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Motivation
The algebra in question is the S-algebra between soft operators

[Ja[k, l ,m], Jb[k ′, l ′,m′]] = f abc J[k + k ′, l + l ′,m +m′]

with k , l ∈ Z+
0 ,m ∈ Z. Seen from collinear limits of gluon scattering

amplitudes (Strominger’21, Guevara, Himwich, Pate, Strominger’21).

An amplitude is mapped to a correlation function

An(p1, · · · , pn)
Fourier←−−→
Mellin

⟨O1 · · · On⟩

where O is an operator in the dual theory.

The S-algebra is derived from the OPE of soft operators coming from
collinear limits

An(p1, · · · , pn)
p1||p2−−−→ Split(p1, p2, p1 + p2)An−1(p1 + p2, p3, · · · , pn)

which, after the integral transform, gives the OPE of the soft
operators.
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Motivation

Since then, the S-algebra has been studied in various ways. From a
phase-space perspective (Freidel, Pranzetti, Raclariu ’23 ,Cresto,
Freidel ’25), one constructs charges

Qα = − 2

g2
YM

∫
I
Tr

(
F̄ (∂zα0 + [A, α0])

)
that generate variations on the radiative phase space.

Under an appropriate symplectic structure

Ω =
2

g2
YM

∫
I
Tr

(
δF̄ δA

)
{Qα,Qα′} = Q[[α,α′]]

the charges manifest the S-algebra.

Computations become complicated due to the field dependence of the
symmetry parameter α.
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Motivation
From a more top-down perspective, consider the holographic
dictionary on twistor space (Gaiotto, Costello ’18, Costello,Paquette
’22, Costello, Paquette, Sharma ’23), which is a 6d theory coupled to
a 2d world volume theory

Z =

∫
DaDbDψ e−S6d [a,b]−S2d [ψ]

To couple to the 6d theory, there must be currents in the 2d theory
that couple to the bulk fields. For the path integral to be gauge
invariant the currents must satisfy the OPE

Ja[k , l ](z)Jb[k ′, l ′](0) ∼ f abc

z
Jc [k + k ′, l + l ′](0)

Ja[k , l ](z)J̃b[k ′, l ′](0) ∼ f abc

z
J̃c [k + k ′, l + l ′](0)

J̃a[k , l ](z)J̃b[k ′, l ′](0) ∼ 0

This is the statement of Koszul duality. (Paquette, Williams ’21)
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Self-Dual Yang-Mills
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Self-Dual Yang-Mills
Self-dual Yang-Mills (SDYM) is an integrable subsector of full
Yang-Mills, which sets the anti-self-dual (ASD) part of the field
strength to zero.

Decompose the field strength as

Fµν = Fαα̇ββ̇ = Fαβϵα̇β̇ + F̃α̇β̇ϵαβ

where the ASD part is set to zero

Fαβ = ∂ α̇
(αAβ)α̇ +

1

2
[A α̇

(α ,Aβ)α̇] = 0

The classical integrability of the theory is made manifest by its Lax
pair

Lα̇ = qαDαα̇ = qα(∂αα̇ + Aαα̇)

where qα = (1, q) is the spectral parameter.

In terms of the Lax pair, the SDYM equations are given by

Fαβ = 0⇔ [Lα̇, Lβ̇] = 0 ∀q
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Chalmers-Siegel action

We will also be interested in ASD perturbations Bαβ satisfying

Dαα̇Bαβ = ∂αα̇Bαβ + [Aαα̇,Bαβ] = 0

SDYM with an ASD perturbation is described by the Chalmers-Siegel
action (Chalmers, Siegel 1996)

SCS [B,A] =

∫
M

d4xTr
(
BαβF

αβ
)

To recover the full Yang-Mills action, add just one term

SYM = SCS +
ϵ

2

∫
M

d4xBαβB
αβ

which gives the equations of motion

Dαα̇Bαβ = 0 Fαβ = ϵBαβ
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Recursion Relations
Since Bαβ fully symmetric

Bαβ = B2oαoβ + 2B1o(αιβ) + B0ιαιβ

where ια = (0, 1) and oα = (1, 0).

Asymptotically, the field satisfies a peeling property

Bn =
B0
n

r3−n
+ · · ·

with r being the Bondi radial coordinate.

Define Rn = B0
1−n, then the asymptotic equations become

∂uRn + ∂z̄Rn−1 + [Ā,Rn−1] = 0

where A|I = Ādz̄ .
Extending these to all n ≥ −1 gives the recursion relations consider
by Freidel, Pranzetti, and Raclariu.
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Recursion Relations
The Rn>1 are seen as subleading orders of B0

B0 =
B0
0

r3
+

∞∑
n=1

∂nzRn+1 +Φn

n!r3+n

Using the integrability of SDYM, we can construct recursion relations
for Ā

∂uR̃n + ∂z̄ R̃n−1 + [Ā, R̃n−1] = 0

with R̃−1 = Ā.
The Lax pair commuting [Lα̇, Lβ̇] = 0 is a consistency condition for
the existence of a matrix-valued function satisfying

Lα̇T = 0 with T = T (x , q)

Considering the large q expansion

T∂uT
−1 =

∞∑
n=0

R̃n−1

qn+1

we find the R̃s .
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Twistor Space
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Twistor Theory Basics

The twistor space of the complexified Minkowski space is given by

PT = O(1)⊕O(1)→ CP1

= CP3 − CP1
λα=0

with homogeneous coordinates ZA = [µα̇, λα] ∈ CP3.

Spacetime is the moduli space of holomorphic curves. The
homolorphic lines L ≃ CP1 are given by the incidence relations

µα̇ = ixαα̇λα xαα̇ =

(
u + rzz̄ −rz
−r z̄ r

)
with xαα̇ labeling the coordinates on spacetime.

Nonlocal relationship between spacetime and twistor space. A point x
in spacetime is a holomorphic line Lx in twistor space.
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Twistor Theory Basics

Fact: Two twistor lines intersect if the corresponding spacetime points are
null separated.

Adam Kmec (University of Oxford) Twistor Charges for the S-algebra July 10, 2025 14 / 35



Infinity on Twistor Space
The boundary of Minkowski space can be seen on twistor space:

CP1
λα=0 = i0 I = All lines interesecting CP1

λα=0

From the incidence relations, we can see this relationship

λα =
xαα̇
ix2

µα̇
r=∞−−−→ nζα ζα =

(
1
z

)
with n ∼ u−1.

The twistor space over IC is given by the blow-up

PT = {([ZA], [ζα]) ∈ CP3 × CP1|⟨λζ⟩ = 0}

There exists a projection to IC

p : PT→ IC with u =
[µλ̄]

λ0λ̄0̇
, z =

λ1
λ0
,

with the fiber coordinate is given by q = µ1̇/λ0.
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SDYM on Twistor Space

SDYM appears on twistor space through the Ward correspondence

Theorem (Ward 1977)

There is a one-to-one correspondance between

1 SD gauge fields onM, and

2 holomorphic vector bundles E → PT with E |L trivial for every twistor
line L ≃ CP1 corresponding to x ∈M.

Holomorphicity of E is expressed as the integrability of the Dolbeault
operator

D̄ = ∂̄ + a , a ∈ Ω0,1(PT, g⊗O)

giving

D̄2 = 0 = ∂̄a+
1

2
[a, a]
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Penrose Transform

The Penrose transform (Penrose 1969) relates cohomology data on
twistor space to solutions of PDEs on spacetime. In particular,

b ∈ H0,1

D̄
(PT,O(−4)⊗ End(E )) ∼= {Bαβ onM|Dαα̇Bαβ = 0}

There exists an integral formula for this correspondence

Bαβ =
1

2πi

∫
Lx

Dλ ∧ λαλβ f b f −1|Lx

The bundle E → PT being (holomorphically) trivial allows for the
existence of f : E |L → Cr such that

∂̄|Lf + a|Lf = 0

From f one can reconstruct the SD gauge field Aαα̇ (Ward 1977,
Sparling 1990).
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Radiative Data on Twistor Space

Using the projection from asymptotic twistor space to null infinity
p : PT→ IC, we can pull back the radiative data

a = p∗(Ā(u, z , z̄)dz̄) = Ā([µλ̄], λ, λ̄)Dλ̄

to obtain the partial connection.

We work with a partial connection gauge equivalent to the radiative
data

f −1(∂̄ + a)f = ĀDλ̄

The rest of the asymptotic data appears via integral formulae.
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Twistor Action and Symmetries
Self-dual Yang-Mills + linearized perturbation:

S [a, b] =

∫
PT

D3Z ∧ tr

(
b ∧

(
∂̄a+

1

2
[a, a]

))
with fields a ∈ Ω0,1(PT,O) and b ∈ Ω0,1(PT,O(−4)).
The equations of motion and symmetries of the action

∂̄a+
1

2
[a, a] = 0 δξa = D̄ξ

D̄b = 0 δξ,ϕb = [b, ξ] + D̄ϕ

with ξ ∈ Ω0(PT,O) and ϕ ∈ Ω0(PT,O(−4)).
The twistor action can be shown to reproduce the Chalmers-Siegel
action (Chalmers, Siegel 1996)

S [B,A] =

∫
M

d4xTr
(
BαβF

αβ
)
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Twistor Charges

The symplectic structure coming from the action is given by

Ω[δ1, δ2] =

∫
Σ
D3Z ∧ Tr (δ1b ∧ δ2a− δ2b ∧ δ1a)

where Σ is a codimension 1 hypersurface.

By contracting the symmetries of the action into the symplectic
structure, we obtain the charges

δα ⌟Ω = δHα − Hδα , Hα =

∫
∂Σ

D3Z ∧ Tr(ξb + ϕ∂ua)

where α = (ξ, ϕ) The charges are non-integrable due to the field
dependence of the parameters.
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Charge Algebra

The non-integrable charges still satisfy an algebra when an
appropriate bracket is used (Barnich, Troessaert ’11)

{Hα,Hα′}⋆ = δαHα′ − Hδα′α = H[α,α′]⋆ + Kα,α′

We obtain a representation of the algebroid bracket

[α, α′]⋆ = ([ξ, ξ′] + δαξ
′ − δα′ξ, [ϕ, ξ′] + [ξ, ϕ′] + δαϕ

′ − δα′ϕ)

We also find a cocyle Kα,α′ satisfying

K[α1,α2]⋆,α3
− δα3Kα1,α2 + cyclic(1, 2, 3) = 0
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Celestial Currents
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Asymptotic Integral Formulae

To translate the charges to spacetime, we must find integral formulae
solving the recursion relations

∂uRs + ∂z̄Rs−1 + [Ā,Rs−1] = 0

∂uR̃s + ∂z̄ R̃s−1 + [Ā, R̃s−1] = 0

This is achieved by the asymptotic twistor integral formulae

Rs =
1

2πi

∫
Lu,z

qs+1dq ∧ f −1 bf |Lu,z

R̃s =
1

2πi

∫
Lu,z

qs+1dq ∧ f −1 ∂uaf |Lu,z

when a, b satisfy their equations of motion.
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Gauge Parameters

If ξ, ϕ are global functions on twistor space, the gauge symmetries on
twistor space give vanishing Hamiltonian charges. These are small
gauge transformations.

The large gauge transformations are the ones that break the boundary
conditions

a ∼ O(u−1) b ∼ O(u3)

We obtain Celestial currents by choosing the gauge parameter to
satisfy

D̄(ξ, ϕ) = 0

on PT− {z = 0,∞}. On non-trivial backgrounds, the gauge
parameters are field-dependent.
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Gauge Parameters

First let us consider a trivial background a = 0.

For example

ξs=k+l =
∑
n∈Z

∑
k+l=s

Lak,l ,nξ
a
k,l ,n ξak,l ,n =

(µ0̇)k(µ1̇)l

λk+l+n
0 λ−n

1

ta

where ξs ∼ O(us) breaks the boundary condition of a ∼ O(u−1).
Similar expressions hold for ϕs on a trivial background.

Consider the algebra between these generators

[ξk,l ,n, ξk ′,l ′,n′ ] = f abc ξk+k ′,l+l ′,n+n′

[ξk,l ,n, ϕk ′,l ′,n′ ] = f abc ϕk+k ′,l+l ′,n+n′
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Gauge Parameters

On a non-trivial background, use the frame to solve the gauge
parameter equation

ξ = f −1ξ̃f , ϕ = f −1ϕ̃f

Expanding in a power series in q

ξ̃ =
∞∑
n=0

ξnq
n , ϕ̃ =

∞∑
n=0

ϕnq
n

The condition on the gauge parameter then gives the dual recursion
relations

∂uξn−1 + ∂z̄ξn + [Ā, ξn] = 0

∂uϕn−1 + ∂z̄ϕn + [Ā, ϕn] = 0

The first are the dual recursion relations found by (Cresto, Friedel’25).
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Celestial Currents

We use Σ = {|z | = 1} and the D̄(ξ, ϕ) = 0 gauge parameters, the
Hamiltonian charges are modes of currents

Hξ =
1

2πi

∮
|z|=1

dz Jξ , H̃ϕ =
1

2πi

∮
|z|=1

dz J̃ϕ

The currents are given by

Jξ(z) =
∞∑
n=0

∮
u=∞

duTr (ξnRn−1) , ∂z̄Jξ = 0

J̃ϕ(z) =
∞∑
n=0

∮
u=∞

duTr
(
ϕnR̃n−1

)
, ∂z̄ J̃ϕ = 0

where holomorphicity is a consequence of the recursion relations.
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Celestial Currents
The generators ξ, ϕ are seeded by the trivial background result

ξak,l ,n =
(µ0̇)k(µ1̇)l

λk+l+n
0 λ−n

1

ta + O(Ā)

ϕak,l ,n =
(µ0̇)k(µ1̇)l

λk+l+n+4
0 λ−n

1

ta + O(Ā)

The currents take the form

Ja[k , l ,m] =
1

2πi

∮
|z|=1

dzzmJa[k, l ](z)

Ja[k, l ] =
k∑

n=0

k!

n!(k − n)!

∮
u=∞

duuk−m(−z̄)nRa
l+n−1 + O(Ā)

with similar expressions holding for J̃a[k , l ,m].

At a linearized level, reproduces expected results (Pano, Puhm,
Trevisani 23’)
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Celestial Algebra

Using the algebroid bracket, we can show

[ξak,l ,m, ξ
b
k ′,l ′,m′ ]⋆ = f abc ξck+k ′,l+l ′,m+m′

[ξak,l ,m, ϕ
b
k ′,l ′,m′ ]⋆ = f abc ϕck+k ′,l+l ′,m+m′

Since the Hamiltonian charges are a representation of these brackets,
we find

{Ja[k , l ,m], Jb[k ′, l ′,m′]}⋆ = f abc J[k + k ′, l + l ′,m +m′]

{Ja[k , l ,m], J̃b[k ′, l ′,m′]}⋆ = f abc J̃[k + k ′, l + l ′,m +m′]

{J̃a[k , l ,m], J̃b[k ′, l ′,m′]}⋆ = 0
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Spacetime Charges
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Spacetime Charges

We now wish to find charges at a finite cut of I

To pick out real I use Σ = {u = ū}. Furthermore, consider the
gauge parameters that satisfy ∂qD̄(ξ, ϕ) = 0 instead.

This condition comes from the fact that a ∼ Ād λ̄ through the frame.

The a = 0 result coincides with the other gauge parameter choice

ξs =
1

s!

∂sρs(λ, λ̄)

∂λ̄α̇1 · · · ∂λ̄α̇s
µα̇1 · · ·µα̇s =

∑
n∈Z

∑
k+l=s

Lak,l ,nξ
a
k,l ,n

These gauge parameters satisfy the S-algebra in a slightly different
form

[ξs(ρs), ξs′(ρ
′
s)] = ξs+s′([ρs , ρs′ ])
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Spacetime Charges

For a non-trivial background, once again use the frame to obtain the
dual recursion relations.

The charges at a finite cut of I

Hξ =
∞∑
n=0

∫
CP1

dzdz̄Tr(ξnRn) H̃ϕ =
∞∑
n=0

∫
CP1

dzdz̄Tr(ϕnR̃n)

These charges have the property that they are conserved when
R−1 = 0 = R̃−1

∂uHξ =

∫
CP1

dzdz̄Tr
[
R−1

(
∂z̄ξ0 + [Ā, ξ0]

)]
∂uH̃ϕ =

∫
CP1

dzdz̄Tr
[
R̃−1

(
∂z̄ϕ0 + [Ā, ϕ0]

)]
where we use the recursion relations and gauge parameter condition.
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Symmetries on Spacetime

Using the natural symplectic structure coming from twistor space

Ω =

∫
D3Z ∧ Tr(δb ∧ δa) =

∫
I
dudzdz̄Tr(δR−1δĀ)

We find the asymptotic data transform as

δαRn =
∞∑

m=0

[Rn+m, ξm] + ωn(ϕ)

δαR̃n =
∞∑

m=0

[R̃n+m, ξm] + ω̃n(ξ)

These variations are symmetries of the recursion relations.

The algebra of the variations manifests the algebroid bracket

[δξ, δξ′ ] = δ[ξ,ξ′]⋆ , [δξ, δϕ] = δ[ξ,ϕ]⋆ , [δϕ, δϕ′ ] = 0
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Symmetries on Spacetime

What do the variations look like?

The first few ξs transformations are given by

δξ0Rn = [Rn, ρ0]

δξ1Rn = [Rn+1, ρ1]− u[Rn, ∂z̄ρ1]− [Rn, [∂
−1
u Ā, ρ1]]

δξ2Rs = [Rs+2, ρ2]− u[Rs+1, ∂z̄ρ2]− [Rs+1, [∂
−1
u Ā, ρ2]] +

u2

2
[Rs , ∂

2
z̄ρ2]

+ [Rs , ∂z̄ [∂
−2
u Ā, ρ2]] + [Rs , [∂

−1
u (uĀ), ∂z̄ρ2]] + · · ·

where ρs = ρs(z , z̄) satisfying ∂
s+1
z̄ ρs = 0 the wedge condition.

The first few ϕ transformations are given by

δϕ0R−1 = [∂−1
u Ā, χ0] δϕ0R0 = [χ0, ∂z̄∂

−2
u Ā]− ∂−1

u [Ā, [∂−1
u Ā, χ0]]

Similar expressions hold for the variations of R̃n.
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Conclusion and Future Directions

Conclusion:

The Ward construction for SDYM allows the study of the S-algebra
locally on twistor space.

We have considered the S-algebra from both the phase space
perspective and the Celestial CFT perspective.

The analysis has been done around a nontrivial self-dual background.

Future Directions:

Can extend these ideas to SD gravity. (A.K., Mason, Ruzziconi,
Srikant ’24)

The S-algebra (Mason, Woodhouse 1996) and LHam(C2) (Dunajski,
Mason 00’) can be seen in the bulk of spacetime

In gravity, what do the charges look like with Λ ̸= 0?

Thank you for listening!
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