
Solution:

[B] (a)(i) [5 marks in total] The Laplace transform of fn(x) equals

fn(p) =

∫ ∞

0

xne−px dx.

and is defined for p > 0 (or Re p > 0). [1 mark]
Note that f0(p) = p−1 [1 mark] and by integration by parts we have [2 marks]

fn(p) =

[

−
1

p
xne−px

]∞

0

+
n

p

∫ ∞

0

xn−1e−px dx =
n

p
fn−1(p).

Hence [1 mark]

fn(p) =
n

p
×

n− 1

p
× · · · ×

1

p
× f0(p) =

n!

pn+1
.

[B/S] (a)(ii) [3 marks] For a > −1, the Laplace transform of xa equals

∫ ∞

0

xae−px dx =

∫ ∞

0

(

u

p

)a

e−u du

p
[u = px]

=
1

pa+1

∫ ∞

0

uae−u du

=
Γ(a+ 1)

pa+1
.

[B] (b)(i) [2 marks] Note that ex has Laplace transform

∫ ∞

0

exe−px dx =

∫ ∞

0

e−(p−1)x dx =
1

p− 1

and so ex is the required inverse Laplace transform.

[S/N] (b)(ii) [4 marks in total] The Laplace transform of xk−1 equals Γ(k)/pk [1 mark] and of exf(x) equals f(p− 1)
[1 mark]. Hence the required inverse Laplace transform is

xk−1ex

Γ(k)
[2 marks].

[N] (b)(iii) [4 marks in total] From (a)(ii) we know that x−1/2 has Laplace transform
√

π/p [1 mark] Hence the inverse

Laplace transform of (p− 1)
−1

p−1/2 is the convolution of ex and x−1/2/
√
π [1 mark for saying convolution]. This

equals

∫ x

0

1
√
π
√
t
e(x−t) dt [1 mark for this expression]

=
ex
√
π

∫ x

0

1
√
t
e−t dt

=
ex
√
π

∫

√
x

0

1

u
e−u2

2udu [t = u2]

= ex
2
√
π

∫

√
x

0

e−u2

du

= exerf(
√
x). [1 mark for correct answer]
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[N] (c) [7 marks in total] We have

erf(p) =
2
√
π

∫ ∞

x=0

∫ x

t=0

e−t2e−px dt dx [1 mark for this expression]

=
2
√
π

∫ ∞

t=0

∫ ∞

x=t

e−t2e−px dx dt [swapping limits – 2 marks]

=
2
√
π

∫ ∞

t=0

e−t2
[

e−px

−p

]∞

t

dt

=
2

p
√
π

∫ ∞

t=0

e−t2e−pt dt [1 mark for this expression]

=
2ep

2/4

p
√
π

∫ ∞

t=0

e−(t+p/2)2 dt [1 mark for completing square]

=
ep

2/4

p

2
√
π

∫ ∞

u=p/2

e−u2

du

=
1

p
ep

2/4 (erf(∞)− erf(p/2)) [1 mark for this rearrangement]

=
1

p
exp

(

p2

4

)

(

1− erf
(p

2

))

[1 mark for final answer].
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