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View as a connection
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local twistors
conformal Killing spinors
twistor spinors

parallel sections
of the bundle T,
a prolongation bundle

“But this equation leads to inconsistencies

on a conformally curved space-time”

Roger: 10/9/26



Killing fields

X? a vector field on a Riemannian manifold with metric g,

/v‘Xgab - 2v(a)<b)

where X, = X?g,, and V, = Levi-Civita connection

Prolong the Killing equation V(,05) = 0
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Prolongation connection (Kostant 1955)

Tractor bundle on any Riemannian manifold

Hbc
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is a prolongation connection for Killing fields:
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Killing 2-tensors

Suppose that opc = 0(s)

Killing 2-tensor |V (,05c) = 0| (cf. Killing field V(,0p) = 0)

Hamiltonian interpretation
b pppe: T*M — R Poisson commutes with g°¢p,p.

FACT K2 = {0pc = 0(be) | V(20bc) = 0} is finite-dimensional
K' = {0} | V(,0p) = 0} is finite-dimensional

dimK! < rank(A'@®A?) = n(n+1)/2
dim K2 < rank(Q°Al @ ---) = n(n+ 1)%(n+2)/12
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‘ Another prolongation bundle ‘




Killing 2-tensors from Killing fields

If o, and o, are Killing fields, then o(,0.) is a Killing 2-tensor

Do they all arise like this??

(O’K' — K2 surjective? Maybe not: the Kerr metric
injective?  Maybe not: the round sphere

But sometimes both are okay: ()*K'(CP,,) = K*(CP,,)
Kerr metric: Carter constant (1968) is a hidden symmetry

Matveev & Nikolayevsky (2024) ~~ hidden symmetries on

HIP, for kK >3
OP,

E & Leistner (2026) ~~ hidden symmetries on Eg/Fy, - - -




Killing 2-tensors by prolongation

There is a prolongation connection
(EG: Tom Branson, Andi Cap, ME, & Rod Gover (2006))
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BUT, in general, there are some options, e.g.

{ltbed = ib(cd) | t(bed) = O} obvious choice?
{ltbed = ibcd] | Hipea) = O}  better choice?

and, even then

it's a bit of a mess




The messy details (Thomas Leistner & ME)

J

D Obc v Vaabc + 2lld(bc)a

H > | tbea | — Vattbed = (R <40)abed — Pabed

% Pbcde vapbcde - (R <& ,U/)abcde + (VR * U)abcde

_— 2 1 1
(R <0 )abed = §Rcdeaabe - §Rbceaade = §Rbdeaace

Roc” atisde + Rae’ apitoc — 3 Rbe apired — 3 Red” afitpe
+ %Rbdfa,ufce + %Rcefa,ufbd
+ 2 (Rav ayicerr — Ra(c" a)tive)r — Rav” e)icayr + Ra(c” e)tibar)
— 2(Ruc" apteayr — Roc” etiaayr + Rae si(eayr — Rae cpiqbayr)

(VR * 0)abede =

% (Uf[bvc] Rae s + (VaRdef[b)Uc]f + 07aVe Roc" s + (VaRbcf[d)Ue]f)
+ 204f (VeRae's — VbRae ()



A better way
Recall ©°K! — K? induced by 0, ® G > 040

O?K! — {parallel sections of O*T} [

where
ANEOYAS ]
AL ® ©®
O'T=0C* @ | = N'oAN? = |HFeA
A2 &5 &5
A% O N2 HHle A
an isomorphism
@@ if locally symmetric a nice subbundle
I.e. VaRbcde =0

e.g. Es/Fy ‘a familiar bundle‘



A fly in the ointment

So we have nice short exact sequence

comes equipped
with a natural
connecton

NIANE
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H

NOT a parallel subbundle

Modify the connection on @2 T

Fly swatting
and removal

e without changing its parallel sections
e so that A3 @ A* is now parallel !
Can do this using its own curvature !!




The modified connection on @2T

Curvature of the induced connection on @2 T
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automorphism

o o 0 N3 is a parallel
Vip | =Vip|l+ 0 = 694 subbundle
p p RO(p,0) A of O°T



The prolongation connection from thin air

So NOW we have nice short exact sequence

NIANE
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connection

H
NOW equipped
with a modified NOW a parallel subbundle
connection
o
Thm The induced E% is the prolongation I
connection on 2 N
H



Consequences

Locally symmetric case: the kernel of O)°K1(M) — K2(M)
is controlled by a connection on

/6\93 Killing-Yano 3-forms

A4 ~ Obed | Vabpea is skew

But F. Belgun, A. Moroianu, & U. Semmelmann (DGA 2006)
or P-A. Nagy (JoLT 2013) =

There are no Killing-Yano 3-forms on an irreducible
locally symmetric space M of compact type unless
e MCS" or e MC G, acompact Lie group

Group case: ker )°K'(G) — K2(G) = span of Cartan 3-form



What about Eg/Fy?

As homogeneous bundles (use LiE (Joseph Wolf & ME 2011))
0O 0 0 0 0
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Killing two-tensors on Eg/F, are

0 0 0 0 0 0 0 0 0 0

o (T e

hidden symmetries

78 x 7
8 x 9+78:3081+78: 159

Dimension is



The End

Thanks for listening

HAPPY BIRTHDAY ROGER




