME - 0¥, dxdt + MG(x) - U,(0,%) dx}
RN+1

RN

o—0

= wy lim { me 875@ Xa(’f’) ,,,Nfldrdt + / m8(7)¢(07 T)XO'(T) TNldT’}
RL 0
:wN/ mF 8t(PrN_1det+wN/ mS(T)QO(O,r) TN_ld’I“
RL 0

= M Oppdxdt + | ME(x) - (0, x) dx. (5.59)
RN

N+1
R
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Using ([5.58) and Proposition we have
mP
L 00 0 Sy
+
< C g 2 ‘ E|2 (S / N—ld d
=c¢/ ( = +2(p)) o (t, r)xG (r) | P~ drdt
< 4 2 ‘m6|2 S N—-1
<C (—— +p(p°) r¥ldrdt -0 as o — 0, (5.60)
0 o
me X
| RY+1 V/PF (VF), (- e () et
< CE/T/ZU |i€(\/p7) o (t, ) x5 ()| rN ~tdrdt
- 0 o \/f? r P 7
T 20 €|2
<C (|mp6|+€2‘(\/p7)r‘2> rN=ldrdt -0 as o — 0, (5.61)
0 o
®x e pf x®x
AN VER (Inww — } dxdt
|/Ri,+lXU(T)\/P>{ 2 T \/[?( NxN )i (v ) x
= ‘ / X VEVE(Y - ) dxdt
R++1 T
T 20
<C / / VoEVERrNTldrdt| -0 as o — 0. (5.62)
0 o

USlng -, Lebesgue’s dominated convergence theorem, and Proposi-
tion we obtain

5 f {31; L w4l i, i
M? .
/M { ‘(ﬁ V)Y +plp )dmﬁ} dxdt, (5.63)
z M-
i [ AT (Ve ) ﬁ-vm}dxdt
/R A E e S e G
I \/—EVX(X)X Ve m? 7 X®X OU s
o’llz%) Rf"’l P r2 r \/[T( NxN — TT)} : - dx
® ®
- /Rﬁﬂ VR Ve szx {\T/n—(INxN - XTX)} : Vipdxdt.  (5.65)
‘We notice that
A(\Ila)i = XU(T)A/(M + 2V¢z : VXU(T) + ¢iAXU(T)7
Oidiv@o = o (r) Oidivip + dive Dixo (r) + 00 VX0 (1) (5 6
S e (- B X),

r r2r
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It follows from (5.58)) and Proposition [5.7] that

Z / N me— Qsz VXG + szXU + d1V¢ 0; XU( ) + azw . VXO'(T)
RN 1

i=1
sz-
r

Li p

) () X0 (0

- (25 fax dt’

T 20
<C(wler) [ [ elme (] + T )] + o)) e arae

T 20
Cllles) / / el PN -2drdt
0 o
T (20 3 T r2o0 |m5|2 3
< (gl / / PN ldrdt b e / / L S
0 o 0 o

-0 as o — 0. (5.67)

A

Using (5.66)—(5.67)), Lebesgue’s dominated convergence theorem, and Propo-
sition we have

lim & M* - (AT, + Vdiv,) dxdt
o—0 R$+1
=c ME - (Aw + Vdivep) dxdt. (5.68)
RY*!
Substituting (5.59)), (5.63)—(5.65)), and (5.68)) into (5.56)), we conclude (5.43))—
(5.44). 0

Remark 5.10. [t is not so clear to show that the right-hand side terms of
(5.43) vanish as € — 0 by direct arguments. However, we can prove the van-
ishing of these terms by using (5.44), which is the main reason why the form

of (5.44) is important to us.

We also need the H;

loc —compactness of weak entropy dissipation measures
of (p°,m?).

Lemma 5.11 (H, ! compactness). Let (1,q) be a weak entropy pair defined
mn ) for any smooth compact supported function ¥(s) on R. Then, for
€ (0, 1],

om(p®, m®) + Orq(p°, m%) is compact in H ' (R2). (5.69)

Proof. To obtain , we have to be careful since (p°, M?) is a weak solu-
tion of the Navier-Stokes equations . In fact, we first have to study the
equation for 9yn(p®, m®)+0,q(p®, m?) in the distributional sense, which is much
complicated than that in [I5], [I7]. We divide the proof into five steps.

1. Since
1
n(p,m) = p/ 1 P(u+pPs)[1 - 5% ds,

1
o) = p [ (05”5 o+ 51— 21 s
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then it follows from [I5, Lemma 2.1] that

n(p,m)| +la(p,m)| = Cyp  forvy e (1,3], (5.70)
In(p,m)| < Cyp, la(p,m)| < Cy(p+p'*?) for v € (3,00), (5.71)
10,m(p,m)| < Cy(14p%),  |Omn(p,m)| < Cy. (5.72)

Moreover, if 9,,n(p, pu) is regarded as a function of (p,u), then
Ompn] < Cyp” |Omunl < Cy. (5.73)
2. Denote (1°°,¢>°) := (1,9)(p™°, m*?) and (17, @°) == (,0)(p°, me) for

simplicity. Multiply (3.1), by 77,‘3’5, (3:3), by 75, and add them together to
obtain

atne,é + arqe,é

N —
— . me (77 +us 5776 5)
N -1 N -1
+ Eamns,é{(ps,é(ui,é + . ue,zS))T _ . piﬁue,é}
N -1 N -1
0™ {ad ((p70) (s + ), — 5 (%)) w0 .

(5.74)

Let ¢(t,7) € C5°(R%), and let 6 < 1 so that supp(¢(t,-)) € (6, 00). Multiplying
(5.74) by ¢ and integrating by parts, we have

/ (8,:778"5 + arqe"s)qbdrdt
R2

T

N -1
=— ms ( S 4wy, 5)q§drdt
rR2 T

e [ @) (57 4
]R2

+

—5/ p500,,m° ( s‘s—l—NT_luE"S)gbrdrdt

N-1

ue"s) ¢ drdt

—s/ O™ ——=p2%u= P p drdt
RZ

N -1

— 0455/ (pﬁﬁ)a(amnfﬁ),, (uf,’5 + u5’5)¢drdt
=2

N -1
T

u5,5)¢r

— asd ((pa,é)aamna,é (ui,é +
R

N -1
+ 6m,,76,6 (pe,é)a—lpi,éue,é(b) drdt
T
6
=15 (5.75)
J
=1

3. It is direct to see that
0o —nf a.e. in {(t,r) : p°(t,r) #0} as § — 0+. (5.76)
In {(t,7) : p°(t,r) = 0},
0 S Cyp®® = 0=1n°  asd— 0+ (5.77)
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Thus, combining (5.76)) with (5.77)), we have
N = nf a.e. as 0 — 0+. (5.78)

Similarly, we have
—q° a.e. as 0 — 0+. (5.79)

Let K € (0,00) be any compact subset. For v € (1, 3], it follows from ({5.12])
and (5.70) that

T T
/ / (|n575| + |qs,5|)7+1 drdt § Cz/)/ / |ps,6|'y+1 drdt
0 K 0 K

For v € (3, 00), it follows from (5.13)) and (5.71)) that

’ 5 5\ 1o T PREEY) S1v0
/ / (In7°[ 4 1g7°[) *** drdt = Cw/ / (1p° 1757 + |p=°|7+7) drdt
o Jk o JKk

< Cy(K,T, Ey). (5.81)

We take p; = v+ 1 > 2 when v € (1,3], and p; = 22 > 2 when v € (3,0).

1+6
Then it follows from (5.80)—(5.81) that

=0 49) is uniformly bounded in L (R2), (5.82)

loc

(n

which, with (5.78)—(5.79)), implies that, up to a subsequence,

4

s,é’qe,d) N (ns,qE) in L2

loc

(n (R2) as § — 0+.

Thus, for any ¢ € C§(IR2), we see that, as § — 0+ (up to a subsequence),

/2
R+

— —/ (n°0vd + q°0r¢) drdt = / (Om® + 0,¢°) pdrdt. (5.83)
R% 2

R

(07 + 0,q7°) pdrdt = — / (n*°0u¢ + ¢ 0, ¢) drdt

2
RJr

Furthermore, (¢, ¢%) is uniformly bounded in L}, (R2) for some p; > 2, which
implies that

on® + 0rq° is uniformly bounded in € > 0 in ngcl’pl (R2). (5.84)

4. Now we estimate the terms on the right-hand side of ([5.75)). For If’é, a
direct calculation shows that |1, +un,| < Cy (1 + pe), which, together Lemma

and similar arguments in ((5.76))—(5.78)), leads to

N -1
r

mg"s(nf;‘s + us";nf,’f) - — me (77;5J + ung,) a.e. as & — 0+.

(5.85)
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Then it follows from (5.12)—(5.13)) that

N-1

0 JK ;
<o) | /K(p

7
S s 5nfn‘5) ‘ *drdt

€,0 €,0\Y %
+p° + (p°°)7) © drdt

T z
K)(l +/ / p€’6|u5’5|3drdt ’ / / (1+ |p€5|"+1)drdt)
0o JK
for v € (1, 3],
<
= - %
K)(l +/ / p5’5|u5’6|3drdt / / (1+ |p€‘5|7+9)drdt>
0o JK
for v € (3, 00),
< C(K,T, Ey). (5.86)
Using ({5.85)—([5.86)), we have
N-—-1
If’é - — " m* (77;5) + u®n;, )¢ drdt as § — 0+ (up to a subsequence),
=
(5.87)
7
/ / 7771 (n5 +usns,)| " drdt < (K, T, Ey). (5.88)

For I5°, IS, and IZ°, it follows from (5.10)(5-11) and (5.72)-(5.73) that

T
N -1
/ / ‘5p5’5(8mn5’5)r (ui’6+ " me ’drdt

<C’¢ / / Epsé‘us(;‘ +€( sé)'y 2|p662+p8’6|u5’5|2)d7“dt

< Cy(K, T, Ey),
s5pe<5u56 drdt
0 JK r
£,0 1 1
§C¢(K)<52/ |” ' ddt : / / o0 |2 drdt)2
0 K
gc’tb(KvTvEU)v

T _
/ / [£6(67%)* (@™, (ui’5+N ~Luet) drdt

< 0utw) [ [ et ) i+ (0l

< Cy(K, T, Ey).

=0?) drdt

Thus, there exist local bounded Radon measures pf, 15, and p§ on Rﬁ_ so that,
as 0 — 0+ (up to a subsequence),
N -1

= 2™ D) (15 +

€,0 e
u )_\/’(’17
£,0, €,0 €

u — K3,

N -1

sN—1
758m77 E— U

— agd(p™’ )“(8m775’ ) (us® + us®) = g
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In addition,
w15 ((0,7) x V) £ Cy(K, T, Ey) fori =1,2,3, (5.89)
for each open subset V' C K. Then we have

P+ 150 + 150 — (uS + 15 + 45, ¢)  as 6 — 04 (up to a subsequence).
(5.90)

For I§’5, we notice from (5.10) that
T 4
N -1 3
/ / ‘\@ps,éamne,é (ui,é_,'_ ue,é) 3
0 JK r
T 3
< Col) [ [ [VErr st u)| ara
1

2 1
< Cy(K // (0" 1us? |2 + p= [u= ) drdt ’ / /\p65| drdt ’

< Cy(K, T, Ey).

Then there exists a function f¢ such that, as § — 0+ (up to a subsequence),

drdt

N-1
VP2 0mn™ (us® + ——u us?) = f weakly in Lloc(Ri), (5.91)
T
/ / 1£2]5 drdt < Cy(K, T, Ey). (5.92)
0 JK
It follows from (5.91)) that, as 6 — 04 (up to a subsequence),
T
5% 5 e / / feo, drdt. (5.93)
0 JK
For IS, it follows from (5.10)(5.11) and (5.72) that
|I€, <C¢(Suppd) 55/ (|U86|+|U66|)¢T+’ 85 a— 1p56u85¢’> drdt

< Cy(supp ¢>)€5< /}R2 (P + p™°[u?)?) || drdt) :

+

< ([ @+ ol arar)

Nl

+ Colompp )3 (<% [ (571151 ol v

~ =0\, €,0(2 %
([, erm )
< Cy(supp ¢, |9l cr, T, Eo)V'd
X (\/5+ ( / p=0 s || drdt) 3 ( / |p=0 e |¢|drdt)%)
R2 R3

<Cy(supp @, |¢llcr, T, Eo) (VE+1)VE =0 asd — 0+, (5.94)

where we have used a = 2=t € [2.1) for N > 2.

5. Taking 6 — 0+ (up to a subsequence) on both sides of (5.75)), then it

follows from (5.83), (5.87), (5.90), and (5.93)—(5.94) that

N-1
O + Org® = ———m* (5 +u'n,) + us + ps+ ps — Vefs (5.95)
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in the sense of distributions. From (5.88))—(5.89)), we see that

N-1 e(,.€ €, € 5 € 5
o m (n5, +ung,) + p5 4+ s+ s (5.96)

are bounded uniformly in e > 0 as Radon measures. From ([5.92)), we have
Ve f c—0 inW_

loc

Thus, it follows from (5.96| - that

On® + 9-q° is confined in a compact subset of VVIEC1 P2(R2) for some py f (1, ?)
5.98

The interpolation compactness theorem (cf. [I3] 22]) indicates that, for
p2 > 1, p1 € (p2,00], and po € [p2,p1),

(compact set of W, "> (R%)) N (bounded set of w!
C (compact set of W7 (R%)),

( 1) ase — 0+. (5.97)

»P1 (Ri))

which is a generalization of Murat’s lemma in [47, 57]. Combining this inter-
polation compactness theorem for 1 < py < 2, p; > 2, and py = 2 with the

facts in (5.84) and (5.98)), we conclude (5.69). O
Combining Proposition [5.7] with Lemmas [5.845.9] and [5.11], we have

Theorem 5.12. Let (p§, m§) be the initial data satisfying (2.11)~([2.14). For
each € > 0, there exists a spherical symmetry weak solution

(b7, MO (8, 3) 1= (7 (t,7), " (8,7) )

of the compressible Navier-Stokes equations (1.3) in the sense of Definition

B3| Morcover, (o, m#) () = (p* (7). p° (1, )0 (1, 7), with e (£, 1) o= ()
a.e. on {(t,r) = p°(t,r) # 0} and u®(t,r) := 0 a.e. on {(t,r) : p°(t,r) =
0 or r = 0}, satisfies the following bounds:

pS(t,r) 20 ae.,

mE

(ﬁ)(tar) =Vpe(t,r)u(t,r) =0 ae on{(t,r) : p°(t,r) =0},
/1) me |2 _ No1 / me |2 N—3
—|— c, t,r)r dr+¢ S, 7T drds
L Gl ). e v &7
SE;SEy+1 fort>0, (5.99)

@ [N, e [ 1) s

+

SC(Ey+1) fort >0,

/ / )t r)drdt £ C(d, D, T, Ey), (5.100)

// (1 + (6°)7) (8, r) P~ \drdt < C(D, T, Eo) (5.101)

for any fired T > 0 and any compact subset [d, D] € (0,00).
Let (n,q) be an entropy pair defined in (2.7) for a smooth compact supported
function ¥(s) on R. Then, for e € (0,1],

On(p®,m*) + 0.q(p°, m%) is compact in H__ (R2 ).



54 G.-Q. CHEN AND Y. WANG

6. PROOF OF THE MAIN THEOREMS

In this section, we give a complete proof of Main Theorem II: Theorem
which leads to Main Theorem I: Theorem as indicated in Remark

The uniform estimates and compactness properties obtained in Theorem
imply that the weak solutions (p°,m®) of the Navier-Stokes equations
(1.7) satisfy the compensated compactness framework in Chen-Perepelitsa [15].
Then the compactness theorem established in [I5] for the case v > 1 (also see
LeFloch-Westdickenberg [37] for v € (1,5/3]) implies that there exist functions
(p,m)(t,r) such that

(p°,m®) = (p,m) a.e. (t,r) €R? ase — 0+ (up to a subsequence).

By similar arguments as in the proof of Lemma 5.6, we find that m(¢t,r7) =0
a.e. on {(t,r) : p(t,r) = 0}. We can define the limit velocity wu(t,r) by
setting u(t,r) = ZL((E’:)) a.e. on {(t,r) : p(t,r) # 0} and u(t,r) := 0 a.e. on
{(t,r) : p(t,r) =0 or r = 0}. Then we have

m(t,r) = p(t,r)u(t,r).
We can also define (\[)(t r) = /p(t,r)u(t,r), which is 0 a.e on the vacuum
states {(¢t,r) : p(t, 7") = 0}. Moreover, we obtain that, as ¢ — 0+,

\/» = /p*u® — % = /pu strongly in L*([0,T]x[0, D], vV~ drdt). (6.1)

Notice that |m| 0 < C(ITZ—JS + p7+1), which, along with ({5.100)—(5.101}),
implies

(p°,m®) — (p,m) in L (R?%) x L]

loc

(R2) as € — 0+, (6.2)

forpe[l,y+1) and ¢ € [1, 3:’;”) where L{

for any T'> 0 and K € (0, c0).
From the same estimates, we also obtain the convergence of the relative
mechanical energy as € — 0+:

7" (p%,m®) = " (p,m)  in Ly, (RY).
Since 77*(p, m) is a convex function, by passing the limit in , we have

/ / t,r)rNldrdt < (¢ — tl)/ 7" (po, mo) (r) r = tdr,
t1 0

which implies

/ i*(p,m)(t,r)rN " tdr < / 7*(po, mo)(r)rN"1dr for a.e. t > 0. (6.3)
0 0
This indicates that there is no concentration formed in the density p(t,r) at
origin r = 0.
Define
b'e X
(p,M)(t,X) = (p(t,r),m(t,r);) = (p(t,’l”),p(t,?”)u(t, T’);) (64)

From , we know that % = /pu % is well-defined and in L2 for a.e. t > 0.
We now prove that (p, M)(¢,x) is a weak solution of the Cauchy problem for
the Euler equations in RV,

Let ((t,x) € C4([0,00) x RY) be a smooth, compactly supported function.
Then it follows from that

/N+1 (p°Ce + M - V() dxdt + / p5(%x)¢(0,x)dx = 0. (6.5)
RY RN

(R2) represents L4([0,7] x K)
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Let ¢(t,r) be the corresponding function defined in (5.36)). Using (6.2]) and
similar arguments as in the proof of Lemma we obtain that, for any fixed
o >0,

lim/ / p°C + M° - V() dxdt
=0+ Jo ]RN\BG(O)( ! )

(oo} oo
=wy lim / / (paqbt +m5¢r) rN=ldrdt

e—=0+ Jo
=wy / / (p¢t + mqﬁr) rN=ldrdt
0 o
= / / (pC + M - V() dxdt. (6.6)
0 JRN\B,(0)

Using (6.3) and by similar arguments as in (5.38)), we have

|/ N /B o raxd]

< cliclensup{ [ [ () + o) o tarar} N0

< C([¢ller,supp ¢, Eo) oV 50 as o 0, (6.7)

\/ / (M® = M) - VC dxdt|
0 JB,(0)
(et Mg )
<cf +—)(t,r)|¢r\r drdt}
/ / 0+ ) (t,7) | PN~ 1drdt}

< C(J¢|l¢r,supp, Eo)o® 20-9) 50 aso—0, (6.8)
which, with 7, implies
3 £ = — .
S v (p°C + M*® - V() dxdt = /R . (PG + M- V() dxdt.  (6.9)

Letting ¢ — 0+ in (6.5]) and using , we conclude that (p, M) satisfies (2.4).
Next we consider the momentum equations. Let ¢ = (41, - ,¢n) €

(C3(R x RN))N be a smooth function with compact support, and let x,(r) €
C>(R) be a cut-off function satisfying (5.45)). Without loss of generality, we
assume that supp+ C [T, T] x Bp(0). Denote ¥, = ¢x,. Then we have

’E/RNH {%M (AW, + Vdivl,) + \A//lp; (VVPE V)
+ (VVPE) - (\Mﬁ }dxdt‘

= (I = X%)} L VU, dxdt

e L

£12 1 1
< C{/ |V5|2dx—|—€/ @W—?’drdtf {5/ pE\V\IJU|2dxdt}2
RY T R2 P RYT?

< C(o,D, T, Ep)v/e— 0 as € — 0. (6.10)
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Using (6.1) and (6.10), and passing the limit: £ — 0+ (up to a subsequence)
p-50

in (5.56)), we obtain

/]RN“ {M AL +;A; (;A; )\Ila' +p(p) diV\I/U}dxdt

+ [ Mo(x) ¥, (0,x)dx = 0. (6.11)
RN

Notice that, for any 7> 0 and D > 0,

T pD m?
/ / (7 +p7)(t,r)r¥ " ldrdt < C(D, T, Ey), (6.12)
0 0

which, with similar arguments as in (5.59)), leads to

lim { M- 9,0, dxdt + [ Mo(x) - U0 (0,%) dx}
R+

o—0 RN

= M - Opp dxdt + Mo(x) - 1(0,x) dx. (6.13)
RN

N+1
R

Using (5:57) - (5-58) and (612), we have

2

/ (= 4 p(0)) (v - 2) X, (r) dxdt
RYTL P r

<c / h / ’ (% + (o)) ) 1) s

T 20 2
< C’/ / (m? +p(p)) r¥tdrdt — 0 as o — 0,
0 o

which, with (6.12) and the Lebesgue dominated convergence theorem, leads to
[P P9, + i) dive, axar
Y LVP VP

lim
o—0

-~ / {M (M
Rf“ \/ﬁ \/ﬁ
Substituting (6.13| into (6.11)), we conclude that (p, M) satisfies (2.5).

By the Lebesgue theorem we can weaken the assumption: ¢ € C3 as ¢ €
C¢. This completes the proof of Theorem O

V)¢ + p(p) divw} dxd. (6.14)

APPENDIX A. CONSTRUCTION AND ESTIMATES OF APPROXIMATE INITIAL
DATA

In this appendix, we construct the approximate initial data functions with
desired estimates and regularity. From (1.5), we know that there exists a
constant R > 1 so that

1
0< p=po(r) =

m
l\J\w

p for r 2 R. (A1)
We first cut-off the density function po(r) as
(Be)t i po(r) < (Be)%,
p3(r) = po(r) if (B2)% < po(r) < (Be)72, (A.2)
(Be)73 i po(r) Z (Be) 73,

where € € (0,1], and 0 < 8 < 1 is a given small positive constant, which is
used to ensure ()3 < (Be)~2 for all € € (0,1]. It is easy to check that

5(r) = po(r) + 1, po(r) = po(r) ase =0 a.e. r € R, (A.3)
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To keep the LP—properties of mollification, it is more convenient to smooth
out the initial data in the original coordinate R"; so we do not distinguish be-
tween functions (pg, mo)(r) and (po, mo)(x) = (po, mo)(|x|) when no confusion
arises.

It follows from (2:2)-(2-3) that po(x) € L] (RY). Using the convexity of
e(p, p), we have

0 < e(55(x), ) < e(po(x), ). (A4)

Combining (2.2]) with (A.3))—(A.4) and the Lebesgue dominated convergence
theorem, we obtain

tim [ ([750x) = po(O|" + [/ 75(x) = Voo ) ax =0 (A5)

e—0+ K

for any K € RY.
Since we need a better decay property for approximate initial data, we fur-
ther cut-off the function p§(x) at the far-field:

05 (x if |x| £ —3N,
ﬁg(x)_{%( ) e G

= A6
p if |x| > (Be) 72w, o

where we further choose 8 small enough so that |x| = (ﬁs)*ﬁ 2 R+2
for all e € (0,1]. Tt is clear that p§(x) is not a smooth function so that we
need to mollify p§(x). Let J(x) be the standard mollification function and

Jo(x) = 5 J(%) for o € (0,1). For later use, we take 0 = % and define p§(x)

i) = ([ o=y ay) (A7)

Then p§(x) is still a spherically symmetric function, i.e., p§(x) = p5(|x|).

Lemma A.1. For any given ¢ € (0,1], p5(x) defined in (A7) is in C(RY)
with (Be)3 < p§(x) < (Be)~ 2 and satisfies

Jim (15 = ol vy +] [ (005000 = elmix). ) ax]) =0, (a8)

e2 /RN Vir/p5(x)|* dx < CVE, (A.9)

N—149

[ el p) 1+ k)Y dx < e (A.10)
RN

where Eqy is defined in (2.12), and 9 € (0,1).

Proof. We divide the proof into four steps.
1. We first consider the first part of (A.8). A direct calculation shows

[\/b ) — V)|
<| [ (i) - Vb ) 0]
* ‘ /RN (Vo(x —y) = vpo(x)) I (y) dy’. (A.11)
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For any given M > 1, it follows from (A.11]) and the Holder inequality that
2
[ e = Vi) ax
x| <M1
. 2
§C/ Ja(y)/ <|\/P8(X*Y)*\/P0(X*Y)| ’
RN [x|SM+1

+ Vool =y) = Vo)) dxdy

=C SUPl H\/PO(' +y)— \/PO(’)}|L27({\X|§M+1})

ly|Sed
+ClVA = Vool Lo < rsay) = O (A12)

as € — 0+, where we have used (A.5), o = &%, and p5(x) = §5(x) for |x| <
(Be)~2v. Using (A.12), it is direct to obtain

/|<M 105 (%) — po(x)["dx — 0 as € — 0. (A.13)
x|SM+1

2. We now consider the second part of (A.8]). For any given M > 1, it
follows from (A.13) that

lim, (e(pi(x), p) — e(po(x), 7)) dx = 0. (A.14)
Ix|SM+1

For |x| > M +1 with M 2 R+1, noting (A.1)—(A.2) and (A.6)—(A.7), we have

1
0< 35S ph(x) = 5P (A.15)

It follows from and that ‘\/ﬁg(x) - \fp’ < }\/ﬁg(x) — V/p| for
x € RY, which, with , yields

/|x|>M+1 (5 (), 7) dx

< c(p) /|x>M+1 |/ ) — V[ "ax

< c(p) /|x>M+1 | [, (int =) = v5) Tty ax
< c(p) /|X>M [\/600) = VA ax

< c(p) /|X>M |\/760) — V7 dx

c) [ IVmb) - Vil ax

c(p) /| cleob) (A.16)

A

For any given small o > 0, there exists M (g) > 1 such that

[ elmpixse (A17)
[x[>M (o)
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Using (A.14)) and (A.16)—(A.17), we have

|, (tix).0) = e(m(x). ) dx

<

/ (e(ph(x),) — e(po(x), 7)) dx
Ix|SM(0)+1

HCO) [ el p)dx
[x|>M (o)
< C(p)o
provided that ¢ < 1. Then (A.8) is proved.
3. Noting (A.6]), we have

W L Vo ey tor x| 1+ (55,
0

for [x| =1+ (Be)~ 2~
which, with (A.2) and (A.6]), leads to

2 Ce? A
¢ / Vo 30)| dx = = s fa(y)dx

|x|S14(Be) ™ 2N yeRN
Ce?

= ?(55)_1 < Ce?,

where we have used o = 1. Thus, (A.9) is proved.

4. We finally consider (A.10). Noting (A.6]), we see that p§(x) = p for all
x| = 1+ (Be)2~, which, with (A.8), implies

[ €0 A1+ )+

/ (50, 0)(1+ x))V 1 dx
[x|<1+(8) " 2

_N-—1+49

e | | elph(x), 7) dx
Ix|<1+(82) " 2V

N—-14+9

SC(Eg+1)e 2n
Therefore, we have proved (A.10). O
Denote Ijys5-1(x) to be the characteristic function {x € RN : 4§ < |x| <
571} with 0 < § < 1. Now, for the approximation of the velocity, we define
u§(x) and u5? (x):

A

1 mo

ug(x) == \/ﬁ(ﬁ)(x), (A.18)
00 = s [ (), (A1)

where p§(x) is the approximate density function defined in Lemma
Lemma A.2. The function ui(x) defined in (A.18) satisfies

€ € 2 _ |m0(x)|2 < o an
| seiPax= [ 0EEax foranyee 01, (a0

51_i>%1+ llpGus — mOHL}OC(RN) = 0. (A.21)
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The function ug’é(x) defined in (A.19)) is in C5°(RY) and satisfies

suppui® C {x e RN : 20 < x| <1+, (A.22)
Jin [ 00l R ax = [ 01500 P ax, (4.23)
i [p5ug” = pjugl gy =0, (A.24)
[ ARG OB (x| + DY dx < OBV, (A.25)

where Fy is defined in .
Proof. (A.20) follows directly from (A.18)). Using (A.12) and (A.18), we have

[ -, e = moy ax

- /leM (VP — \/fTO)(X)(%)(Xﬂ dx
=(/. Wpiiiiii'dxﬂ/w (V75 = Vo) )| dx)®

—0 ase —0 (A.26)

for any M > 1, which leads to .

From (A19), it is clear that ug®(x) € C§°(RY) and suppui’ C {x €

RY : 26 < |x| £ 1+ 71}, For any given small constant ¢ > 0, there exist
small € = €(p) > 0 and large M = M (p) > 1 such that

/ mo(x)|?

Ba(@U{x2M (@)} Po(X)

Taking 0 > 0 small enough so that € = 65, then it follows from (A.19)) that
2
/ ‘(«/pgug’a - @)(x)’ dx —0 as 0 — 0+. (A.28)
eS|x|SM+2

Since € 2 64, we have

/ |/ (ous () ax
Be(0)U{|x|>M+1}

2
</ ]/ (Trtussmn) b =) s(y) dy| e
B (OU{|x|>M+1} | JRNY

< / [mo ()2
~ Iz Po(x)
It follows from (A.18) and (A.27)—(A.29) that

[0 = Vi) o ax

= cus® — 10 (%)) dx
= [ /7 - 7)o

z 55_7 2 %
§[§|x|§M+Qr<mo )0 a

2
of oGl
Ba(0U{x|zM}  P0(X)

-0 as 0 — 0+, (A.30)

dx < o. (A.27)

dx < . (A.29)
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which leads to (A.23)).
Using (A.30]), we have

(> 75 E,,€
[ 2, s — o] s

< ([ o) ([ 175" = Vi) o ax)

—0 as 0 — 0+,

which implies (A.24).
Finally, noting (A.23) and uf’(x) = 0 for |x| = 1+ 6!, we obtain

[ ool P + )Y dx
RN

< / PO (O (1x] + 1)V 1 dx
x| <1461

1
2

< 0o N0 [0 o dx

RN
g 057N+1719/ |m0(x)|2 dx
By po(x)
é CE()é_NJrl_ﬁ,
which yields (A.25). O

With p§(x), u§(x), and uf)"s(x) defined above, we can construct the approx-

imate initial data (555, m59%)(r) = (6%, p5°0us ) (r) for (1) and @),
and (p5°, m5°)(r) = (p5°, p5°u5?)(r) for (B.6): For b =14 61, define

(o™ a5 ") () 1= (00 15 Ly (x)  forr =[xl €[0,5] (A1)

to be the initial data for IBVP (3.1) and (3.4). On the other hand, for IBVP
(5.6), we define
(5 ug” (r) == (p5(x), 45" () Lis.o0)(x)  for v = |x| € [,00).  (A.32)
Then, combining Lemma with Lemma we obtain
Lemma A.3. The following three results hold:
(i) Ase =0,
(Eév ET) - (E07 0)7
(P, m3)(r) = (poymo)(r) in Ly ([0,00);7N = dr),

where E§, ES, and Ey are defined in (2.12)), (2.13), and (2.2), respec-

tively.
(ii) For any fized € € (0,1], as § — 0,

(E5°, Ep°) — (E§, EY),
(95 mi®)(r) = (p5.m§)(r) in LL,,((0, 00);rV~"dr),
where By and B are defined in (5-2)-(5.3).
(iil) For any fized (g,0), as b — oo,
(B BP) = (B3 B), (A.35)
(05" m5 ") (1) = (p5°,me®) (1) in Ll ((5,00);7N = 1dr), (A.36)

(A.33)

(A.34)
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where Eg’é’b,Ef’é’b,Eg’é’b, and E‘g";’b are defined in Lemmas 3.2
and ([4.2)). In addition, the upper bounds of Eg’é’b,Ef’é’b,ES”, and
Eg’[s’b are independent of b (but may depend on €,9), and

By + B < C (B + 1), (A.37)

b
Eg,é,b §/6 ﬁ*(pg,zi,b’mé,é,b)rN—l(l +T)N—1+19 dr

N—1+19)

S CE(6 N7 a7 7o

(A.38)

for some C > 0 independent of (,9,b), where ¥ € (0,1) is any fized
constant.
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