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Integral Transforms Solution:

(a)

] The Laplace transform of:

B
(i) f'(z) equals pf(p) — f(0). [2 marks|
(ii) sinz equals 1/(p* +1). [2 marks]
(iii) 6(x — a) equals e~ P, [2 marks]

(b) [S] (i) Transforming the differential equation we find

{P*f(p) —pf(0) = F(0)} + F(p) = k(p)-
But f(0) = f/(0) =0 and so

flp) = . [3 marks]

The convolution of two functions g * h is

(g h)(x) = /0 "otz — t)dt

and g * h = gh. [2 marks] Hence
fla) = / k(t)sin(z —t)dt or / k(x — t)sin(t) dt. [1 mark]
0 0

(ii) When k(x) = 6(xz — a) then

xT

= / 0(t — a)sin(z — t) dt.
0

By the sifting property of the delta function

/00 g(t)o(t —a)dt = g(a), [1 mark]

—0o0

and separating the cases as to whether « is in the interval (0, x) or not,

0 z < aj; .
fle) = { sin(z —a) x> a. [2 marks]
(¢) [S/N] Transforming the differential equation, using zf(p) = —df/dp [1 mark] and noting
Jo(0) =1, Jj(0) = 0, we have
d , ,— — dJo
—— (p°Jo — Jo—1) ———=0.
dp(p 0 p)+(p0 ) ap
— —2pJQ—p di-f— Jo—%:().
dp dp
df P
— Ly =0
dp  (p*+1) /
This is separable and we see
— A
Jo(p) = [4 marks]
P+1
for some A. [N] However as
7 A Ap
Jo(p) =pJo(p) = Ho(0) = —==-1—=0 asp— oo,
VPP +1
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then A = 1. [2 marks]
[N] If we substitute k(xz) = Jy(x) into (b) then we have the inverse problem of

=\ 1
(? +1)**
The given function f(z) equals the convolution of 1 and zJy(x). Hence its Laplace Transform is

1 d 2 —-1/2 1 -1 2 —3/2 2 —3/2
Sx —— 1 = x—(—2 1 = 1
X gy (@ 07) = (S 4 ) (v* +1)

as required. [2 marks] As the Laplace transform is injective (or similar mention of the Laplace
inverse) the result follows. [1 mark]

Page 2 of 2 End of Last Page



