Twistor Charges for the S-algebra

Adam Kmec

University of Oxford

July 10, 2025

[2506.01888] with Lionel Mason, Romain Ruzziconi, and Atul Sharma

Adam Kmec (University of Oxford) July 10, 2025 1/35



Adam Kmec (University of Oxford)

Motivation



Motivation

@ The algebra in question is the S-algebra between soft operators
[Tk, 1y ], PR 1 ]| = £25 0k + K14 1 m 4 ]

with k,/ € Z(J)“, m € Z. Seen from collinear limits of gluon scattering
amplitudes (Strominger'21, Guevara, Himwich, Pate, Strominger'21).

@ An amplitude is mapped to a correlation function

An(pr, -+, pn) €255 (0y -2 0,)
Mellin

where O is an operator in the dual theory.

@ The S-algebra is derived from the OPE of soft operators coming from
collinear limits

-An(pla T 7pn) M Spllt(pla P2, P1 + P2)-An—1(p1 + P2,P3," " 7pn)

which, after the integral transform, gives the OPE of the soft
operators.
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Motivation

@ Since then, the S-algebra has been studied in various ways. From a
phase-space perspective (Freidel, Pranzetti, Raclariu '23 ,Cresto,
Freidel '25), one constructs charges

2 _
Qa = - Tr (F(@zao + [A, 0[0]))
8ym J .o

that generate variations on the radiative phase space.

@ Under an appropriate symplectic structure
2 _
Q=—— [ Tr(6FsA) {Qa: Qu'} = Qo)
gym J s

the charges manifest the S-algebra.

@ Computations become complicated due to the field dependence of the
symmetry parameter a.
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Motivation

@ From a more top-down perspective, consider the holographic
dictionary on twistor space (Gaiotto, Costello '18, Costello,Paquette
'22, Costello, Paquette, Sharma '23), which is a 6d theory coupled to
a 2d world volume theory

Z= / DaDbDuj e~ dla:bl=52alv]

@ To couple to the 6d theory, there must be currents in the 2d theory
that couple to the bulk fields. For the path integral to be gauge
invariant the currents must satisfy the OPE

L[k, 1(2)JP[K, I'](0) ~ fczabf[k + K, 1+ 1'/(0)

L[k, (2)JP[K, I7(0) ~ fCZab]C[k + K1+ 1')(0)

J[k, (2)JP[K', I'|(0) ~ 0

@ This is the statement of Koszul duality. (Paquette, Williams '21)
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Self-Dual Yang-Mills

o Self-dual Yang-Mills (SDYM) is an integrable subsector of full
Yang-Mills, which sets the anti-self-dual (ASD) part of the field
strength to zero.

@ Decompose the field strength as

Fuv = Foags = Fapess + Fagéas

where the ASD part is set to zero

= 0 Ay + 3 IAE Ayl =0

@ The classical integrability of the theory is made manifest by its Lax
pair
Li = q“Dac = 9% (Oaa + Ani)
where g® = (1, q) is the spectral parameter.
@ In terms of the Lax pair, the SDYM equations are given by
Faﬂ =0« [Ld, Lﬂ] =0 Vq
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Chalmers-Siegel action
@ We will also be interested in ASD perturbations B, satisfying

DB, = 0*“Bug + [A*, Byg] = 0

@ SDYM with an ASD perturbation is described by the Chalmers-Siegel
action (Chalmers, Siegel 1996)

Scs[B, Al = / d*xTr (BaﬁFaﬁ)
M
@ To recover the full Yang-Mills action, add just one term
SYM = SCS + 6/ d4XBa58a6
2 Jm
which gives the equations of motion
DB, =0  Fop=¢Bugs
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Recursion Relations

@ Since B,z fully symmetric
Bap = B2040g + 2B10(otg) + Botatp
where 1o, = (0,1) and o, = (1,0).
@ Asymptotically, the field satisfies a peeling property

0
Bn
r3—n

By, =

with r being the Bondi radial coordinate.

o Define R, = BY _, then the asymptotic equations become

auRn + aZ"'?nfl + [.,L_t’ Rnfl] =0

where A, = Adz.

@ Extending these to all n > —1 gives the recursion relations consider
by Freidel, Pranzetti, and Raclariu.
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Recursion Relations
@ The R,~1 are seen as subleading orders of By

ig+iaan+l+¢n

Bo = r3 nlp3+n

@ Using the integrability of SDYM, we can construct recursion relations

for A

with /%_1 = J‘T

@ The Lax pair commuting [Lg, Lﬂ-] = 0 is a consistency condition for

auén + aZﬁn—l + [Aa 'én—l] =0

the existence of a matrix-valued function satisfying

LasT =0 with T=T(x,q)

o Considering the large g expansion

we find the I%s.
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Twistor Theory Basics

@ The twistor space of the complexified Minkowski space is given by

PT = O(1) ® O(1) — CP!
=CP? - CP}__,

with homogeneous coordinates Z4 = [u®, \,] € CP3.

@ Spacetime is the moduli space of holomorphic curves. The
homolorphic lines L ~ CP! are given by the incidence relations

5 . aa : u-—+rzz —rz
ue = ix* A, x* = _
—rz r

with x*¢ labeling the coordinates on spacetime.

@ Nonlocal relationship between spacetime and twistor space. A point x
in spacetime is a holomorphic line Ly in twistor space.
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Twistor Theory Basics

/\W:& ")O"

4@\*

Fact: Two twistor lines intersect if the corresponding spacetime points are
null separated.
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Infinity on Twistor Space
@ The boundary of Minkowski space can be seen on twistor space:
CP%. _o= i® % =Alllines interesecting CP} _,

@ From the incidence relations, we can see this relationship
Xad ¢ r=oo 1
Ao = U nCa Ca =
IX V4
with n ~ u™1.
@ The twistor space over ¢ is given by the blow-up

PT = {([2*], [Ca]) € CP® x CP*|(X() = 0}
@ There exists a projection to ¢

p:PT — Jc with u:M,z:ﬁ,
AoAg Ao
with the fiber coordinate is given by g = ,ui/)\o.
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SDYM on Twistor Space

SDYM appears on twistor space through the Ward correspondence

Theorem (Ward 1977)
There is a one-to-one correspondance between
@ SD gauge fields on M, and

@ holomorphic vector bundles E — PT with E|, trivial for every twistor
line L ~ CP! corresponding to x € M.

Holomorphicity of E is expressed as the integrability of the Dolbeault
operator

D=0+4a , acQ"YPT,g®0)
giving
=5 - 1
D :O:Ba+§[a,a]
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Penrose Transform

@ The Penrose transform (Penrose 1969) relates cohomology data on
twistor space to solutions of PDEs on spacetime. In particular,

b Hy!(BT.O(~4) © End(E)) = {Bag on M|D*Bys = 0}

@ There exists an integral formula for this correspondence

1
Bug = =— [ DAAXAg FHFTYL,

™ Ly

@ The bundle E — PT being (holomorphically) trivial allows for the
existence of f : E|; — C" such that

5’1_1‘4— a\Lf =0

From f one can reconstruct the SD gauge field A,s (Ward 1977,
Sparling 1990).
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Radiative Data on Twistor Space

@ Using the projection from asymptotic twistor space to null infinity
p: PT — Z¢, we can pull back the radiative data

a=p*(A(u,z,2)dz) = A([u\], A\, \) DA

to obtain the partial connection.

@ We work with a partial connection gauge equivalent to the radiative

data B B
f~1(0 + a)f = ADX

@ The rest of the asymptotic data appears via integral formulae.
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Twistor Action and Symmetries
@ Self-dual Yang-Mills + linearized perturbation:

Sla, b] = /M D3Z Atr <b/\ <5a+ %[a, a]))

with fields a € Q%Y(PT, ©) and b € Q%H(PT, O(—4)).
@ The equations of motion and symmetries of the action
_ 1 _
0a+ E[a,a]zo d¢a = D¢
Db=0 ¢ ob=[b,&] + Do

with & € QO(PT, O) and ¢ € Q°(PT, O(—4)).
@ The twistor action can be shown to reproduce the Chalmers-Siegel
action (Chalmers, Siegel 1996)

S[B, A] = /M d*xTr (BaﬁFfw)
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Twistor Charges

@ The symplectic structure coming from the action is given by
Q[61,62] = / D3Z ATr(81b A 2a — G2b A 61a)
by
where ¥ is a codimension 1 hypersurface.

@ By contracting the symmetries of the action into the symplectic
structure, we obtain the charges

0o 2Q = 06H, — Hs, , H, = / D3Z A Tr(Eb + ¢0,a)
ox
where oo = (&, ¢) The charges are non-integrable due to the field

dependence of the parameters.
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Charge Algebra

@ The non-integrable charges still satisfy an algebra when an
appropriate bracket is used (Barnich, Troessaert '11)

{Ha, Hor }x = 6aHor — Hs 0 = Hia,ar, + Koo
@ We obtain a representation of the algebroid bracket
[, o] = ([€, €] + da€’ — 00, [, €T+ [€ 8] + 0ad’ — dur @)
e We also find a cocyle K, o satisfying

K[al,a2]*,a3 - 6a3 Kal,az + cycIic(l, 2, 3) =0
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Asymptotic Integral Formulae

@ To translate the charges to spacetime, we must find integral formulae
solving the recursion relations

auRs + aZF\)S—l + [_,L_[’ Rs—l] =0
8ule\ss + 82"%571 + [/_la f‘)sfl] =0

@ This is achieved by the asymptotic twistor integral formulae

1

R, = 2_/ q*ttdg A 1 bf|,,
T J Lz

. 1

Ry = — g*ttdg A oyaf]y,,

s — L
27 Ly,

when a, b satisfy their equations of motion.
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Gauge Parameters

o If £, ¢ are global functions on twistor space, the gauge symmetries on
twistor space give vanishing Hamiltonian charges. These are small
gauge transformations.

@ The large gauge transformations are the ones that break the boundary
conditions
a~O(u™h) b~ O(u?)

@ We obtain Celestial currents by choosing the gauge parameter to
satisfy

D(¢, ¢) =0

on PT — {z = 0,00}. On non-trivial backgrounds, the gauge
parameters are field-dependent.
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Gauge Parameters

@ First let us consider a trivial background a = 0.

@ For example

_ 2 ca P (1 W (T 1
Es=kt1 = Z Z k1.nSE1n Skin= Ny —n t
0 1

neZ k+I1=s

where & ~ O(u®) breaks the boundary condition of a ~ O(u™1).
Similar expressions hold for ¢s on a trivial background.

@ Consider the algebra between these generators

[kt &kt ] = F22€kikr v mg

b
Ek.1n, Okt 1) = FE° Dkt 41ty
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Gauge Parameters

@ On a non-trivial background, use the frame to solve the gauge
parameter equation

E=fUF . o=1fTlof
@ Expanding in a power series in g
N [e.e] N o0
gzzgnqn ) ¢:Z¢nqn
n=0 n=0
@ The condition on the gauge parameter then gives the dual recursion

relations

augnfl + 325,1 + [/_l, fn] =0
Qubn—1+ Oz0n + [A, ¢n] = 0

@ The first are the dual recursion relations found by (Cresto, Friedel'25).
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Celestial Currents

o We use ¥ = {|z| = 1} and the D(&, #) = 0 gauge parameters, the
Hamiltonian charges are modes of currents

1 ~ 1

He = dzJe .  Hy=-— dz J,

2mi |z|:1

@ The currents are given by

K=Y f TR 0k -
n=0 v U=

Jy(z) = i ?{ duTr (anf%n_l) . 0:Jy=0
n=0 v U=°

where holomorphicity is a consequence of the recursion relations.
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Celestial Currents
@ The generators &, ¢ are seeded by the trivial background result

0Vk(,, 1Y/ _
0= i e+ 0(d)
0 1

0\k(, 1V _
0= LU oy o d)
)\0 >\1

@ The currents take the form
1
Mk, | = myark. |
Fleotm =5 d )
k

a k! k—m =\npa 1

Sk, 1] = Z:% T f w2 Ry + O(d)
with similar expressions holding for J2[k, I, m].

@ At a linearized level, reproduces expected results (Pano, Puhm,
Trevisani 23')
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Celestial Algebra

@ Using the algebroid bracket, we can show

b b
[gz,l,m7£k’,l’,m’]* = fca éli—i-k’,/—i-/’,m—&-m’
b b
[gl‘i,l,ma ¢k’,l’7m’]* = fca ¢i+k’,l+l’,m+m’

@ Since the Hamiltonian charges are a representation of these brackets,
we find

{2k, 1, m], JPIK 1 m Y = £2P [k + K L4 1 m+ m]
{2k, 1, m), JPIK 1, m T} = F2P [k + K 1+ ' m + m]
{JP[k, 1, m], JPIK' 1), m')} = O
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Spacetime Charges

We now wish to find charges at a finite cut of .#

To pick out real .# use ¥ = {u :_L7}. Furthermore, consider the
gauge parameters that satisfy dqD(&, ¢) = 0 instead.

This condition comes from the fact that a ~ Ad\ through the frame.

The a = 0 result coincides with the other gauge parameter choice

L 9ps(\ ) 4 @
55_ #)/’L 1.../_1] s :Z Z Lla(,l,ngialyn

o ; _ClYl ce. _ds
2 2 n€Z k+I1=s

These gauge parameters satisfy the S-algebra in a slightly different
form

[€s(ps), €5 (p6)] = Esvsr([ps, p5'])
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Spacetime Charges

@ For a non-trivial background, once again use the frame to obtain the
dual recursion relations.

@ The charges at a finite cut of .&

He = Z / dzdzTr(€,R,) Hy = 2 /(C " dzdzTr(¢nRp)

@ These charges have the property that they are conserved when
Ri1=0=R1

OuHe = / dzd2Tr [Roy (960 + [, &)
CP
au/:[¢ = / dzdzTr [Iil (32¢0 + [4, ¢0])}
Cp?
where we use the recursion relations and gauge parameter condition.
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Symmetries on Spacetime

@ Using the natural symplectic structure coming from twistor space
Q= / D3Z ATr(6b A ba) = / dudzdzTr(6R_16.A)
54

@ We find the asymptotic data transform as

5oan — Z[Rner»gm] + wn(gb)

m=0

baRn = Z[§n+m7§m] + @n(§)

m=0

These variations are symmetries of the recursion relations.

@ The algebra of the variations manifests the algebroid bracket
[0¢, 0] = Opeen. » 10606l = djegr. » 90,00l =0
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Symmetries on Spacetime

@ What do the variations look like?

@ The first few &, transformations are given by

550 R, = [RmPO]
8¢, Rn = [Rat1, p1] — u[Rn, 9zp1] — [Ra, [0, A, pal]

_ 2
8¢, Rs = [Rs12, p2] — u[Rsy1,0zp2] — [Rey1, [0, A, pa]] + %[Rs, 02 p]
=+ [R57 82[611_2“&7 P2]] + [Rsv [8;1(UA), 82p2]] +e

where ps = ps(z, Z) satisfying 8§+1p5 = 0 the wedge condition.

@ The first few ¢ transformations are given by
5¢0 Rfl = [aljl“zt’ XO] 5(]50 RO = [X07 828;2/1] - 8;1[“4_" [851“&7 XO]]
o Similar expressions hold for the variations of R,,.
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Conclusion and Future Directions

Conclusion:

@ The Ward construction for SDYM allows the study of the S-algebra
locally on twistor space.

@ We have considered the S-algebra from both the phase space
perspective and the Celestial CFT perspective.

@ The analysis has been done around a nontrivial self-dual background.
Future Directions:

o Can extend these ideas to SD gravity. (A.K., Mason, Ruzziconi,
Srikant '24)

o The S-algebra (Mason, Woodhouse 1996) and LHam(C?) (Dunajski,
Mason 00') can be seen in the bulk of spacetime

@ In gravity, what do the charges look like with A # 07

Thank you for listening!
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