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Twistor theory

A. Self-dual 3 parallel complex structures ✓
B. Hermitian 1 integrable complex structure ? (cf. Tim’s talk)

C. Toric no (obvious) complex structure ? (cf. Maciej’s talk)

This talk is about B. and C.



Motivation

No-Hair Theorem

• Black holes ⇔ mass, angular momentum, electric charge

• That is (roughly): Kerr-Newman is the only solution

Euclidean signature?

• BH thermodynamics, Riemannian geometry, twistor theory

• Gravitational Instantons: globally smooth, non-compact & complete,
finite L2-energy (AF, ALF, ALE,...), non-hyperkähler

• Euclidean BH uniqueness? [Gibbons 1979, Lapedes 1980, Yau 1982]
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Ricci-flat case

• 2011: Chen & Teo find new AF instanton on CP2 \ S1 ⇒
counterexample to Euclidean Kerr uniqueness!

• 2021: Aksteiner & Andersson prove Chen-Teo is Hermitian

• 2021: Biquard & Gauduchon classify toric Hermitian ALF inst.

• 2025: Li & Sun prove ∃ ∞ family of non-Hermitian AF instantons!

Toric, labeled by n ≥ 2, but not explicitly known

n = 2 n = 3 n = 4 n > 4

Kerr Chen-Teo ? ???

• 2026: n = 4 case explicitly constructed by Teo
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Beyond Ricci-flatness?

Theorem 1 [BA & M. Dunajski, PRL 2025]

The manifold CP2 \ S1 contains a new AF Einstein-Maxwell instanton.
The solution is toric and conformally Kähler.

This talk

• Construction of this instanton

• Bigger picture

• Connection with twistor theory (at the very end)
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II. Kähler geometry



Solution-generating techniques for the Einstein equations

• Based on isometries ; harmonic maps

• Based on complex structures ; Kähler geometry



Harmonic maps

Theorem 2 [BA & M. Dunajski, to appear (2026)]

The Euclidean Einstein-Maxwell equations with a KVF are equivalent to
the critical points of

S[h,Ψ] :=

∫
(Rh + hij(gX)αβ∂iΨ

α∂jΨ
β)

where gX = self-dual, (+ +−−), Kähler-Einstein metric on

X = SL(3,R)/GL(2,R)

• Lorentzian: SU(2, 1)/S(U(2)× U(1)) [Kinnersely], [Breitenlohner, Maison, Gibbons]

• “Hidden symmetries”: isometries of gX

SL(3,R) ⇒ new solutions
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Kähler geometry

• Let (M, g, J) be conformally Kähler with KVF ∂τ and J∗Ric = Ric

• (M, g, J) Einstein-Maxwell ⇐⇒ zero scalar curvature!
[Flaherty ’76], [Apostolov et al ’13], [LeBrun ’14]

• Explicit description [LeBrun ’91], [Tod ’20], [BA ’23]

g = W−1(dτ +A)2 +W [dZ2 + eu(dX2 + dY 2)]

dA = WXdY ∧ dZ +WY dZ ∧ dX + Z2k(Z−2kWeu)ZdX ∧ dY

0 = WXX +WY Y + (Z2k(Z−2kWeu)Z)Z

0 = uXX + uY Y + (eu)ZZ

• k = 0: scalar-flat Kähler ; self-dual branch [LeBrun]

• k = 1: conformally Kähler ; non-self-dual branch [Tod], [BA]

• But: given u, how do we choose a monopole W?
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Theorem 3 [BA & M. Dunajski, to appear (2026)]

SL(3,R) preserves the (conformally) Kähler condition.
Maps u → u′ = u, but changes monopole:

W → W ′ = (c1 + c2Z)

(
c3Z

−kW + c4(1−
Z

2
uZ) + c5

uZ
2

)

Conformal Kähler

Hyperkähler Scalar-flat Kähler
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Example: multi-centres

• Biquard-Gauduchon classified all ALF toric Hermitian Ricci-flat spaces
(based on [Tod ’20])

• ALE version [BA & J. Lucietti ’25]

• Everything generated by piecewise linear function

n = 1

ALF: Taub-NUT
ALE: ×

n = 2

AF: Kerr
ALF: Taub-bolt
ALE: Eguchi-Hanson

n = 3

AF: Chen-Teo
ALF: ×
ALE: ×

n = 4

AF: ×
ALF: ×
ALE: ×

.......

(×=non-smooth)

• SL(3,R) action ⇒ Einstein-Maxwell instantons!

• n = 3: new AF Einstein-Maxwell instanton [BA & M. Dunajski ’25]

• n > 3? open
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Extremal gravitational instantons

What happens if we coalesce two centres?

• Gibbons-Hawking: orbifold singularity + ALE bubble

• Hermitian Einstein-Maxwell: develop cylindrical end!

• Forbidden in Ricci-flat case (Cheeger-Gromoll)

n = 2 :
dτ2

U2
+ U2 gR3

n = 3 :
(dτ +N cos θdϕ)2

UŨ
+ UŨ gR3

U = c1 + c2/r, Ũ = c̃1 + c̃2/r

• Instanton is α-surface in twistor space of (X, gX)

• General case? [BA & A. Colling, wip]
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+ UŨ gR3

U = c1 + c2/r, Ũ = c̃1 + c̃2/r
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U = c1 + c2/r, Ũ = c̃1 + c̃2/r

• Instanton is α-surface in twistor space of (X, gX)

• General case? [BA & A. Colling, wip]



III. Infinite-dimensional structures



Toric symmetry

• We saw that SL(3,R) wrt holomorphic KVF preserves Hermitian
condition

• But: Li-Sun ∞ family of unknown Ricci-flat instantons is toric, but
not Hermitian!

• t2 = span(K1,K2) ; maybe apply SL(3,R) wrt to a different KVF?

• But can take c1K1 + c2K2, then change c1, c2, then repeat
indefinitely...
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Integrability

• Go gack to X = SL(3)/GL(2), with

gX = Tr(A2), A = dEE−1

with E =Ernst matrix, A =Maurer-Cartan form

• In the toric case, the Einstein eqns reduce to

d ⋆2 (ρA) = 0, dA−A ∧A = 0

with ρ = det g(Ki,Kj) (and dz = ⋆2dρ, x = (ρ, z))

• This is an integrable system! Lax family of flat connections

dA(x, t)−A(x, t) ∧ A(x, t) = 0, A|t=0 = A
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∞-dim. symmetries

• Put A = aA+ b ⋆2 A, deduce a = 1
1+t2

, b = −t
1+t2

and

γ := z +
ρ

2
(t−1 − t) = const

⇒ twistor spectral parameter! (cf. [Mason & Woodhouse ’88])

• A flat ⇒ linear system

dΨ(x, γ) = A(x, γ)Ψ(x, γ), Ψ(x, γ)|γ=∞ = E(x) (⋆)

• Hidden symmetries are now

Ψ(x, γ) → k(x, γ)Ψ(x, γ)C(γ) C : S1 → SL(3)

; affine extension of SL(3) ; ∞-dimensional! (Geroch group)

• But: need to solve Riemann-Hilbert problem
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Solitons

• Replace A into (⋆), put U = ρEρE
−1, V = ρEzE

−1, then:

DρΨ =
ρU + λV

λ2 + ρ2
Ψ, DzΨ =

ρV − λU

λ2 + ρ2
Ψ, λ = −ρt

; Belinski-Zakharov system! (in ‘Ehlers picture’)

• Can find new solutions by dressing solitons:

Ψ = (I+
∑ Ri(ρ, z)

λ− µi(ρ, z)
)Ψ0, E := Ψ|λ=0

where residues Ri have rank 1

• Avoids RH factorisation, but still difficult to work with...

• But we have Geroch ŜL(3) ⇔ Belinski-Zakharov ⇔ twistors?
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Twistor data

Theorem 4

Consider a toric-Hermitian Einstein-Maxwell space∗, with n torus-fixed
points. Let Ri be a rod.

Then the Ernst matrix at Ri is:

E
∣∣
Ri

= I+ u⊗ v

n∑
k=0

ck
|z − zk|

∣∣
Ri
,

where ck are constants, v is constant vector, and u at most linear in z.

Remarks:

• E
∣∣
Ri

patching matrix P of twistor holomorphic vector bundle

• Reconstruct solution from P via z → γ and holomorphic splitting

• This characterises the P ’s that give Hermitian structures

• Prove Conjecture that solutions are always solitons? (cf. [Chen 2026])
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Some open questions

• Hermitian solutions inside twistor spaces?
[T. Adamo, BA, S. Seet, A. Sharma,...] (cf. Tim’s talk)

• Extremal instantons? [BA & A. Colling, wip]

• Uniqueness? Harmonic map not positive-definite! [BA & J. Lucietti, wip]

• ŜL(3)-orbits encoding instantons?

• Twistor theory may simplify the problem! (cf. Maciej’s talk)
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