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Local twistors


Spinors and Space-time
Roger Penrose and
Wolfgang Rindler
Cambridge University Press
1984 and 1986


∇(A

A′ω
B) = 0 (6.9.8)

∇AA′ωB + iεA
BπA′ = 0

∇AA′πB′ + iPABA′B′ωB = 0
(6.9.10)

local twistor transport



View as a connection

∇AA′

[
ωB

πB′

]
=

[
∇AA′ωB + iεA

BπA′

∇AA′πB′ + iPABA′B′ωB

]

∈
T

∈

∧1 ⊗ T-

By construction

{ωA | ∇(A
A′ω

B) = 0} ∼=
{[

ωB

πB′

]
| ∇AA′

[
ωB

πB′

]
= 0

}
︸ ︷︷ ︸
local twistors
conformal Killing spinors
twistor spinors

︸ ︷︷ ︸
parallel sections
of the bundle T ,
a prolongation bundle

“But
︷ ︸︸ ︷
this equation leads to inconsistencies

on a conformally curved space-time” Roger: 10/9/26



Killing fields

X a a vector field on a Riemannian manifold with metric gab

LXgab = 2∇(aXb)

where Xb ≡ X agab and ∇a = Levi-Civita connection

Prolong the Killing equation ∇(aσb) = 0

∇(aσb) = 0 ⇐⇒ ∇aσb = µab ∈ ∧2

Compute
∇[aµb]c = ∇[a∇b]σc = −1

2
Rab

d
cσd

But ∧1 ⊗∧2 3 Γabc 7→ Γ[ab]c ∈ ∧2 ⊗∧1 an isomorphism

=⇒ ∇aµbc = Rbc
d
aσd
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Prolongation connection (Kostant 1955)

Tractor bundle on any Riemannian manifold

T ≡
∧1

⊕
∧2
3
[
σb
µbc

]
∇a7−→
[
∇aσb − µab

∇aµbc − Rbc
d
aσd

]
∈ ∧1 ⊗ T

is a prolongation connection for Killing fields:[
σb
µbc

]
7→ σb induces

{
∇a

[
σb
µbc

]
= 0

}
∼= {∇(aσb) = 0}

On the unit sphere Rbc
d
a = δb

dgac − δcdgab so

∇a

[
σb
µbc

]
=

[
∇aσb − µab

∇aµbc + gabσc − gacσb

]
and is flat!!

⇒ dim{Killing fields on Sn} = n +
n(n − 1)

2
=

n(n + 1)

2
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Killing 2-tensors

Suppose that σbc = σ(bc)

Killing 2-tensor ∇(aσbc) = 0 (cf. Killing field ∇(aσb) = 0)

Hamiltonian interpretation

σbcpbpc :T ∗M → R Poisson commutes with gbcpbpc

Fact K 2 ≡ {σbc = σ(bc) | ∇(aσbc) = 0} is finite-dimensional

K 1 ≡ {σb | ∇(aσb) = 0} is finite-dimensional

dimK 1 ≤ rank(∧1 ⊕∧2) = n(n + 1)/2

dimK 2 ≤ rank(
⊙2

∧1 ⊕ · · · ) = n(n + 1)2(n + 2)/12

Another prolongation bundle
@

@I
�
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Killing 2-tensors from Killing fields

If σb and σ̃b are Killing fields, then σ(bσ̃c) is a Killing 2-tensor

Do they all arise like this??⊙2K 1 −→ K 2 surjective? Maybe not: the Kerr metric
injective? Maybe not: the round sphere

But sometimes both are okay:
⊙2K 1(CPm)

'−→ K 2(CPm)

Kerr metric: Carter constant (1968) is a hidden symmetry

Matveev & Nikolayevsky (2024)  hidden symmetries on

HPk for k ≥ 3
OP2

E & Leistner (2026)  hidden symmetries on E6/F4, · · ·



Killing 2-tensors by prolongation

There is a prolongation connection

(EG: Tom Branson, Andi Čap, ME, & Rod Gover (2006))

⊕

⊕
3

 σµ
ρ

 ∇7−→

 ∇σ − µ
∇µ− R ./ σ − ρ

∇ρ− R ./ µ−∇R ./ σ


BUT, in general, there are some options, e.g.

=
=
{µbcd = µb(cd) | µ(bcd) = 0} obvious choice?

{µbcd = µb[cd ] | µ[bcd ] = 0} better choice?

and, even then

it’s a bit of a mess



The messy details (Thomas Leistner & ME)

⊕

⊕
3

 σbc
µbcd

ρbcde

 ∇a7−→

 ∇aσbc + 2µ(bc)a

∇aµbcd − (R / σ)abcd − ρabcd
∇aρbcde − (R � µ)abcde + (∇R ∗ σ)abcde


(R / σ)abcd ≡ 2

3
Rcd

e
aσbe − 1

3
Rbc

e
aσde + 1

3
Rbd

e
aσce

(R � µ)abcde ≡
Rbc

f
aµfde + Rde

f
aµfbc − 1

2
Rbe

f
aµfcd − 1

2
Rcd

f
aµfbe

+ 1
2
Rbd

f
aµfce + 1

2
Rce

f
aµfbd

+ 2
3

(
Ra(b

f
d)µ(ce)f − Ra(c

f
d)µ(be)f − Ra(b

f
e)µ(cd)f + Ra(c

f
e)µ(bd)f

)
− 2

3

(
Rbc

f
dµ(ea)f − Rbc

f
eµ(da)f + Rde

f
bµ(ca)f − Rde

f
cµ(ba)f

)
(∇R ∗ σ)abcde ≡
2
3

(
σf [b∇c]Rde

f
a + (∇aRde

f
[b)σc]f + σf [d∇e]Rbc

f
a + (∇aRbc

f
[d)σe]f

)
+ 1

3
σaf
(
∇cRde

f
b −∇bRde

f
c

)



A better way

Recall
⊙2K 1 → K 2 induced by σb � σ̃c 7→ σ(bσ̃c)⊙2K 1 → {parallel sections of

⊙2 T}

where

⊙2 T =
⊙2

(
∧1

⊕
∧2

)
=

∧1 �∧1

⊕
∧1 ⊗∧2

⊕
∧2 �∧2

=
⊕
⊕∧3

⊕
⊕∧4

cc

cc


an isomorphism
if locally symmetric
i.e. ∇aRbc

d
e = 0

e.g. E6/F4 a familiar bundle
�
�
�
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a nice subbundle
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A fly in the ointment

So we have nice short exact sequence

0→
∧3

⊕
∧4
→
⊙2 T→

⊕

⊕
→ 0

comes equipped
with a natural
connecton

S
Sw

�
�/

@
@
@
@
NOT a parallel subbundle

Fly swatting
and removal

?

Modify the connection on
⊙2 T

• without changing its parallel sections
• so that ∧3 ⊕∧4 is now parallel !
Can do this using its own curvature !!



The modified connection on
⊙2 T

Curvature of the induced connection on
⊙2 T

⊙2 T =
⊙2

(
∧1

⊕
∧2

)
3

 σµ
ρ

 7−→
 0

R ./ µ + (∇R) ./ σ

∗ ∗ ∗


∈ ∧1 ⊗ carefully chosen−−−−−−−−−−→

automorphism
∧1 ⊗ 3 RD(µ, σ)

∇̃

 σµ
ρ

 ≡ ∇
 σµ
ρ

+

 0
0

RD(µ, σ)

 ⇒ ∧3

⊕
∧4

is a parallel
subbundle

of
⊙2 T



The prolongation connection from thin air

So NOW we have nice short exact sequence

0→
∧3

⊕
∧4
→
⊙2 T→

⊕

⊕
→ 0

NOW equipped
with a modified
connection

S
Sw

�
�/

@
@
@
@
NOW a parallel subbundle

Thm
The induced
connection on

⊕

⊕
is the prolongation

connection
!!



Consequences

Locally symmetric case: the kernel of
⊙2K 1(M)→ K 2(M)

is controlled by a connection on

∧3

⊕
∧4
↔ Killing-Yano 3-forms

φbcd | ∇aφbcd is skew

But F. Belgun, A. Moroianu, & U. Semmelmann (DGA 2006)
or P.-A. Nagy (JoLT 2013) ⇒

There are no Killing-Yano 3-forms on an irreducible
locally symmetric space M of compact type unless
• M ⊆ Sn or • M ⊆ G , a compact Lie group

Group case: ker
⊙2K 1(G )→ K 2(G ) = span of Cartan 3-form



What about E6/F4?

As homogeneous bundles (use LiE (Joseph Wolf & ME 2011))

e6 =
• •

•
• • •0

1

0 0 0 0

= • • • •〉
0 0 0 1︸ ︷︷ ︸

∧1

⊕ • • • •〉
1 0 0 0︸ ︷︷ ︸

K

Killing two-tensors on E6/F4 are

⊙2

(
• •

•
• • •0

1

0 0 0 0)
⊕ • •

•
• • •0

1

0 0 0 0

hidden symmetries

Dimension is
78× 79

2
+ 78 = 3081 + 78 = 3159



The End

Thanks for listening

HAPPY BIRTHDAY ROGER


