
The Giants of Twistor Theory

Atul Sharma 
Black Hole Initiative, Harvard



Happy 95th!!!



Twistor theory highly successful for describing 
classical gravity and gauge theory.



Twistor theory highly successful for describing 
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Can we use it to model aspects of quantum gravity?
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Questions for Today

 What is the nonperturbative gravitational path 
integral at finite ?ℏ

 How does quantum gravity “quantize” features of 
semiclassical gravity?

We will study these questions through solvable models of 
holography in twistor space.
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AdS/CFT suggests

ℓd−1
P ∼

ℓd−1
AdS

N2

degrees of freedom of boundary theoryN =

Entropy ∼ O(N2)

In quantum gravity, we cannot resolve spacetime on 
scales smaller than 1/N
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Canonical example of (Euclidean) AdS/CFT

Type IIB string 
theory on 
H5 × S5

  
super Yang-Mills 

on 

U(N) 𝒩 = 4

∂H5 = S4

Fields of boundary theory: for I, J = 1,2,3,4

Aa , ΨI
α , Ψ̃ I ·α , Φ[IJ]

valued in 𝔲(N)
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Semiclassical gravity :      N → ∞

Quantum gravity : Cayley-Hamilton truncates this to

Tr Φ , Tr Φ2 , Tr Φ3 , …

Tr Φ , Tr Φ2 , Tr Φ3 , … , Tr ΦN

1:1 with KK modes on  of supergravity on S5 AdS5 × S5

 an  matrixΦ N × N

States of the 
bulk theory

Operators of the 
boundary theory



How does Quantum Gravity 
truncate the spectrum of 

gravitons?



Tr Φ

AdS5 S5



Tr Φ2 − (Tr Φ)2

AdS5 S5



det Φ = Tr ΦN + ⋯

AdS5 S5



AdS5 S5

Overmaximal 
giant gravitons

Maximal giant 
graviton
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Gravitons 
at finite N

Gravitons at 
infinite N

Overmaximal 
gravitons= −

Traces at 
finite N

Traces at 
infinite N

Trace 
relations= −Boundary

Bulk

Quantum Perturbative Nonperturbative= +
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Counting 
multi-traces (Tr Φ)k1(Tr Φ2)k2(Tr Φ3)k3⋯(Tr ΦN)kN

IN(q) =
N

∏
n=1

1
1 − qn

counts  overmaximal giantsGm(q) =
m

∏
n=1

1
1 − q−n

= m

IN(q) = I∞(q)
∞

∑
m=0

qmNGm(q)
Giant graviton 

expansion

Subtracts 
overmaximal giants

[Imamura ’21]   [Gaiotto, Lee ’21]



Recent advances: holography in twistor space

[AS, Skinner ’25]

Can we understand finite-  effects via twistorial holography?N

[Bittleston, Costello, Zeng ’24]

[Costello, Paquette, AS ’22]

[Jarov ’25]
[Balisa, Casali ’26]

[Zeng ’23]



Biggest GIANT in 
twistor theory
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Why use twistors at all?

AdS/CFT is a strong/weak duality.

 expansion1/N

Boundary CFT Bulk gravity

Loop expansion

 expansiong2
YMN Expansion in 

string tension

Non-stringy gravity corresponds to .g2
YMN → ∞

Usually impossible to calculate at strong ’t Hooft coupling!
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Usual cop-out: compute quantities that do not depend 
on coupling

Examples: • 1/2, 1/8 or 1/16 BPS index

• 2, 3-point functions of BPS operators

But tests of holography beyond such susy-protected 
quantities remain obstructed!

Why use twistors at all?



Standard AdS/CFT works with full super YM.

Can we instead find a gravity dual of self-dual super YM?
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Standard AdS/CFT works with full super YM.

Can we instead find a gravity dual of self-dual super YM?

Yes!

Penrose-Ward 
Correspondence

Witten’s 
Twistor String

Chiral 
Holography+ =

[AS, Skinner ’25]

Why use twistors at all?





Twistor String Theory

B-model topological string on the Calabi-Yau 7-fold

X = Tot(𝒪(−1)⊕4 → ℙ𝕋) [Witten ’03]
[Bittleston, Costello, Zeng ’24]
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Twistor String Theory

B-model topological string on the Calabi-Yau 7-fold

X = Tot(𝒪(−1)⊕4 → ℙ𝕋)

Open twistor strings on  D-branes wrapping  have 
spectrum

N ℙ𝕋

4

⨁
p=0

H1(ℙ𝕋, ∧p𝒩ℙ𝕋/X) ⊗ 𝔤𝔩N(ℂ)

Penrose-Ward transform gives   SDYM on U(N) 𝒩 = 4 ℝ4

States of  
vector multiplet

𝒩 = 4

[Witten ’03]
[Bittleston, Costello, Zeng ’24]
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Relation to supertwistor space ℙ𝕋 3|4

4

⨁
p=0

H1(ℙ𝕋, ∧p𝒩ℙ𝕋/X) ⊗ 𝔤𝔩N(ℂ) States of  
vector multiplet

𝒩 = 4

Coordinates :                ZA = (λα, μ ·α) WI = (W1, W2, W3, W4)

Frame for normal bundle :          χI =
∂

∂WI

Open twistor 
string field :    𝒜 = a + ψ̃ I χI +

1
2

φIJ χI χJ + ψ I χ3
I + b χ4

Aα ·α Ψ̃ I ·α ΦIJ
ΨI

α
Bαβ



Chiral Holography

In the large  limit, replace D5s by their backreaction.N

  
SDYM on 
U(N) 𝒩 = 4
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Chiral Holography

In the large  limit, replace D5s by their backreaction.N

  
SDYM on 
U(N) 𝒩 = 4

ℝ4
Closed twistor string theory 
+  units of backreactionN=

Can finally perform non-BPS tests of holography!

[AS, Skinner ’25]
[Jarov ’25]



Target: non-BPS SDYM partition function at finite N

ZN = TrℋN
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Target: non-BPS SDYM partition function at finite N

ZN = TrℋN
(−1)Fx−R1

1 x−R2
2 x−R3

3 x−R4
4 y−J ·1

1 y−J ·2
2 z−L1

1 z−L2
2

Lα = λα
∂

∂λα
J ·α = μ ·α ∂

∂μ ·α
RI = χI ∂

∂χI

Fugacity space:    [x1 : x2 : x3 : x4 : y1 : y2 : z1 : z2] ∈ ℙ7

x1x2x3x4 = y1y2z1z2

Reduces  to GL(4 |4,ℂ) PSL(4 |4,ℂ)



Unrefined specialization

D =
1
2 (λα

∂
∂λα

− μ ·α ∂
∂μ ·α )

xI = 1 y1 = y2 = t z1 = z2 = t−1

ZN = TrℋN
(−1)F t2D
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SDYM path integral on  is 1-loop exact.S1 × S3

1-loop determinants count spectrum of linearized theory.

So we simply count states of linearized SDYM & 
project onto gauge invariants.

More precisely, compute the cohomology of BV differential

Q𝒜 = ∂̄𝒜 + 𝒜2

via a spectral sequence and Lie algebra cohomology.



Linear theory states can be counted via Penrose transform.
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Expansion in Čech representatives

𝒜 =
1

∑
p1=0

1

∑
p2=0

1

∑
p3=0

1

∑
p4=0

∞

∑
q1=0

∞

∑
q2=0

∞

∑
r1=0

∞

∑
r2=0

a†[p, q, r]

× λ−1−r1
1 λ−1−r2

2 (μ
·1)q1(μ

·2)q2(χ1)p1(χ2)p2(χ3)p3(χ4)p4

-valued 
Creation Ops

𝔤𝔩N(ℂ)

Before imposing gauge invariance, a general state is a 
product of creation operators acting on the vacuum.

a†[p, q, r]⋯a†[p′￼, q′￼, r′￼] |0⟩

× δp1+p2+p3+p4+q1+q2 , r1+r2+2
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2 xp3
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1 xp2
2 xp3

3 xp4
4 yq1

1 yq2
2 z−1−r1

1 z−1−r2
2

Graded Hilbert series of cohomology of ℙ𝕋 3|4

f(x, y, z) =
1

∑
p1=0

⋯
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∑
r2=0
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Fugacity 
assignment: [a†[p, q, r]] = xp1

1 xp2
2 xp3

3 xp4
4 yq1

1 yq2
2 z−1−r1

1 z−1−r2
2

Graded Hilbert series of cohomology of ℙ𝕋 3|4

f(x, y, z) =
1

∑
p1=0

⋯
∞

∑
r2=0

(−1)p1+p2+p3+p4[a†[p, q, r]] δp1+p2+p3+p4+q1+q2 , r1+r2+2

= 1 −
z1P(z1)−z2P(z2)

z1 − z2

P(z) =
(1 − z−1x1)(1 − z−1x2)(1 − z−1x3)(1 − z−1x4)

(1 − z−1y1)(1 − z−1y2)



Graded partition function of  SDYM𝒩 = 4

ZN = ∫U(N)
dU exp(

∞

∑
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1
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f(xn, yn, zn) Tr(Un) Tr(U−n))



Graded partition function of  SDYM𝒩 = 4

ZN = ∫U(N)
dU exp(

∞

∑
n=1

1
n

f(xn, yn, zn) Tr(Un) Tr(U−n))
Unrefined version

ZN = ∫U(N)
dU exp(

∞

∑
n=1

1
n

f(tn) Tr(Un) Tr(U−n))
f(t) =

6t2 + 2t3

(1 + t)3



Z∞ = 1 + 6t2 − 16t3 + 72t4 − 240t5 + 928t6 − 3456t7 + ⋯







O(t2) : Tr(ΦIJ)

O(t3) : Tr(ΨI
α) , Tr( Ψ̃ I ·α)

O(t4) : Tr(Dα ·αΦIJ) , Tr(Bαβ) , Tr(F ·α ·β) , Tr(ΦIJΦKL) , Tr(ΦIJ) Tr(ΦKL)
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O(t2) : Tr(ΦIJ)

O(t3) : Tr(ΨI
α) , Tr( Ψ̃ I ·α)

O(t4) : Tr(Dα ·αΦIJ) , Tr(Bαβ) , Tr(F ·α ·β) , Tr(ΦIJΦKL) , Tr(ΦIJ) Tr(ΦKL)

Z1 = 1 + 6t2 − 16t3 + 51t4 − 144t5 + 426t6 − 1200t7 + ⋯



Main result at finite N

ZN = Zclosed

∞

∑
m0,m1=0

G(m0,m1)
N [Budzik, AS wip]

Proof technique. 

Borodin-Okounkov (1999) + Murthy (2022)

Express  as a Hubbard-Stratonovich transform of the 
-function of an auxiliary free fermion 2d CFT. Then use 

Borodin-Okounkov’s expansion for the -function.

ZN
τ

τ



Ingredients

Zclosed = PE[S(z1)] PE[S(z2)]

S(z) =
x1

z − x1
+

x2

z − x2
+

x3

z − x3
+

x4

z − x4
−

y1

z − y1
−

y2

z − y2

ZN = Zclosed

∞

∑
m0,m1=0

G(m0,m1)
N [Budzik, AS wip]

PE[ f(x, y, z)] = exp(
∞

∑
n=1

1
n

f(xn, yn, zn))



Ingredients

G(m0,m1)
N = ∫U(m0|m0)

d𝒲0 (Ber 𝒲0)N ∫U(m1|m1)
d𝒲1 PE[

1

∑
a,b=0

f!
ab Str(𝒲−1

a ) Str(𝒲b)]

ZN = Zclosed

∞

∑
m0,m1=0

G(m0,m1)
N [Budzik, AS wip]

f! =
1 − z1P(z2)−1 − z2P(z1)−1

z1 − z2

P(z2)−1 − P(z1)−1

z1 − z2

z2
1P(z2)−1 − z2

2P(z1)−1

z1 − z2
1 − z1P(z2)−1 − z2P(z1)−1

z1 − z2



Gravity interpretation

Zclosed :

 G(m0,m1)
N : Counts Witten’s D-instantons with Chan-Paton 

super vector bundle 𝒪m0|m0 ⊕ 𝒪(1)m1|m1

Counts closed twistor strings

m0 = m1 = 0 m0 + m1 = 1 m0 + m1 = 2

1 D9 1 D9 2 D9’s
2 ’sD9

Twistor line 
of 0 ∈ S4
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Closed twistor strings

BCOV theory on  + brane backreactionX = Tot(𝒪(−1)⊕4 → ℙ𝕋)

Linearized closed string spectrum: -forms  with(p, q) Fp,q = ∂Cp−1,q

EoM:         up to    ∂̄Fp,q = 0 δFp,q = ∂̄fp,q−1

Backreaction coupling: ∂̄Fp,q + [ ̂F4,3, Fp,q] = 0

Backreaction ̂F4,3 = N
D3W d4W

∥W∥8

Deforms states but does not affect their counting.
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exact)



Closed string states counted by local cohomology of X

supported along Y = {μ ·α = 0} ⊂ X

⨁
k,l

H0,l
Y (X, Ωk,0

exact)

Eg. The state dual to  isTr ΦIJ

F5,2 = δ̄2(μ) D3Z dWI dWJ + ⋯



Closed string states counted by local cohomology of X

supported along Y = {μ ·α = 0} ⊂ X

⨁
k,l

H0,l
Y (X, Ωk,0

exact)

Eg. The state dual to  isTr ΦIJ

F5,2 = δ̄2(μ) D3Z dWI dWJ + ⋯

Counting such states produces Zclosed = PE[S(z1)] PE[S(z2)]
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D-instanton corrections

Need to account for ALL possible branes and saddles that 
contribute to the twistor string gravitational path integral.

Category of D-branes in the B-model on X

DbCoh(X) = bounded derived category 
of coherent sheaves on X

Fact: This is generated by .𝒪X , 𝒪X(1)
[Beilinson ’78]



D-instanton corrections

General expectation: suffices to consider branes contained 
within .Y = {μ ·α = 0} ⊂ X

Y

ℙ𝕋

 fibers of ℂ4

𝒪(−1)⊕4

μ ·α = 0
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D-instanton corrections

General expectation: suffices to consider branes contained 
within .Y = {μ ·α = 0} ⊂ X

Y

ℙ𝕋

 fibers of ℂ4

𝒪(−1)⊕4

μ ·α = 0

Relevant category: DbCoh(Y )

Generated by two elementary 
D9-branes .𝒪Y , 𝒪Y(1)

Call these D-instantons, though 
Witten’s original D-instantons 
were 𝒪Y(1)

[Budzik ’25]



Tachyon condensation: General branes constructed as 
cohomology of complexes built out of direct sums of .𝒪Y , 𝒪Y(1)
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 counts all possible branes contained in  that arise 
from tachyon condensation on the stack
G(m0,m1)

N Y

𝒪m0|m0
Y ⊕ 𝒪Y(1)m1|m1

 D9 branes and  anti-D9 branes with bundle m0 m0 𝒪Y

 D9 branes and  anti-D9 branes with bundle m1 m1 𝒪Y(1)

Tachyon condensation: General branes constructed as 
cohomology of complexes built out of direct sums of .𝒪Y , 𝒪Y(1)



Eg. “Giant graviton” dual to det Φ12

 : structure sheaf of 𝒪G G = {W1 = W2 = 0} ⊂ Y [AS, Skinner ’25]
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Focus on unrefined expansions.

Lesson 1. Even at large , we do not haveN

Z∞ = Zclosed

Even the large  holographic dictionary can be modified 
beyond BPS sectors!

N

True result:  We find , henceG(m0,m1)
N ∼ O(tmax(m0N+m2

0,m2
1))

Z∞ = Zclosed

∞

∑
m1=0

G(0,m1)
∞



Examples of D-instanton corrections: let Gm1
≡ G(0,m1)

∞

    Zclosed = 1 + 8t + 40t2 + 160t3 + 552t4 + 1712t5 + 4896t6 + 13120t7 + ⋯

    Z∞ = 1 + 6t2 − 16t3 + 72t4 − 240t5 + 928t6 − 3456t7 + ⋯

    G1 = − 8t + 30t2 − 96t3 − 368t4 + 2832t5 + 792t6 − 44992t7 + ⋯

    G2 = 736t4 − 4272t5 + 4536t6 + 25312t7 + ⋯

 ,            G3 = O(t9) Gm = O(tm2)
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 ,            G3 = O(t9) Gm = O(tm2)
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Examples of D-instanton corrections: let Gm1
≡ G(0,m1)

∞

    Zclosed = 1 + 8t + 40t2 + 160t3 + 552t4 + 1712t5 + 4896t6 + 13120t7 + ⋯

    G1 = − 8t + 30t2 − 96t3 − 368t4 + 2832t5 + 792t6 − 44992t7 + ⋯

    G2 = 736t4 − 4272t5 + 4536t6 + 25312t7 + ⋯

 ,            G3 = O(t9) Gm = O(tm2)

Zclosed (1 + G1 + G2 + ⋯) = (1 + 8t + 40t2 + 160t3 + 552t4 + 1712t5 + 4896t6 + 13120t7 + ⋯)

× (1 − 8t + 30t2 − 96t3 + 368t4 − 1440t5 + 5328t6 − 19680t7 + ⋯)

= 1 + 6t2 − 16t3 + 72t4 − 240t5 + 928t6 − 3456t7 + ⋯

    Z∞ = 1 + 6t2 − 16t3 + 72t4 − 240t5 + 928t6 − 3456t7 + ⋯



Lesson 3. At finite , the D-brane contributions to a 
gravitational path integral are best formulated via 
category theory. 

N

(Analogous to how contributions over instantons/saddles are 
formulated as integrals over moduli spaces.)

Lesson 2. Giant graviton expansions can generalize 
beyond BPS sectors!

Lesson 4. Chiral holography works nonperturbatively in .N
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Hagedorn singularity

Thermal partition fn. can be obtained by replacing  
in graded partition fn. Same for the GGE.

t ↦ − t

    Z th
∞ =

∞

∏
n=1

(1 − tn)3

1 − 3tn − 3t2n + t3n

Signals deconfinement transition at

1 − 3t − 3t2 + t3 = 0 ⟹ t = 2 − 3

Large-  thermal partition fn.N

[Aharony, Marsano, Minwalla, Papadodimas, Raamsdonk ’03]
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Hawking-Page?

Our analysis reproduces this singularity in the bulk.

    Z th
∞(t) = Zclosed(−t)

∞

∑
m1=0

G(0,m1)
∞ (−t)

    Zclosed(−t) =
∞

∏
n=1

(1 − tn)4

(1 + tn)4
    

∞

∑
m1=0

G(0,m1)
∞ (−t) =

∞

∏
n=1

(1 + tn)3

1 − 5tn + 5t2n − t3n

Lesson 5. Hagedorn singularity reproduced not by closed 
twistor strings, but instead by the D-instantons!

1 − 5t + 5t2 − t3 = 0 ⟹ t = 2 − 3



Open questions!

Relate our bulk  to twistor space of .


Derive the detailed holographic dictionary (done for 1/2 BPS sectors).


Systematically incorporate small  corrections using D-instantons.


Match correlators — precision non-BPS tests now possible!


Interpolate with the strong coupling AdS/CFT duality.

𝒪ℂℙ3(−1)⊕4 AdS5 × S5

λ



See you at 
Penrose 100!


