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Course Organisation

Course Organisation

Lectures

@ Mon 14:00-15:00 Lecture Room L1
@ Thu 12:00-13:00, Lecture Room L3

Problem Sheets and Classes

@ 6 problem sheets, classes in Weeks 3—7 of MT, and Week 1 of
HT.
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Course Organisation

Class Details

@ Class 1: Dr Ebrahim Patel & Mr Zhen Shao
Tuesdays, 11 am - 12 pm, Week 3 (C3), Week 4 (C5), Week 5
(C3), Week 6 (C5), Week 7 (C5), Week 1, HT (C4)
Hand in written work by: Fridays, 10 am, Week before class

@ Class 2: Prof Raphael Hauser & Mr Julien Vaes
Wed 9:00-10:00, Weeks 3-7 of MT (C5) and Week 1 of HT
(place to be confirmed)
Hand in written work by: Mon 12 noon

@ Class 3: Prof Raphael Hauser & Mr Jonathan Grant-Peters
Thu 9:00-10:00, Week 3 MT (C4), Weeks 4-7 MT (L5), and
Week 1 of HT (place to be confirmed)

Hand in written work by: Tue 12 noon
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What is integer programming?

What is integer programming?

Integer Programming concerns the mathematical analysis of and
design of algorithms for optimisation problems of the following
forms.

o (Linear) Integer Program:

max CTX

x€RN

sit. Ax < b, (componentwise)
x >0, (componentwise)
x € 7",

where A € R™*" is a matrix and b € R™, c € R" are vectors
with rational coefficients.
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What is integer programming?

@ Binary (Linear) Integer Program:

max ¢ x
X
s.t. Ax<b

x €B":={0,1}".
This is a special case of a linear integer program, as it can be
reformulated as

max CTX

X

st. Ax<b

<[]

x >0,
xeZ".
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What is integer programming?

@ (Linear) Mixed Integer Program:

max ¢ ' x + hTy

X,y
st. Ax+ Gy <b
X,y 20,

y €ZP,

where G is a matrix and h a vector with rational coefficients.
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Introductory Examples

Introductory Examples

Example (The Assignment Problem)
@ n people are to carry out n jobs,
@ each person carries out exactly one job,
@ assigning person i to job j incurs a cost ¢,
o find assignment that minimises the total cost.

=_

gt
%@

=t
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Introductory Examples

Decision variables:
For (i,j € [1,n] :=={1,...,n}),

1 if person /i assigned to carry out job J,
D =
Y 0 otherwise.
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Introductory Examples

Constraints:

@ Each person does exactly one job:
n
Y oxj=1 (i€i,n])
j=1
@ Each job is done by exactly one person:
n
> =1 (e
i=1

@ Variables are binary:

xj € B:={0,1}, (i,j € [1,n]).
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Introductory Examples

n

Objective function: the total cost 7, i1 CijXij-

Model:

n n
min E g CiiXij
xeRnxn u

i=1 j=1
n

s.t. g xj=1 fori=1,...,n,
Jj=1
n
E xj=1 forj=1,...,n,
i=1

xjeB fori,j=1,...,n.
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Introductory Examples

Example (The 0-1 Knapsack Problem)

@ A knapsack of volume b has to be packed with a selection of n
items,

@ item / has volume a; and value ¢;,

@ pack the knapsack with a set of items of maximal total value.

0.
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Introductory Examples

Knapsack model:
n
max E CiXj
i=1

n
s.t. Z aix; < b,
i=1

x € B",
with decision variables are defined as follows,

1 if item i is selected,

0 otherwise.
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Introductory Examples

Example (The Integer Knapsack Problem)

The same as Example 2, but multiple copies of each type of item
are available.

How to cut this paper roll so as to minimise waste?

size orders 2x 3x 7x
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Introductory Examples

Integer knapsack model:
n
max E CiXi
i=1

n
s.t. Z aix; < b,
i=1

x >0,
xeZ",
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Introductory Examples

Example (The Set Covering Problem)
@ A city has m neighbourhoods [1, m] := {1,..., m},
@ n potential locations [1, n] := {1,..., n} for fire stations have
been identified,
@ S5; C [1,m] is the set of neighbourhoods that can be served
from location j,

@ establishing a fire station at location j incurs a cost ¢;,

@ build a set of fire stations so that all neighbourhoods are
served at minimal total costs.
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Introductory Examples

considered location

considered location

|

fire station built

considered location

Formulation as a combinatorial optimisation problem:

iy (29 U=t

JjeT JjeT
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Introductory Examples

BIP reformulation:

@ Build a directed graph with two different types of nodes: fire
stations j € [1, n] and neighbourhoods i € [1, m].

B
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Introductory Examples

@ Incidence matrix A = [a,ﬂ defined by

1 ifies;,
a,-j = X
0 otherwise.
e Indicator variables x; (j € [1, n]) defined by

1 if location j is selected,
Xj =
! 0 otherwise

e Covering constraint: at least one fire station must service
neighbourhood i/,

n
Za;jxj- > 1, for each i € [1, m].
j=1
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Introductory Examples

Set covering model:
n
min E CjXj
s %) s
j=1

n
s.t. Za,-jxj' >1, (ie][l,m]),
j=1

x € B".
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Introductory Examples

Example (The Travelling Salesman Problem (TSP))

@ A travelling salesman has to visit each of n cities exactly once
and then return to the starting point.

@ For each pair of cities i, € [1, n] there is a direct air link from
i to j. The directed graph (digraph) G = (V/, E) in which the
vertices are the cities and the directed edges are the air links
between them is assumed to be a complete graph.

o It takes cj; hours to travel along edge ij from city i to city ;.

@ In which order to visit the cities so as to minimise the total
travelling time?
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Introductory Examples

Note: it may be the case that ¢ # cji. If ¢;j = ¢ for all
i,j € [1,n], then we speak of the symmetric travelling salesman
problem (STSP), and (V/, E) is considered an undirected graph.
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Introductory Examples

Formulation as a BIP:

@ Decision variables: for all i,j € [1, n],

1 if the tour contains arc (i,J),
XU — .
0 otherwise.

o Constraint: the salesman leaves city i exactly once

doxj=1  (i=1,...,n).

S

o Constraint: he arrives in city j exactly once

d xi=1  (j=1,...,n).

ititj
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Introductory Examples

@ To eliminate solutions with subtours, introduce cut-set
constraints:

YD xi=1 vSCV, S#0.

i€S j¢s
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Introductory Examples

TSP model:

n n
min > > cixj
i=1 j=1
s.t. Z xj=1 (ie[l,n]),
ji
Yo =1 (el
iiij
YD xi=1 (ScV, S#£0),
i€S j¢s
x € B™",
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Introductory Examples

Example (Uncapacitated Facility Location (UFL))

@ Depot sites N = {1,...,n}, clients M = {1,..., m},
@ cjj cost for satisfying all of client i's orders from depot J,

@ using depot j incurs a fixed cost f; > 0,

@ decide which depots to open and how to service clients at
minimal cost.

)
/W

X

s

>0
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Introductory Examples

Modelling UFL as a mixed integer program (MIP):

@ Decision variables: for each pair (i,j) € M x N let x;; € [0, 1]
be the proportion of the demand of of client i satisfied from
depot j.

@ Decision variables to incorporate fixed costs: for each j € N,
let y; = 1 if depot j is used, and y; = 0 otherwise.

@ Objective function to minimise is the total cost

ZZCUX,-J- —i—sz—yj.

ieM jeN JjeN
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Introductory Examples

Constraints:

@ 100% of client i's demand must be satisfied

n
E xj=1 fori=1,...,m.
j=1

@ 0 < xj; <1 forall jj. Note that the constraints x; < 1 are
superfluous, as they are implied by 37, x; = 1.

o yj€ B, withy;=1iff 3/ € M s.t. x;j > 0:

m
Zx,-jgmyj forj=1,...,n.
i=1
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Introductory Examples

UFL model:

min ZZCUXU+26)/J

o) ERmxmn e ieN jen
st. Y xj=1 (ieM),
jeN
Y oxg<my (jEN),
iem
x>0,
y € B".
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Introductory Examples

Example (Uncapacitated Lot-Sizing (ULS))

@ A factory produces a single type of product in periods 1,...,n.

@ Production in period t incurs a fixed cost f; > 0 for switching
the production line on, as well as a production cost p; per unit.

@ Earlier production can be kept in storage for later sale at a
cost of h; per unit during period t. Initial storage is empty.

@ Client demand in period t is d;.

@ How to plan production so as to satisfy all demands and
minimise total costs?

R. Hauser B6.3 Integer Programming



Introductory Examples

B6.3 Integer Programming




Introductory Examples

Decision variables:

@ x; is the amount produced in period t (allowed to be
fractional).

@ y; = 1 if production occurs in period t, and y; = 0 otherwise.
@ s; is the amount of product held in storage during period t.

@ Objective function

n

Z(ptxt + feye + hese).
t=1
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Introductory Examples

ULS model:

n

n n
)En;ns Z [ Z fryr + Z hest
= t=1 t=1

t=1
st. si1+xe=di+s (t€]l,n]),
xe < My: (t€]1,n]),
x>0 (tell,n]),
ye€B (te][l,n]),
so =0,
s >0 (tell,n]),

where M is some a priori bound on the total consumption Y ;_; d.
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Introductory Examples

Example (Discrete Alternatives (Disjunctions))

st. 0<x<u and (1) or (2) holds,
(1) alx < b
(2) a3 x < by,

where a; are vectors and b; scalars (i = 1,2). The “or” is inclusive,
i.e., at least one of conditions (1) and (2) must hold.
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Introductory Examples
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Introductory Examples

Modelling such problems as a MIPs: “Big M formulation”

e Extra decision variables for which of (1),(2) to impose:

)1 if (1) is imposed,
n= 0 if (1) is not imposed,

)1 if (2) is imposed,
2= 0 if (2) is not imposed.
Note that even if a condition is not imposed, it may still hold,
but when it is imposed, it must hold.

o Let M > max{maxo<x<ya] x — bj : i = 1,2}, a bound that
can easily be computed via linear programming (see Lecture 2).
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Introductory Examples

Alternative disjunction model:

ol
st. alx—b<M1-y) (i=1,2),
nnty=1,
0<x<u
y € B2

@ If y3 =1, then aJ x — by < M(1—y;) =0, and hence (1) is imposed.

@ The case y; = 0 is more interesting: We have af x — b; < M, which
is a superfluous constraint, as it is already imposed as a consequence
of 0 < x < u. M has to be chosen large enough to guarantee that

{x:0§x§u}ﬁ{x:AIX—blgM}:{x:nggu}

so we don't lose any admissible solutions!
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Linear Programming

Linear Programming

An important special case of an integer programming problem is
one without integrality constraints, e.g.,

max ¢ x
X
s.t. Ax < b,
x>0

Such problems are called linear programming problems (or LPs).
We will see that LPs play an important role in algorithms designed
to solve general IPs through the concept of of LP relaxation:
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Linear Programming

Consider the IP problem

(IP) z* =maxc'x
X

s.t. Ax < b,
xeZl.

If we give up on the integrality constraints x; € Z, we obtain an LP,
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Linear Programming

Giving up on the integrality constraints has two effects on the
feasible set .Z (the set of decision vectors x that satisfy the
constraints of the problem)

@ .Z becomes larger,

@ .7 becomes convex.

i
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Linear Programming

Proposition

The consequence of the first effect is that z > z*.

If the optimal objective value z* of (IP) is achieved at the point x*,
then x* is feasible for (IP), and hence it is also feasible for (LP).
Therefore, z > cTx = z*. O]

As we shall learn, the consequence of the second effect is that it is
much easier to solve the problem (LP) than (IP).
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Linear Programming

A first idea for solving IPs is to solving the LP relaxation and round
the optimal values of the decision variables to the nearest feasible
integer valued feasible solution.

While this occasionally works, it is not always a good idea:

@ Rounding may be non-trivial, e.g., when the LP relaxation of a
binary program takes an optimal solution x* with many values
near 0.5.

@ The rounded solution may be far from optimal.
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The Simplex Algorithm

The Simplex Algorithm in Dictionary Form

We will now discuss an algorithm for solving general linear
programming problems.

SEE

Consider the LP instance

z = maxbxy + 4x2 + 3x3
X

st. 2x1+3x +x3 <5
4x1 + x0 +2x3 < 11
3x1 +4x0 +2x3 < 8
x1,X2,x3 > 0.

R. Hauser B6.3 Integer Programming



The Simplex Algorithm

Preliminary step I: introduce slack variables x4, x5, x¢ > 0 to
reformulate inequality constraints as a system of linear equations,

z = maxbxy + 4xo 4+ 3x3 + 0x4 + Ox5 + Oxg
st. 2x1+3x+x3+x4 =25
Adx1 4+ xp + 2x3 + x5 = 11
3x1 +4x0 +2x3 + x5 = 8

X1, X2, X3, X4, X5, X6 = 0.
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The Simplex Algorithm

Preliminary step Il: express in dictionary form
max z s.t. Xx1,...,%X > 0,
and where the variables are linked via the linear system

x4 =5—2x1 —3x0 — x3
x5 = 11 — 4x1 — xp — 2x3
X6=8—3X1—4X2—2X3
z=0+5x1 + 4x2 + 3x3.

Step 0: x1,x0,x3 =0, x4 =5, x5 = 11, x5 = 8 is an initial feasible

solution. x1, x», x3 are called the nonbasic variables and x4, x5, Xg
basic variables.

Note that basic variables are expressed in terms of nonbasic ones!
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The Simplex Algorithm

x4 =5—2x1 —3x0 — x3

x5 =11 —4x; — xp — 2x3
X6 =8 —3x1 —4xp — 2x3
z=0+45x3 + 4x, 4+ 3x3.

Step 1: We note that as long as xj is increased by at most
5 . ,5 11 8

5 =m0 3)

all x; remain nonnegative, but z increases.

Setting x; = 5/2 and substituting into the dictionary, we find
x2,x3,%4 =0, x5 =1, x¢ = 1/2, z = 25/2 as an improved feasible
solution.

We call x; the pivot of the iteration.
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The Simplex Algorithm

x4 =5—-2x1 —3x0 — x3

x5 = 11 — 4x1 — xp — 2x3
X6 =8 —3x1 — 4xp — 2x3
z=0+45x1 + 4x> + 3x3.

We can now express the variables x1, x5, xg, z in terms of the new
nonbasic variables x3, x3, x4 (those currently set to zero) to obtain a
new dictionary.

To do this, use line 1 of the dictionary to express x; in terms of
X2, X3, X4,

1
x| = 5(5—3X2—X3—X4)

and substitute the right hand side for x; in the remaining equations.
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The Simplex Algorithm

The new dictionary then looks as follows,

5 3 1 1

(1) X1 = § — §X2 — §X3 — §X4
(2) X5 = 1+5x+ 2X4

1 1 1 3

25 7 1
(4) zZ = ? — §X2 + §X3 — §X4.

Of course, we are still solving
max z s.t. Xxi,...,xs >0,

subject to the relationships (1)—(4) holding between the variables,
and the new LP instance is equivalent to the old one.

However, a better feasible solution can be read off the new
dictionary by setting the nonbasic variables to zero!
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The Simplex Algorithm

5 3 1 1
X]==—=X20— =X3— =X
R S M Y A M

x5 =1+ 5x0 + 2x4

S S
Xp = 5 2x2 2X3 2X4
25 7 1
Z=——=X20+ =X3— =Xa.

2 2 2 2

Step 2: We continue in the same vein: increasing the value of x> or
x4 is useless, as this would decrease the objective value z.

Thus, x3 is our pivot, and we can increase its value up to
1 = min(5, +00, 1),

leading to the improved solution x2,x4,x6 = 0, x1 = 2, x3 = 1,
x5 = 1, z = 13 and the dictionary corresponding to x», x4, Xg as
nonbasic variables:
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The Simplex Algorithm

x3 =1+ x4+ 3x4 — 2xg
X1 =2—2x0 —2x3 + Xp
x5 =14 5x + 2x4

z=13—-3x0 — x4 — Xp.

At this point we can stop the algorithm for the following reasons:

@ from the last line of the dictionary we see that for any strictly
positive value of x2, x4 or xg the objective value z is necessarily
strictly smaller than 13,

@ and from the other lines of the dictionary we see that as soon
as the values of xo, x4 and xg are fixed, the values of x3, x; and
x5 are fixed too.

@ Thus, the last dictionary yields a certificate of optimality for
the identified solution.
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The Simplex Algorithm

Direct Computation of Dictionaries

Let us now try to understand how the dictionary

x3 =14 x4+ 3x4 — 2xp
(5) X1 =2 — 2xo — 2x4 + Xg

x5 = 14 5x0 + 2x4

z=13-3x — x4 — X,

(which was obtained after two pivoting steps) could have been obtained
directly from the input data of the original LP instance

(LPI)  max5x; + 4x2 + 3x3 + 0xs + Oxs + Oxg
st.2x1+3x%+x3+x2="5
dx1 +x0 +2x3 + x5 = 11
3x1 +4x0 +2x3 + x5 = 8

X1, X2, X3, X4, X5, X6 2 0

if we had been given the relevant basic variables:
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The Simplex Algorithm

The constraints of (LPI) imply a functional dependence between
the nonnegative decision variables x;, expressed by the linear system

(6) Ax = b,
where
231100 5
A=14 12 0 1 0|, b=|11
342001 8
The basic variables of dictionary (5) are x3, x1, x5. Writing
T
XB ‘= [X3 X1 X5} s XN = [Xz X4 Xﬁ]
1 20 310
Ag =12 4 1|, Av:=1|1 0 O
2 30 4 0 1

(6) can be written as

Ag xg + Ay xy = b.

R. Hauser B6.3 Integer Programming



The Simplex Algorithm

Ag xg + Ay xy = b.
Solving for the basic variables xg, we obtain
(7) xXg = Agl (b— Anxn) .
Likewise, the objective function can be written as
z = chB + CEXN,
where
=35 0", aw=1[4 0 0,
and substituting from (7), we find
z=cgAg'b+ (c,-\g — chglAN) XN-
Dictionary (5) is now just the system of equations
xg = Aglb — Az Ayxw,

z=ciAg'b+ (cf — A An) xn.
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The Simplex Algorithm

Definition

A dictionary of the LP problem (P) max,{cTx: Ax = b, x > 0} is a
system of equations

xg = Aglb — Az Ayxw,

z=cgAg b+ (cf — A5 An) xn,

equivalent to

where up to column perturbation A =[4s Av] and x = [xF 7|7 is a
block decomposition such that Ag is nonsingular.

A dictionary is called feasible if Aglb >0, so that
x = (xg,xn) = (Ag'b,0) is a feasible (but generally suboptimal)
solution. (xg, xn) is then called a basic feasible solution.
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The Simplex Algorithm

Algorithm (Simplex Method for the general LP instance (P))

o choose a basic feasible solution (xg, xy)

e until cy — A-,\';AETCB < 0, repeat

i) i=min{l €N: c, > AT Ag cg} % Ay is £-th column of A
i) if AE]'A,- < 0, return “(P) unbounded” % (objective — o0)
else j := min {Z € B: £ € argmin {(Aglb)k/(AglA,-)k : keB, (AElA,-)k > 0}} % (where
Aglb is indexed by the ordered indices in B)
i) N« NU{}\{i}, B~ BU{i}\{}
e return (xg, xy) = (AElb, 0) “optimal basic solution”
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The Simplex Algorithm

Tableau Format of the Simplex Method

A tableau is a representation of the problem data obtained by moving all
variables x; of a dictionary to one side and constants to the other. For
example, the dictionary

X4:5—2X1—3X2—X3

x5 =11 —4x3 — xp — 2x3

X6 =8 —3x1 —4x0 — 2x3

z=0+5x1 + 4xp + 3x3,

corresponds to the tableau

2 3 1.1 0 0] 5
412 0 1 0|11
3 4.2 00 1]8
5 4 3 0 0 00

Basic variables can be identified via the appearance of an identity
submatrix, and an optimal tableau is characterised by the appearance of
all non-positive entries on the I.h.s. of the last line.

R. Hauser B6.3 Integer Programming



The Simplex Algorithm

Applying the same procedure to the second dictionary

5 3 1 1

X1:§—§X2—§X3—§X4

X5:1+5X2+2X4
1.1 +

BT oy
25 7 1

Z= 0 —5Xo+ 5X3 X4

2 2 273 2

we obtain the following tableau,

1 15 05 05 0 0| 25
0 -5 0 -2 1 0f 1

0 —05 05 —25 0 1] 05
0 —35 05 -25 0 0] 125
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Here is how the first tableau can be directly transformed into the second
one:

1. Among the columns on the left, identify one whose last entry is

positive.
213 1 1 0 0y 5
411 2 0 1 011
314 2 0 0 194 8
[5]/4 3 0 0 0]o.

We call this column the pivot column.
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213 1.1 0 0] 5
411 2 0 1 0|11
3/4 2 0 0 18
[5]4 3 0 0 o]0

2. For each row (apart from the last) of the pivot column with positive
coefficient t, look up the corresponding coefficient u on the r.h.s.

@ If no such row exists, the problem is unbounded.

@ If such rows exist, pick the one for which t/u is smallest and call it
the pivot row. In this example, t =2 and v = 5.

2[3 11 0 0[5
411 2 0 1 of11
3/4 2 0 0 1|38
[5]/4 3 0 0 OfO.
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3. Divide the pivot row by t,

1[15 05 05 0 0] 25
411 2 0 1 0] 11
3/4 2 0 0 1| 8
'5/4 3 0 0 0fo.

4. For all other rows i of the tableau, subtract the “rescaled” pivot
row t; times, where t; is the row-i entry of the pivot colum,

1 15 05 05 0 0] 25
0o -5 0 -2 1 0| 1
0 —05 05 -25 0 1| 05
0 —35 05 —25 0 0] —125.

In the new tableau there once again appears a (possibly permuted)
identity matrix that identifies the new basic variables.
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Graphic Interpretation of the Simplex Method

Consider the polyhedron &2 = {x € R": Ax = b, x > 0} that
constitutes the feasible domain of the LP problem

(P) max {c"x: Ax = b, x > 0}.

Each set of nonbasic variables xy of a basic feasible solution identifies a
vertex (extreme point) of & via the system of equations

AN AB XN| b
I 0 XB - 0|
Each pivoting operation changes N by only one entry i and moves to a

neighbouring vertex where the objective value is greater. The move can
be seen as occurring along the 1D facet

{xeR": Ax=b, x, =0Vl e N\ {i}}.
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Xj

AN
X \/
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The Simplex Algorithm

Second Graphic Interpretation of the Simplex Method

A second graphic interpretation is of historic interest because it gave the
method its name: Consider an LP instance in the following form,

(CP) maxc'x
s.t. Ax = b,
1Tx =1,

x >0,

where 1 =[1.. 1]T.

Tx, we define (m + 1)-dimensional points

v = , W1 = yeee s Wn = )
V4 C1 Cn

where A; is the j-th column of A as before.
The objective of (CP) is thus to express v as a convex combination of
Wi, ..., W, SO as to maximise z.

R. Hauser B6.3 Integer Programming
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The Simplex Algorithm

The constraint 17x = 1 implies that each basic feasible solution is
associated with a collection of m points {w; : j € B} for which
{A; : j € B} are linearly independent and contain b in their convex hull.

This is the same as requiring that the line {[2] : t € R} intersects the
simplex conv({w; : j € B}).

Thus, the simplex algorithm proceeds via a sequence of simplices that are
“tumbling upwards”, and in each pivoting operation only one vertex of the
simplex changes.
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Linear Programming Duality

LP Duality

Let us again consider the LP instance we studied previously,

(P) max5x; + 4x2 + 3x3
s.t. 2x1 +3x +x3 <5
4x1 + xo +2x3 < 11
3x1 +4x +2x3 < 8
X1, X2,x3 > 0.

We saw that the optimal value is 13.

In integer programming, instead of solving an LP relaxation to optimality
one is often interested in finding merely upper and lower bounds on the
optimal value.

A lower bound is provided by any feasible solution. For example,
x1,X2 = 1, x3 = 0 is feasible with objective value 9.
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Linear Programming Duality

How can we obtain upper bounds?

Multiplying the first constraint by 3 we obtain
6x1 + 9x0 + 3x3 < 15,

and since x1, xp, x3 > 0, this yields an upper bound on the objective
function:

z=">5x1 +4x0 4+ 3x3 < 6x3 + 9x + 3x3 < 15,

Likewise, taking the sum of the first two constraints yields the valid
upper bound

z="5x; +4xp + 3x3 < 6x1 + 4x2 + 3x3 < 16.
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Linear Programming Duality

More generally, such bounds can be obtained from any sum of
positive multiples of the constraints for which the resulting
coefficients are no smaller than the corresponding coefficients of
the objective function:

2 31
>V Y2 ¥3 ) Y1,Y2,y3 =
5 4 3] <[ 14 12 >0
3 4 2
5
=z<[n y w11
8
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Linear Programming Duality

The best such upper bound is obtained by solving the LP instance
(D) min5y; + 11y> + 8y

s.t. 2y1 +4ys + 3y3 > 5,
3y1+y2+4y3 > 4,
y1+2y2+2y3 >3,
yi,y2,y3 > 0.

This is called the dual of the LP instance (P), the latter being
called the primal.
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Linear Programming Duality

More generally, an LP of the form

(P) z¥= Ena>)< c'™x+d's
X,S

st. Ax+ GCs < a,
Bx + Ds = b,
x >0,
s arbitrary

is associated with a dual

(D) w* = min aly+b't

(v:t)

st. ATy+BTt>c¢
Cly+D"t=d
y =0,
t arbitrary.
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Linear Programming Duality

(D) has itself a dual: casting (D) in primal form,
(D) max —a'y—b't
(v:t)
st. —ATy—BTt< —c
—C'y—DTt=—d
y 20,
the bi-dual is found to be
(P (mlr; —c'x—d's
X,S
st. —Ax— Cs > —a,
— Bx— Ds = —b,
x >0,

which is just the primal cast in dual form.
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Duality Theorems

Duality Theorems

To analyse the relationship between the primal-dual pair (P), (D), we will
henceforth consider LPs in the following standard form into which any LP
may be cast under an appropriate reformulation,

n
(P) max > g
j=1

n
st Y apx < b, (i=1,...,m),

=1
D i ibj
(D) min ;y

m
s.t. Zy,-a,-j:cj, (G=1,...,n)
i=1

yi>0, (i=1,...,m).
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Duality Theorems

Theorem (Weak Duality Theorem)

i) If x is primal feasible and y is dual feasible (feasible for (P), (D) respectively), then
n m
@ D5 < D vibi-
= i=1

ii)  If equality holds in (1), then x is primal optimal and y is dual optimal.
iii)  If either (P) or (D) is unbounded, then the other programme is infeasible (has no feasible
solutions).
4

Proof. i) By assumption, we have E}’:]_ ajjx; < bj for all i and 3T, yja;; = ¢j, y; > 0 for all j.

Therefore,

n 0 [ m m n m
Dogx =2 D oviag | 5 =Dy (D apy | <D vibi
Jj=1 j=1

j=1 \i=1 i=1 i=1

i) and iii) are immediate consequences of i).
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Duality Theorems

Theorem (Theorem of Alternatives for Linear Inequalities)

Consider the following two systems of linear inequalities,
n
) Sapg < b, (i=1,...,m)
j=1

and

3) yi>20, (i=1,...,m)
m
D> yibi<o0
i=1

Then system (2) has a solution if and only if (3) has no solution.

Proof. See problem sheets.
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Duality Theorems

Theorem (Strong Duality Theorem)

i) If (P) and (D) both have feasible solutions, then they have optimal solutions x and y such that
i1 g% = Xy vibi-

ii) If either (P) or (D) is infeasible, then the other programme either unbounded or infeasible.

Proof. Expanding each equality of the dual constraints as two inequalities, the claim of part i) may be
written as the following system,

Z ajx; < bj, (i=1,..., m) (primal feasibility)
j=1
m
Zy,-a,-j <¢, (j=1,...,n) (dual feasibility)
i=1
m
4) => yiaj < —¢, ((=1,...,n) (dual feasibility)
i=1
—y; <0, (i=1,...,m) (dual feasibility)

n m
- Z Gjxj + Z biy; < 0 (optimality)
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Duality Theorems

By the theorem of alternatives (4) is feasible if and only if the following system is infeasible,

m
Zu;a,vjfcj-f—o, (=1,
i=1
n n
Do ajy;— Y ayw—si+ bt =0, (i=1,
j=1 j=1
uj, vi, wj, si, T > 0, (i =1,
m n
D bivi+ > gy —w) <o,
i=1 j=1
which can be rewritten as follows, using hj = w; —v;,
m
Zu,—a,-jfcj-T:O, (=1,
i=1

(5)

uj,si, >0, (i=1,...

m n
S b — > cih <0,
i=1 j=1

n
—Zayhj_5f+bfT:0’ (i=1,...
j=1

., n) (accounting for x;)

., m) (accounting for y;)

., n)
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Duality Theorems

To prove that (4) is feasible, we must show that assuming the feasibility of (5) leads to a contradiction.

Case 1: (5) has solution with 7 > 0. Let x; = %hj Vjand y; = %u,- Vi. Then x and y are primal and
dual feasible, but

m n

Z bjuj + ch-hj <o

i=1 j=1

implies >3-, yjb; < ZJ’.’ZI ¢jx;, violating weak duality.

Case 2: (5) has solution with 7 = 0 and -7, ujb; < 0. Take y dual feasible. Then y = j + Au is dual
feasible for all A\ > 0, and

m m m

S yibi =Y gibi+ XD uib;

i= i=1 i=1

becomes arbitrarily negative for large . By weak duality, (P) is infeasible.

Case 3: (5) has solution with 7 = 0 and ZJ’-’ZI ¢jh; > 0: similar construction to Case 2 with x = % + Ah
and X primal feasible.

For parts ii) proceed similarly (see problem sheets).
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Linear Complementarity

Linear Complementarity

Definition
x € R" and y € R™ are complementary solutions relative to (P)
and (D) if

n
Yi b;—Za,-jxj- :0, (i:].,...,m),
j=1

that is, either y; = 0 or the primal constraint > ; a;;x; < b; is
active (holds as equality).

R. Hauser B6.3 Integer Programming



Linear Complementarity

Theorem (Complementary Slackness)

x and y are complementary solutions relative to (P) and (D) if and only
if they are optimal solutions of (P) and (D).

Proof. x and y are primal and dual feasible. Therefore,

m n m n o[ m m n
(6) Swi (bi -3 aijxj) = yibi— Y. <2Yiafj) X = > yibi— > gx-
j=1 i=1 =1 j=1

i=1 = j=1 \i=1 i=

If x and y are complementary, then the l.h.s. of (6) equals zero, hence by weak duality, the r.h.s. shows
that x and y are optimal.

If x and y are optimal, then by strong duality, the r.h.s. of (6) equals zero, and since the |.h.s. consists

of non-negative summands, we have y; (b,- — Z;:1 a,-jxj-) for all /.
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Linear Complementarity

De

tion

More generally, solutions (x, s) and (y, t) are complementary relative to the primal-dual pair of LP

problems
P) z* = (mxa;)( cTx+d's (D) w* = (r?l? aTy +b7t
s.t. Ax+ GCs < a, s.t. ATy+BTt2c
Bx + Ds = b, cTy+DTt=d
x>0 y > 0.

if the following conditions are satisfied,

yi|ai — Za,-j)(j = Z ciksk | =0, Vi,
J k

> viag + > teby — ¢ | x5, =0, Vi.
i £
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Linear Complementarity

Complementary solutions relative to a primal-dual pair of LPs remain complementary when the roles of
primal and dual are interchanged.

Proof. Follows from the the Complementary Slackness Theorem and the fact that the bi-dual equals the
primal.

Example

Consider the LP instance

(P) max5xy + 4xa + 3x3
s.t. 2x3 +3x2 +x3 <5
4x1 + x2 +2x3 < 11
3x3 +4x2 +2x3 < 8
X1,X2,x3 > 0.

Someone gives us the solution x;° = 2, x3 = 0, x3 = 1 and claims it is optimal for (P), a claim we want
to verify by constructing a dual optimal y* via complementary slackness.

<
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Linear Complementarity

We check that x™ is feasible for (P) by substitution into the constraint inequalities.

If x* is optimal, then by complementary slackness, x;', x3 > 0 implies

(7 2y +4y; +3y3 =5
(8) y1i +2y5 +2y; =3.

Furthermore, 4x; + x3 + 2x3 = 10 < 11 implies y3 = 0.

Substituting into (7) and (8), we obtain

2y +3y3 =5
vy +2y3 =3

Solving this linear system, we find y' =1, y3 = 1.
By construction, y* satisfies the constraints ATy* > ¢, and we also see that y* > 0. Furthermore,

Tx*=5.24+4.0+3-1=13=5-1+11-0+8-1=5b"y*,

confirming the optimality of both x* and y™*.
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Polyhedra and Polytopes

Polyhedra and Polytopes

A polyhedron is a set P C R" described as an intersection of finitely
many affine half spaces

n
P = XER”ZZQUXJSb,',(I':L...,m) R
j=1

for some A= (a;) € R™*" and b € R™.
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Polyhedra and Polytopes

A polytope is a set P’ C R” described as the convex hull of finitely many
points

P P
P’ = conv {Xk ke [l,p]} = {Z)\kxk : Z)\k =1, A\ >0, Vk}
k=1

k=1

for some x,...,xP € R".
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Polyhedra and Polytopes

Theorem (Weyl's Theorem)

If P’ is a polytope, then P’ is also a polyhedron.

Proof. x € P’ iff 3 X such that

P
k
X =2 A =0, (j=1,...,n)
k=1
P
> =1,
k=1

A0, (k=1,...,p),

where x; and A, are variables but x{( are constants. Equivalently, the requirement can be written as a
system of linear inequalities,

P
xjfzxkxj‘go, G=1,...,n)
k=1
P
*Xj+z)\k><f <0, (j=1,...,n)
k=1
<1

,
>
k=1

»
=3 A<,
k=1

A0, (k=1,...,p)
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Polyhedra and Polytopes

Apply Fourier-Motzkin Elimination (see problem sheet) to eliminate all the variables \.

This yields a new system of inequalities

n N
Dapxi+ > 0N < by, (i=1,...,m)
j=1 k=1

for some A = (a,-j), b and m, each of which is a positive linear combination of inequalities of the original
system.

By the properties of Fourier-Motzkin elimination, 3 X such that (x, \) satisfy the orginal system iff x
satisfies the new system, which now doesn’t involve A.

Hence,
P =P ={xeR": Ax< b}.
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Polyhedra and Polytopes

Definition

Let C C R" be a convex set. A point x € C is an extreme point of C if x
is not a convex combination of two points in C distinct from x

Axi,xo € C\{x},A€(0,1)s.t. x=2Xx + (1 — A)xo.

>
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Polyhedra and Polytopes

Theorem (Minkowski's Theorem)

If P C R" is a polyhedron and bounded, then P is a polytope, that is, P
has a finite set X of extreme points, and P = conv(X).

(Proof uses the Theorem of Alternatives for Linear Inequalities.)
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Alternative Formulations of IP Problems

Formulations of IP Problems

Let us now consider the mixed integer programming problem
T T
(MIP) (x,;?eaﬁw xtcey
st. Ax+By<b
x €Z",

where A and B are matrices, and let us denote the set of feasible
solutions of (MIP) by

F={(x,y) eR™P: Ax+By < b, x€Z"}.
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Alternative Formulations of IP Problems

If we drop the integrality constraints x € Z", the set of points that satisfy the remaining constraints is a
polyhedron:

P = {(x,y)eRn+P: A><+By§b}A

Furthermore, we have & = P N (Z" x RP).
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Alternative Formulations of IP Problems

Definition
A polyhedron P C R"*" is called a formulation of a set # C Z" x RP” if

PN (2" xRP) = 7.

A formulation of Problem (MIP) is any formulation of its feasible set .%.
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Alternative Formulations of IP Problems

Example

Consider the polyhedra

P1={x €R*:0 < x <1, 83x; + 61xa + 40x3 + 20x4 < 100},

A A

< x <1, 4xg + 3x2 + 2x3 + x4 < 4},

Pa={xecR*:0

’P3:{>(61R4:0 <1,4x3 +3x2+2x3+xa <4, x1 +x2+x3 <1, x3 +xq4 <1}.

IN
X

Then the IPs
(IP;) max cTx
xezd
s.t. x € P;

all describe the same mathematical optimisation problem for i = 1, 2, 3, because all three polyhedra are
formulations of the same feasible set

Z ={(0,0,0,0),(1,0,0,0),(0,1,0,0), (0,0, 1,0),(0,0,0,1),(0,1,0,1),(0,0,1, 1)}

Algorithmically, however, Formulation 3 is easier to solve than Formulation 2, and the latter is easier to
solve than Formulation 1, because P3 C P> C Pi.
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Alternative Formulations of IP Problems

Let us verify these claims:

If x € P1 N {0,1}%, then dividing 83x1 + 61xa + 49x3 + 20x4 < 100 by 201 yields
4.08x; + 3x2 + 2.41x3 + 0.98xz < 4.92,
and since x4 < 1, adding 0.02x4 yields
4.08x1 + 3x2 + 2.41x3 + x4 < 4.94.
Since all x; > 0, rounding down the coefficients in the |.h.s. can only render the inequality more satisfied,
4x1 + 3x2 + 2x3 + x4 < 4.94.
Seen as all x; are integers, the |.h.s must be integer, hence we can round down the r.h.s.,
4x1 + 3x2 + 2x3 + x4 < 4.

This shows P1 N {0,1}% C P> N {0,1}%.

Moreover, x € P> implies (multiplying 4x; + 3x2 + 2x3 + x4 < 4 by 25),
100x1 + 75x2 + 50x3 + 25x4 < 100,

and using x; > 0,
83xq + 61xa + 49x3 + 20x4 < 100,

whence x € Py.
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Alternative Formulations of IP Problems

Therefore, P> C P1 and P2 N {0, 1}4 C P1n Ao, 1}4, which implies

P1 N {0,1}* = P> N {0,1}%.

Next, If x € P2 N {0, 1}‘, then 4x3 + 3x2 + 2x3 + x4 < 4, thus at most one of x1, x2, x3 can be equal
to 1, and at most one of x1, x4 can be equal to 1. Therefore,

X1 + X2 + x3 1,

1,

INIA

X1 + xa

so that x € P3. This shows that P> N {0,1}* C P3 N {0,1}%.

It is also immediate that P3 C P2, and hence, P3 N {0, 1}4 C P2 n Ao, 1}4. Therefore,

P2 {0,1}* = P3 N {0,1}%.
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Alternative Formulations of IP Problems

If two formulations Py, P> of the feasible set % of an IP or MIP satisfy
P> C P1, we say that P is a tighter formulation than P;.

If a formulation P of the feasilbe set .% satisfies P = conv(.%), then P is
called an ideal formulation.

v

Formulation P3 of Example 7 is an ideal formulation of .%).
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Alternative Formulations of IP Problems

Let

(IP) z = max c"x
st. Ax=0>b
x>0
xi€Z, (=1,...,n)
be an IP given with an ideal formulation P = {x : Ax = b, x > 0}, and

let x* be an optimal basic solution (one found by application of the
simplex algorithm) of the LP relaxation

(LP) w=maxc'x
s.t. Ax=0>b
x> 0.

Then x* is also an optimal solution of (IP).
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Alternative Formulations of IP Problems

Proof. Since (LP) is a relaxation of (IP), we already know that z < w, so all we need to establish is that

x* is feasible for (IP), that is, it takes integer values, and optimality follows automatically.

Since by assumption P = conv(.%), each extreme point X of P is in &, and thus X is integer valued. It
therefore suffices to prove that x* is an extreme point of P.

Since x* is an optimal basic solution, it is a basic feasible solution, and it thus suffices to prove that any
basic feasilbe solution % of P is an extreme point.

Let X be a basic feasible solution with basis B and non-basis N, that is, X5 = A;lb and Xy = 0.
Suppose that

(1) %=+ (1= A3

for some x*,x% € P and X € (0, 1).
We hav'e x,},, x,%,‘ > 0 and 0‘: XN = )xx,%, +(1 - )\)xﬁ, whence x,}, = x,f, = 0. It follows that
b= Ax' = Agxk, so that x5 = Ag b = % for (i = 1, 2).

2

We have shown that x = x2 = % for all representations of the form (1), which shows that % is an

extreme point.
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Totally Unimodular Matrices

Totally Unimodular Matrices

We consider the IP

(IP) max{c'x: Ax=b,x>0,x€Z"}

and ask the question whether we have a chance to recognise if
P={xeR": Ax = b, x > 0} is an ideal formulation, in which case we
are in the fortuitous situation that (IP) is solved by its LP relaxation.

While this is difficult to decide in general, there exists at least an
important family of cases where this is possible:

Definition

A matrix A € R™*" is called totally unimodular if every square
non-singular submatrix of A has determinant +1.
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Totally Unimodular Matrices

Each extreme point of P is a basic feasible solution.

Proof. See problem sheet.

If the constraint matrix A of problem (IP) is totally unimodular and b is
integer valued, then every extreme point of the formulation P is integer
valued.

Proof. W.l.o.g., we assume that the rows of A are linearly independent. By the Lemma, every extreme
point X is a basic feasible solution, and thus there exists a basis B = {j1,...,jm} and non-basis N such
that Xy = 0 and

AgXg = b.
The nonbasic components X are clearly integer valued, and using Cramer’s Rule, we have
det(AK)
k™ det(Ag)’

e

k . . . .
where Al = [ A Ay Py A .

Since A‘é has integer components, we have det(Alé) € Z, and since det(Ag) = £1, it follows that Xg is
integer valued.
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Total Unimodularity Theory

Total Unimodularity Theory

In the last lecture we proved the following theorem relating to the formulation of the integer
programming problem
(1P) max{cTX: Ax = b, x > 0, x € Z"},
X

where A is assumed to have full row rank m.

Theorem (Total unimodularity implies integrality 1)

If A is TU, then for all b € Z™, all extreme points of the polyhedron P’(b) := {x € R" : Ax = b, x > 0}
are integer valued.

We can easily extend this result to polyhedra in inequality constrained form:

Theorem (Total unimodularity implies integrality I1)

If Ais TU, then for all b € Z, all extreme points of the polyhedron P(b) := {x € R" : Ax
are integer valued.

INA

b, x > 0}

Proof. If Ais TU, then A = [A1]is TU, so that by Theorem I, the extreme points of
P (b) := {Z eR™™: Az =b, 7> 0}

are integer valued.

Let Mgn : z = (x,5) € R™™ s x be the projection onto the first n components of the variables z. Then
P(b) = MznP’’(b) , and all extreme points of P(b) are projections of extreme points of P’/ (b).
Therefore, the extreme points of P(b) are also integer valued.
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Total Unimodularity Theory

The following is a near-converse result:

Theorem (Integrality implies total unimodularity)

If A € Z™X" js such that all extreme points of the polyhedron P(b) := {x € R" : Ax < b,x > 0} are
integer valued for all b € Z, then A is TU.

Proof. Let A=[A1]. Claim: all extreme points of
P’ (b) = {zgR”*’": Az = b, zzo}

are integer valued. (See problem sheet.) Thus, x is an extreme point of P, as claimed.

Let A; ; be an arbitrary invertible square submatrix of A, corresponding to row indices / and column
indices J.

Let B=JU{n+i:i¢ I}, then Ag is an invertible m x m submatrix of A such that if rows I are
permuted into the top position by left multiplication with an appropriate permutation matrices Py, P>, it
is of the form

A A 0
P1AgPs = { v ,} ;

hence det(Ag) = = det(A, ), so that det(A; ;) = £1 if and only if det(Ag) = +1.

Let 1:=[1... 1]7 a m-dimensional vector of ones, and

(421,

§ = | max
kot
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Total Unimodularity Theory

Foreachi=1,...,m, let

b =5-Agl+e,
where €' is the i-th canonical unit vector in R™. Then b’ is an integer vector.

The basic solution associated with the basis B and the r.h.s. is b’ is

so it is basic feasible and hence an extreme point of P’’.

Therefore, xg is integer valued, and so is the i-th column of A;l,

(Agh), =Agld =xg -6 -1.

Since this is true for all i/, /5;1 is integer valued, and thus both det(Ag) and its reciprocal det(ﬁ;l) are
integers, which is only possible if det(Ag) = +1.
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Practical Tools to Recognise TU matrices

Practical tools to recognise TU matrices

Verifying that a given matrix is TU seems a task of complexity
exponential in the size of the matrix.

There are two categories of simple tools to recognise special cases:

@ Rules by which small TU matrices can be assembled into larger
ones. By applying the inverse of these rules, we may be able to
recognise how to decompose a matrix into smaller parts whose total
unimodularity is computationally cheaper to verify.

@ Sufficient criteria that can easily be checked may allow us to
identify some important families of TU matrices.
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Practical Tools to Recognise TU matrices

The following rules are easy to prove: A € R™*" is TU if and only if any
of the following matrices are TU,

) AT,
[A-A],

P - A, where P is a m x m permutation matrix,

i)
i) A-P, where Pis a nx n permutation matrix
iv)

)

[A J‘], with J; = P,-[(') 8] Q;:, | an identity matrix, 0 a block of
zeros, and P;, Q; permutation matrices of appropriate size.

\Y
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Practical Tools to Recognise TU matrices

The following matrix is TU,

10
A=11 1 -1 -1
00 1 O

Indeed, it is trivial to check that [} 9] is TU. By application of ii),

10 -1 O
11 -1 —-1}|°

is TU, and by application of v),

10 -1 O
11 -1 -1
00 O 1

is TU. By permuting the last two columns we find that A is TU.
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Practical Tools to Recognise TU matrices

Definition

A 0, 1-valued matrix A has the consecutive ones property if the rows can
be ordered so that the 1s in each column appear consecutively.

If A€ {0,1}™*" has the consecutive ones property, then A is TU.

Proof. See problem sheet.

0 01 0010
1010001
A=10 1 1 0 1 0 1
0110101
01 00101
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Practical Tools to Recognise TU matrices

Example (Workforce plann

@ Workers are assigned to shifts consisting of consecutive time periods in periods i =
There are thus at most (m;rl) possible shifts j = 1,...,n.

@ Hiring for shift j costs ¢; per worker.
@ In period i at last d; workers are needed to operate the machinery.

@ How many workers x; to hire for each shift so as to minimise the total cost?

s.t. Zang- >d, (i=

j=1
x>0, (j=1,...,n)
x €L, (j=1,...,n)

Each column of A = (a;) is of the foom [0 ... 01... 10 ... 0]T because all shifts must consist of a set
of consecutive time periods. Therefore, the matrix A is TU.
”
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Practical Tools to Recognise TU matrices

Theorem (Sufficient condition)

Let A = [ajj] be a matrix such that
i) aj € {+1,—1,0} for all i,j.
i) Each column contains at most two nonzero coefficients,
D lagl <2 (et n]).
i=1

iii) The set M of rows can be partitioned into (My, M) such that each
column j containing two nonzero coefficients satisfies

ZaU—ZaU:O.

i€ My ieM>

Then A is totally unimodular.
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Practical Tools to Recognise TU matrices

Proof. The proof is by contradiction, assuming that A is not TU.

Let B be a smallest submatrix of A such that det(B) ¢ {0,+1, —1}.
Then all columns of B contain exactly two nonzero coefficients, for else
there exist permutation matrices Py, P> such that

P,BP, — [il *} 7

0 C

and then det(C) = tdet(B) ¢ {0,+1,—1}, and C is the row
permutation of a strict submatrix of B, contradicting the choice of B. ¢

Because of iii), adding the rows of B with indices in M; and subtracting
the rows with indices in M, yields the zero vector, showing that the rows
of B are linearly dependent and det(B) = 0, in contradiction to the
choice of B. ¢
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Application to Graph Problems

Application to graph problems

A graph G = (V, E) consists of a finite set of vertices (or nodes) V and a finite collection of edges
E C {{v,w} : v,w € V} consisting of unordered pairs of vertices, referred to as the heads or endpoints

of the edge.

If v is a head of e, we say that e and v are incident to one another.
An edge e € E is called a loop at v € V if both heads of e equal v.

The vertex-edge incidence matrix of G is the matrix 0, 1-valued matrix

A(G) = (AV,e(G))vev,eeE ’

1 if v is one of two distinct heads of e,
Av,e(G) =<2 if e is a loop at v,
0 otherwise.

Definition

A graph G is bipartite if V = V4 UV> is a partition and E C {{v,w}: v € V4, w € Va}.
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Application to Graph Problems

Definition

A graph G is a digraph (directed graph) if E C {(v,w): v,w € V} consists of ordered pairs, giving each
edge (or arc) a direction from its tail v to its head w. The vertex-edge incidence matrix is then defined as

1 if v is the head of e,
Ay o(G) = -1 if v is the tail of e,
i 0 if e is a loop at v,
0 otherwise.

o -1 o0 0 0 0
0o o 0o -1 1 -1
AlGa)=1g 1 1 1 0 0
0o o 1 o -1 1
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Application to Graph Problems

The vertex-edge incidence matrix of any bipartite graph is TU.

Proof. Each column of A(G) contains exactly two nonzero components,
al forsome v e Vi, and a 1 for some w € V5.

Therefore, the sufficient criterion of the above theorem applies for the
choice Ml = V1, M2 = Vg.

The vertex-edge incidence matrix of any digraph is TU.

Proof. Each column A. .(G) corresponding to a loop is a zero vector.

If e is not a loop, then A:,e(G) contains exactly two nonzero components,
a +1 for the head, and a —1 for the tail.

Therefore, the sufficiency theorem applies with My = M, M, = ().
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Application to Graph Problems

Example (Shortest Path Problem)

@ Given is a digraph G = (V, E) with nonnegative arc lengths c. for all e € E.

@ Two nodes s,t € V are marked.
@ Find a shortest path from s to t in G.

For each e € E, let xo = 1 if e lies along the path taken, and x, = 0 otherwise.

Foreachv € V,let b, =1if v=s5s, by = —1if v = t, and b, = 0 otherwise.

(SP) min Z CeXe

eckE

s.t. A(G)x = b,
0<x <1, (e€E),
Xe €EZ, (e €E).

The constraint matrix of (SP) (reformulated in inequality constrained form) is [AT, —AT,1]T, in which
A = A(G) is the vertex-edge incidence matrix of a digraph, hence the model is TU and may be solved via
LP relaxation.

<
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Application to Graph Problems

Note: (SP) has an interpretation as an s-t flow problem with capacities 1 on each edge and integrality
constraints on the xe, with flow conservation constraints at each vertex. We write VT (v), V=2(v) for
the successor and predecessor nodes of v.

3

(SP) z=min Z CijXij

(i,j)EE
s.t. Z Xsj — Z Xjs =1
JEVT(s) JEVT(s)
2ok > xe=-1
JEVT(D) JEVT()
SToxi— D0 xi=0 (i€ V\{st})
jevt Jjev=(i)

0<x; <1 ((i,j) €E)

X € zEl.
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Application to Graph Problems

Example (Assignment Problem

The problem lives in a bipartite graph G = (Vq, V, E) with V4 = {ig, ..., in} workers,
Vo = {j1,...,jn} jobs, E = V1 X V2.

s.t. ZXU:]' fori=1,...,n,
j=1
n
Zx,-jzl forj=1,...,n,
i=1
x,-je{O,l} fori,j=1,...,n.

Reformulating the problem in terms of the vertex-edge incidence matrix A(G),

min Z CeXe
€E

xERAXN 2
s.t. A(G)x =1,
0<xe <1, (e€E),
xe €L, (e €E),

we recognise the problem as totally unimodular.
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The Maximum Weight Forest Problem

The maximum weight forest problem

Definition

A subgraph of a graph G = (V, E) is a graph G’ = (V/, E’) such that V/ C V and
E' CEN{{u,v}: uveV}

Definition

A forest in a graph G = (V, E) is a subgraph G’ = (V’, E’) that contains no cycles, that is, every pair of
nodes are connected via at most one path in G’.

Example

& &
)
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The Maximum Weight Forest Problem

Let G = (V, E,c) be a graph with n = |V/| vertices and m = |E| edges,
endowed with a set of edge weights c. € R for every e € E.

Definition

The Maximum Weight Forest Problem finds a forest of maximal total
weight in G,

(MWF)  max { Z Ce: EECEst. G'=(V,E')isa forest}.
ecE’

We will later reformulate this combinatorial optimisation problem as an
IP and see that the following O(m + nlog n)-time algorithm solves
(MWF) to optimality.
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The Maximum Weight Forest Problem

Algorithm (Greedy Algorithm for (MWF))

@ initialisation:
i) order edges by nonincreasing weights c; > c2 > - -
i) FO:=9

iii) initialise function cycles

e main loop: for i =1,..., m repeat

i) if ¢; <0, return vpi—1 optimal”

ii) if /= U {¢;} contains no cycle, F' := F/I=1 U {¢}

else F/ := FI—1 i
iii) if |F'| =n—1o0ri=m, return “F' optimal”

© > cm

Notes: n — 1 is the maximal possible cardinality of a forest.
Step 2.iii) requires checking if adding the edge e; creates a cycle, which can be checked by calling the

following function

Function (output = cycles(e))

o initialisation: create lists (connected components) L3 = {v1}, ..
v — L(v) to lists

., Lp = {vp} and pointers

e function call: input e = {v, w}
if L(v) = L(w), return “creates cycle”
else merge L(v) and L(w) and return “creates no cycle”
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Submodaular functions

Submodular functions

Let #:={A: AC{1,...,n}} for some n € N. A function f : & — R
is called

i) submodular if

f(A)+f(B)>f(AnB) + f(AU B), VA Be 2,

ii) non-decreasing if

f(A)<f(B) VACBe 2.
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Submodaular functions

@ f: A |A| is submodular non-decreasing.

@ Let {vy,...,v,} C V be vectors in a vector space V. Then
f:A—rank({vi: i € A})

is submodular non-decreasing, where
rank({v; : i € A}) :=dim(span{v; : i € A}).

@ Let {vy,...,v,} be a list of training samples (images, audio files,
texts, ...), G, € £ (i=1,...,k) a list of groups of samples
{vi: i€ G;}, and h: R; — R, a concave non-decreasing function.

Then
k

FrA= Y h(IGNA|
i=1
is a submodular non-decreasing function (structured diversity
function used in machine learning, image segmentation, etc.).
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Submodular Optimisation

Submodular optimisation

Definition

Let f be a non-decreasing submodular function for which f()) = 0. The
submodular polyhedron associated with f is defined by

P(f):{xe]R”: x>0, Y x5 < f(S), \7569\{@}}.

JES

Given a vector ¢ € R", the submodular optimisation problem associated
with f and c is given by

(SOP) max{c'x: x € P(f)}.

Note that (SOP) is an LP with 2" — 1 constraints. Therefore, even for moderately sized n the constraint
matrix of (SOP) could not be held explicitly in the memory of a computer, and the simplex method
could not be applied.

Suprisingly, an efficient algorithm for solving (SOP) is nonetheless available:
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Submodular Optimisation

Algorithm (Greedy algorithm)

@ initialisation:
i) re-index variables so that ¢; > - > ¢, >0>¢41 > -+ > ¢,
where r=nifc, >0
i) S%:=0
@ main loop:
fori=1,...,r

i) set S"=1{1,...,i},
i) set x; = f(S") — F(S'71)

for j > r, set x; = 0.
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Submodular Optimisation

Lemma (Law of diminishing returns)

Let C C D € & such that D\ C = {d} is a singleton. Then for all
T e P withd € T, we have

f(D) — f(C) < f(DNT) — f(CNT).

Proof. Applying the submodularity inequalityto A=Cand B=DNT,

fF(O)+f(DNT)=f(A)+f(B)
> f(ANB)+ f(AUB)
=f(CNT)+f(D), (sincedeT).

which proves the claim.
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Submodular Optimisation

The greedy algorithm terminates in & (n(ws + log n)) time, where wy is the amount of work required per
function evaluation of f, and its output x is an optimal solution for (SOP).

Proof. The complexity claim is immediate, as steps 2 and 3 take at most n - wy time, and step 1 takes
O(nlog n) time.

Since f is nondecreasing, x; = f(5') — f(S"™') >0 (i=1,...,r), and since x; =0 (i =r+1,...,n),
the nonnegativity constraints x > 0 are satisfied. Further, for all T € 22,

Sx= Y (f(8)—F(S) (by construction of x)

JET JETNS
< Z f(Sj nT)— f(5j71 n T)) (law of diminishing returns)
jeTnsr
< Z (f(Sj nT)— f(5j71 N T)> (f is non-decreasing)
jesr

=f(S"NT)—f(0)<f(T).

Therefore, x is (SOP)-feasible with objective value z* = 37, ¢ (f(Si) - f(S'.fl)).
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Submodular Optimisation

*. The dual of reads

To show optimality, we construct a dual feasible solution with dual objective value z

(D) min 37 #(5)-ys
Sez»
S 2 yszg (=10
SjeSs
ys >0 VSe 2.

r—1lsety. =c¢ — Ciy1. Set ygr = ¢, and set ys = O for all other S € 22. Then y is

Fori=1,...,
(D)-feasible, since ys > 0 for all S € 27, and furthermore for j < r,

r—1

> ysfzysl => (e —cr)+ea =g

SjEeS i=j

whereas for j > r,
Do ys=02g.
sjes

The dual objective value at y is

r ) r—1 . r . )
ST AS s = 0 A6 — i) + (SN = D6 (F(S) — F(5TH) =27,
i=1

i=1

as claimed.
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Submodular Rank Functions and Matroids

Submodular rank functions and m

Definition

f: 2 — Ris called a submodular rank function if the following are satisfied,
i) f is non-decreasing submodular

i)y f(0) =0,

i) F(SU{}) — F(S) € {0,1}, forall S € P andj ¢ S.

@ Let {vq,.

.,Vn} C V be vectors in a vector space V. Then

f: A rank({v; : i € A})
is a submodular rank function.
@ Let G = (V, E) be an undirected graph, and let
f: P(E) >R,

A— max{|F|: F C A, (V,F)is a forest}.

Then f is a submodular rank function.
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Submodular Rank Functions and Matroids

Proposition

If f is a submodular rank function, then
i) f(A) < |A| forall Ae 22,
i) If f(A) = |A| then f(B) = |B| for all B C A.
iii) Let x” be the incidence vector of A € P, defined by xjA =1ifj € Aand xjA = 0 otherwise.
Then x* € P(f) if and only if f(A) = |A|.

Proof. i) Let A= {a1,...,ap} and Ay :={a1,...,ac}, (k=1,...,£). Then

(1) f(A) = f(Ap) < F(Ap—1) +1 < (F(Ap—2) + 1)+ 1< . ((. . (F@D)+1)...))+1=2=|A]

ii) W.l.o.g. the elements of A are indexed so that B = A, for some k < £. If f(A) = |A|, then all
inequalities in (1) must hold as equalities, and then f(Ay) = |A,| for all k. In particular, f(B) = |B]|.

iii) If f(A) < |A| then ZjeA XjA = |A| > f(A), and hence, x* ¢ P(f). Conversely, if f(A) = |A|, then for
all S € 22(N),

Skt =1ans 2rans) < ().
JjES

Hence, xA € P(f), as claimed.

auser B6.3 Integer Programming



B6.3 Integer Programming

Raphael Hauser

Mathematical Institute
University Of Oxford

Michaelmas Term 2018

R. Hauser B6.3 Integer Programming



@ Submodular Rank Functions

© Matroids
© The Maximum Weight Independent Subset Problem

@ Lovasz Extension and Minimisation of Submodular Function

R. Hauser B6.3 Integer Programming



Submodular Rank Functions

f: 2 — Ris called a submodular rank function if the following are satisfied,
i) f is non-decreasing submodular
i) f(0) =0,
i) f(SU{j})—f(S) € {0,1}, forall S€ 2 andj ¢ S.

Proposition (Properties of submodular rank functions)

If f is a submodular rank function, then
i) f(A) < |A| forall Ac 22,
ii) If f(A) = |A| then f(B) = |B| for all B C A.

iii) Let xA be the incidence vector of A € 22, defined by xjf4 =1ifj € Aand XJA = 0 otherwise.
Then x* € P(f) if and only if f(A) = |A|.

R. Hauser B6.3 Integer Programming



Submodular Rank Functions

Lemma (Closure)

Let f: & — R be a submodular rank function. If A,B € & are such
that f(AU{e}) = f(A) for all e € B\ A, then f(AU B) = f(A).

Proof. By induction on k = |B\ A|. If k =1, there is nothing to prove.
If k > 1, choose e € B\ A and observe that

2f(A)=f(AU(B\ (AU {e}))) + f(AU{e}) (induction hypothesis)

> f(AUB) + f(A)
(submodularity applied to AU (B\ (AU {e}) and AU {e})
> 2f(A),

which can only hold if the inequalities hold as equalities, showing that
f(AU B) = f(A), as claimed.
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Submodular Rank Functions

Independent sets

Definition (Independent set)

Let N := {1,...,n} be a finite set and f : Z?(N) :— N a submodular rank function. A set A € 22(N) is
called independent under f if f(A) = |A|.

| N

Proposition (Properties of independent sets)

Theset T = {A € 22 : |A| = f(A)} of independent sets satisfies
il) 0€eZz,
i2) ifAC B and B € Z(M), then A € Z(M),
i3) ifA,B €T and |B| > |A|, then e € B\ A such that AU {e} € T.

Proof. Property i1) follows from Part i) of Proposition (Properties of submodular rank functions), while
i2) follows from Part ii).

If i3) doesn’t hold, then by Lemma (Closure), f(A U B) = f(A), and then

|B] > |A| = f(A) = f(AU B) > f(B) = |B|.
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Matroids

Matroids

Definition (Matroid)

A matroid M = (E(M), Z(M)) consists of
@ a finite set E(M) (the ground set of M),

@ a subset Z(M) of the power set &2 (E(M)) = {A: A C E(M)} that satisfies properties

il) 0eZ,
i2) if AC Band B € Z(M), then A € Z(M),
i3) if A,B € T and |B| > |A|, then Je € B\ A such that AU {e} € T.

The rank function ry : 22 (E(M)) — R of M is defined by A — max {|X|: X C A, X € Z(M)}.

Notes:
@ W.log, E(M)={1,...,n}.
@ Axioms i1) — i3) generalise the properties of sets of linearly independent vectors.

@ Matroids generalise aspects of both matrices and graphs.
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Matroids

Example (Linear matroid)

Let A=[w .. va] be a matrix over a field F (e.g. F = R). Let
E(M)={1,...,n},
I(M):={X C{1,...,n}: {vi: i € X} linearly independent}.

Then M = (E(M),Z(M)) is the linear matroid of A, and we say that A
is a representation of M over F.

Example (Graphic matroid)

Let G = (V, E) be a graph, and let E(M) = E and Z(M) be the set of
forests in G. Then M = (E(M),Z(M)) is the graphic matroid of G.
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Matroids

Theorem (Matroid induced by submodular rank function)

Let E:={1,...,n}, f: 22(E) — R a submodular rank function and T := {A € 2?(E) : f(A) = |A|}.
Then M = (E, Z) is a matroid with E(M) = E, Z(M) = Z and rank function ry; = f.

Proof. Proposition (Properties of independent sets) shows that M = (E, Z) is a matroid.

Furthermore, the rank function associated with M is
(1) mp: A= max{|X|: X CA XeT}.

Let X4 be a maximising independent subset of A in (1). Then f(X,) = |Xa], and for all e € A\ X4, we
have X, U {e} ¢ T and thus,

f(Xa) < f(XaU{e}) < |XaU{e}| = [Xal +1=F(Xa) +1,
which implies f(X4 U {e}) = f(X4). By Lemma (Closure), this implies
f(A) = f(Xa U A) = f(Xa) = |Xal = rm(A),

as claimed.

auser B6.3 Integer Programming



Matroids

Theorem (Submodular rank function induced by matr

Let M = (E(M), Z(M)) be a matroid. Then ry is a submodular rank function with induced matroid M.

Proof. Since rp(A) = max{|X|: X C A, X € T}, we clearly have f(#) = 0 and f(A) < f(B) for A C B.
Furthermore, let Xs, € I(M) such that Xs, C SU {e} and |Xs, | = (S U {e}). Then
Xs = Xg, \ {e} C S and X5 € Z(M). Therefore,
m(Sufe}) —1=|Xs, | —1=|Xs| < rm(S) < rm(SU{e}),
which shows that ry (S U {e}) — ry(S) € [0, 1]. By definition, ry, takes integer values, so that
(S U {e}) — rm(S) € {0,1}.

Submodularity: Let A, B € Z?(E(M)) and X a maximal (in the sense of cardinality) independent subset
of AN B. We extend X to maximal independent subsets X, of A and Xg of B respectively. Then

() (AN B) = [X] = |XaN Xgl,
and X, \ X and Xp \ X are disjoint, so that

Next, extend X, to a maximal independent subset Y of AU B. Then |Y| < | X4 U Xg]|, for else
[Y] > [XaUXg| and X4 \ X C Y N (XaU Xg) imply

YA Xa \ X)) =Y UXa \ X)] = [Xa \ X| = [Y] = [Xa \ X| > [Xa U Xp| — [Xa \ X| = |Xs|
and Y \ (X \ X) C B is independent, which constradicts the maximality of Xg. £.
It follows that ry (AU B) < [X4 U Xg|, and together with (2) this implies
(AU B)+ (AN B) < |Xa U Xg| + |Xa N Xg| r(A) + rm(B),

as claimed.
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The Maximum Weight Independent Subset Problem

The Maximum Weight Independent Subset Problem

Definition (MISP)

Let M = (E,I) be a matroid, and let each element e of E be associated
with a weight c.. The maximum weight independent set problem
associated with M and c is given by

(MISP) maxq > ¢: Ael
JEA
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The Maximum Weight Independent Subset Problem

Theorem (Greedy solution of MISP)

The greedy algorithm applied to f = ry, and weights c solves (MISP) to optimality.

Proof. By Theorem (Submodular rank function induced by matroid), ry; is a submodular rank function,
and by Theorem (Greedy solution of SOP), the greedy algorithm solves the submodular optimisation
problem associated with ry; and ¢ to optimality,

(SOP) max Z cxj i x € P(rap)
JjEN

Since ry is a rank function, the output x™ of the greedy algorithm applied to (SOP) satisfies
xj* € {0, 1} for all j, by way of how the greedy algorithm is constructed.

Furthermore, it follows from Proposition (Properties of submodular rank functions) that
(MISP)  max ch : A€ T ) = max ZXJACJ : A€ T = max ijcj DX € {O,l}n, x € P(ry)
JjEA JjEN JEN

This shows that (SOP) is the LP relaxation of (MISP).

Since the optimal solution x* of (SOP) is (MISP)-feasible, it follows by relaxation that x* is also
(MISP)-optimal.
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The Maximum Weight Independent Subset Problem

Example (Greedy solution of MWF)

Let G = (V, E) be an undirected graph, and let

v P(E) - R,
A max{|F|: F C A, (V,F)is a forest}.

Then ry; is a submodular rank function. The associated set of independent sets Z is the set of forests in
G, and the associated maximum weight independent set problem becomes the maximum weight forest
problem for G.

Step 2.ii) of the greedy algorithm for (SOP) reads

xi = rm(S) — (") =

1 if =1 U {e} is a forest,
0 if I~ U {e;} contains a cycle,

where F' denotes the forests built in the greedy algorithm for (MWF), which satisfy

F' € argmax{|F|: F C S, (V, F) is a forest}.

Furthermore, for j > r, the greedy algorithm for (SOP) sets x; = 0, which coincides with the effect of
the stopping criterion of step 2.i) of the greedy algorithm for (MWF). Stopping criterion 2.iii) of the
latter applies because if the main loop were continued, step 2.ii) would always result in the detection of
a cycle, and hence Fi = Fi_l, and hence x; = 0.

Therefore, the greedy algorithm for (SOP) reduces exactly to the greedy algorithm for (MWF) in this
case.
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The Maximum Weight Independent Subset Problem

polytope)

Let M = (E(M), Z(M)) be a matroid. The matroid polytope associated with M is defined as
Pz(m) == conv (XA €{0,1}": A€ I(M)) .

”
Corollary (Matroid polytope and submodular polyhedron)

Let f be a submodular rank function. Then the submodular polyhedron P(f) equals the matroid
polytope of the matroid associated with f.

Proof. By Proposition (Properties of submodular rank functions) iii), x € {0,1}" € P(f) if and only if
x = x™ for some A € Z, and since P(f) is convex, this shows that

Py € P(F).

Furthermore, Theorem (Greedy solution of MISP) shows that every linear objective function is
maximised over P(f) by a point in Pz(y). Hence, all extreme points of P(f) are in Pz(y), and
P(f) C Pz(m)-
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Lovasz Extension and Minimisation of Submodular Function

The Lovasz Extension

Lemma (Ordered decomposition)

Every nonzero vector x € [0,1]" has a unique decomposition x = 2_7;1 )\jxj such that

m < n,

Aj>0, (=1,...,m)

< e{0,1}", (i=1,...,m)
x>x2> ... >x"£o.

Proof. We make the stronger claim that m < k(x) := |S(x)|, where S(x) := {i: x; > 0}|. Let

i* = argmin{x; : i € S(x)}. Set A1 = x;x and x* = Zies(x) e/. Theny = x — A1x* € [0,1]" and

S(y) & S(x).
If k(y) = 0, there is nothing more to prove, and if k(y) > 0, then k(y) < k(x), and by induction there

. . e ki 1 i Y . . o
exists a unique decomposition y = Zjiyz)+ ij/ that satisfies the required inequalities. Then

x= ngl)“ AjxJ, and the claim follows from S(y) C S(x).
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Lovasz Extension and Minimisation of Submodular Function

De on (Lovasz Extension)
Let f: 22({1,...,n}) — R be a submodular non-decreasing function with f(§) = 0. The Lovasz
Extension of f is the function

f, : [0,1]" = R,

x = > AF(S(x)),
j=1

where x = Z]m:]_ )\jxj is the unique decomposition of Lemma (Ordered decomposition).

Theorem (Convexity and integer minima of Lovasz Extension)

The function f; is convex, piecewise linear, and attains its minimum over [0, 1]" at a point in {0,1}".

R. Hauser B6.3 Integer Programming



Lovasz Extension and Minimisation of Submodular Function

Proof. Let x € [0, 1]". We claim that f; (x) = w(x), where

3) w(x) = max {Zx,z,: zEPf)}

W.lo.g, xx > x1 >+ > xp. Let So=0and S; ={1,...,j}forj=1,...,n

The proof of Theorem (Greedy solution of SOP) shows that
n n
w(x) = 3% (F(T) = F(Tj—1)) = 3 (6 = xi4a) F(T)),

i=1 i=1

where xpi1 := 0. Writing \j := x; — xj,1, we get the decomposition

which must be the unique decomposition of x according to Lemma (Ordered decomposition). Therefore,

we have
()= > NF(T)) = w(x),
jiX; >0

as claimed.
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Lovasz Extension and Minimisation of Submodular Function

The proof of Theorem (Greedy solution of MISP) applied to the SOP (3) with objective weights x shows
that

n
arg max Zx,-z,- : z € P(f) p € {0,1}",
i=1
so that by Proposition (Properties of rank functions),
fi(x) = max{sz tz= XA, Ac T}
is a pointwise maximum of linear functions. The pointwise maximum of a finite set of linear functions is

convex and piecewise linear.

Finally, suppose f; is not minimised by an integer point, and let x* = arg minxe[o,l]" fi(x). Since
f1(0) = f(§) = 0, we have fi (x*) < 0. Let x* = 37, ijj be the decomposition of x* according to
Lemma (Ordered decomposition). Then X\; > 0 and f(x}) > 0, so that

0> fi(x") = Nf(x) >0 ¢
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9 The General Branch & Bound Framework
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Example of Branch & Bound in Action

Example of Branch & Bound in Action

@ LP based branch-and-bound is a divide-and-conquer strategy that can be applied to any IP or
MIP problem.

@ The problem is recursively broken down into easier problems of optimising the same objective
function over smaller feasible sets, and the subproblems are arranged in a tree.

@ To keep notation simple, we write (%) for the problem with feasible set %, and (2?) for the
associated LP relaxation, where &2 is the formulation used for set .%.

@ Each subproblem is solved approximately to obtain primal and dual bounds that are then used to
formulate new problems and discard part of the solution domain.

For illustration, we will solve the IP instance

(F) z=max4xy — x2
s.t. 7x3 — 2x2 < 14
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Example of Branch & Bound in Action

Step 1: Bounding (.%). To obtain a dual bound, we solve the LP relaxation

(&) z=max4xy — x2
s.t. 7Tx3 — 2x2 < 14

of (F). Introducing slack variables x3, x4, x5 and applying the simplex algorithm, we obtain the optimal
dictionary

20 1 2
Xy = — — —X3 — —Xa
7 7 7
x2=3—0-x3 — xa
23 2
X = — +-Xx3— —Xxa
7 7
_ 59 4 1
Z=— — —x3 — —xa
7 7

from which we read off the nonintegral solution (X1, Xx2) = (%,3) that corresponds to the dual bound

z— 59
z= .
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Example of Branch & Bound in Action

To obtain a primal bound, we could try finding a feasible solution X of (/P) via a heuristic and set
z = 4% — X2. We would also keep X in memory as incumbent.

In this case, we did not produce a primal bound via a heuristic and can use z = —occo as a valid lower
bound.

Key Idea (Tighten ounds)

So far we know that
z<z<zZ

In subsequent iterations we will produce improved primal bounds z < z, and improved dual bounds
Z4+ < Z such that
z, <z<7zy

sandwiches the optimal objective value z in a narrower interval.

Each time the primal bound z increases, a new best feasible solution of (%) has been found, and we
update the incumbent.

Should we ever encounter a situation where z = Z, the incumbent must be an optimal solution of (%),
and we can stop.

Often, we run the algorithm on a fixed time budget and stop early. The bounds then give an
approximation guarantee, as the objective value z of the incumbent is at most Z — z away from optimal
or, assuming positive objective values, the incumbent is within a factor of z/Z of optimal.
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Example of Branch & Bound in Action

Step 2: Fractional branching. Since z < z, (%) is not solved to optimality yet, so we need to branch.
Since X3 is fractional, we distinguish the cases where x; < |X1| and x3 > [X1]. More generally, we can
pick any index j such that X; ¢ Z and set

F1=F N {x: x5 < [X]},
Fa2=F N{x: x; > [x;1}.

Of course, futher down the tree we can use the same branching rule to subdivide any &; thus
generated. In our case this leads to the two subproblems

(F1) z=maxdxy — x2 (F2) z=maxdxy — x2
s.t. 7x3 — 2x2 < 14 s.t. 7x3 — 2x2 < 14
x2 <3 x2 <3
2x31 —2x2 < 3 2x1 —2x2 < 3
X <2 X >3
X € Zi, x € Zi.
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Example of Branch & Bound in Action

Note that upon solving the LP relaxations of these two problems we will have
max{?[]'] s ?[2]} <z,

since x3 would have to be allowed to take the value % for the value Z to be attained. This will ensure

that Z decreases.
So far we obtain the partial enumeration tree below. Nodes %1 and %> still need to be explored. We
mark these nodes as active. The node .% has been processes and is inactive.
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Example of Branch & Bound in Action

Step 3: Choosing an an active node for processing. The list of active nodes is 1, 2. Later we will
discuss breadth-first versus depth-first choices of the next active node to be processed. For now we
arbitrarily select %1.

Step 4: Bounding (%#1). Next we derive a bound z1l by solving the LP relaxation

(£1) z=max4xy — x2
s.t. Txy — 2x2 < 14

)
&
|
e
9
A
w

of problem (%71) A= max{cTx: x € F1}.
(22,) differs from (2?) by ways of an additional constraint x; < 2. We will see that such problems can
be solved via a warm start procedure that works out as follows:

@ Instead of pivoting on the primal problem, keep solving the LP dual via the simplex algorithm.

@ The optimal basic solution of the dual of (?) is basic feasible (but not optimal) for the dual of
(£21). A new dual optimal solution is found in just a few pivot steps.
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Example of Branch & Bound in Action

Using this approach, we find the optimal solution of (£?;),

X1 =2 — Xe
1 1

X2 = -+ —Xs + X6
2 2

x3 =1+ x5 + 5xg
5+1 + 6

X4 = -+ —X5 X6
2 2

_[ 15

zZi = — — —xg — 3x6.
2

Therefore, zl — %, (;[11]«?[21]) = (2’ %)
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Example of Branch & Bound in Action

Step 5: Branching. (?[11],§[ ]) is still not integral. Hence, %3 is not solved to optimality and cannot be
pruned. Instead, we need to branch further
Using the same approach as before, we introduce

F11=F1N{x: x2 <0} =F1N{x: x2 =0} (since xa >0),
F12 = F1 N{x: x2 > 1}.

We now arrive at the partial enumeration tree below, and the new list of active nodes is %11, %12, 2




Example of Branch & Bound in Action

Step 6: Choosing an active node. We arbitrarily choose %5 for processing.

Step 7: Bounding (%2). We compute a bound 32l by solving the LP relaxation

(P2) z = max4x; — x2
s.t. 7x1 — 2x2 < 14

N
X
i
|
N
>
N
A
w

of the problem
(F2) 2 = max{cTx: x € F2}.
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Example of Branch & Bound in Action

We express the new constraint x; > 3 in terms of the optimal nonbasic variables of (LP). We had found
x1 =20/7 — 1/7x3 — 2/7xa. Thus, the new constraint is

1 2
—x3+ —x4 < ——.
7 7 7

After introducing a new slack variable xg, we find that (LP2) is equivalent to

_ 59 4 1
Z=max — — —x3 — —Xa
7 7
20 1 2
st.x1 = — — —x3 — —xa
7 7
x2=3—0-x3 —xa
23+2 0
Xg = — + —X3 — —Xxa
7 7
1 1 2
X6 = —— — —X3 — —Xa
7 7 7
X1,...,x6 > 0.

But this LP is infeasible, because the last constraint contradicts xg > 0.
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Example of Branch & Bound in Action

Hence, %> can be pruned by infeasibility, and we arrive at the partial enumeration tree below.

Key Idea (Pruning by bound)

Nodes whose bounds certify that they do not contain an optimal solution need not be further processed.
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Example of Branch & Bound in Action

Step 8: Choosing an active node. From the list { 11, Z12} of active nodes we arbitrarily choose F15.

Step 9: Bounding (:#12). Proceeding as above, we solve the LP relaxation of (.%#12) and find the
optimal solution (;&12]’;[212]) = (2, 1) corresponding to the optimal value z12 — 7,

Since %[22 is integral, this is a feasible solution for (1) and provides a lower bound g[u] = 7. In fact,

F12 can now be pruned by optimality. The partial enumeration tree is now as follows.
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Example of Branch & Bound in Action

Key Idea (Pruning by optimality)

Nodes whose bounds certify that their subproblem has been solved to optimality need not be processed
any further.

Step 10: Updating the incumbent. We store (1, 2) as the best integer solution found so far and update
the lower bounds z < max(z,7) =7, ;[1] “— max(;[11,7) =7.

Step 11: Choosing an active node. Only %14 is active, so choose this node.

Step 12: Bounding. Proceeding as above, we solve the LP relaxation of (.%11) and find the optimal
solution (Yg_u],?[zul) = (%,0) with optimal value z111] = 6.

Since 21 < z, we can prune %11 by bound and arrive at the partial enumeration tree below.
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Example of Branch & Bound in Action

Step 13: Termination. There are no further active nodes left, and the algorithm terminates, returning
the optimal solution z = 7 and the maximiser x = (2, 1) that achieves it.
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The General Branch & Bound Framework

General Branch & Bound Framework

Proposition (Divide and conquer)

Consider the problem

z= max{ch i X € F,
where F denotes the set of feasible solutions (as we saw, Z is usually defined implicitly via
constraints). If % can be decomposed into a union of simpler sets & = %1 U - - - U Z and if

Pl ::max{CTx: x€ Fi} (=1,...,k),

then .
z = max 2
J

Proof. Z is a relaxation of 7}, so that 2l < z for all j, and hence, max; U1 < z. Let x* be optimal
for the master problem, i.e., x* € .Z such that z = c! x*. Then x* € .&; for some i, so that
z=cTx* < 2Ll < max; 2T,
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The General Branch & Bound Framework

Example (Enumeration tree)

Let % be the set of feasible tours of the travelling salesman problem on a network of 4 cities. Let node
1 be the departure city.

Z can be subdivided & = 9(1,2) U] .?(113) U ?(1’4) into the disjoint sets of tours that start with an
arc (1,2), (1,3) or (1, 4) respectively.
Each of the sets 7 (3 5), F(1,3) and F (3 4) can be further subdivided according to the choice of the

second arc, F(3 2) = F(1,2)(2,3) Y F(1,2)(2,4) etc

Finally, we see that each of these sets corresponds to a specific TSP tour and cannot be further
subdivided. We have found an enumeration tree of the TSP tours. )




The General Branch & Bound Framework

Proposition (Bound propagation)

Consider the problem

z= max{ch: x € F},

and let F = 1 U - - U F be a decomposition of its feasible domain into smaller sets. Let
2l < Pl < 20l be lower and upper bounds on zUl = max{cTx: x € F;} for all j. Then

= m_axgm <z< m_axEU] =z
J J

gives an upper and lower bound on z.

Proof. Since () is a relaxation of (&), we have 2V < 2 < z for all j, and hence,

max gm <z
J

On the other hand, by Proposition (Divide and conquer), we have

Z = max z[j] < m‘axfw
J J
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The General Branch & Bound Framework

Proposition (Pruning by bound)

A branch #; can be pruned when Ul < z.

Proof. By construction of z, the incumbent x* (our best solution for the
root problem (.%) thus far encountered) satisfies

cTx*=z>z0 > cTx Vx e .Z.

Therefore, the incumbent cannot be improved by searching over .%;.

Proposition (Pruning by infeasibility)

If F; =0, then the corresponding branch can be pruned.

Proof. This is a special case of pruning by bound in which zVl = —cc.
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The General Branch & Bound Framework

It may not be obvious that .%; is empty, but this may be algorithmically
detected, e.g., by LP relaxation.

Proposition (Pruning by optimality)

When zUl = ZU] for some j, then the branch corresponding to F; needs
no further consideration.

Proof. zUl = zUl = ZU! certfies that we have solved this branch to
optimality. The optimal point of the branch has automatically become
the incumbent if it is the best solution found so far for the root problem.
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The General Branch & Bound Framework

A6

20

Fic. 3.2. Pruning hy bound

Fia. 3.3. Pruning by optimality
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@ The General Branch & Bound Framework
© LP Based Branch and Bound

e Adaptation of the B&B Framework to Specific Problems
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The General Branch & Bound Framework

Data Specification (General B&B)

Input:
objective x — f(x);
implicit description of feasible set x € .# of root problem z = max{f(x) : x € ZF},;

Working Data:
list AN of active nodes;
global primal bound z < z;
global dual bound z > z;
incumbent x™, i.e. best solution found so far;
subproblem primal bound Ul < ZU1 .= max{f(x): x € F;};

subproblem dual bound =zl > zU];
Outputs:

global bounds z, Z to provide certificate of optimality (when z = Z) or approximation guarantee;
incumbent x* as optimal solution (or solution with approximation guarantee when z < z);
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The General Branch & Bound Framework

Methods (General B&B)

Required Methods:
method to compute dual bounds by solving an easy problem

(%;) 20 = max{gj(x): x € Z;}; //e.g., gj(x) > f(x) and Z; D F; (relaxation)
branching rule to split F; = ﬂ'ji u---u ‘gfk so that subproblems
(Fj) max{f(x): x € F;}

all fall into the same problem class as root problem (%) to which above methods apply;

Optional Methods:
heuristic to find y € .?j and compute primal bounds ;[’] = f(y);
selection rule for (Z;) € AN;
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The General Branch & Bound Framework

Algorithm (General B&B)

AN = {(F)}; z= —o0; Z= +o0; x* = NaN; // initialisation
while AN # () do
choose (F;) € AN;
if 2Ul < 7 then
| AN :=(AN\ {(F;})); // prune by bound
else
solve xUl = arg max{f(x) : x € %j}; // relaxation of (.?j)
2Vl = f(xll); 77 20 = — oo if F;=0
Z = max{?m (&) € AN}; // update global upper bound
if xUl ¢ F; then
YUl = i,
else
‘ attempt to find yU] € F; via heuristic; // unassigned if unsuccessful
end
gU] = F(y[j]); // set ;U] = —o0 if ym unassigned
if 2U1 > z then
x* Y update incumbent
z:= 5["], // update global lower bound
end
if ZUl = 2U] then
| AN := (AN \ {Z;}); // prune by optimality
else
AN — (AN {(F))}) U {(Fjy), - -, (F,)}; // branching
Zlel .= 3l (6 =1,...,k); // child nodes inherit upper bounds from parent
end
end
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LP Based Branch and Bound

LP Based B&B

Data Specification (LP based B&B)

Input:
objective x — ch;
description of . via formulation &2 (polyhedron);

Methods (LP based B&B)

Required Methods:
compute dual bounds 2l = (Tl by solving LP relaxation

(2)) XU = arg max{c'x: x € 2}

branch on fractional variable xl.[i] ¢ 7

IA

L1}

2= 2,0 fr 5z b},

:,_G,?jﬁ{x:x,-

Y
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Adaptation of the B&B Framework to Specific Problems

Adaptation to Specific Problems

Branch & Bound is an framework that can be used to build customised
algorithms for specific problem classes:

choice of algorithm to compute dual bounds,

choice of heuristics to compute primal bounds,

branching rules,

node selection rules,
@ preprocessing,

@ combination with cutting planes (see later lectures).
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Adaptation of the B&B Framework to Specific Problems

Choice of Algorithm to Compute Dual Bounds

The simplex algorithm is not always the algorithm of choice in LP-based B&B.

Example (Greey solution of knapsack LP)

Consider the 0-1 knapsack problem

n n
max{ch-xj- : Zajxj- < b, x€ ]B"} s
j=1

Jj=1

where a;,¢; > 0 for j =1,...,n The LP relaxation

n n
max{ZCij: Zajxigb,ong-gl, (j:l,u.,n)}
j=1

j=

has special structure that makes it possible to solve it greedily:

Re-index the variables to that % > 2 ;—: >0, Z;:; a; < band Z;zl aj > b. The optimal
solution of the LP relaxation is then given by x; =1 for j=1,...,r — 1, x = (b — E}:_ll a;)/ar and
xj = 0 for j > r. (See problem sheet.)
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Adaptation of the B&B Framework to Specific Problems

For most IPs, LP-based B&B is significantly faster when the simplex algorithm is applied to the dual of
the LP relaxations (£7;) rather than on the primal problem.

To understand why, let us see what happens when an LP

(22) max cTx

xERN
s.t. aTxg b, (i=1,...,m)
520, (=1....n),
where a,-r are row vectors, is amended by introducing a new constraint:

xERN
s.t. a;rxgb,-, (i=1,...,m)
T .
an1x < bpyr, (i=1,...,m)
x>0, (j=1,...,n).

An optimal basic feasible solution (xg, x)y) of (£?) is not necessarily feasible for (2?)’, which hinders us
from re-optimising the solution via primal simplex pivots.
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Adaptation of the B&B Framework to Specific Problems

The change in the dual

. T
2 b
(2) Join, by

m
s.t. E yiaj > ¢,
i=1

yi20, (i=1,...,m)

is more benign, as the amendment of () into (2?)’ corresponds to the introduction of a new variable
Ym+1,

m
st D Yiai + Ymi1dmi1 > C,
i1
yi>0, (i=1,...,m+1)

If (vg, yn) is an optimal basic feasible solution of (2), then setting y;m+1 = 0 and adding it to the set of
non-basic variables yields a basic feasible solution for (2’) that can be re-optimised via a few extra
simplex pivots.
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Adaptation of the B&B Framework to Specific Problems

Example (Simplex warm start of | problei

Suppose our dual reads

(2) min —5y; —4y> — 3y3
st. —2y1 —3y2—y3 > -5
—4y1 —y2—2y3 > —11
—3y1 —4y2 —2y3 > -8
y1,y2,y3 > 0,

which can be written in primal form,

(2) maxbyy + 4y2 + 3y3
sit. 2y1 +3y2+y3 <5
4y +y2 +2y3 <11
3y1 +4y2+2y3 < 8
y1,¥2,y3 > 0.

We already found the optimal dictionary and optimal solution y;* = 2, y3 = 1, y3 = 0 in an earlier
lecture,

y3 =1+y2 +3ya — 2y6
y1=2—2y2 —2ya+ye
ys =1+ 5y2 +2ya

z=13 —3y2 —ya — Ye-
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Adaptation of the B&B Framework to Specific Problems

Example (continued)

Let us now add a new variable,

(2') max5ys +4y> +3y3 +ya
st. 2y1 +3y2+y3 —ya <5
4y1 +y2 +2y3 +ya <11
3y1 +4y2 +2y3 —2ys < 8
¥1,y2,y3,ya > 0.

Introducing slack variables,

ys =5—2y1 —3y2 —y3 +ya,
Y6 =11 —4y1 — y2 — 2y3 — ya,
y7 =8 —3y1 —4y2 — 2y3 + 2y4.

To find the dictionary corresponding to (y*,0) = (2,0,1,0) (or (2,0,1,0,0,1,0) with the slack
variables) we need to reformulate these equations so as to express y3, y3, yg in terms of y2, ya, y5, y7.
Gaussian elimination yields

Y1 =2—2y2 — 2ys + y7,
Y6 =1+ 5y2 — 3ya + 2ys,
y3 =1+y2+ya+3ys — 2y7.
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Adaptation of the B&B Framework to Specific Problems

Example (continued)

Expressing z = 5y; + 4y> + 3y3 + ya in terms of y>, ya, y5, y7 by substituting from the previous
equations, we find the required dictionary to warm-start the simplex method:

Y1 =2—2y2 —2y5 +y7

Y6 =1+ 5y2 — 3ya + 2ys

y3 =1+y2 +ya+3ys — 2y7
z=13 —3y> +4ys — y5 — y7-

Note that the new dictionary is feasible but sub-optimal, as we can pivot on yg.

The described method for setting up the new dictionary/tableau is just the approach we discussed in the
lecture on the simplex algorithm when considering how to compute the tableau that corresponds to a
particular basis choice directly.
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Adaptation of the B&B Framework to Specific Problems

Heuristics to Compute Primal Bounds

Example (Knapsack al bound

Consider the 0-1 knapsack problem

n
.
z = max CiX;j
o 3

j=1

n
subject to Zajxj- < b,

j=1
% €40,1}, (=1,...,n),
where a; (j =1,...,n) and b are positive integers, and ¢; are rational numbers.

Let z;p be the optimal objective value of the LP-relaxation and zg, the primal bound obtained from the
greedy heuristic described on the next slide. Let r = max{i : Z}::l aj < b}and £ =b— Zj:l aj.

Then the following approximation bound holds,

E) *
Zop > |1 — =) Xz
g”_( b
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Adaptation of the B&B Framework to Specific Problems

Algorithm (Greedy knapsack heur

Re-index s.t. ¢1 /a1 > ca/az > -
.,n do

for j=1,

if a; < v then

else

end
end

x5 =1
Vv —aj;
z:z+CJy
5 =0

-+ > cp/ap. Set z=0, v=b; // initialisation
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Adaptation of the B&B Framework to Specific Problems

Branching Rules

Branching on most fractional variable. Let C be the set of fractional variables of the solution x* to a LP
relaxation. The most fractional variable approach is to branch on the variable that corresponds to the
index

j= argrl_neagmin{ff, 1-f},

where f; = x/ — | x|

Branching by priorities. In this approach the user can indicate a priority of importance for the decision
variables to be integer. The system will then branch on the fractional variable with highest priority.

Example

Fixed charge network Consider a fixed charge network problem
q T n n
min{c x+f:v:Nx:b,xSuy,X€R+7YEZ+}a

where N is the node-arc incidence matrix of the network, and b is the demand vector.

Since rounding up the variables y; corresponding to large fixed costs f; changes the objective function
more severely than rounding y; corresponding to small fixed costs, we prioritise the yj in order of
decreasing fixed costs fi.
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Adaptation of the B&B Framework to Specific Problems

GUB/SOS branching. Many IP models contain generalised upper bound (GUB) or special ordered sets
(SOS) constraints of the form

with x; € B for all j. In this case it is not good to branch on a factional variable X’.* from the solution x*
of a LP relaxation, since the branching does not lead to balanced sets:

S1={x€eS: x =1}
contains only one point x; = 1, x; = 0 Vj # i, whereas

Sa={x€S5: x; =0}

contains |S| — 1 points.
In these cases, a good choice of branching is given by fixing an order ji, . . ., ji of the variables and
choosing

1,...,r},
S2=5N{x:x;=0,i=r+1,...,k},

51:Sﬁ{x:)<jl.:0,f

where r = min{s : 37, x* > 3}.

=
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Adaptation of the B&B Framework to Specific Problems

Strong Branching. This is used only on difficult problems where it is worthwhile spending more time to
find a good branching. In this approach one
i) chooses a set C of candidate variables, branches up and down for each x; € C,
ii) computes upper bounds sz and z]-D by solving the LP relaxations of the up and down branching
corresponding to x;,
iii) chooses the variable having the largest effect
j* =arg min{max(zju,sz) :jeC}
as the actual branching variable for the branch-and-bound scheme.
That is, one explores several possible branchings and chooses to pursue the branches below only the
most promising branching variable.
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Adaptation of the B&B Framework to Specific Problems

Node Selection

Depth-First. A depth-first strategy aims at finding a feasible solution quickly, by only choosing an active
node that is a direct descendant of the previously processed node. It is implemented by operating a
last-in-first-out stack for the active nodes.

Best-Node-First. To minimise the total number of nodes processed during the run of the algorithm, the
optimal strategy is to always choose the node with the largest upper bound, i.e., S; such that

2= max{f[/‘] : 5 € AN}

Under this strategy we will never branch on a node S; whose upper bound 2!l is smaller than the
optimal value z of S. This is called a best-node-first strategy.

The depth-first and best-node-first strategies are usually mutually contradictory, so a compromise has to
be reached. Usually, depth-first is used initially until a feasible solution is found and a lower bound z is
established.
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The Dantzig-Wolfe Reformulation

The Dantzig-Wolfe Reformulation

We will now explore a technique that can be applied to extremely large integer programming problems of
the form

K
(IP) z =max Z KTk
k=1

K
s.t. ZAkxk:b
k=1
Kexk= kel phF<dy, (k=1,...,K).

The key features of such problems are the following:

@ The decision vector x = (x*, ..., xK) is partitioned into K blocks x* € R, (k =1, ..., K.

@ The individual blocks are linked to one another only via the joint constraints Z,’le AkxK = b,
while the remaining constraints decompose.

T . .. .
@ We assume that each X* = {xk’t}t:k:l consists of a large but finite number of points, so that we
can write

k

Tk Tk
XK= dxk e R ok =3 A o ST =1 A € {0,1), (=1, ..., T)
t=1 t=1
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The Dantzig-Wolfe Reformulation

Example (Uncapacitated facility location)

The Uncapacitated Facility Location Problem from Lecture 1 is of this form,

n m
(UFL) z=min > [ >~ cpxix + fivk

k=1 | i=1
n
st. Y oxx=1 (i=1,...,m)
k=1
Xk —yk <0 (i=1,...,mk=1,...,n) (“strong formulation”)

x € RT*", y € {0,1}",

@ Xk = (X1k> - - - s Xmk> Yk) are the blocks of variables that deal with the proportion xj of customer
i's demand to meet from a fixed location k,

@ the flag variable y, that indicates whether facility k is in operation,

@ the constraints >7_, xj =1 (i =1,..., m) that link each fixed customer to decisions at all
facilities play the role of the joint constraints
X1 1
[Im Omx1 Im Omx1 Im Omxl} . =1:|>
x" i

that is, K = n and

Ak:[lm 0m><1]v (k=1,...,K).
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The Dantzig-Wolfe Reformulation

The Dantzig-Wolfe Reformulation exploits the representations

Ty Ty
XK= OxF e R ok = ST A o S TN =1, A €{0,1) (0 =1, T B,
t=1 t=1

which are available in theory but generally not in practice, to make it possible to use the \; ; as decision

variables.
Substituting ZZ—:‘(I )\kvtxk’r for x¥ in (IP), we obtain the IP Master Problem

(IPM) z

I
3
19
X
=
SR S
< utjx
0
~
-
x
~
o
>
4)\‘

Mt €40,1}, (t=1,...,Tk=1,...,K).

This IP is of course equivalent to the original problem (IP), but inconveniently, it has many more
variables, though on the plus side it has far fewer constraints.
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The Dantzig-Wolfe Reformulation

Example (UFL continued)

Let us consider UFL again, this time in the form of the “weak” formulation

n
(UFLW)  z=min > [exk -+ cmk fi X
k=1

n
st. Y oxx=1 (i=1,...,m)
k=1

ST xik < myy (“weak formulation”)
for (k=1,...,n),
K = [xak - xmk )T € {0, 1},
We have
m
XK =353 e < my, xi € {0,1}, (i =1,...,m), v € {0,1}
i=1
k
= {€ D¥sem U {0, 0)},
where xé is the incidence vector of S C M = {1, ..., m} (which we associate with the variable )\’5(), and

(0, 0) is the zero vector (which we associate with the variable v¥).

Note that in this case all X are the same set (k = 1, ..., n) with Ty = 2™ elements, and if
xkot = (xé, 1), then AKXkt = I,,,xé = xé.

R. Hauser B6.3 Integer Programming



The Dantzig-Wolfe Reformulation

Example (UFL continued)

The IP Master Problem is the following,

(IPM)  min En: <Z (Z cik + fk> Py m@)

k=1 \5#0 \i€S

s.t.zn: ST oak=1, (i=1,...,m)

k=1 SCM:ieS

SO +Ap i =1, (k=1,...,n)
570
A vk e {01}, (SCMk=1,...,n).

Since f; > 0, a solution could not be optimal unless /\6 = 0 Vk, so that (IPM) is equivalent to

n
(PM)  min S5 (S + i | Ak
k=150 \i€S
n
st. > > Ab=1, (i=1,....,m)
k=1 SCM:ieS
k .
STAs <1, (=1,...,n)
570

Me{o,1}, @W#£SCMj=1,...,n).
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The Dantzig-Wolfe Reformulation

Example (Symmetric travelling salesman problem)

A special case in which K = 1 occurs for the STSP on a graph G = (V, E), which can be formulated as
follows,

min E CeXe

ecE

st. Y xe=2, (i€N),

e€d(i)

x € Xl,
where N is the set of nodes (cities), §(i) the set of edges incident to /, xe the indicator variable for edge
e, and X? the set of indicator vectors of 1-trees of the graph.

A 1-tree is a subset E/ C E of edges of which exactly two are incident to node 1, that is,
|E/ n 5(1)‘ =2,

and E’ \ §(1) is a spanning tree on the remaining nodes 2, . . ., n, and hence it is of cardinality n — 2.
Every Hamiltonian tour is a 1-tree that satisfies the degree constraint |E’ N §(i)| = 2 for all nodes i € N.

Conversely, every 1-tree that satisfies these degree constraints is a Hamiltonian tour.
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The Dantzig-Wolfe Reformulation

Example (STSP continued)

We use a conceptual enumeration {Et =1y 000, Tl} of the set of 1-trees and write
Xe = Z At,
t:ecEt

subject to A\; € {0,1} for all t and 21:11 At = 1. This defines the indicator vector of the single 1-tree
for which A = 1.

The degree constraints become

Soxe= > D A= dix=2,
t

e€s(i) e€d(i) t:ecEt

where d,-t is the degree of node i in the 1-tree Et. This yields the IP Master Problem

T1
min Z Z CeX; At

t=1 ecE
T1
st. > dfar=2, (i€N)

t=1
T1

Soa=1,

t=1

At €{0,1}, (t=1,...,T1).
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The Dantzig-Wolfe Reformulation

The LP Master Problem

To recap so far, starting with an IP of the form

K
-~ kT _k
(IP) z= max kgilc X

K Kk k _
s.t. ZAX =b

k=1
Kexk={kenlk: DAF <d¥y, (k=1,...,K),

we have derived the IP Master Problem

K Tk

(IPM) z = max Z Z(ckak’t))\k't
t=1
Tk

k=1t=1

Tk

S Ake=1, (k=1,...,K),

t=1

Xt €40,1}, (t=1,..., Txk=1,...,K)

auser B6.3 Integer Programming



The Dantzig-Wolfe Reformulation

Next, we consider the LP relaxation of (IPM), called the LP Master Problem,

K Tk
(LPM) 2EPM — max Z (ckak’t)Ak’t
A e
K Tk
(1) st 33 (ASR YN = b,
k=1t=1
Tk
(2 S A =1, (k=1,...,K),
t=1
(3) Ae 20, (t=1,..., Tiik=1,...,K),
in which there is a column
KT kot
Ak kot
€k
for every xK:t € Xk (t=1,...,Tk) and every (k =1,...,K), where ¢ is the k-th canonical unit vector

in RX. Equations (2) are called convexity constraints.

Associating (2) with dual variables {uk},‘le, and (1) with dual variables {7;},, the dual of (LPM) is
the following problem,
oM m K
(DM) 7 = min Zl bjmj + ;(Zl Kk
i= =

st ' AKKK 4 i > ckak, (Xk S Xk).
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The Dantzig-Wolfe Reformulation

We now wish to apply the simplex algorithm to (LPM), but this is
impossible because there are too many columns in this LP.

To get around this problem, we consider Restricted LP Master Problems
(RM)  2fM — max &
st. AA=0b,
>0

>

that arise from (LPM) by retaining only a subset of columns, at least one
from each k.

Conceptually, this is the same as fixing Ay = 0 for (k, t) that do not
correspond to one of the chosen columns.
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Delayed Column Generation

Delayed Column Generation

This is a simplex variant for solving LP Master Problem based on the
following ideas:

@ Use the simplex algorithm to find an optimal solution of a given
reduced master problem (RM).

@ Use this optimal solution to identify a further column to add (if
necessary) and generate a new reduced master problem (RM, ).

@ Solve (RM_) via warm-start simplex.
Thus, instead of generating all the problem data of (LPM) initially, data

is generated as and when it is needed. Typically, (LPM) is solved long
before all the columns are generated!
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Delayed Column Generation

Let us now discuss the details of this approach.
We start with a reduced master problem

(RM)

and solve for an optimal solution A* and an optimal dual solution (7, n) € R™ x rRK.

Note that A* can be extended to a primal feasible solution of (LPM) by setting the :\k,t = 0 for (k, t)
outside the subset of columns chosen to form (RM).

Therefore, we have
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Delayed Column Generation

Next, we check whether (7, ) is dual feasible (feasible for (DM)), that is, whether

HKTx—aTax —pp <0, (xexKk=1,...,K).

This can be checked by solving an optimisation problem over each xk,

(CGIPg) gk = arg max(ck — ‘ITTAk)X — Mk
X

s.t. x € Xk,

and by checking whether ¢, = (ck - 7-rTAk)>“<k — i < 0.

Note that (CGIPy) is an IP problem with only nj integer decision variables, whereas the original IP had
25:1 ny integer decision variables.

Keep in mind that (CGIP,) needs to be solved for k =1, ..., K. Thus, in solving these subproblems,
the original master problem decomposes into subproblems that can be solved in parallel!
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Delayed Column Generation
Decision to terminate or add a new column

@ If ¢, < 0 forall k, then A* is optimal for (LPM): since (7, p1) is dual feasible, we have

m
LPM > ERM — &\ Z
i=1

~
MX
k
v
N
o)
S
I
N
'
R
S

and equality must hold throughout. Thus, the algorithm can be stopped in this case
@ Otherwise, there exists k such that Ck >0

In this case, adding the column

ckgk
Ak gk
€k

to (RLPM) leads to a new restricted LP master problem (RLPM_) that can be reoptimised
using warmstarting.

Note that solving the subproblems (CGIP,) automatically takes care of generating a new column on
which we are guaranteed to make progress toward solving Problem (LPM)
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Delayed Column Generation

Discussion

By iteratively adding columns as described above, we ensure that the algorithm behaves like the primal
simplex applied to (LPM) with a legitimate sequence of pivots, but only the data of columns that are
actually needed in pivots is ever generated.

This leads to a massive reduction in memory requirements.

However, the reduced problem (RLPM) grows over time, unless columns that leave the basis are
discarded. At some stage this becomes a memory problem and the algorithm may have to be stopped
before finding an optimal solution to (LPM).

RM approximates ZtPM 1o

We are then interested in knowing how closely the final primal bound z

this end, a dual bound z > ZLPM s required.

The primal and dual bounds z and Z are also extremely useful when applying column generation in the
context of branch-and-bound.
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Delayed Column Generation

Calculating Dual Bounds

A dual bound is obtained by recycling the work we have already done:
By construction of ¢, we have

(F = mAY — e — ¢ <0, (xexb),

which shows that (7, 1 + () is dual feasible for (LPM). Therefore,

K K
zZ:= 7Tb+zuk+z(k
k=1 k=1

is a valid upper bound.
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Recap on Delayed Column Generation

Recap on Delayed Column Generation

Starting with an IP of the form

K
_ kT _k
(IP) z= max E c’ ' x

k=1

K k_k

ST AN =b

k=1

ke xk =k ezlk o phk <dky (k=1,...,K),

the Dantzig-Wolfe reformulation yields the /P Master Problem

K Tk .
(IPM) z:mfng kT ck.ty
K T
zz e=b
Tk
D Me=1 (k=1,...,K),
t=1
Mee €401}, (t=1,..., Tpik=1,...,K).
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Recap on Delayed Column Generation

The LP relaxation of the IP Master Problem is the LP Master Problem,

K TI(
LPM kT _k,t
LPM = DY
( ) =z max k%l }21(‘: x %) ke

K Tk

st. 305 (akkknn = b,

k=1t=1

Tk
STAke=1, (k=1,...,K),
t=1

M e>0, (t=1,...,Tpik=1,...,K).
The dual of the LP Master Problem is the Dual Master Problem

m K
(OM) 2P = min 37 bimi + 3 iy
Ti=1 k=1

st w T Akxk +pg > * Txk, (Xk € Xk).
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Recap on Delayed Column Generation

Take a Restricted LP Master Problem

(RM) M _ maxeT X

obtained by setting all but a few A\, , = 0 and forcing them to be non-basic variables. Only the
remaining columns of (LPM) need to be generated.

Using the simplex algorithm, find an optimal solution A* of (RM) and, by complementary slackness, the

corresponding optimal solution (7, 1) € R™ x RK of the dual of (RM).

In parallel, for all k € [1, K] solve

(CGIPy) zk = argmxax(ck - AT)x — py

s.t. x € Xk.
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Recap on Delayed Column Generation

@ If the reduced prices Ck = (cl‘ — TrTAk))”(k — pg <0 for all k, then (7, u) is (DM)-feasible and
X*is (LPM)-optimal.
@ Otherwise, pick k such that () > 0 and add the column

ckxk
Ak sk
€k

to (RLPM) to obtain a new restricted LP master problem (RLPM. ). Re-optimise using
warmstarting.

@ At all every iteration, we monitor our progress toward solving (LPM) by storing the primal and
dual bounds

K K
TR < ZLPM < 7mb+ Z P+ Z Ck-
k=1 k=1
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The Branch & Price Algorithm

The Branch & Price Algorithm

The application of column generation in the context of branch-and-bound for binary IPs is called
branch-and-price.

@ The master problem is in the format

’\k,t € {0,1}, (t

1,..., T k=1,...,K),
and the vectors x¥'t are binary.

@ Subproblems will also be in this format. To guarantee this, we need to discuss a tailored
branching method.

@ We already know how delayed column generation is able to generate primal and dual bounds at
each node (subproblem primal and dual bounds that can be used to update the global primal and
dual bound of the root problem in the usual branch & bound fashion).
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The Branch & Price Algorithm

Since the points xkot € Xk are all distinct 0-1 vectors,

Tk
sho 35y ke
t=1

is a 0-1 vector if and only if X is integer valued.

If the optimal solution A of (LPM) (found by delayed column generation) is not integer, there exists
therefore k,j such that >"<Jf", the j-th component of X", is fractional.

We would like to branch by splitting the feasible set S = Sg U S; into

Sn:Sr‘l{x:xf:O},
51:Sﬁ{x:xf 1}.

But can we identify the master problems corresponding to Sg and S17
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The Branch & Price Algorithm

For § = 0, 1, the requirement that
Tw

57x Z)\Ntx oot

implies that x;’t = ¢ for all t with A;; ¢ > 0. Therefore, the master problem for S5 is

z(Ss5) = max Z Z(ckxk £ )‘k,t + Z (c"x™ t)/\m,

k+#r t=1 »;,,t:é

tx.
J

Tk
DI P S e P

ke =1 txt=s
Tk
S o=l (k#n)
t=1
Ap,e=1

ext=s

J
)\ktE{O,l}, (t:l,.4.,Tk;k:1,4..,K).

Thus, the problem has the same structure as the master problem for S, but some of the columns are
permanently excluded. This has the beneficial effect that the deeper the node in the branch-and-bound
tree, the fewer patterns xk’t need to be considered.
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The Branch & Price Algorithm

The column generation subproblems are unchanged for k # k,

gk = arg max(ck - 7rAk)x — By

s.t. x € XI(7

but take the new form

%" (Ss) = argmax (c”™ — TA")x — uy
s.t. x € Xk,

xj =6
for k = k.

Similar further restrictions apply of course deeper down the branches, where the subproblems are further
branched.
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The Cutting Stock Problem (CSP)

The above ideas can be applied to solve the cutting-stock problem in an
approach developed by Gilmore & Gomoroy.

Example (Cutting Stock Problem)

A factory has an unlimited stock of 20-inch paper rolls that it can cut
into rolls of smaller widths.

They receive an order of 301 9-inch paper rolls, 401 8-inch paper rolls,
201 7-inch paper rolls and 501 6-inch paper rolls.

Assuming both trim loss and overproduction are waste, how to fill all the
orders under minimal cost?
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The Cutting Stock Problem

Details of Branch-and-Price for the Cutting Stock Problem:

@ More generally, if the stock rolls have width W and there are m different widths w;

(i=1,...,m) in the order, we can generate all patterns a; = [71j - @mj |7 of patterns
consisting of ajj rolls of width w; that can be cut into a roll of width W, i.e., such that

m

Z w;ajj < w.
i=1

Note that aj € Z = {0,1,2,3,...} forall i, j.

Conceptually, we assemble the columns a; into a matrix A (although we never want to generate
the full data).

@ Decision variables: xj € No, the number of times pattern j is used (j = 1,..., n). (Note: the x;
play the roles of variables )\ , used earlier.)

@ Constraints: if there are b; orders of width w;, filling the orders requires Ax > b, and due to the
assumption that overproduction is waste, w.l.o.g.,

Ax = b.

*] Objective: minimise Zle Xj1 the total number of stock rolls used.
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The Cutting Stock Problem

@ This yields the IP model

(ICS) min i xj

=1
s.t. Ax = b,
n
x € Z+A

@ The LP relaxation is given by

(LCS) min ITx
s.t. Ax = b,
x>0,

which has the dual

(DCS) max bTy

st. ATy <T.

@ The number n of patterns can be huge, so apply delayed column generation to solve (LCS), e.g.,
starting with initial restricted pattern set

LW/wi] 0

0 W/ wm)
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The Cutting Stock Problem

@ Here we select only m patterns in each simplex iteration, i.e., the columns corresponding to the
basic variables. All other variables (the non-basic variables) are forced to zero.

@ To solve the restricted subproblem, we only need to solve a linear system,
%=A"'b.
@ Theorem (Complementary Slackness) implies that the optimal dual variables of the restricted
LPM are given by y = A~ T
@ If  is dual feasible (feasible for (DCS)), % is optimal for (LCS).

@ Else there exists a pattern j (an column of the full matrix A that has not yet been generated)
corresponding to a non-basic variable xj such that

m
Z ajyi > 1.
i=1
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The Cutting Stock Problem

@ Although pattern j has not yet been generated, we can find out whether or not it exists by

solving the knapsack problem

(KS) p* = arg max )'/Tp
P

@ If yTp < 1, then 7 is dual feasible, and we are in the first case. Else take (aj)f2y = (Py )2y as

the entering pattern.
@ The exiting variable is determined in the usual simplex fashion, and the dictionary/tableau is

pivoted in the usual fashion.
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The Cutting Stock Problem

Example (CSP continued)

We follow through by applying delayed column generation to solve the LP relaxation of the ICS of our

example. Since A, X,y change in each iteration, we write A(I‘),x(k),y(l‘) for the corresponding data in

iteration k, and we write z(") = Zj x}k) for the objective value.

] Using the initialisation discussed above, we have

2 0 0 0
©_ |0 2 0o o
AV=1o 0o 2 ol
o0 0 0 3
301 150.5
(0) _ [ a(0)y—1 [401]  |200.5
# = @) 201| = [100.5]°
501 167

200 — 618.5, (objective value)

1 1/2
o - uors)T |2 - 172
1 1/3
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The Cutting Stock Problem

Example (CSP continued)

@ To find the entering variable x;, we need to identify whether or not a corresponding column
exists and generate it, i.e., solve the knapsack problem

1

1 . 1
P2+ -pP3+ P
2 3™

2
s.t. 9p1 +8p2 + 7p3 + 6pa < 20,
pi €%+, (i=1,...,4).

1
KP * = argmax — +
(KP) p gmax _p1

@ Solving (KP) with branch-and-bound, we find p* = [0, 0, 2, 1]T. Since (y(o))Tp* =4/3 > 1, p*
will enter the basic cutting patterns as a column of Al

@ To identify the pattern that corresponds to the leaving basic variable, we must calculate

x(©_/(A@) =1 p* = [0, 00, 140, 500] T .

It is x3 that imposes the most restrictive bound, thus the third column of A(©) |eaves the basis.




The Cutting Stock Problem

Example (CSP continued)

@ Next iteration:

2 0 0 0
@ [0 2 o o
AY=10 o 2 ol
o 0 1 3
301 150.5
(1) _ [ a(1)y—1 (401}  |200.5
H#Y =@ 201| = [100.5]°
501 133.5

(1) = 585,

@ Solving another knapsack problem identifies p* = [0, 1, 0, 2]T as entering pattern, and column 4
of A as leaving pattern.

@ Next iteration:

2 0 0 0
2_(0 2 0 1
AM=1o o 2 o’
0 0 1 2
150.5
(@ _ [100.375
1005 |°
200.25

2(®) — 551.625.
w
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The Cutting Stock Problem

Example (CSP continued)

)

)

This time the optimal solution of the knapsack problem yields (y(z))Tp* < 1, showing that y(z)
is dual optimal, and hence, x(2) is primal optimal.

The dual bound z(2) = 551.625 could now be used in a branch-and bound algorithm to solve the
(1Cs).

Alternatively, note that rounding down the usage of each pattern leaves a shortfall of 1 roll of
each of the ordered widths, which can be covered by two additional stock rolls cut into patterns
[1,1,0,0] and [0, 0, 1, 1]. This shows that

551.625 < z;p < 550 + 2,

and hence, z;p = 552 and we have found the optimal solution.

This rounding procedure cannot be guaranteed to yield the optimal solution in general, but it
produces a primal and a dual bound which often sandwich z;p in a narrow interval, thus yielding
an approximation guarantee.
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Lagrangian Relaxation

Lagrangian Relaxation

Many IPs have a structure

(1P) z=maxc'x
st. Ax< a
Dx < d
x>0, x €z,

such that relaxing the constraints Dx < d yields a substantially more tractable problem where Ax < a is
a benign set of constraints (e.g., totally unimodular) in the sense that

T
maxc X
s.it. Ax < a

x>0, x€z".

Thus, we may interpret Ax < a as benign and Dx < d as malicous constraints that render the problem
(IP) hard to solve.

Note that what is benign or malicous is in the eye of the beholder, as it may be that

T
maxc x

st. Dx < d
XZO,XEZ"

is also an easy problem, but it is the combination of the two constraint sets Ax < a and Dx < d that
renders the problem hard.
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Lagrangian Relaxation

Example (Uncapacitated facility location (UFL))

Consider the uncapacitated facility location problem from Lecture 1,

(IP) z = max Z Z CijXij — Z fiy;

ieMjeN JeEN
s.t. injzl (ie M)
jeN

xj—y; <0 (i€ M,jeN)

x e RMIXING -y e fo,13IM1,

where

M is the set of customer locations,

N is the set of potential facility locations,
f;
we replaced the original servicing costs cj; with —cj; to turn the problem into a maximisation
problem.

are the fixed costs for opening facility j,

© 06060

One may take the viewpoint that it is the demand constraints

(1) Sxi=1, (i€ M)

jen

that render the problem hard, because these constraints introduce a functional dependence between the
decisions pertaining to different facility locations.

-
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Example (UFL continued)

Instead of imposing these constraints, let us add a multiple u; of each residual

172)("1'

jieNn

to the objective function. The objective function is now
Do D — Yy iyt > ml =Y x),

ieMjeN JjeN ieM JjeN

and we say that the constraints (1) have been dualised.
The new problem is called a Lagrangian relaxation,
(P(w)) z(w)=max 3 > (cg —udxg— D fig+ 2 ur
iEMjeN JEN ieEM

st x; —y; <0 (i€ M,j€EN)

x e RIMIXINI ¢ o, 131N,
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Example (UFL continued)

Note that because the constraint that linked the different facility locations to one another have been
subsumed in the objective function, (IP(u)) decouples,

2(u) = Y z(u) + D u;,

JEN ieM
where z;(u) is the optimal solution of the following problem,

(IPJ-(u)) zj(u) = max Z (cij — ui)xij — fiyj
icM
st.xj —y; <0 (i € M)

xj > 0(i € M), y; € {0,1}N.

Furthermore, (IP;(u)) is easily solved by inspection:

@ If yji =0, then x;; = 0 for all i, and the objective value is 0.

ij
d If yj = 1, then all clients i for which cj — uj > 0 will be served, and the objective value is

Piem max(0; cjj — uj).

Therefore, zj(u) = max(O, >iem max(0, cj — uj) — f:,)
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Definition (Relaxation)

A relaxation of an integer programming problem (IP) z = max{f(x) : x € &} is any optimisation
problem (R) w = max{g(x): x € £} with feasible set Z D % and an objective function g(x) that
satisfies g(x) > f(x) for all x € Z.

Lemma (Dual bounds by relaxation)

If (R) is a relaxation of (IP), then w > z.

Proof. See Problem Sheet 4.

Corollary (Optimality by relaxation)

Let x* € argmax{g(x): x € Z}. If x* € F and g(x*) = f(x*), then x* is an optimal solution of

P).

Proof. By Lemma (Dual bounds by relaxation) then the following inequality holds for all x € &,

auser B6.3 Integer Programming



Lagrangian Relaxation

Example (UFL continued)

Problem (IP(u)) constructed in Example (UFL) is indeed a relaxation:

@ Giving up on the requirement ZjeN xj=1 constitutes an enlargement of the feasible set.

@ The restriction of the new objective

max gx,y) = 3 > Gixg — D fivi+ D wil = 37 x)

iEMjeN JEN ieM JEN

to the feasible set of the UFL coincides with the objective of the latter,

max > > cixi — > %

iEMjeN Jjen
as any (UFL)-feasible solution (x, y) satisfies the demand constraints 3=y xji = 1, which

implies !
Z up(1 — Z x,-j) =0.

iem JEN
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Generalisation

Let us now consider an (IP) in the slightly more general form

(1P) z =maxc'x
s.t. Dix < dy,
Dox = da,
xE€ X ={x€R": Ax< a, x>0, xcZ"}

where & is a feasible set of "benign" type.

We write D = [D:lT7 D;—]T and d = [d;—, d;r]T in block form and denote the set of row indices of D that
correspond to inequality constraints by Z and indices corresponding to equality constraints by £.

Definition (Lagrangian relaxation)

A Lagrangian relaxation of (IP) is a problem of the form
(IP(u)) z(u) = max{ch + uT(d —Dx): xe X}

where u € R™ is a fixed vector Lagrange multipliers chosen so that u; > 0 for i € Z.
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Lagrangian Relaxation

Proposition (Lagrangian relaxations)

Problem (IP(u)) is a relaxation of problem (IP).

Proof. The feasible region of (IP(u)) contains that of (IP), since

X DF ={x€ X : Dix < dyi, Dax =d>}.

For all (IP)-feasible x, the objective function of (IP(u)) is at least as large as that of (IP),

Tx+ uT(d — Dx) = cTx+ Z uj(d; — Dj .x) > cTx.
i€eT
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Lagrangian Relaxation

In the context of Lagrangian relaxations, Corollary (Optimality by relaxation) can be recast in terms of a
complementarity condition:

Proposition (Optimality by Lagrangian relaxation)

Let x(u) be an optimal solution of the Lagrangian relaxation

(IP(u)) x(u) € arg mfx{ch + uT(d —Dx): x€ X}

If x(u) is (IP)-feasible, that is D;x < d; for all (i € T) and D;x = d; for all (i € £), and if the
complementarity conditions
ui(d;i — [Dx(u)];) =0 VieT

are satisfied, then x(u) is an optimal solution of (IP).

Proof. By complementarity, z < z(u) = ¢ x(u) + uT (d — Dx(u)) = c " x(u) < z, hence ¢ x(u) = z.
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Example (Lagrangian relaxation of STSP)

Recall our formulation of the symmetric travelling salesman problem from Lecture 1,
(IP) z = min Z CeXe
ecE
s.t. Z Xe =2 (ie€V)
ecs(i)
> xe<IS|-1 (ScVst2<[S|<|V[-1)

ecE(S)

x € {0,135,

Lemma (Redundant subtour elimination constraints)

Half the subtour elimination constraints ZeEE(S) Xe < |S| — 1 are redundant.

Proof. For any x feasible for the LP relaxation of (IP) we have
1 1
EED VT D D TS D
CE(S) ics ecs(i) CE(S) ecs(s,s¢)

where §(S, S€) is the set of edges in E that are incident to one node from S and one from S€ := V' \ S.
Since §(S, S€) = §(S€, S), we now have

1
IS| — Z Xe = — Z Xe:|5c‘* Z Xe s

ecE(S) eci(S,S€) ecE(S€)

and hence, 3° . cg(s)Xe < [S| =1 & X ocp(se)Xe < |S€| — 1.
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Lagrangian Relaxation

Example (Lagrangian relaxation of STSP continued)

@ Introduce a new (redundant) constraint EeeE Xe = n, obtained by summing all degree
constraints.

@ Eliminate all subtour elimination constraints corresponding to sets S that contain node 1, which
are redundant by Lemma (Redundant subtour elimination constraints).

@ Dualise the degree constraints Eee&(i) Xe =2, (i #1).
This yields the following Lagrangian relaxation of (STSP),

(IP(u)) z(u)=min > (ce —u; —uj)xe +2 > u;

e=(j)€E iev

> xe<IS|—1, VSCVst2<|S|<|V[-1,1¢5S
ecE(S)

E Xe = N

ecE

x € {0, 1} El.

For notational convenience we included a term uy(2 — Zeeé(l) Xe) = 0 in the objective.
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Lemma (1-Tree Characterisation)

A binary vector x € {0, 1}|E| is (IP(u))-feasible if and only if its support E(x) := {e € E : xe = 1}) is
a l-tree in G = (V, E).

Proof. Eeeé(l) Xe = 2 guarantees that in the subgraph Gx := (V, E(x)) exactly two edges are incident
to node 1.

Constraints ZeEE(S) xe < |S| — 1 guarantee that when node 1 is removed, then there is no cycle left
in E(x) \ 6(1).

> ecE Xe = n guarantees that |[E(x) \ 6(1)] = n — 2 is a cycle free subgraph on [V \ {1}| =n—1
nodes, which is only possible if E(x) \ 6(1) is a spanning tree on V \ {1}.

Conversely, if E(x) is a 1-tree, then Zee&(l) Xe =2 and 3. g Xe = n are clearly satisfied, and since
E(x) \ 6(1) a tree, the subtour elimination constraints are satisfied.
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Example (Lagrangian relaxation of STSP continued)

Let us now look at a numerical example and consider the STSP on 5 nodes with edge cost matrix

= 30 26 50 40

30 24 40 50
[cel= |26 24 — 24 26

50 40 24 = 30
40 50 26 30 —

Note that the Lagrange multipliers u are unrestricted, since dualised constraints are equality constraints.
Therefore,
u=[0 0 —-15 0 0 O]
is a legitimate choice.
we obtain the revised edge cost matrix

Writing E,-j = ¢y — uj — uj,

— 30 41 50 40

30 30 40 50
[eel= |41 30 — 30 41
50 40 39 — 30

40 50 41 30 =

Using the greedy algorithm, we find that {(1, 2), (1,5), (4,5), (2, 3),(3,4)} is a minimum weight 1-tree
for the revised edge costs. Since this is a Hamiltonian tour, it must be an optimal solution of the STSP
by Proposition (Optimality by Lagrangian relaxation).

-
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The Lagrangian Dual Problem

In summary so far, it follows from Proposition (Lagrangian relaxations)
and Lemma (Dual bounds by relaxation) that for all u € R™ with u; > 0
for i € Z,

z(u) ;== max{c"x+u'(d = Dx): x € 2}

is a dual bound on the optimal objective value of problem (IP),

z= max{cTX: x € X, Dix < di, Dox = da}.

Definition (Lagrangian Dual)

The problem of finding the best upper bound obtainable in this fashion
can now be cast as an optimisation problem over the Lagrange multipliers
u as decision variables,

(LD) wip =min{z(u): ue R, u; >0 (i € I)}.

This is called the Lagrangian Dual of problem (IP),

R. Hauser B6.3 Integer Programming




The Lagrangian Dual Problem

Theorem (Characterisation of Lagrangian dual bound)

The Lagrangian dual bound is characterised as follows,

(LD’) wyp = m)?chx

st. Dyx < dy

Dox = d>
X € conv(Z).
Proof. We give the proof in the special case where & = {x[:l]7 C. 7x[-r]} is a finite set. Then
- i - My Td—Dxy: e=1,...,T
"0 = 7 =, i e T - D e T
= min {7]:17>c x[t]+u (d—Dx[t]),(tzl,..A,T),u,-ZO,iEI}
(n,u)erm+1
= min {n+OTu:n+(Dx[']— ) u>c x['] (t:l,HA,T),u,-ZO,iEI}A
(n,u)erm+1

Taking the dual of the latter LP, strong LP duality implies

T T T
wip = m%{r{z ug(ch[t]) : Z;_Lt(Dx[t] —d); <0, (i € 1), Z Dx[t] d); =0,
ne t=1 t=1 t=1

-
(i€€),> ne= 20}
t=1

= max {ch : Dix —dy <0, Dax —dx=0, x € conv({x[]'], - ,X[T]})} .
perT
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The Strength of the Lagrangian Dual

The Strength of Lagrangian Dual Bounds

Let us consider the IP

(1P) z=maxc'x
s.t. Dix < dq,
Dox = da,
x € %':{XER": Ax < a, x >0, XGZ"},

with Lagrangian relaxation

(IP(v)) z(u) =max{c 'x+u'(d—Dx): x€ X},

and let us compare the dual bounds associated with the Lagrangian Dual and the LP relaxation of (IP),
(LD) wip = m'jn{z(u) cu€R™ up >0 (i € 1)},

(LP) wip = m)?x{ch : Dix < di, Dax = da, Ax < a, x > 0}.
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The Strength of the Lagrangian Dual

Theorem (Characterisation of Lagrangian dual bound)

The Lagrangian dual bound is characterised as follows,

(LD’) wyp = m)?chx

s.t. Dx < d
Xx € conv(Z).

(See Lecture 12.)

Theorem (Lagrangian dual and LP relaxation)

The Lagrangian dual bound is at least as tight as the LP relaxation bound,
z<wip < wp.

If {x € R" : Ax < a, x > 0} is an ideal formulation of &, then w p = wp.

Proof. & C {x € R": Ax < a, x > 0} implies conv(Z') C {x € R" : Ax < a, x > 0}. Hence,
Theorem (Characterisation of Lagrangian dual) shows that (LP) is a relaxation of (LD).

Moreover, if {x € R" : Ax < a, x > 0} is an ideal formulation of 2, then
{x €R": Ax < a, x > 0} = conv(X),
so that (LD) and (LP) coincide.

In the latter situation the Lagrangian Dual offers an alternative to solving the LP relaxation directly in
cases where this is too costly.
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Choosing a Lagrangian Dual

Many problems have several reasonable Lagrangian Duals. In this case it is worthwhile thinking about
the advantages and disadvantages of the different formulations before starting any calculations.

Example (Generalis: ssignment problem (GAP))

Consider the generalised assignment problem

Jj=1i=1
n

St'Zu<1 (i=1, , m),
ji=1

m
Za;jx,-jgbj (G=1,...,n),
i=1

x € {0,1}m*",

In this case we have multiple choices of a Lagrangian dual:




Choosing a Lagrangian Dual

Example (GAP continued)

1. Dualising both sets of constraints

n
UVJ)X'I+ZL’"+ZV j

Jj=1i=1 i=1

(IP(v))  z(u)

]
x5

X
M=
NgE]
i6)

|

E

It is certainly easy to solve this IP, as the remaining feasible set 2 = {0,1}™*" has the ideal
formulation {x € R™ : 0 < x; < 1V i}. By Theorem 2, solving the Lagrangian dual min,>q z(u) yields
the same result as the LP relaxation of (IP). However, it might still be better to solve the Lagrangian
dual, as (IP(u)) can be solved by inspection:

o= 1 if ¢ — uj —a;v; >0
0 othermse.

2. Dualising only the second set of constraints The advantages and disadvantages of this relaxation are
similar to the first case.




Choosing a Lagrangian Dual

Example (GAP continued)

3. Dualising only the first set of constraints

Here the remaining feasible set & = {x € {o,1}mx" . . ajxij < bj,j=1,..., n} is not of the

"easy" type, as
conv(Z) C { x €R": OSX,-SI,i:l,”.,m,Za,-jx,-jgbjjzl,...,n
i

is generally a strict inclusion. Consequently, w; p may be a strictly tighter bound than the bound
obtained from the LP relaxation.

The Lagrangian dual is more difficult to solve, but (IP(u)) decouples into blocks
{xj:ri=1,..., m})}":]_ and can be parallelised.
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Solving the Lagrangian Dual

By the definition of a Lagrangian Relaxation, the map
_ T T . g
ur z(u) =max{c x+u (d—=Dx): x€ X}

is a piecewise linear function of u. Therefore, z(u) is a convex function on
2 :={u€R™: u; >0, (i €I)} by virtue of the following lemma:

Lemma (Pointwise maximum of convex functions)

Let {f;(u) : 2 — R|i € N'} be a set of convex functions defined on a convex domain 2. Then

— f;
Liagas i (u)

is a convex function on 9.

Proof. For all uy,u2 € 2 and X € [0, 1],

max f; (ug + (1 = Auz) < max (M(ug) + (1 = A)fj(u2) < Amax fi(us) + (1 = X) max f(u2)-
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Solving the Lagrangian Dual

Note that z(u) is not differentiable at breakpoints u where arg max{cTx+ uT(d — Dx): x € &'}
contains more than one point.

Lemma (Gradient characterisation of convex functions)

Let 2 C R™ be a convex domain and f : 2 — R a convex function with gradient v = Vf(u) at
u € 9. Then the first order Taylor approximation is a lower bounding function:

flu)+~9T (v —u) < f(v), (veE D).

Proof. By definition, f is convex if for all u,v € 2 and X € [0, 1],
f(Av+ (1= XNu) < Af(v)+ (1 — X)f(u).

Therefore,
o A=D1

and taking the limit A\ — 0 yields the result.

Definition (Extension of a convex function)

Let 2 C R™ be a convex domain and f : 2 — R a convex function. We extend f to a proper convex
function defined on R™ by setting f(u) := +oo for u ¢ 2. The extension satisfies satisfies

fFOu+ (1 —A)v) < Af(u) + (1= Nf(v), (u,ve€R™ Xe]o,1].
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Solving the Lagrangian Dual

Motivated by Lemma (Gradient characterisation of convex functions), the notion of gradient can be
generalised to non-differentiable points of convex functions:

Definition (Subgradient and Subdifferential)

Let u € R™ and let f : R™ — R be a proper convex function. A subgradient of f at u € R™ is a vector
v € R™ such that

flu)+~" (v—u) < f(v), (veER™).

The subdifferential 9f(u) of f at u is the set of subgradients of f at u.

Proposition (Properties of the subdifferential)

@ If f is differentiable at u, then df (u) = {Vf(u)} is a singleton containing only the gradient.

@ Of(u) is a convex set.
@ u* € argmin f(u) if and only if0 € of (u™).
@ Let z(u) = max{c " x+u"(d—Dx): x € X}. Then

9z(u) = conv ({d — Dx" : x* € arg max{cTXwL uT(d — Dx): x € %}}) s

where arg max is the set of all maximisers.

Proof. See problem sheet.
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Solving the Lagrangian Dual

Algorithm (Subgradient Algorithm for Solvi

)

Initialise:
choose u € R™ with u; > 0, (i € Z);

X* :=argmax{c"x+uT(d—Dx): x € &}, V:={d — Dx* : x* € X*};
while 0 ¢ conv(V) do
choose v € V, u > 0;

if i € T then
‘ u; == max(u; — pv;, 0);
else
| up=u = pvy
end
X* = argmax{c ¥ x + uT(d —Dx): x€ X}, V:i={d—-Dx*: x"eX*"}
end
Notes

@ In each iteration of the main loop the Lagrange multiplier vector is improved by correcting it in a
direction that makes the objective function z(u) decrease.

Note the built-in safeguard mechanism that prevents individual components of the updated u to
become negative for i € Z.

o
@ The termination criterion of the main loop can be evaluated by solving an LP (see problem
sheet).

o

The choice of step length p requires further discussion.
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Solving the Lagrangian Dual

Let u[l‘], v[k] and Mg be the values of u, v and p in the k-th iteration of the main loop. Let
zp = z(u[k]), U* := arg ming z(u), z* := miny z(u) and dist(u[l], U™) := mingx c gy Hu[]'] — u™|2.

Lemma (Convergence of the subgradient algorithm)

Suppose ||vIKl || < G for all k. Then

*

dist(ultl, U) + G2 ok | 2

min z; — z
25k g

i€1,k]

Proof. For any u* € U*,

|\u[k+1] —u”* H§ < Hu[k] - /,Lkv[k] —u” H§ (see problem sheet)

[l T (k] k)2

otk — w12 = 20 — )+ ud v

[k]

—u" H§ — 2y (z — z") + ui G? (since VK s a subgradient).

IN

flu

By recursion, Hu[kﬂ'] —u*|2 < Jult] — o> 13 -2 Eg(:1 i (zi —z%) + Zle ;L?Gz, and hence,

IN

k k
2(2»;) x ( min z,-—z*) 23 i (e — 27) + leH - a2
i=1

ic[1,k] i

IN

k
1 2 2,2
ot — w13+ 3" uic?.
i=1
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Solving the Lagrangian Dual

Theorem (Step length choice in subgradient algorithm)

i) If g py — oo and 3o, “i — 0 as k — oo, then z(u[k]) — wip-
i) If 304 py — oo and py — 0 as k — oo, then z(u[k]) — wip-

i) I py = ,u,opk for some fixed p € (0, 1) for po sufficiently large and p sufficiently close to 1,
then z(u[k]) — wLp-
iv) if w> wyp and
op X (2(ulk) —w)
[Vl 2

M =

)

where ¢ € (0, 2) for all k, then either z(u[l‘]) — wyp for k — oo, or else w > z(u[“]) > wip
occurs for some finite k.

Step length choice iv) gives the most useful step lengths in practice, but note that for 1 to be positive,
we need an upper bound w € (wyp, z(u[k])). In practical applications such a bound is not available
explicitly.
Note however:
@ Lower bounds w of wy p are available by ways of using heuristics that produce primal feasible
solutions.
@ If the bound W in Rule iv) is chosen too low, 1) is positive but possibly too large. If

z(u[k+1]) < z(u[k]). this does not pose a problem, as descent is achieved and the point u[k+1]

can be accepted as the next iterate.

@ Iif z(u[k+1]) > z(u[k]), the step 1 took the iterate to a point where the objective function z(u)
increases again. The guess of W then needs to be increased to reduce the step length 1.
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Solving the Lagrangian Dual

Algorithm (Practical Subgradient Algorithm for Solving (LD))

Initialise:
fix € € (0,2), choose u € R™ with u; > 0, (i € T);
X* :=argmax{c T x+u'(d—Dx): x€ &}, V:={d—Dx*: x* € X*};
find x € F = & N{Dix < di, Dax = da};
set W 1= w = ch;
while 0 ¢ conv(V) do
choose v € V;

zt = +o0o;
while zT > z(u) do
W= w; // this is our guess of a suitable dual bound

'+ := u; — uvj; // compute candidate updates

zt = z(u+); // evaluate candidate updates

uty // accept candidate updates as actual updates
w;

* = argmax{cTx+u'(d—Dx): xe€ X}, V:i={d—Dx*: x* € X*};

x g =
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Practical Subgradient Algorithm

Practical Subgradient Algorithm

i) I g py — oo and 3o, ,ui — 0 as k — oo, then z(u[k]) — wip-

i) If 304 py — oo and py — 0 as k — oo, then z(u[k]) — wip-

i) I py = ,u,opk for some fixed p € (0, 1) for o sufficiently large and p sufficiently close to 1,
then z(u[k]) — wLp-
iv) if w> wyp and
e X (z(u[l‘]) —w)
SNTPUITE

)

where ) € (0, 2) for all k, then either z(u[k]) — wy p for k — oo, or else w > z(u[“]) > wip
occurs for some finite k.

>

Step length choice iv) gives the most useful step lengths in practice, but note that for 11 to be positive,

we need an upper bound W € (wyp, z(u[l‘])). In practical applications such a bound is not available
explicitly.
Note however:
Lower bounds w of w; p are available by ways of using heuristics that produce primal feasible
solutions.
@ If the bound W in Rule iv) is chosen too low, 1) is positive but possibly too large. If

z(u[k+1]) < z(u[k]). this does not pose a problem, as descent is achieved and the point ulk+1]
can be accepted as the next iterate.

@ If z(u[l‘+1]) > z(u[l‘]), the step u took the iterate to a point where the objective function z(u)
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Practical Subgradient Algorithm

Algorithm (Practical Subgradient Algorithm for Solving (LD))

Initialise:
fix € € (0,2), choose u € R™ with u; > 0, (i € I);
X* = argmax{ch+ uT(cl —Dx): xe Z}, V:i={d—-Dx*:x"eX"}
find x € & = X N{Dix < di, Dax = da};
set w = w = ch;
while 0 ¢ conv(V) do

choose v € V;
zt = too;
while z© > z(u) do
w = %; // this is our guess of a suitable dual bound
e(z(u) .
v
if i € Z then
‘ u’.Jr = max(u,- — pv;, 0); // compute candidate updates
else
‘ u’.Jr := u; — uvj; // compute candidate updates
end
2zt := z(u"); // evaluate candidate updates
end
u:=u";// accept candidate updates as actual updates
W= w;
X* :=argmax{c"x+uT(d—Dx): x € &}, V:={d — Dx* : x* € X*};

end
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Practical Subgradient Algorithm

Example (STSP)

We revisit the Lagrangian Dual of the STSP from last lecture, this time without assuming that we have
a priori knowledge of the optimal u.

The dualised constraints were the degree constraints

S xe=2 (i€ V).

ees(i)

Since these are equality constraints, the Lagrange multipliers u are unconstrained, and the updating rule
is
[k+1] _  [k] * k]
u; = u; +p (2 - Z x2 (u™h)).
ecs(i)

The STSP being a minimisation problem rather than a maximisation problem, we have to replace all
mins by maxes, lower bounds by upper bounds and so forth.

We step length rule iii) with e =1, that is,

w — z(ulk])
Tiev (2 — Teesq <& (k)2

P =

where w is a lower bound on wy p, and where we had to invert the sign of u) because (LD) is a
maximisation problem.

>
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Practical Subgradient Algorithm

Example (STSP continued)

Initialisation: We apply the greedy heuristic and find the tour 1 —+ 2 —+ 3 — 4 — 5 — 1 of length 148.

As no lower bound w on w; p is known at present, we use the primal (upper) bound W = 148 instead

and see how far this allows us to decrease z(u[kl), knowing that at a later time we will probably have to
replace W by a smaller value, as 148 is usually not a lower bound.

Iteration 0: Starting with uldl = [0,0,0,0, 0], the revised costs are given by

E'[J?] =cj — u'[O] — u}.ol = cjj-

Solving the associated min-cost 1-tree problem, we find the optimal 1-tree with edge incidence matrix

b= |- - -

|
[
oo
| or oo

leading to the objective value z(u[O]) = 130.
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Practical Subgradient Algorithm

Example (STSP continued)

The subgradient of z(u) at ul®l is

(2= 3 @)y ) =0,0,-2,1,1],

ecs(i)

and as o = (148 — 130)/6 = 3, we find ulll = ul® + 3. (0,0, -2,1,1] = [0,0, —6, 3, 3].

Iteration 1: The new cost matrix is

1 = = 30 37 47
= - — 27 29

ij
- = = = =

The optimal 1-tree is found as
— 1 1 0 0
— — 1 0 0
b= |- - 1 of,

= = = = 4

leading to the objective value z(ull]) =1434+25; uE.ll = 143.
. o
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Practical Subgradient Algorithm

Example (STSP continued)

Updating the Lagrange multipliers, we obtain

148 — 143 17 11
o = B 22 7" 10,0, -1,0,1] = [o,o, — 13, —].
2 2 2
Iteration 2: The new cost matrix and optimal 1-tree are
= 30 345 47 34.5 = 1 0 0 1
. — — 32,5 37 44.5 — — 1 0 0
[a,[j]] =[- - - 205 20|, [G@h=|- - - o 1,

= - 215 = = = = 14

leading to the objective value z(u[zl) = 147.5.

This means that 147.5 is a lower bound on the optimal value z of the STSP. But since [c;;] is integer

valued, this implies
148 = [147.5] < z < W = 148,

which shows that the greedy tour 1 — 2 — 3 —+ 4 — 5 — 1 was STSP-optimal!
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Preprocessing Linear Programming Problems

LP or IP models can often be simplified by reducing the number of variables and constraints, and IP
models can be tightened before any actual branch-and-bound computations are performed.

Example (Preprocessing an LP)

Consider the LP instance

max 2x1 + X2 — X3

s.t. Bxy — 2x2 + 8x3 < 15
8x1 +3x2 —x3 > 9
x1+x2+x3 <6
0<x3 <3
0<xx<1

1< x3.

Tightening bounds: lIsolating x3 in the first constraint and using x < 1, —x3 < —1 yields
5xg <15+ 2x; —8x3 <15+2x1—8x1=09,

and hence, x3 < 9/5, which tightens the bound x; < 3.

auser B6.3 Integer Programming



Preprocessing

Likewise, isolating x3 in the first constraint, and using the bound constraints, we find
8x3 < 154+2x3 —5xg <154+2x1—5x0=17.

This implies x3 < 17/8 and tightens x3 < oo.

And finally, isolating x2 in the first constraint,
2x3 > 5x3 +8x3 —15>5Xx0+8x1—15=—7

yields xo > —7/2 which does not tighten x2 > 0.

Proceeding similarly with the second and third constraints, we obtain the tightened bound
8x1 >9—3x2+x3 >9—-3+1=7,

yielding the improved bound x; > 7/8.
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Preprocessing

As some of the bounds have changed after the first sweep, we may now go back to the first constraint
and tighten the bounds yet further. Isolating x3, we obtain

7 101
8x3 < 15+ 2xp —5x3 < 1542 — 5 X Pt

yielding the improved bound x3 < 101/64.
Continuing the second sweep by isolating each variable in turn in each of the constraints 1-3, and using
the bound constraints, several bound constraints may further tighten in general, but not in the present

example.

How many sweeps of this process are needed? One can show that after two sweeps of all the constraints
and variables, the bounds cannot improve any further!

Redundant Constraints: Using the final upper bounds in constraint 3,
9 101

x1+x2+x3< —+1+ — <6,

5 64

so that this constraint is redundant and can be omitted.
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Preprocessing

The remaining problem is

max 2x3 + X2 — X3
5x1 — 2x2 +8x3 < 15
8x1 +3x2 — x3 > 9

7 9 101
- <x1<-, 0<x2<1 1<x3<—.
5 64

0

Variable fixing:
@ Increasing x2 makes the objective function grow and loosens all constraints except xa < 1.
Therefore, in an optimal solution we must have xo = 1.

Decreasing x3 makes the objective function grow and loosens all constraints except 1 < x3.
Thus, in an optimal solution we must have x3 = 1.

7 9
max{2x1: — <x1 < 7}.
8 5

This leaves the trivial problem
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Preprocessing

Preprocessing Integer Programming Problems

In the preprocessing of IPs we have further possibilities:
@ For all xj with an integrality constraint Xj € Z any bounds IJ < xj < uj can be tightened to
[G1 < x < ly;].
@ For binary variables new logical or Boolean constraints can be derived that tighten the
formulation and hence lead to fewer branching nodes in a branch-and-bound procedure.

The latter point is illustrated in the next example:

Example (Preprocessing a Binary Programming Problems)

Consider a BIP instance whose feasible set is defined by the following constraints,
Tx1 +3x2 —4x3 — 2x4 <1
—2x3 +7x2 +3x3 + x4 < 6
—2x2 —3x3 — 6x4 < —5
3x3 — 2x3 > —1
x € {0,1}*
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Preprocessing

Generating logical inequalities: The first constraint shows that x; = 1 = x3 = 1, which can be written
as x1 < x3. Likewise, x3 =1 = x4 = 1, or equivalently, x3 < xg.

Finally, constraint 1 also shows that the problem is infeasible if x3; = x2 = 1. Therefore, the following
constraint must hold,
x1 +x2 < 1.

We can process the remaining constraints in a similar vein:
@ Constraint 2 yields the inequalities x2 < x3 and x2 4+ x3 < 1.
@ Constraint 3 yields xa + x4 > 1 and x3 + x4 > 1.
@ Constraint 4 yields x; > x3.

Although the introduction of the new logical constraints makes the problem seem more complicated, the
formulation becomes tighter and thus easier to solve. Furthermore, we can now process the problem
further:
Combining pairs of logical inequalities: We now consider pairs involving the same variables.

@ x3 < x3 and x3 > x3 yield x; = x3.

@ x3 +x2 <1andxa < xq yield x2 = 0, and then xa + xg > 1 yields x4 = 1.
Simplifying: Substituting the identities xo = 0, x3 = x3 and x4 = 1 we found, all four constraints

become redundant.
We are left with the choice x3 € {0, 1}, and hence the feasible set contains only two points

S ={(1,0,1,1),(0,0,0,1)}.
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The Cutting Plane Algorithm

The Cutting Plane Algorithm

The above discussion of preprocessing steps shows that it is possible to derive valid inequalities for the
integer feasible solutions of an IP from its polyhedral formulation. This idea can be generalised and
systematically exploited in the design of algorithms.

Consider the problem

(IP)  max cTx

st.xe X =2nL",

whereﬁ”:{xEIR":.=J;'-><:b,-7 (i=1,...,m), x > 0}.

Definition (Valid inequalities and cuts)

A valid inequality for & is an inequality of the form

that is satisfied for all x € 2 (but not necessarily for all x € 22).

A cut for x* € 22 is a valid inequality for & such that

aTx* > aop,

thatis, 2 N {x: aTx < ag} is a tighter formulation of & that excludes x*.
. o
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The Cutting Plane Algorithm

Algorithm (Cutting Plane Algorithm)

solve LP relaxation x* = argmaxx{cTx: x € 2}; // initialisation
while x* fractional do

find a cut o ¥ x < apg for x*;

P — PN{x: aTx< o}

solve LP relaxation x* = argmaxx{c'x: x € P};
end

Notes:
The algorithm relies on systematic methods to generate cuts, an issue we will discuss further.

In contrast to the Branch & Bound Algorithm, the convergence of the Cutting Plance Algorithm
is not guaranteed but depends on the nature of the cuts that are applied.

Ideally, one would like to apply cuts that are easily computed and cut off a large part of &2, but
the two goals are often contradictory.

e 6 e¢6¢

The Cutting Plane Algorithm can be combined with the Branch-and-Bound Method, which
yields the most powerful black-box solvers for IPs (Branch-and-Cut Algorithm).
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Chvatal Cuts

Example (C

Consider the IP miny{—x1 — x2 — x3 : x € X'} with & = 2 N 73 and
P ={x€ER?: x3+x2<1,x2+x3<1 x5 +x3<1, x>0}
Using slack variables, the LP relaxation of (IP) reads
X1 +x2+xa=1
(LP) min —x3 — x2 — x3 s.t. x2+x3 +x5 =1
x>0

- x1+x3+x6 =1

Multiplying the three equality constraints with 0.5 and adding them yields

x1 + x2 + x3 + 0.5x4 + 0.5x5 + 0.5x¢ = 1.5.

Using the non-negativity of x4, x5, Xg, this implies x3 + x2 + x3 < 1.5, which is a valid inequality not
only for & but also for 22. Now using the integrality of x1, x2, x3, we obtain the valid inequality

x1+x2+x3 <1,

which is a cut for x* because x;_‘ + x.: + x; =1.5.
v
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Chvatal Cuts

We now generalise the approach described above: For any r € R”, let |r] = [|r1],..., [ra]].

Definition (Chvatal cuts)

Let 200 = {x > 0: Ax = b} be a polyhedron given by a system of m equations and n non-negativity
constraints, and let u € R™. The Chvatal cut associated with u is given by

a¥x < ap,

where o7 := [uTA] and ag := [uT b].

Lemma (Chvatal cuts are valid inequalities)

All Chvatal cuts are valid inequalities for the set 2 = 22(®) 0 z".

Proof. x € & implies Ax = b, and hence, uTAx = uTb. Using x > 0 this implies LuTAJx < u¥ b, and
using integrality of x;, (i = 1,..., n), this implies \_uTAJX < LuTbJ.

We state the next result without proof.

Theorem (Separation of non-integral vertices)

Given a vertex x* of 7(°), there exists a vector u € R™ such that luTAlx < |uTb] is a cut for x*.
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More on Chvatal Cuts

Definition (Chvatal cuts)
Let 200 = {x > 0: Ax = b} be a polyhedron given by a system of m equations and n non-negativity
constraints, and let u € R™. The Chvatal cut associated with u is given by

alx < ap,

where o7 := [uTA] and ag := [uT b].

Lemma (Chvatal cuts are valid inequalities)

All Chvatal cuts are valid inequalities for the set 2 = 20) nzn.

Theorem (Separation of non-integral vertices)

Given a vertex x* of 27(9), there exists a vector u € R™ such that [uT A|x < |u" b is a cut for x*.
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More on Chvatal Cuts

Chvatal Closures

In general, not all valid inequalities for & can be obtained as Chvatal cuts of a given formulation 20),

Let us write A(Dx < b() for the set of all Chvatal cuts that can be derived from the formulation 7(°)
of &, and let us define the new set

9(1) ={x>0: Ax=b, AR < b(l)}n

The next result is given without proof.

Lemma (Polyhedrality of Chvatal closure)

Only finitely many of the inequalities Al)x < b®) are essential (non-redundant), that is, 21) s a
polyhedron, and we assume without loss of generality that the system Al < b@) Jists only essential
Chvatal cuts, and that there are my of these.

We can now repeat this construction an apply new Chvatal cuts
LuTA + w;rA(l)jx < LuTb + w;rb(l)j

with u € R™ and w3 € RT? to () Denote the essential inequalities of this form by AR« < b2,
By Lemma (Polyhedrality of Chvatal closure), there are a finite number mx of new inequalities, hence

2@ = (x>0 Ax= b, ABx < B AR < p)y

is a polyhedron.
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More on Chvatal Cuts

Applying this process iteratively, for k € N we obtain polyhedra
20 — (x>0 Ax=b, Ax < p® Ak, < plk-1)y

that generate a new set of m inequalities AlR) < bk) defined as the set of essential Chvatal cuts of
the form

k k
LuTA+ > wfaD jx < [uTh+ 3w e
=1 j—1

m;
withu e R and wj e R/, (j=1,...,k).

It is clear from the above construction that
2@ 5 2@ 5. .. 5 2k 5 conv(2)

is a nesting of ever tighter formulations of &". The next result, given without proof, shows that this
process is finite.
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Theorem (Finiteness of Chvatal rank)

For any polyhedron 2O and 2 = 2(©) N Z" there exists a finite k for which 9(“) = conv(X).

Definition (Chvatal closures)

9(,() is called the k-th Chvatal closure of 9(0), and min{k : Q(k) = conv( %)} is called the Chvatal
rank of 2©) In particular, () is an ideal formulation if and only if its Chvatal rank is zero.

Notes:

@ We started with an equality constrained IP max{ch : Ax = b}, which is why the vectors u are
unconstrained, but the vectors wy used to take linear combinations of added inequalities
Ak < b(k) must be chosen wy > 0. Alternatively, note that A(I‘), b(k) are integer valued, so
that if the IP is brought into equality constrained form by adding slack variables
s(k) = b(k) — A(I‘)x, these are forced to be integer valued variables too.

@ The use of an essential Chvatal cut in each iteration of the cutting plane algorithm guarantees
finite termination, because an ideal formulation of & is found after applying finitely many
iterations. However, there exist examples for which the Chvatal rank is larger than the number n
of decision variables.

@ In general even the number of essential inequalities A« < b() in the first Chvatal closure is of
order my = O(( ,':1)) Applying the cutting plane algorithm with Chvatal cuts is thus very
inefficient in practice.

@ However, to solve an IP it is not necessary to find an ideal formulation. A more economical
approach is required that only applies cuts that make the optimal solution emerge.
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Gomoroy Cuts

Gomoroy Cuts

Let 22 = {x € R": a;rx =b;, (i=1,...,m), x > 0} and consider the IP problem

(IP)  max cTx

st.x € X =2n2".

The LP relaxation is given by
(LP) max{ch : Ax = b, x > 0}

with A=[a1 .- am|T and b=[by ... bm|". Let x* be obtained by solving (LP) with the simplex
algorithm, and assume x;; fractional for some h € [1, n].

After permuting the columns so that the basic variables associated with x™ appear in the first m x m
block, the optimal tableau looks as follows,

where z* = cTx*, A = AEIA, b= AElb =x*and ¢ =cy — AEAE TCB (see Lecture 2).

Since x;° is fractional, it must be the case that h € B and that there exists a row t of the tableau that
h
reads
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Definition (Gomoroy Cut)

The Gomoroy cut associated with variable x;; is the valid inequality

xp+ > LB 1% < gy
JjEN

The Gomoroy cut associated with variable xi; is a cut for x* and a special case of a Chvatal cut.

Proof. Let e; be the t-th canonical unit vector. The Gomoroy cut is then obtained as the Chvatal cut

associated with vector u = Ag

e, and it is a cut for x* since

X; + Z |_5th)<_,-* = x;: > Lx;j
JEN
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Gom

roy Cuts

Writing ¢(a) = a — | a] for the fractional part of any real number a, and introducing a slack variable s,
the Gomoroy cut can be equivalently expressed in fractional form

> —o(Eg)xj+5=—¢(b), s>0,s€
jen

and added to the formulation of our IP,

(P)  max[§]T[X]

st. [fle 2t = 2T Nzt
where

2t = {[¥]: xe 2} n {["(] : Z —p(3g)x; +s = 7(,0([—):)}4
ienN

Writing (3¢,.) for the vector [‘P(ét,j)]},:l' the LP relaxation of this new formulation is given by

' T
(LP") maxc ' x
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The Gomoroy cut can be added to the tableau corresponding to x*, which now has one extra row (for
the cut) and column (for the new basic variable s),

Im Ay 0 b_
0 —¢(Gen) 1 | —o(b)
0 er o] -z

which now represents a basic (but infeasible) solution of (LP’).

However, the dual of (LP’) is given by

(D) minbTy — o(be)w

s.t. /_4Ty — (g, )w > ¢
w > 0.
We can extend the basic optimal solution y* of the dual of (LP), obtained by complementarity, to a
dual basic feasible solution (y*, w*) by setting w* = 0 and adding w to the set of basic variables.

Since Ap([lt) > 0, we can pivot on column w of the dual tableau, and this can be done directly in the
primal tableau using so-called dual simplex pivoting operations.
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Example (IP by cutting plane algorithm with Gomoroy cuts)

(1P) max x2

s.t. 3x1 +2x2 +x3 =6
—3x1 +2x2 + x4 =0
x>0, €L, (j=1,...,4).

The initial tableau is found as

3 2 1 0]6
3 2 0 10
0 1 0 00

and after a few pivoting steps, the optimal tableau is found:

1 0 1/6  -1/6 1
0 1 1/4 1/4 ‘ 3/2
0 0 -1/4 -1/4 | -3/2

from which we read off the LP-optimal solution x* = [1,3/2, 0, 0]. Since Xz* is fractional, row 2 yields

x2 + 0.25x3 + 0.25x4 = 1.5,
= x2+0Xx3+0Xxg <[1.5],
<

= X2 1.

-
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Gomoroy Cuts

Example (IP by Gomoroy cuts continued)

Introduction of a slack variable xg and subtraction of the two equations yields

x2+xs =1, x5 >0,x5 €Z
—(x2 + 0.25x3 + 0.25x4 = 1.5)
= —0.25x3 — 0.25x4 + x5 = —0.5, x5 > 0, xg € Z.

Add this equation to the tableau,

1 0o 1/6 -1/6 O 1

o 1 1/4 1/4 o0 | 3/2
0o 0 -1/4 -1/4 1 | -1/2
0 0 -1/4 -1/4 0 | -3/2

This tableau describes a basic solution (the intersection of m active constraints) by setting xy = 0, but
the solution is not feasible, because x5 = —1/2. To render this variable non-negative, we must use row
3 as a pivot row in which to eliminate a different variable.

To decide on which column to pivot, note that if the pivot row t were to read

with 3;; > 0 (j=1,...,n) and bt < 0, then no matter how x > 0 is chosen, constraint t cannot be
satisfied. In that case, we would have to conclude that the primal problem is infeasible.

>
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Gomoroy Cuts

Example (IP by Gomoroy cuts continued)

Luckily, in our case, this is not so, and in pivoting on column h with a, <0, the last row changes as

follows, _

G

G« g — Hag
Fth

To ensure that dual feasibility is not destroyed, we must not allow any ¢j to become positive, that is,

- <h .
Cj*?atjﬁo’ (G=1,...,n)
th
c; C|
‘;I = ‘5"| <0, (€L n] a5<0)
tj th

&
< h:= argmax{ _" :j€[1,n], 3y < 0}.
‘atj‘

For example in our case, t = 3, h € {3,4}. Eliminating x3 in row 3 reoptimises the tableau,

i 0o 1/6 -1/6 O 1 1 0 o0 -1/3 2/3 | 2/3
o 1 1/4 1/4 o0 | 3/2 0 1 o0 0 1 1
0o o 1 1 -4 2 0 o0 1 1 -4 2
0 0 -1/4 -1/4 0 | 3/2 0 0 0 0 1 | 1

Row 1 yields the Gomoroy cut x3 — x4 < 0, or in fractional form,

x1 —xa+x6 =0, x6>0,x6 €Z
—(x1 —1/3x4 +2/3xg = 2/3)
= —2/3xq — 2/3x5 + x¢ = —2/3, x¢ >0, x¢ € Z.
>
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Example (IP by Gomoroy cuts continued)

Add this equation to the tableau,

1 0 0 -1/3 2/3 0 2/3
0 1 0 0 1 0 1
0 0 1 1 -4 0 2
o 0 o0 -2/3 -2/3 1| -2/3
0 0 0 0 T 0| I
Now t = 4, h = 4. Eliminating x4 in row 4 reoptimises the tableau,
1 0 o0 -1/3 2/3 0 2/3 1 0 0 o0 1 -1/2 | 1
0 1 ] ] 1 0 1 0 1 0 (] 1 0 1
0 0 1 1 -4 0 2 — 0 0 1 0 -5 3/2 1
0 0 0 1 1 -3/2 1 0 0 0 1 1 -3/2 1
0 0 0 0 1 0 | 1 0 0 0 0 -1 0 |-
The new optimal solution is x* = [1,1,1,1,0,0], and the IP is now solved by LP relaxation.

Note: Alternatively, the second Gomoroy cut x; — x4 < 0 could have also been reformulated using the

substitution x4 = 3x3 — 2x2, yielding

x2 < x1.
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Notes:

The use of Gomoroy cuts is easy to understand and apply, and it guarantees that the cutting
plane algorithm converges. However, the technique is not particularly effective, because the cuts
become very shallow very quickly.

To help the method select deeper cuts, it is advised to generate the Gomoroy cut from the most
fractional variable xj*, that is from the row corresponding to arg max; cp(xj*).

If the objective vector c is integer, one can also use the last row

—z+ Z EJ'XJ' = Co

JEN
of the optimised tableau to generate a Gomoroy cut when &g is fractional, yielding

> @(E)x > ¢(o)-

jen
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The Branch & Cut Framework

The Branch & Cut Framework

Data Specification (Branch & Cut)

Input data:
objective max ch;
constraints Ax = b with A, b integer valued, defining feasible set 2 = {x € Z" : Ax = b, x > 0};

Global data:
global pool of valid inequalities Al0) < b for &;
global dual bound z;
global primal bound z;
list AN of active nodes;
node counter k;

Local (node level) data:
local inequalities Ablx < bU];
local polyhedron 22Ul  defining node feasible set 2l = 22lil 0 zn;
node dual bound EU];
node primal bound ;U];
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The Branch & Cut Framework

Methods (Branch & Cut)

function [xU], 22ll] = addCuts(xll, 2ll)

// input xUl = arg max{ch I X € y[i]} optimised via simplex
while 22l #0, xU fractional and 3 sufficiently deep cut in pool do
find cut A%l > bl in pool of valid inequalities;

2l 2l 0 {x: Ak < bloly;

re-optimise xU] via dual simplex;

end
while 22l #0, xUl fractional and sufficiently deep new cuts generated do

generate cut aTxll > ag with aTx < «@p a valid inequality for &’;

{A[O]x < b[ol} — {A[D]x < b[o]} U {aTx < ag}; // add valid inequality to pool
2l 2l 0 {x: aTx < ag};

re-optimise xU] via dual simplex;

end

if ol = 0 then
‘ XUl — NaN;

end
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The Branch & Cut Framework

Algorithm (Branch & Cut)

k=1, A[I], pll = 0, AN= {1}, z= —o0, Z = 00, x* = NaN, {A[o]x < b[O]} = (; // initialisation
while AN # () do
choose j € AN;
if 2] < 7 then
| AN« AN\ {j}; // pruning
else
2l = {x e R" : Ax = b, Alllx < blil x > 0};
x[j] = arg max{ch DX € 9[‘”}: // simplex warmstart from parent’s initial subproblem
xbl, 2ll] = addcuts(xbl, 22lil);
sl .— ch[i]; /7 24 = — oo if xUl = yan
z:= max{Z[Z] : £ € AN}; // update global upper bound
if xUil integer valued then ym = Xl
else attempt to find yU] e 2 via heuristic;
EU] = cTyU]; // set EU] = —oo if y[j] unassigned
if ;u} > z then
x* = yU]; // update incumbent
z:= ;[j]; // update global lower bound
end
if 3 XE] fractional then .
ralktil, < plktily .= ralily < plil} U {{X < LX%'PL (i=1), ;
x=Tx'1} (=2
slk+il . 5l (i =1,2); // inherit dual bound from parent
AN <« (AN \ {j}) U {k+ 1,k +2}, k < k+2; // branching
end
end
end
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Algorithm Design Steps

Adapting the branch-and-cut framework to a specific problem class
involves the following steps:

© Identification of structural properties of the problem class.

@ Use polyhedral analysis to translate the structural properties into
classes of valid inequalities to be used as cuts.

© For each class C of valid inequalities, identify an efficient procedure
to solve the associated separation problem: Given x* ¢ 27, find a
valid inequality aTx < aq for 2" among class C such that

ax* > ag.

R. Hauser B6.3 Integer Programming
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Example (Search index construction)

The following example is due to Fischetti:
Relational data bases use a small number of search indices to use in queries of m different types. We
need to choose which among a set of candidate indices {1, ..., n} to build and maintain so as to
minimise the expected cost. j = O represents a default index available without fixed cost:
n m n
min > Gyj + 2.2 V%
Jj=1 i=1 j=0
n
st. Y diyj <D
=t
n
D=1 (i=1,...,m)
j=o
m
Soxi<my;, (=1,...,n)
i=1
xj, yj €{0,1}, (i=1,...,mj=0,...,n)
For example, n=5, m =6, D = 19,
6200 1300 6200 6200 6200 6200 200 10
2000 900 700 2000 2000 2000 1200 5
[;]— | 800 800 800 800 800 800 (e o @] = |10
7l = |6700 6700 6700 1700 6700 2700|°’ J 2400 ’ J 8
5000 5000 5000 2200 1200 4200 250 6
2000 2000 2000 2000 2000 750
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The Branch & Cut Framework

Example (Sea ndex construction continued)

The optimal solution (x*, y™) of the LP relaxation can never give a tight dual bound, because the

big-M constraint 3™, x,-;f < myi* and the optimality of y™ imply that

*

Yj =

\gE
X
*

i

3m
T

is always fractional, unless all xj =1 for the same index j.
Variable fixing: Yij = Yio = Xxjj = 0. This removes all variables Xjj bar x10, - - ., X60, X11, X21, X22, X43,

X53, X54, X45, X5, X65, and it allows to tighten the big-M constraints to

m
*
ZX,'_,' < “j‘}’j,
i=1
where |I;| = {i: vjj < vio}-

Now solving the LP relaxation yields the primal bound 8,940 and the following non-zero values
X;O =6/10, x;o =1, y;_‘ =7/10, XI1 =1, x;l =4/10, y3 =1, x:3 = xs*3 =1, y_: =1/3, xé‘5 =i,




The Branch & Cut Framework

Example (Search index construction continued)

In a similar discussion of the UFL we previously noticed that the big-M constraint zrll xjj < |I_,|yJ may
be replaced by the strong formulation given by the valid inequalities

Class C1: x; <vy;, (j€[1,n]ii€l).

Rather than imposing all of these constraints at each node of the branch-and-cut algorithm, we only use
these as cuts when needed. In our case, the valid inequality x11 < y7 is a cut of x*, because
x;_‘l =1> yf.

The separation problem associated with class C1 is straightforward to solve via enumeration and
scanning. In addition to the cut x31 < y1, we also find the cut xg5 < ys.

After adding the two cuts to the formulation, we re-optimise the LP solution via dual simplex pivots and
obtain the pnmal bound 9, 900 and the followmg nonzero components x3° =1, XGO =3/4,y; =1,
x11 = x21 =1, y3 = 3/4, x43 = 3/4, x53 = 3/4, y5 =1/4, x“5 = x55 = x65 =1.
None of the inequalities of class C1 are violated. However, note that y; + y3 < 1 is a valid inequality,
because dj + d3 > 19, hence this is a cut for (x*, y*). More generally, we consider the following valid
inequalities

ClassC2: > y; <[S|—1, VSC[1,n] st. Y d;>D.

jes j€s




The B h & Cut Framework

Example (Search index construction continued)

To solve the separation problem associated with class C2 and find the indicator vector z € {0,1}" of a
set S such that

n
Jj=

n
iz=2 v >Isl-1=3 51,
1 JjES J=
n

dizi=> di>D+e
j=1 jes

for some sufficiently small .

We can find the deepest cut from this class by solving the knapsack problem

n
* - *
w” = min E 1 —y;)z
i=1

n
s.t. Zdizi >D+e,
J=1

7 €{0,1}, (€L n)

and checking if w* < 1. The knapsack problem is quite easy to solve via branch-and-bound and allows
for variable fixing z; =1 if yi=1, which reduces the number of variables.
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Example (Search index construction continued)

Adding the cut y3 + y3 < 1 from class C2 to the formulation and re-optimising the LP relaxation via
dual simplex iterations yields the primal bound 10,880 and non-zero variables X;D =1, y; =1,
X171 = X2y =1, ¥4 =3/8, xg4 =3/8, yg =1, x45 = xg5 = 1, xs5 = 5/8.

Class C1 does not yield any violated inequalities, but from C2 we find the cut y3 + y4 + ys < 2. Adding
this inequality to the formulation and re-optimising the LP yields the primal bound 11,100 and the
non-zero variables X;O =1, yf =1, xfl = x2*1 =1, y; =1, x:s = x_:s = xé‘5 = 1, which is integral
valued and hence (IP)-optimal.

In general, using cuts from classes C1 and C2 in the branch-and-cut
framework reduces the number of nodes generated by 2 or 3 orders of
magnitude over straight-forward branch-and-bound when applied to
larger search index construction problems.

Class C2 can be generalised to other binary programming problems,
where they are known as cover inequalities.
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Cover Inequalities

Definition (Cover Inequality)

Let a' x < r with a € RT, r € Ry be a constraint on binary decision variables x; € {0,1}. A cover of
this constraint is a subset C C {1,...,n} such that 37;-ca; > r.

A cover is minimal if no strict subset S C C is a cover.

The cover inequality associated with a cover C is the inequality >-;c ¢ x; < |C| — 1.

Proposition
i)  The cover inequality EjeC xj < |C| — 1 associated with a cover C of the constraint atx <ris
a valid inequality for {x € {0,1}" : a'x < r}.
ii) IfS C Cis also a cover, then the cover inequality Ejes xj < |S| — 1 is stronger than the cover

inequality associated with C.

iii)  Only cover inequalities associated with minimal covers are essential.

Proof. i) Suppose to the contrary that 3x € {0,1}" such that a' x < r and Yjec X = |C|. Since x is
binary, this implies xi=1Vj€ C, and then, using a; >0,

aTXZ Zajxi:Zaj>rA 2

jiec jec

R. Hauser B6.3 Integer Programming
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i) We need to show that for x € {0,1}", 2ljes X < |S| — 1implies 3°;ccx; < [C] — 1 (but not
necessarily the other way round). Let S§ = {j € C\ S: x; =0} and S = {j € C\ S: x; = 1}. Then

STx= "%+ > x5S -1+(S5 < |C| - 1.

jec ~ jes jesg

iii) If the cover C is not minimal, then there exists a cover S C C, and by Part ii) the cover inequality
associated with S renders the inequality 3°;c ¢ x; < |C| — 1 redundant.

Algorithm (Minimal cover separation)

Input: a € ]R’_"_, re Ry, x* € {0,1}" such that alx* >r;

Output: minimal cover C whose associated cover inequality is a cut for x™*;
Initialise: C =0, £ =1;

compute list | = {j1,...,j } ={j: xj* > 0} ordered such that aj > >aj;

Ui
while ¢ < k and Zjec aj < rdo
C+ CU{je}:
L —L+1;
end
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Definition (Extended cover Inequality)

Let a' x* > r with a € RY,r € Ry, and let YljecXj < |C| — 1 be the cover inequality with the
minimal cover C constructed by Algorithm (Minimal cover separation), and a* := aj,
E = {j: a; > a*}. The associated extended cover inequality is defined as Yjecue X S ICI—1.

= maxjcc aj- Let

Note that, although C U E is a cover, the extended cover inequality is not the cover inequality
associated with C U E, because the right-hand side is |C| — 1, not |[C U E| — 1.

Proposition

i) The extended cover inequality EJECUE xj < |C| — 1 is a valid inequality for the set
{xe€{0,1}": aTx < r}.
ii) The extended cover inequality is stronger than the cover inequality ZjeC x; < |C| - 1.

Proof. i) Suppose to the contrary that 3x € {0, 1}" such that aTx < rand ZjeCuE xj > |C|. Then
x is a binary vector with at least |C| components equal to 1. Using aj,x; > 0Vj and aj > a*VvjeE

by construction, we find
T
a x> Z ajx_,-ZZaj>r. 2
JECUE jec

ii) We need to show that for x € Rf, ZjeCUEXj < |C| — 1 implies ZjeC xj < €| =1 (but not
necessarily the other way round). This follows trivially from the disjointness of C and E and xj > 0.

auser B6.3 Integer Programmin,
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Lifted Cover Inequalities

Lemma (Lifting va equalities)

Let S := {j1,...,jt} C[1,n], @0, j, >20,(s=1,...,t),a€ R7 and r € Ry be given such that
St aj xj, < ag is a valid inequality for the set {x € {0,1}" : a'x <r}. Letjerq € [1,n]\S and

t
Cera 1= max 3 oy,
t

s.t. Z 3, Xjy Tajeq ST

X, €{0,1}, (s=1,...,¢t).

Then for every Qlt+1 € [0, apg — (¢] the lifted inequality Z’ 1 @, Xjy < ag is valid for the set

{x € {0,1}" : a' x < r}. Furthermore, the larger s 11, the stronger the inequality.

Proof. Let x € {0,1}" be such that a' x < r. If x; Xjgpq =0 then the lifted inequality follows from the

validity of the unlifted inequality. If x Xjpp1 = = 1, then x satisfies the constraints of the optimisation
problem, and hence, Z‘ 1 Qg Xjg < Ceta, with (¢41 > 0 because ajg, Xjg > 0, (s=1,...,¢t).
Therefore,

Z Qg Xjg T Qg Xjp g < Ce+1 + @0 — Ce+1 = @o-

Furthermore, if 0 < altl < ol? < ag — (¢, then for x € JR:, Zi::l o Xjg + a[zlxitﬂ_ < «g implies

[1l,. i
Zs 1 Qg Xjs T X < ap, but not necessarily the other way round.
R
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Let x* € R be such that aTx* > rwithae R7,r € Ry. We would like to use a tight lifted cover

inequality to cut x* from the set {x € {0,1}": alx < r}. The following algorithm solves this
separation problem:

Algorithm (Separation by lifted cover inequalities)

using Algorithm (Minimal cover separation), find minimal cover inequality Zjec x < |Cl =1

fix an ordering j1,...,jp of [1,n]\ C;
fort =1 to p do
using branch & bound, solve knapsack problem

Ce := max Z Qje Xjg 4 Z X;j

Jjec

e—1
lels*ZaX 3, <r,
=1

Jjec
xj € {0,1}, (€ CU{js:se[l,t—1]})

aj, = |C| —1— (e
end

Proof of Correctness: By construction, the cover inequality 3-;c ¢ x; < |C| — 1 is a cut for x*, and

applying Lemma (Lifting valid inequalities) recursively, it follows that the lifted cover inequality
Zle g Xjg + Zjec x; < |C| — 1 is a valid inequality stronger than the cover inequality. Hence, it is
also a cut for x*.
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Example (Generalised Assignment Problem by Branch & Cut)

A fairly general class of IPs is the Generalised Assignment Problem (GAP) that takes the following form,
which uses a combination of knapsack and assighnment constraints:

Ma

n
(GAP) max > Z Pij Xij

i=1j=1

n
(1) s.t. Zc,-jx,-j <b (i=1,...,m)

m
) Sxi=1, (=1,...,n)

i=1

x,-,-e{o,l}, (i=1,...,mj=1,...,n).

GUB/SOS branching (see Lecture 9) on the assignment constraints (2) ensures that the feasible sets of
subproblems are balanced (children of the same parent node have approximately equal cardinality).

Cuts for optimal solutions x* of LP relaxed subproblems can be constructed in the form of lifted cover
inequalities deriving from the knapsack constraints (1).

The branch & cut algorithm solves the problem in two to three orders of magnitude fewer nodes than
the branch & bound approach.
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