Complex Geometry
and Gravitational Instantons

Bernardo Araneda

School of Mathematics, Edinburgh
& Max Planck Institute, Potsdam

From Good Cuts to Celestial Holography
Oxford, July 2025

Joint work with Lars Andersson



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation,



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.

Usually these connections involve self-dual gravity, particularly from the twistor
perspective.



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.

Usually these connections involve self-dual gravity, particularly from the twistor
perspective. But here we will focus on the strictly non-self-dual case.



Introduction

Newman was one of the pioneers in uncovering connections between complex

geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.

Usually these connections involve self-dual gravity, particularly from the twistor
perspective. But here we will focus on the strictly non-self-dual case. New
connections between asymptotic flatness and complex structures seem to emerge,



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.

Usually these connections involve self-dual gravity, particularly from the twistor
perspective. But here we will focus on the strictly non-self-dual case. New
connections between asymptotic flatness and complex structures seem to emerge,
via a Witten-like identity.



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.

Usually these connections involve self-dual gravity, particularly from the twistor
perspective. But here we will focus on the strictly non-self-dual case. New
connections between asymptotic flatness and complex structures seem to emerge,
via a Witten-like identity.

This will be the main message of this talk.



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.

Usually these connections involve self-dual gravity, particularly from the twistor
perspective. But here we will focus on the strictly non-self-dual case. New
connections between asymptotic flatness and complex structures seem to emerge,
via a Witten-like identity.

This will be the main message of this talk. But the motivation is a recent
counterexample to Euclidean Black Hole Uniqueness,



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.

Usually these connections involve self-dual gravity, particularly from the twistor
perspective. But here we will focus on the strictly non-self-dual case. New
connections between asymptotic flatness and complex structures seem to emerge,
via a Witten-like identity.

This will be the main message of this talk. But the motivation is a recent
counterexample to Euclidean Black Hole Uniqueness, i.e. a new AF gravitational
instanton different from Kerr.



Introduction

Newman was one of the pioneers in uncovering connections between complex
geometry and gravitation, especially when considering asymptotically flat spaces,
via the heavenly construction.

Usually these connections involve self-dual gravity, particularly from the twistor
perspective. But here we will focus on the strictly non-self-dual case. New
connections between asymptotic flatness and complex structures seem to emerge,
via a Witten-like identity.

This will be the main message of this talk. But the motivation is a recent
counterexample to Euclidean Black Hole Uniqueness, i.e. a new AF gravitational
instanton different from Kerr. We will be interested in integrable deformations of
these spaces.
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Name Infinity Examples
Compact — T4, K3
AE E* only E*
E*/T Eguchi-Hanson
AF St x §2 Schw., Kerr R? x §?

ALF S1 bundle over S?  Taub-NUT R*, Taub-bolt CP?\pt

(also ALG, ALH, ALG*, ALH™, Kasner,...)

Some conjectures
® Besse (1987): “All compact instantons are hyperkahler” open
® Nakajima (1990): “All ALE instantons are hyperkahler” open

® BH Uniqueness (1980): “All AF instantons are in the Kerr family” false!
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& (M) = {Einstein metrics on M }/Diff (M)
More is known if M compact — T%, K3, del Pezzos,...  (cf. [LeBrun])

Example: M = R? x §2
® M admits the Schwarzschild instanton g,,. Are there others?

® g, has ALF infinitesimal deformations (soln to linearised Einstein). These
integrate to a curve g, (s),a(s) € & (M) ~ Kerr instanton

For general M:
® Open problem: determine whether infinitesimal deformations are integrable
® &(M) may be a non-smooth variety

® £(M) is integrable at go if any infinitesimal deformation integrates to a
curve of Einstein metrics in &(M)
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Examples

® Calabi-Yau (cf. Besse 1987); self-dual Yang-Mills (Atiyah, Hitchin, Singer 1978);
twistor theory & deformations of complex structures (Penrose, Kodaira) v

e CP' x CP?" has infinitesimal deformations, but they are not tangent to
curves in &(M) (Koiso 1982) X

® If go = vacuum space-time with compact Cauchy surface and Killing field
= &(M) is a quadratic variety near gg (Fischer, Marsden, Moncrief 1980) X

This talk
® Integrability of &(M) is open for general Einstein manifolds
® |s the Moduli Space of ALF instantons integrable?

® We will be able to answer this using complex structures
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Special geometry of black holes
® Newman & Janis (1965): Kerr is a “complex translation” of Schwarzschild
® Flaherty (1974, 1976): Kerr has Lorentzian Hermitian structure

® Walker & Penrose (1970): Kerr has non-degenerate valence-2 Killing spinor

Riemannian versions

® Non-degenerate valence-2 Killing spinor < conformally Kahler
[Dunajski & Tod 2009; Pontecorvo 1992]

® Conformally Kahler = Hermitian

® Ricci-flat + algebraically special = conformally Kahler
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® Aksteiner & Andersson (2021): Chen-Teo is Hermitian (non-Kahler), and it has
no Lorentzian sections.

® Biquard & Gauduchon (2021): The only Hermitian (non-K&hler), ALF, toric
instantons are

Taub-NUT, ,  Kerr, Chen-Teo.

® Biquard, Gauduchon & LeBrun (2023): If (M, go) is ALF Hermitian and toric,
and g is another Ricci-flat metric on M sufficiently C;-close to go, then g is
also ALF Hermitian.

(N.B: This does not cover infinitesimal deformations)

® |i (2023): ALF Hermitian instantons are toric.
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To look for further solutions, we want to see if the instantons can be smoothly
deformed, and if these deformations are integrable.

Theorem A (Stability) [BA, L. Andersson & M. Dahl, 2024]
Let (M, g) be an ALF Hermitian non-Kahler gravitational instanton. Then:
® Infinitesimal deformations satisfy the Teukolsky equation.

® There are no non-trivial ALF solutions to the Teukolsky eqn.

Theorem B (|ntegrab|||ty) [B.A & L. Andersson, 2025]

Let (M, g) be an ALF Hermitian non-Kahler gravitational instanton. Then:
® Infinitesimal deformations are conformally Kahler.
® The Moduli Space & (M) is integrable at g.

We will focus on Theorem B, using “Witten-like” identity (in the sense of PMT)
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® Spin group SU(2) x SU(2), symplectic spin bundles (S,¢), (S/,€’)
pres,  vVeS,  ¢p=eapd?,  Up =eapy?
® Tangent bundle TM =S ® S', with metric g, = €agea p’
® Self-dual 2-forms A2 =S ® S = span(y ), with L-C connection

va@iBC = F(lijijCH 27.] = 17273

* If |pf> =1, then J%, = vZ o7 is almost-complex structure
o (M, g) is Kahler iff Vappc = 0
® Weyl tensor

Wabed = Yapcpeapecp + W arpicrpreapecn

+ —
Wabcd Wabcd

Remark: A global spin structure is not assumed.
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Eigenspinors

Consider the map (cf. Penrose & Rindler Vol.2)

U,pCP 82 §°

Self-adjoint = orthonormal basis of real eigenspinors
® Trace-free = A\ + Ao+ X3 =0

Can choose \; <0 and A3 >0

If Gap = Q2gap, then

Uap“P = Q720,500 A = Q72N
We will work with the following objects (cf. LeBrun (2019))
® ., with L-C connection V, and trace-free Ricci tensor E,;
® . = Q%gqp with L-C connection V, and Q = 5\3

* Gap with Uup®Poop = Aspap and [¢? = 1
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Key identity

Lemma
With the above definitions, let (M, Gq,) be arbitrary (:\3 #0), and set

SBI g VY Gas, Vo — @ABS«S” pabed _ @(AB@CD)éA/B’éC’D/
Then the following identity holds:
Vo Ve =A+B

where

A [P 1 2 a A e PN
A=|9)?+ 6|ch|2 + 33 (A1 = Aa)? — 20|13 |2 — 2X,|13,)%)
3

B= — 1Py, (A3 VaEy.)
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Example

e We have V,V% = A+ B, and

~ 1, . 1 ~ ~ PN A A
A=|S]>+ 6|V<p|2 + 33 (A1 — A2)? =20\ |13 2 —2X0|T35)?
3
>0 \ZG/ >0 >0 7?

B = —1Pedy, (A 'V Ep.)

® Integrate over M, use Stokes, and add assumptions,

g Einstein = B=0
for example: 5\2 <0 = A>0
Boundaryterm =0 = A=0

® Then @@ =0, so g is Kahler, i.e. g is conformally Kahler
Remark

This result was obtained by Wu (2019) and LeBrun (2019) in the case that (14, g)
is compact, Einstein and det W+ > 0
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ALF curves

Recall key identity V,V% = A + B.

Lemma

Let g(s) be a curve of ALF metrics on M, with go := ¢g(0) Hermitian instanton
and dg := %Lg:o infinitesimal deformation. Then

/ (TaV)(s) = O()
M




Sketch of proof

® Set jab = \/§¢AB€A’B’. then

82

/ VaV = { JA »;déj} s+ { J A >T<d52j} 55 +O(s%)
M oM oM 21



Sketch of proof

® Set jab = ﬁ@ABéA’B’: then

82

/mw:{ jA:kd(sj}er{ j/\>?<d52j} -+ 0(s%)
M oM oM 2!

® Using that gy is ALF Hermitian instanton,

A= M + |§.§|2 + (65\1 — 55\2)2 + (|5f‘31‘2 il ‘5f‘32|2) f +0(s%)
24 3;\3 3 2!



Sketch of proof
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Sketch of proof

® Set jab = \/5(,27,43&4/3/, then

2

/ VaV = { JA »;daj} s+ { J A >?<d62j} i, +0(s%)
M oM oM 21

® Using that gy is ALF Hermitian instanton,

A |<5(W)\2+|§§|2+(5%—532)2+(I5f31\2+\5f32l2) s
24 33 3 2l

® Using that dg is infinitesimal deformation,

1 R R I 2
/ B= {_ f ()\31P“b“lvd62Ebc)dZa} )
M 3 Jom 2!
e ALF fall-off at co implies that boundary terms vanish = §2.4 = 0
= V))=0 = VJ=0(s?

+0(s)
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Integrability of & (M)

We then have an ALF curve (g(s), J(s)) on M such that

(90, Jo) = ALF Hermitian instanton
Ric[g(s)] = O(s?)
(VJ)(s) = O(s*)

Therefore:

® The infinitesimal deformation dg solves the ALF linearised Hermitian-Einstein
system, i.e. points in the Hermitian direction

® ALF Hermitian instantons are classified and topology is fixed, so g must be
deformation within same family = perturbation w.r.t moduli

® Hermitian moduli spaces are smooth = dg integrates to a curve of Ricci-flat
metrics in &(M).
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® There is a counterexample to Euclidean BH Uniqueness; currently unknown if
there are others.

® We studied infinitesimal deformations. Connected to integrability of moduli
spaces —open for general Einstein manifolds.

® Using Witten-like identity, proved the deformations have complex structures,
moduli space is integrable, instantons cannot be smoothly deformed away.

® New connections: asymptotic flatness, complex structures, global regularity.

Some questions
® QOther asymptotics? Beyond Ricci-flatness?
® Key identity ~ deduce 3 complex structures on instantons?
e Classification of toric instantons? (Twistor approach?)

® Applications to Lorentzian Relativity? (e.g. BH stability?)

Thank you!



