
Projcction COhplexCS X
Applications o Mappilg (lass Groups

Asymptotic dimensiou
Definition: A metric space X has. asyuptotie dimensio at most n ię fov all
RO theve Cxists a cove u of X $.t.
i) evey R-ball Mtseces at most h+l elements of e ;
ce) msh eimsupdiamlu)< .
E xample: asolim iR) & 2 by brick - cover wish site-engus R.
Similaty, asdim (R") $M.

Fact: oasolimCIR) *n.

Proof. Lee u be an open cover of R by uniformly open sets. Mena Lee Nie) =iN
be the heve of the covee Using a partition of unity one gees a map R N,
Fereach ueu pockig a point pu, aua ertenatng incany g'yes a mapN R.
Sineemeshte<o0, of hasbounoleddistance fvem idy%•Since Hfla IR) O, also
H (N) *0. So din N) n, auot heuce muliplicity h+1.

afse Ire fer wmaps qeealee ay cebe eled inclase

ldetinel asolim.# X *, thenasdimX)=aso +injecen tht sets femy
So fin. geuerated grouss haye a wcllodefineed asoli.

Also, f H«G,then csoim(H)4asdimCG).
bewrcld celleehen c sck c Cone

insleed od bilijp.Examples: i) asAim(z*) n;.
ci)asotiw() o.
cit) asol in Cboneleedspace) O.

Move generally, a space has asolim = (e it has the "avchipelago- structure", i.e,
there is a sequence of Pautitious P,,R,... st.
•mesh . <o
•diseaucebetweendisjointelemeuts in . au

pło.b
Exanple: Consiaer & wih the p-norm p An p This is an utra-norm, i-e.,
la+bl'smax{May,WbN.Note8,Cx,)=B t*a).4 ds, ) 6R, and dist(BCm),8ga ) >R
oll, ) >R.So i= {h-balsf s anarekipelago-stvuchuve.SeasdimCo,jasli Ca)-0.
Noke that for Qs I2, asdin CQ) 4,Ke wete(assicul

Theoven(Huwewice):Let X,v becompactmetr'e spaes, ane fiXY s.
lim fy é for al yey. Then din X olim y *n.

Herewicatheorem):Lee f:xy be a Lip. map betweenmetrieTheovem (Ball -
Spaus. ķ for al RO the cohectren {82)f has osedimsn cniforty , hen

asolim (X)& asdhalY) *n.

Examples: i) IA 8C, hen aselimAB $asdin A +asdimC.
ci) asoiim (H) $2 by toking a Buscmann fenctten b, : 42 IR.
ci) G : kAN
iv) Lee T be a tvee wih al slele lenglhs =4. Then asdlim (T) s 4.
Se hie dl', o): T R. One cas show that {(laib1)| b-a6R}
has a uniform avehipelago-structure.

hen KG AN



Theorem (Gromov: k G is a hyperbolic grouP. then ast imCa)<oc.
er G,nBo) andGw Bp(a!

Proop.For ve dBse (s) define G,={gl lgle[SRK,SRAKH)] .vetig1}.
If G nG 0, then av,) $26 Ci R» &) by hyperbolicity.
So muleipticity e 2FB(25, 4) -1.this ota gie, 5Plkea)bctim1ees SRk

SRk-a)

Projection complexes
clledicMotivaing cxample:

Fix as Siple uosed cuvve, and yi=s ) & 2".
ToyK*Ye 4heeis a neavestpontpvo;cction y (x).
There xsts Ou) s..
(P1) iam sty x) & fer all XY;
(P2) IF dly(x,e)> , then d, y, e)s0,whee dy(,2) 3oliam (xjun,
(P3) For al x, & the set {v↑ dy r,e)>e is fiuite.

"uiuh ef bcuvcnesets as peiuts"

kYe, pausSee the picjure ou the vigut to why this holols in H2{.

The prejeetisa oota is a
•a coRtctibug of meit spaces; eca. feool..

foraf X$Yega pnon-Cmyptyprojeciion r, x) y
$,6. for some 0 (P)-(P3) holol.

Goal:Buid an ambitutSpace .
X

BasiestratcyGousielerl x
Crushing every Xey to a

Theorem (Bstvina -Brombeg-Fujiwava):This gvaph i quasi-isometricto a tree.

auol olecidle wken to cOnect X to Y.
Ky poiut yesults in a gvaph.

pl

.Sub.ces in
bi 4eeThe plan is to pvove the thm unoler the stronger assumptren

(P2+4) f oy x,e) >, then ty 2).
The teckhhitat part (uhieh is OuiHea) that it P1)-(P3) ave satisfred, oue Can pertunb by
a bouueled amount to soa isfy (Pr),(P2+4),CP3).

Construction finike by (P3)

Choose K20 auet define GK (X,2)= {Yegi, |cdy(x,2)>K vis,2f. Ths is hatuvally
Ovdeved,t.e,1heveex. auenumwatiow XYo, ..,=2 s.e),Hetpd .hdeed, ię kei, there is no tkiug to prove.For kes, either cly, (x,Y,) >6 or yCi,,)» sMee
K»20.Say oy, (Y.,)>. Thenby(P244)o for X,, V,,yrelels y, ()=ty Y.). Similoly,
(P2+4) for Y,Y,, 2, Ty (Y)= y, (e). Thecase k3 s done by ineluctron Cusit ko3). .

Defue a gvaphdy(t,2)sK 9) with vertrces the elemeuts ot ų. ana counect K,2 by aneege f

stavcord pah
Claim' Pe (g) is zcouneeteet, and G (X,2) is a path frewn x te 2.

Proof. Suppase not, so 4hee (s some i and someY s. dy (Y;, Y.) Yk. Applying 2+) 1o
y)e çY), aueshnilesi ar i)e.. CY:).Applyhg(P244)+% x',y



Theortm (MaMning's Bottleneek citeiou): Suppose X is a couHecIeo gvaph, oand 4>0 s..
4he folowivę koles. Assume thot for cny vevtices v,w theve cx. a path from v tow
S.c. fov any path g frOe V to R SN Cq). Then X is a quasi-tvee.

Excise: Show that the arey gvaph is a guasi - tvee.

Exwcise: Fov al x,y, e eeg the union YuCK.y)u, (y,8 ) Cautams
al but atmose tyo vertnesof y,x, t),'auet i vo,4hey are
adj acenE. WintiAbly (P2*)

wosi sucTheorcm R (y) is a quasi- tree.

Proof. We shoy 4hat the boteneck criteion is sotisfied wiu 4-3. and Pay u (A.).
Assume nOE, t.e., thee ex. %,Y, wey.(x.1) auot a path 4 fvom
X to Y s.t. fa B,Cw)=ø. It Sufficestở show hat fer P,oe, wih
d (P,Q)e1,ieholes r,() , co) (thiswillleodto acentractien
since bygoingalong qwoulelshow. T (x)= hlY). but , 4,y)>K%20
Sthee Weg(x.y). By he above exevcise, the worst situation that
cau happen s as in the prctuve.Butthen 4P)É_ (e) ).

P

west
Silualicn
skedey'sed
Pu B 'baeh)Exereise:Set me leugth f staneavel path fvom X toY. Then

Skelle joalis ce
quosqccol

Exapies wheye (Pa) -(P3) hold
1) Let G be a non-elementary hyperbolic gYoup.Toy of afinite order

there cxsts aquasi-axis t of t.e., gie)e tle s a translation.
Set gi=fbanslates of t by G} (ana assume that uo two distiact elemeuts
of ave parallel). Then LP1)-(Ë3) hoted as in the suwface
case.
So GD),.e., Cveyhou-elementaryhyperbolic
gvoup G ats AOH-eementay On a qu asi- tvee.

ncec tc vove scmčthig

2) Cousider the picture aue gifplanes in Tss. Then CPi)-(P3)
hdlel for O-0, aue fer Keo p(gi is obtamed by calapsing the
plaues.

TS
Quasi-rees of metric spaces

rjec4ivs ce Subgopls
Define C9) as follows,Star wih L x, onci it (x,1)=1 then
attach eedgesfrcumevey vetex u s,S to evey vertex in sty 9).

Properies
is i{ tack attacued eslge is assigued' lengen 2K, hen
• he inelusio X e9) is couvexanodiSOMetvic;
• 4he neavest proj- of xsCp q) to Y$ e4) is wihin uuifovw olstance fron st, (x).

ü) \f al Yeq hove aselia sn unifovmly, then asclim Cly)$ n+l (Hewewite).
i) 1{ al Yeğ are quasi-4rees with unifevm A, hcu Cu(g) is a quasi-tvee.
iv) 1{ al Yeğ are á- hyp., 4hen Cxly) is hyptrbolit.

GA w guasi-vee
Exevese: lu the situatio of examyple 4) above, ety) is non- tvivial since g is a tvanslation
aloug C.



Mapping clas Group
Lee S be a clored ovten table surface with a fiite number of ponts removtd.
The wmappng class groupo of S is

Mod(s)=Momeo,cs)/3etepy-
Examples:Moa (s) <.
ci) Moal (T') 2 SLz (2).

Curve complex anel 9raph
WAtn Rs)<'e, hen S oemits a coneplete hyo. meevie of fmite avea.

A Sinpte closeat curve š csen tialt $ # does not bounet D² or D'lpt, ov equivaleuty,
if s homotopie (isotopre) to a geoelesic.

ts)
The cue comolex is a simpliciel complex with
• vertiees: isotopy classes of cssential Stmple cioseel cuves
• Stmplices: collectrou$ of essential S.c.c. {kat can be realiecd cisjoinuy, ov cquivaleuty,
the geoolesie represen tafives ae lisjoiut.

Sporadre surfaces: S\e peis
S\õpin

C(s)=¢
Beke kese hew

Nin 4hese.1eamoles
replae "cisjci" by
"ink set minimuly"
i-c, 2 e 3)

The cuve complex is always connected ant has tnfinide diabmcter.

Theorem (Maluy- Minsky): Ccs) is &- hypebolic.

The arc complex
Assume S has at least one punctuve. An are is either cmbeelolecd,ov f the eudpoints

ave the Same, it s eubedolect othewise. An ave s cesentral if citker Hsehcl ooints ave
clistiuct, auot f they,.Que the same t shoulelnet be ccntraciblc
The arc comple*consists o4
• yertices: iso topy claSses of cssen tial arcs (yealit ed by a geoctesicare).
• Sinplices: can be reatited disjointly (ereept at euopoius).

Theorcm(Matur- Schteime): AS) is &- hy pe beli..

The moain tool is the folowing.

Lemma (Guessing geoclesics): Let x be a graph, auel assune that for Some D>o
fov all veies yeX 1heve cxsis a subgraph Psy) s..
) Ps,y) is cMnCctel anclcOutains x,y;
#) 1f cl(«,y) , then PogoiawmPlsy)$D;
(«) for all Ky,2 Ps,2) S No( Play)u Ply,e)).

Proof e that cs) is hypevbolic. Lee X AS)". For Niy eX a cnmcerN-Ore
is the unrou of a uitial sepmeut of * scnel a teminal segweut ofy
(fer fieet orrentation), s.t. he uniou (s an avc (i.e. tujcetive).
pefie PKY):=setof ai unicomavesfrom*,y wih alovičatationsaualoreles oł.
s caucheek ()-e) for De,4.



Subsur{ace projections
Lee x be a subsuwface, te., coMnecieod, sta-inj. auot not a pair of pauts.
There is a pautrally defined coanse map

tes) * ex) Xdefineot by seneing « hot cisjsint fvom X to
dileend epticns

• if nX is a collectiG of avcs close hem wp
atoup x to get the projections.

Fov two subsurfaces X,Y we wile KAY t a%ny*
anel oYnx *0. Define jcvly bourelce

TheorenLet ,Y sS be Surfaces se. XAy, and let od be a s-C.e. lf e,,a,y)> SO,Metceceh
then dy lo,*)<$O.(Belasslcekintquality)
i) 1f ae s.c.c's in S, then 12Jel la,8) > so} is finite.

distanc

beureltky i llosetic kuetProof. ) SincecAxla,Y) So, & anel Y inteseet alot. So thee
Îs a subare of d in y lisjoiut fvom a. Hencecd a,*) is Smal.
ca) Execise. TI[NIa
These is an obvious action Mocs) 2 tS) by fois fe).

Aaelenolum to Mazuw Hiusky:
feMoelS) is loxooroic iff noS.c.c. is f-peioolic (f ispscuoto-A4OSOV).
Proposiion l¢

(P1) -(PS) hotel.
is a collectionofsubsuwfacesof S that arepairwise , then

Example: Lee xss be a subsurface s.. for al feMods)
f(x) * or f(x) AX,Cousieleeqi={fCx>|feMoalcs)f.
Take feMootS) s.t. f=p.A. Cu X, f ied cu sK. So feMoeCs)aes)
is noc oxodrouuic since f is not pA.onS,But fe G4) s
loxoromie sinceit has au axis in cix) ) beeausef2eox) is p.A.

p.A.

Theoremi The as yuptotic limension of Mocs) s fiuite.
e bsefa4s {romsomecelcur iabseel h

Quline of proof. Step 4; There is a fiuite equivariant partition 4 thesLAof $ubswfaces
of S iuto pairwse h families.Tor te
$tep 2 By a thm af Bel(-Fujiwara aselim (e)<o. (One can copy he pvoof of Gvomov's
4um that aselin (hyp. grop)<o when veplacing 'yeoolesits' by igut gcoesics".) nbe ojcelauss
Step 3: Fov every color Construct he quasi-vee of cuve cemplexeš Y, .y; lo.
Facn Y: has finie asolim by Bel-Fujiwara anot the proputhes of C (q). So Y
has finite asoim.
Ske 4: The orbit map Mod (s) Y .. *Yan is a qi- embedolig. This follows frowmHhe

ccloN nle sEc (ebteinthisby toeigd a(sU)),.
dlse

ccas (rom tkecctiemMectls) 2,...x Y

insky elistance formula: Let is,6f be a fiuite colectiow of sic.e that
Then for all f,ge Aot(s)


