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Asymptotic cdimension

Definition: A metyic space X has asymptoht odimension at most n ¢ fov all
RYO tuee exiSfs o cover W of X s.t. |

U) every R-ball iyterseces at wmost usl elements of w ;
¢t) mesh Q’J::—x ciam(U) < o .

Exoumple: asstiu (R') €2 by brick=cover witle Site-temgus WR. Ll dogt
. . l‘ LY é . '
Similany, asdim (R™) $n | AV =T
LA VRO

Fact: asorime (R™) =1,
Proof. Let TL be am Open cover of R* by Gniformly Open Scts. Wawa Let ‘I‘V(:() =N
be the herve of Hhe cover. Using A parviiiion of wuuity One §Jets A map R 1;\/, . 1
Fov cachh et pecking & pomt p €U, Quet Extenoling lineantly afv;,‘s & ma g R". |
Siuee mesu L < o0, of has bouscledd dlistauce frew '.dlk"' Sice H “fin. UR™ 20, alse I
HEwE (& AN) 20. Se © olivn (N) un, Quat heuce multiplicity ¥ hel. .

alse but fer waps guetvedtct hy Cehtioled Fclasie

4 X XY tren , soml e b .
. aschiue (X) = asotsm LY). jeehen fhad secets v lday ),y
bevrrclegl cellec bem e sek e e

SO fin. se.ue.vafca( groups have o well~dlefrnedd Soliwm. oo
Also, f HE G, then asolim(H) € asdim (&) i e he sane eu v chiescle

a

Examplesz VO asadim (Z*) =z, elastiet: hilip.
i) asotiua (€*) =o0.

(i) solina (bounolea Space) =0.
st Vv Sl @u D R

Meve gemervally, & space has a.so(.'m{.-o p ot has the 'ayw,"oclaao-s{ruﬂ-uve”, e,
ihere s o sequence of Pavhitious 2,,R,... s¢.
e meskh P L0
* distomee between ASjoint elements in Pn VA, — w0,
 pAe,b
Exam’ou-. Counsicler @ with the p-novm fip* E-Pn = P, This s an ultva-uorm, i-¢.,
lasb)l & mox (lan, "bllf- Nete BR("“FBR (x,) v oAlx,, x,) ¢R, Aaund oAist (QR(,..). Bz () *R ¢

Ay, ¥,) YR, So Ri= fu-balls{ is an arcpelago -stvucturve. So M:MCQP‘ 2 asdivn (B) 2O,
I ke

Neote thatl for QS R, asdivn CQ) =4

. y
el webeie

((“Sﬁ.'c“( b
Theovem (Huvewicz ): Let X, ¥ be comvpact metwe spaces, aner {: X =Y st

At -f"'(y\ £n for all yeY. Thew Adw X ‘o‘kt'w\ Y it
ey

Theovems (Ball - Huvewica theorem): Let f: X ~—>Y be a Lip. map between metric

Spaces. W for alt R%O ihe colection $1"(Rg)[ has asolim s wniformly , then
asclim (X) € asdualY) s .

Exomples: () { \2A—=83C, yhen asclim A B Sascivm A + 0sclima C.

i) asolim (H?) £2 by teking o Bustmann fumuctiew b: 2 —IR.

Cil’.) G - '(AN . ”,.(,L\ ‘{\(_\ TAN \—ON ] QS vy Tl

W) Let T be o et witl all sicte lengius =4. Thaem asadim(T)¢ 14,

- i e

Ser heimdi-, o)'.'l'—'IP. One caw skow tuat 1h-~(l¢ob])|b’d‘ﬂl N '
has a  uniform arckipelage - structure. W LS

L ——————



Theovem (Gromov): K G s & hypevbolic group. them  asatim(G)<oo.
cv (J N [,Q’*)L el Czwng (a] L S0 gecef. fren. A ;fj

Proog. For ve DB, . 14) define Gy={g] lg1e [SRkSRU], V“"Sl!

(¢ «a £Q, e S €28 G a»n 6y WyperbolTity. - | 1e .

So mecelds P(Otl*y € 1#8‘28 1) 4. g C RiVeS  ogcliim £1 a \ v ) SR (ics4)

v b e R g > i -

SRk — Tl
v .Vl, SRy

Projeciion complexes

Motivoting example: A A

Tix ¢ . s.mp(g closed cuvve, aud ‘J -.ﬂ'."‘(n\ & 7-

Fov X#Ye ihere S Q nearest po-‘ut pre,ection ’\'-s,"‘) (o
Theve 2xsts ©= O s.t. “Maivh of keuvlett €65 O3 AT

(P4) oliam ST, x)$© ferall XZV; e !
)1/

(P2) If oy (x.g)se then d, (v, 2)<0,wum Ay (¥, t)ﬂsd-atn(n.,muu,n
(P3) For all X, & the set {V | Ay (x,2)> ©F is finite.

Cy 7 o y W

See the picjure Ow Hhe vight 46 why this Uolols in ‘H’%:r

B e )
s.€. ffbv:cm', 67,90 o‘(c)‘-(Ps)‘“’:ﬂz{dr” o ¥ \ \/, \_/
Goal: Build am  cumbient space V.

Basic stratcgy: Cousicter LL X, duol olecicle. when fo commect X to Y, " 1 ; )]
Cvush.uj every Xey to o Xegy po-ut resSults .:’?.I gvtpupu #"‘V/‘*n,(x\

The ovem (Bestvina - Brombesg = Fyjiwava): This graph is quasi-isometriC {o o dvee.
\\Q '\ Su& CES 'm
/{ @b 3)(-2 & b g L

The plan s to pvovc He fhue under the shouau assum ption ‘
LY /\ \

(P244) I oy 1x,2) > ©, then ey 1= e (2).

The tfechnicat parg (which is cmitied)' Hhat C{'\Pl)"(Ps) ave sahs{ied, cue con |val>u.vb by
0 bounsled amount 1o Satisfy (P1),(P244), (P3). ,

Construction ,  finite by (93)
Cuoosc K%2© ouer odefine (4 (%,2): -{yu‘\“ i | dy (‘ ih K} v %26 This s matuvally
ed, re. theve ex. aun enamevation X=Yg, ..., VY,

R ~ ‘ “wvilely .y .
\ A o - . ) - Y.tx) ’ l‘a

R SRS W AR L {ﬂ: @y, iy W £ ox
e pud ¢ AL = B e e @7
of g O b9 e = X v, v,

Z
ludud i k:z -u«.n. is uo-lu.us ‘o prove. For k=3, either dy‘ (X, ¥,)>6 ovr ol.l'(l y‘))e Sfuce -
K%20. Say oy, (N.%)>0. Then by (P244) %o for X, V..V, , yrelels gy, (X)= 5Ty, (y,) Siwilosty,
(P244) for \,.y‘ 2, TL,‘(‘I,_) T, (2). The case I3 (s oloue by mdo\ghou. Lus.“: k=3). .

Defiue o grapn P 2 (4) with veviices the eleuents of 4, and COumect ¥,2 by au edge f
Ay (4, D 4K foran 'y

"SHavclore el o o

Claim: B (3) 'S ezlounccicsl, anc (jK (X,2) s a patwn fmw» X to 2.

ol L‘!/K
Proof. Suppasc not, so there s Some i aua soch s L. ok,(Y.,Ym) K. APP“I'“ P2+4) 40
\i‘lh\/m yrelas e (Y15 5Ty (Yy,) fud Ty, (V)= 9, 1Y), Ap,olyu\x’ (P244) 40 X, V., Y yrelds
n'.,q(%\-cg(y) , Gugt Siwilasly tt. 'v“ - Se \/egku ). Q




Theoveme (Mouning's Botleueck crvitevion): Suppose X is a tounecteol graph, oud A% O s.¢.
the olowing Woals. Assume Mol fov Gy vertices v,w there ex. & Path o | from V0w
S.t. fov auy poth ¢ {frowe V to w Pe.w QNA(’).chu X is o quasi—ivee.

Exercise: Show that Hhe Tavey §veph is o quosi-tvee.
Exevcise: Fov all X.V, ety the wnion (kv K 1 2) countains o7
all but oL wost *wo veviices of gktx,t). aud f {wo, dkey Oore t
adjacemt. Lot Apply (P .
’ x - wees ”‘a
Theorem: R (4) is a quasi-iree. * Sluagl
Proof. We show dlat the botllencck criterion is sotisfiesl Withh 423, and Px.ay (’k(*.v);
AsSsume. Kot, e, there ex. XY, Wel (YY) Qud & patih g {rems P W
X 1o ¥ st gn By(wY=P. It suffices 16 skow Jhat for PG eq with e %
o (P,@)1, it holas T (M= 7, (@) (kis will leaol Yo a centractiown J 3/ ‘._\j
Siuce by geiug along g would show T, (x) =%, (V). but o, (v,y)¥K%20 T ;f ' Y
Since WeQ (X.y). By tue abeve excevcise, the wovst s(.‘g‘%gh%w inat & HER ’
can hoppen is as in the picture . But then “y.'»“’)‘-‘ﬁ\,,rs) s ). Q st A7
£ i
Exevcise: Set mi= leugin of Stancavet path {rom X to Y. Then SWvetang B‘*‘g&““
l"' Stel ol oshlis o Pl ) (b.x.‘m)
ey s et T )
‘ ' W
|
| EXQMPlC.S wheye lPa)-(p;) holek
1) ket & be o non-elementory hyperbolic group. For g of infiniie order
there €xists o quUasT~oaxs ¢ ot ¢, f.e., eye=¢ | le is & ivaustaton.
Sed 3=={tmusla{cs of € by G, (oner a-ssu.uu; that no dwo alistiuct elements ,A_-\\xc‘
of 4 owe parallel). Thew (P1Y=(P3) hotel as in ¥he Surface . ) . N
case. \ [ = et
So GQJ)R(Q, ,1-€., tvevy hou-clementavy kyperbolic G 0y s
gvoup G owts rcu-elemesqtary On O QUGS - tree. T /
N neeat e {JCVG Seme thivg \\Q‘

2) Comsicler dhe pretuve amet §:={planes in TWE. Thew (PH-CPY) . (Y T
heled fov ©=0, amer fev K=O J(q) is obtamed by callapsing the |
pPlanes. ' _ | ] |

Quasi-4rees of metric spaces ’
{ Pu(. acll SPaees v J CWL%Vo'aMs,
Ot u.cj‘(’c-%.n-s e Subqyeph’

Pefine €, .(y) as follows, Starl wiln LL X, onet F el (x,9) 24 Hhem | ‘ ;
atach eolges frewa every VevteXx i Jtyti‘)"’ 10 evay veviex in 5T, V). <!

\

'PY‘OPCV‘-H(_S "
()1 cock aitacked colge is assigued lewgin 2K, then

ol I Ci(y) s Couvex Ounol isometvic;

* ihe neavest proj. of ’(sc,‘u‘) bo YE€.(G) S witkin Gnifovwe oliStance from IT, (x).
W) \f all Yeg have ascliv S uuformly, them asdiua € (4) S nel  (Huvewstr).
Hi) I{ all Yey ase quosi-dvees wilh uniforme 4, dhen Clg) s & quasi-1vee.
i) If all Ye§ ove S-hyp., then Cylg) s hyperbolic.

quasi—veg

: ] v G v
Exetise: (uihe situation of exawmple 4) above, €, (4) is non- Wivial since ¢ 5 @ fonieladoei
atowg €. |



M apping Class Group

Let S be a closed ovtentable swurface wWith aa fimite numbes of pomts removed.
The mappmy class group of S s

Mot ($)i= H°‘“‘°’+(3)/ Sotopy -

Exompies: Mool (§?) = $1f,
Gi) Mod(T?) = SL, (2).

Curve complex oncl qraph
Whtin X ($)4°0, 4hewn S actmits a Comeplete hyp metvic of fimite avea.
A Simple closeot curve is essential f 4 cloes not bounot D? or D'\pt, ov equivaleuity,
f 11 is howotopic (isotopic) f6 a geeoclesic. .
cLs)
The curve complex S O Simplicial complex with
*verjces: isotCpy closses ©f essemiral Simple closecl curves
* Siwplices: collections of esseutval s.c.c. fhat can be reatided cAiSjointly, ov equivaletly,
thejy geoelesic represesm tadives ove cAigjoiut.

2
5P0|faoh‘c Saurfaces: S°\a Peivts T\ 4 Pt
\Rpeinls - e )
S\dp ¢ | '
.) (( :\ = (/ ‘f\\)- ), b :
| ’ ‘ " s ““' T : B e V= T 2

\ o dhese . ewm'o[CS
"t\cp\a& "o;;g;,c,;..t" by
Wit secy Mcn\'muaz"
Loeie,, 2 -0 43

The Cwrve complex iS always Connecttol andt has infinite diameter
Theorem (Magur- Minsky): TLS) s &=~ hyperbolic.

The arc Complex ' |
Assume S hos at least oue puudun. An arc s erther ewbedeled , ov f the tucdpoiuts }
ave the same, ihis Cubedeledt Otheywise. An ave g essentral if either IS euckpoiuts arve
cistinet, omot if the pre the same 1y should net pe cendrechible
The arc complex  coumsists 0f £
* verirces: isotopy classes of essemiral ames (®yealszea by a gcoctesic arc). oy
* Simaplices: Can be realiies chiSjoiutly (except ot eucapoiuds).

<

4

St {Lv /8 ‘
Theoram(Matur - Scuteimer): AGS) is &~y pevbolic. |

The mam ool s the following.

Lemma (Gut&afhg Jeoclesies): Led X be o gvophh, auck assume that for Some D0
fov all verhces y,ye X jheve exisis a Subgvaph Plyy) st.

V) Phr,y) s conneciees amel comtams x,y;
Ci) “f d(‘u.y)") then M olvGua P“n\') SD; v \\\
i) for all x,y, 2 Ps,2) € ND( Plx,y) v P(y,gs) . ¢ Al

Proocf e&f thal A(S) is hypevbolie. Let X AL, Fov Wy €X 0 Uniemcorn-arc
(S $he LUnrou of am ‘wiflal Segmeut Of X ¢ ctnel & tenminal 5‘8“"’“‘ of Y
Lécv fivect orientation), s.i. Jne uwuiou s an arve (e mjecdive).

Defme Plny):= setef all unicornm aves from %,y with all ovitutations Ouol orelers O fu.vf.
e o Cleek Y=222) €ov Dzt At




Jubsuvface projeciions

&S
Let X be o subsuvface, r.e., counecied, Ta=in;. Quel Mot o PAi¥ of pauts.
Theve s a pavirally defined coanse mop

CQy) “*"» €e(x)

Aefineot by stneliug & kot cigyoikt frowm X 4o X
° {“‘ \‘f o sX ' A flverd op brens -/ ” A ~
* 1§ anX is a collection of aves close dhem up ¥ 9:‘?»‘7:,) \
a(ouj X +o Jet dhe ijech‘Ou& » = j;‘awg:.: >
Tor twe subsurfaces XY we wyite XAY o dhnav+@ o .
aued d¥Y~X #0. Define e fevmly  bew veled (/ = @a“
T dvaund ey ——e

Ty (V) 1= ¢, (V) € Cx).

\N
L ey (em) smw Cugn gy
we { ffn.u{'(‘ \

. “pte oy, e eligbancs '
Theorem:Let X, Y$S be Suvfaces s.t. XAY, aud let & be o s.cc. |f c&x(d.w’soo
*k‘w dy(d,X)(\fO. “‘—)'(""—IL‘;‘ egiealily)

G)\f «,8 ave S.ce’S n S, then {tlat(‘,mssof is {inite.
et Joe .

Proof. i) Since cAAx (#,Y) Y80, & auar DY intusect alot. SO thae

is o Subarc of & 'w Y olisyorul from IX. Heuce d\,h.x) iS Small.

) Exeverse. a

bewoefee Ky dwiltesee Ly

These s an obwious achion Mea(S)RELS) by feu:= fes)

Adolendclun, to MQQW“H\‘usky:
§ € Moet(S) is loxodromic iff wo S.c.c. s f-peviocolic (& f is pscuo(o-Auo:ov)-

Proposiiion: (¢ (‘, s a collectOn of Subsuvfaces of § that are paivwie A, then
(P1) —=(PS) holdl.

Exampte: Let XS be a subsurface s for all feiod(s) \\—"’ \\
12X or f(X)AX, Consicles §:={£X)| e Mosts) | = <~/)

Take {eMoat(s) s.¢. F=p.A. ce X, fricl o S\X. So f¢ Moel(s)3ELS)
s sot (oxedrowmic sivce f S not I“A' Oun §N8‘u(1. {2 CK((‘,) 'S

(o xoclromic Since ¢4 has an axss iw C(X) & C,;lg) because {2 CLX) s P'A'

Theorem: The asyw\,oioh'c. Armension of Mod(s) is {imte.

(€. Subfafaks {rows SOme celowy  valegeel 7
Outline of proof. Siep 1} Theve is O fiulle equUivoriant poriition of jue set of subsurfaces
of S iuto fl:a:rm}sc 2 fawmilics. Pov Mﬁi‘(ff;\j:&: L(‘c';#jac:hf?ﬁx'a‘:‘{l‘."itf\ ‘ip“ac‘zmui pase
Step 2 By o thmof Bell~Fujiwara ascim()<w. (One can copy ‘ine proof of Growov's
Jum that oseliva(lyp. group) L whew veplacing ‘geedests’ by “dight geoelesits®) nube of e
step 3 Fov every color Coustruct 4he quasi-free Of Cuvve Complexes Yo, ...,V -Nim€y (g
Fac Yi has finlle 0solim by Bell-Fujiwora auct the propevhics of Ci(4). So Vv . xy &)
has {..‘y\.‘}(. asoliwm, , cemry (vomm dhe ccdien Meet($) @ Nax. . .x Y B
Step 4: The orbit map Mod(s) —> Y, c..x Y s & ¢g-t=embedoling. This {ollows ¢ye,., e

HosSwr = Minsk olistance formula: Let §a,B3f bt a fiurte collection of S.c.c. that fin g
=[O, :
Them for oll £, geMos(s) of({,s)x 5,5[[ dy (flava), gwup]] , wheve [Ix]), {*. ko



