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Introduction

The celebrated paper by ONSAGER (1949) laid the premises for a
theory of liquids (not only liquid crystals) based on purely repulsive
intermolecular forces.

Canonical Ensemble
Suppose that N identical particles described by the coordinates

a=(q,...,qv) € 2N
2 single particle configurational space

are interacting via a diverging, steric pair-potential U.

partition function

1 1
Zn = — e % Wdg, .. .d
N N /Q N Q1 qn
k  Boltzmann constant T absolute temperature

% (q) = Zz‘]\ijzl U(gi,q;) interaction energy Ul(gi,q;) = Ul(q;,qi)
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Helmholtz Free Energy
The objective is to compute the free energy
FN = —kTIn ZN

without even possibly dreaming of averaging over the diverging
interactions.

Mayer functions
e—ﬁU(QMIj) =1+

N
1
ZNZMGN where Gy = /QN E(l—i—q}ij)dql...qu

For hard repulsion potentials

®,;; = 0 when particles 7 and j are not in contact
®;; = —1 when particles i and j overlap
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graph terminology

Rearranging terms,

/ H 1+ ®;;)dg; ... dgn
QN

i<j

[0 Z I evtan

Ge¥9n (i,j)EG

¢n collection of graphs on N labeled vertices

(i,7) edge joining vertices 7 and j

A vertex represents a particle
A edge represents a steric interaction



missing steps
Upon suitable rearrangement of the sum
ETHT = D By 2 Dy By e (19)
=i

which now constitutes the integrand of EquatioN 4, Mayer and Mayer
obtain an éxpansion for the integral in terms of the irreducible cluster
integrals

& = %f@udﬂ dry (20)

B = 2-11,; f By &gy gy dry dre drg

and these furnish the first two correction terms to the ideal gas laws in the
expansion
log B, = Np{1 + log (V/N,) + i6:1(No/V) + 36N/ V)* + --- }. (21)
ONSAGER (1949)
B, the same as Zy 1 pair-excluded volume

N, the same as N pi= % number density



In his paper ONSAGER (1949) endeavours to prove that for
slender rods interacting via excluded volume the third virial
coeflicient (5 is negligible compared to ;.

Is the density expansion justified in the first place?

When does the first term in this expansion suffice to estimate
properly Zx7?

Could there possibly be a justification nmot requiring any density
expansion?

Once these questions are answered, we shall be able to write with
confidence the Onsager free-energy functional in the orientation

distribution density o, akin in form to Maier-Saupe’s, though
quite different in content.
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objective, in Onsager’s own words

We introduce a distribution-function f(a) for the directions a of the axes
of the cylindrical particles, normalized according to EQuaTioN 26. When we
neglect the terms which depend on 8, and higher cluster integrals in the
expansion given by EQuATION 27, we arrive at the following formula for the
configuration-integral

log B, = N,{1 + log (V/N,)} ~ f (@) log 4xf(a) d0(a)

(61)
+ (/29 [ 1 (eos™ @-a)ya)fta) ds aev.
The function f(a) is implicitly determined by the condition
B, = maximum, (62}

ONSAGER (1949)



Mayer’s Cluster Expansion

ONSAGER (1949) referred to the celebrated book by J. E. MAYER &
M. G. MAYER (1940), but the theory being invoked has an
interesting history that started earlier and has not yet seen an end.

» URSELL (1927) computes In 7y for a gas of
N impenetrable particles in a region & of volume V.

» MAYER (1937) derives a formula for In Zy, assuming it to be a

power series in the number density p = %

Z—kT(lnp—l—l—Z ﬁuﬂ)
1/ = 7?;/;/ Z H (pzjd(h dQV+1

Ge (g("” (i,5)€G
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(2)
%/4»1

irreducible integrals

11
Bu = _Vﬁ/(%u Z H (I)ijdql...dqerl

Gey?), (11)€G
collection of irreducible graphs on v + 1 vertices

irreducible graphs

*—o *——e o —0
feo—e, ﬂsé.’ Bso ‘ » ﬂali .» Baa |><‘
reducible graphs

o—e *—0



“rreducible” means “bi-connected”

» A graph G on n vertices is said to be connected, if there is a
path from any vertex to any other vertex.

> An articulation vertex of G is any vertex that, if removed (with
all links emanating from it), would disconnect G. In such a case
G is also said to be articulated.

» G is bi-connected, if it is connected and possesses n.o
articulation vertex.
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simple examples v =5

/5

(a) and (b) bi-connected (¢) disconnected

(d) articulated



Remarks

» Each irreducible integral 3, encloses a cluster of v + 1 particles.

» For classical mass-point particles interacting in a region % in
space of volume V' with a repulsive pair potential U

V/ Z H (1—e" 7w U(9:,95) )dgrdgs = Ve(fc

Geg@) (l,j)EG
: (v’

P2 = o

N | =

H (l—e*ﬁU(Qi»qj))dqld@qu =
3
Geg® (1€

Cfc) pair-excluded volume

Ve()i) triple-excluded volume



» In Mayer’s theory the cluster integrals /3, are scalars that only
depend on the pair interaction potential U. In particular, they
are independent of the density p.

» For hard spheres of volume Vj
/15 B2 15
‘/e()?c) =8V %()?c) = 3 e(x2c) \ﬁvo 57% = a
» For hard cylinders of diameter D and height L

(B2) _
(B1)”

() isotropic average

O((D/L)In(L/D))

14/
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equation of state

PV v

7:1 — Dy v
RT +;u+1ﬂ r
R = Nk gas constant

virial coefficients

P oo
_ v+1

Pt VZ—1 Busip

14

TP

By+1 =

B,, virial coefficients



rigorous proof

BOrN (1937) and BorN & K. FucHs (1938) gave a rigorous
mathematical proof of Mayer’s results.

» They used the method of steepest descent to estimate
configurational integrals for a large number of particles N.

» The main issue remained the convergence of the series delivering
Fy or P.

» The lack of convergence was interpreted as the onset of
condensation, which the theory has the potential to detect, but
not to describe.



» LEBOWITZ & O. PENROSE (1964) and RUELLE (1969) proved
that Mayer’s virial expansion converges uniformly ¢f
2
W) —1]" .
B < =20 = = 0.1447
W (3)
W Lambert function
x=W(x)eW® W(z) =2 -1
This proof was not entirely phrased in the canonical ensemble,
but required the proof of convergence of two ancillary series in
the grand canonical fugacity (or activity), one for the pressure
and the other for the density.

» O. PENROSE (1967) gave a proof of the same result based on a
surprising graph identity.
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Penrose’s Tree Identity

Z H ‘I%'jzz H Dy H (1+ ®Ppi)

GegV (L,1)EG T€T, (4,§)€T (h,k)ET\T

@M set of all connected graph on v vertices
7, collection of Cayley’s trees on v vertices
T* maximal graph reducing to T

Cayley’s trees
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v

v

v

v

v

trees and forests

A tree is a graph in which any two vertices are connected by
exactly one path.

A tree is a connected acyclic graph.
A graph with a single vertex is also a (singular) tree.

CAvLEY (1889) proved that there are ¥~ trees on v labeled
vertices.

A forest is a disjoint union of trees.
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Penrose’s reduction (partition scheme)

Assign a weight w; to every vertex i # 1 of a connected graph G,
defined as the number of edges in the shortest path joining i to 1.

Delete all edges between vertices of equal weight.

> Delete, for every vertex i # 1, all edges connecting vertex i to a

vertex with weight w; — 1, but the one connecting the vertex i to
the vertex of weight w; — 1 with least index.

Each of these steps leaves all the indices w; unchanged.



v

v

v

v

mazimal reducing graph T*

Start with a tree T and assign weights w; to its vertices.
Join all pairs of vertices with the same weight.

Join every vertex i # 1 to all vertices of weight w; — 1 with labels
greater than the largest label of the vertices of weight w; — 1 to
which it is already joined in T

Each of these steps leaves all the indices w; unchanged.






w1:_1

= W4 = )
U)Q—_wG:
= Wy =
w3 =



=0
w1 = .
=wy = )
U)Q—_wG:
=wy =
w3 =



w1:_1

= W4 = )
U)Q—_ws:
= Wy =
w3 =






T*

T*\ T

w

ot



proof of the identity

For a tree T' € .9}, denote by Z(T') the set of graphs in the family
4V of all connected graphs on v vertices that can be reduced to T'.

S Me-> Y I

GegD (1,7)ECG TeT, GER(T) (i,j)€CG
- Z H Pij + H D Z H Ppi
TeZ, \ (i,5)€T (i,5)€T G*CT*\T (h,k)EG*
=> Il euqt+ > Il om
TeT, (i,5)€T G*CT*\T (h,k)EG*

Z H D H (1+ @pi)

TeZ, (i,j)€T (h,k)eT*\T



» E. PULVIRENTI & TSAGKAROGIANNIS (2012) recently gave a
proof of the very same Lebowitz-Penrose convergence sufficient
condition in the canonical ensemble.

» Morals & Procaccr (2013) and PrRocAccCt & YUHIJTMAN
(2015), building on an improved tree identity, refined in general
the Lebowitz-Penrose convergence condition.

» However, such a refinement does not apply to purely repulsive
interactions, for which the old sufficient convergence condition is
still unsurpassed (TATE 2013).
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Forest Cluster Expansion

Irreducible cluster integrals have been used to compute the
coefficients of Mayer’s virial expansions. Much in the spirit of
Penrose’s proof of convergence, we propose a cluster expansion to
compute the configurational integral G without assuming that it is
a power series of p.

forest expansion

GN :/@ Z H q)ijdq1-~-qu

N
Ge9n (i,5)eG

:/@N Z H D, H (14 ®pg)dgs - .. dgn

FeFN (i,j)eF (h,k)eF*\F

Fn  collection of forests on N vertices
F* maximal forest reducing to F'



limited connectivity

Neglecting all clusters that are not forests (all including cycles),

GN%/@N Z H (I)ijdql...qu

FeZn (i,j)€EF

N-1
:/%NZ S 0 I fodar..dan

n=0 pe #(m (i,j)€F
N-1 61 n
=V¥Y (-1)"C(n,N) | =
> vre, ()
V= |9%|
fij = —®y

B = [ fr2(q1, ¢2)dqudge
~ collection of forests on N vertices with n edges

C(n,N) cardinality of . 1(\? )
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asymptotic estimates

For N — o0,
N\ (N—n\"
(n22( 5 ) ) n bounded
C(n,N) =~ { Am(1—%)2 0<vy<i
NN-2 2 -3 1
=t (v —1) 7 3 <7 =1
n(N)
vi= 1
Y N—I>noo N

BRITIKOV (1988)
neglecting large trees
Approximating C(n, N) as

N2n
2nn/!

C(n,N) =~

and neglecting for the moment all terms with n > [%] —1in Gy
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11BN 1

v T gtk
B I'(a,z)

9= T

I'(a) Gamma function
I'(a,z) incomplete Gamma function
Q(a,z) incomplete Gamma function ratio



TEMME (1979) proved the asymptotic estimate

1 a 1 1\ e-z0n” 1
o o) (221-3) S o)

Azg n=+v20—1—In))

In the case of interest,

1 B2y — _
A= -2z, n=a+ib, {2(a A) H w(z) = 14+2x+1n 22
aff =—m
G VN e~ Nz O0<z<ux
AR N I T S e

xo root of u(x) =0

The same asymptotic estimate also holds for n > || +1
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» For x > x(, G fails to be definite in sign, and our
approximation breaks down.

» But, for x < zy, computing F, we arrive at
. F 1
PALFFY-MUHORAY, VIRGA & ZHENG (2017)
1 VN
Fy = —kTln (N!GN> ~—kTn (N!e %Npﬁl)
1

~ kT <1nN! —NInV + 2Npﬂl>
1

~ kT <N1nN—N—N1nV+ 2pr}1)

1
= kTN (lnN—an— 1+ 2pﬁ1>



density compatibility requirement

x < o= pPh < W (3) =0.2785

» Forest clusters reproduce Onsager’s free energy functional in the
limit of limited connectivity without assuming any power
sertes in the density.

» The density compatibility requirement signals the density at

which connectivity starts playing a role in the cluster expansion.



Onsager’s Functional

Having established on a different basis the same approximation that
Onsager derived from Mayer’s cluster expansion, we use Onsager’s
very argument to construct the free-energy functional.

Multi-species argument

The ensemble of N particles is partitioned in M subsystems, the

particles of each of which share one and the same orientation in space.

() orientation manifold
Q) partition components
Q=uM 00
w; € Q0 core orientation in Q)
N; number of particles in Q)
Zf\il Ni=N
Aw,; measure of Q)



M
N; = No(w;)Aw; Z o(w;)Aw; =1

i=1

o orientational distribution density

free-energy component
N 1N?
Fy = NET <an—1)+kT —51

N;

’ i,j=1

Vi = VAL«JZ O)l (u)l,WQ / f12 T1,Wr, m27w2)d$1d$2



composed free energy

M
FNZZFM
=1
M M
N; 1
=S "KTN; (In =t — 1) + kT — N
> (nVi )+ W; Blws,w;)
M

= kTNZ o(w;)Aw; (In poo(w;) — 1)

i=1
1 M
+ 5k Npo > olwi) Awio(wy) Aw; B (wi, w;)

ij=1

po = % number density



continuum limat
Fy o 1 / ’ /
A o(w) (Inpoo(w) = 1) dw + Zpo . Ar(w,w)o(w)o(w')dwdw

ETN
/ o(w)dw =1
Q

(dimensionless) free energy per particle

Folol = [ otw)no()du+ 5 [ Bi(w./)olw)ofe)dudes

complete free energy

Fy =kTN (Inpg — 1+ Folo])
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equilibrium (intergral) equation
§Fo0ldo] = / {1n o(w)+1+ po/ B1 (w,w’)gw'dw'} do(w)dw
Q Q

5F0(0)l0g] = ) /Q So(w)dw

In o(w) + po /Q B1(w,w)o(w)dw’ = X

e~ PO Jo B1(w,w")dw’

[T,

o(w) =

B1  effective potential
po  effective reciprocal temperature
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Excluded volume of congruent cylinders

d diameter
[ height
0 angle between axes

2

d®

d
B1(0) = l2d{2sin9—|— 7 (g + %|cos9| +2E(sinf) + ¥l

E(k) := fog V1 — k2 sin’ zdx

complete elliptic integral of the second kind

—sinf

2

)}



In the limit as % <1,

approximate formula

B1(0) ~ 2[*dsin 6




tsotropic covolume

l

<61 iso — / ﬁl Sln 0do = l d = 2v0d

vo particles’ volume

volume fraction

N'UO

7 = Povo

dimensionless concentration

l
¢ = pob = ¢g

Onsager’s free-energy functional

Fold = [ ol mods+es [ sinofw.o/)ow)ole!)duds’

2 x§?

44/
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Onsager’s uniaxial trial density

1
oo(a; V) == cosh(a cos )

" 47 sinha

a > (0 parameter
w = (p,¥) polar coordinates on S?
00 is symmetric about the polar axis
dw = sin¥dddy measure on S?

0.

o

a=0, 5, 10, 20



IQ (20[)

Foloo] = 1In (W)tha> . actan(sinha) 2

4 sinh « sinh2 o

I> Bessel function of order 2
scaled free energy

As a = 0, Foloo] = ¢ —Indm. Taking the free energy of the
isotropic state as a reference,

F(e,a) := Zoleo] + Indr — ¢

tan(sinh 2
=In(acotha) — 1+ w +c <_2I2(2a) - 1)
smha Sin o

F(e,a) = % (1 - 2) a* 4+ 0(a%)

46 /
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Free-energy landscape

0.015
0.010-
0.005
O,
0 2 4 6 8 10
o
c. = 3.681

47 /70



Bifurcation analysis

1 1 1 1

nematic

isotropic

I 1 I I T T

—
30 ¢ 50 7.0c 9.0 11.0

KAYSER & RAVECHE (1978)
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Computing the nematic scalar order parameter S for the
minimizer oy, of F(c,«), we obtain a function of ¢:

T 1
S(e) = 377/ (cos2 9 — 3) 00 (a3 ¥) sin ¥dd
0

S(ce) = 0.41
KAYSER & RAVECHE (1978) considered only solutions to the
nonlinear integral equation for o that bifurcate from the

isotropic solution % and preserve the uniaxial symmtery.
T

They adopted two strategies:
1. Expand p in a series of Legendre polynomials and solve for the
coefficients of the expansion;
2. Solve numerically by an iterative scheme the nonlinear integral
equation for a uniazial density p.

They proved analytically that ¢ = 4 is a transcritical
bifurcation point.

49 /
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recent results

Recently, VOLLMER (2017) studied a class of functionals that include
Onsager’s free-energy functional as a special case. For the latter, the
bifurcation analysis in the parameter

shows that

» The first bifurcation from the ¢sotropic solution ﬁ is
transcritical and it occurs at

)\2 = ?;L2 (C = 4)
» All other bifurcations from the isotropic solution occur at
s 1 s 1
_IGE+3)T(G-3)
TT(E+NT(5+2)

I' Euler’s function

50/ 7



The nontrivial critical points ¢ of Onsager’s free-energy
functional are uniaxial in the vicinity of the isotropic solution
in a neighbourood of ¢ = 4.

The isotropic solution is the only solution for

16

(¢ £0.010)

W  Lambert function

» FEwery critical point p is bounded.

All bifurcation branches either meet infinity or they meet
another bifurcation branch.
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L%(%?)

bifurcation scenario

Y
The solutions of this
branch are uniaxial |/

p* is the
unique minimiser

T
p* is not the local minimiser

analytical results in
this research article

VOLLMER (2017)

T
p* is the local minimiser

- == -has been shown numerically in [19]

52 /70



Entropy competition

The Onsager theory is athermal: temperature plays no role in it.
There is no exchange between kinetic and potential energies. The
ordering transition that gives rise to the nematic phase results from
the competition between two forms of entropies:

Folel = [ o) o) +go0 | iw.u)o(w)olw)duds

orientational positional or packing

Packing particles more closely, thus minimising their excluded
volume, increases the volume they can explore by sliding one over
the other: this maximises their free volume.



Phase Coexistence

Onsager’s theory is not only able to explain the isotropic-to-nematic
transition. It is perhaps the first example of density functional
theory, as it also describes phase separation and the coexistence of
nematic and isotropic phases.

motivation

Onsager’s original motivation was indeed to explain the phase
separation of tobacco mosaic viruses in diluted solutions.

again in Onsager’s own words

not nearly enough to explain why a solution of 2 per cent tobacco virus in
0.005 normal NaCl forms two phases.

54 /
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tobacco mosaic virus

N. tabacum

Uninfected leaf TMV-infected leaf TMV particle

wu 8T
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what Onsager might have seen

BAWDEN, PIRIE, BERNAL & FANKUCHEN (1936)
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tactoids

BAWDEN, PIRIE, BERNAL & FANKUCHEN (1936)
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complete free energy
Fn = KTN (Inpy — 1+ .%0[0])

N number of particles

V' volume occupied by the system
po = % number density
Fo density functional

Folo] = /Q o(w)In o(w)dw + %po /Qz B1(w,w")o(w)o(w')dwdw’

chemical potential

At equilibrium,

_ OFy
H="3N
preSS'U/"e

OFy

p=-2X
v



free energy density
In a homogenous system,

FN:er fe = ]{Tpo (lnpo—l'i‘rgzo[@])

_Ofe
a dpo
= kT (111 P0 —I—/ Oeq(w) In Peq(w)dw + po/ B (w,w')geq(w)geq(w’)dwdw’>
Q Q2
. Ofe
P = po 910 - fe

1
= kT po (1 + on/ B1 (w,w')geq(w)geq(w’)dwdw')
02
Oeq equilibrium density, which makes .%o stationary
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Phase Coexistence Criterion

[uWl=0 [P]=0

rods’ density functional

4
Folo] :/ o(w)In dew+07/ sin f(w, w’) o(w) o(w")dwdw’
§2 §2 x§2

c= pob = ¢é dimensionless concentration

coexistence equations

|[lnc+/ Oeq(w) In geq(w )dw+c§/ sin(w,w’)geq(w)g(w’)dwdw’ﬂ
S2 T Js2%xS2

|[ <1 + cf sm(w,w/)gcq(w)gcq(w’)dwdw’ﬂl =0
82x82



The two possibly coexisting phases are the tsotropic phase and
the aligned phase.

Onsager found a solution to the coexistence equations in his class
of trial equilibrium densities.

¢ = 3.340 c, = 4.486

The scalar order parameter in the aligned coexisting phase
is larger than the scalar order parameter at the transition

S(ca) = 0.84

The concentration ratio is also larger than expected from
experiment

S

G

61/
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0.31

0.21

0.11

_0.1,

_0.2,

-0.31
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volume fraction

Coexistence
Isotropic Nematic

} } -
0 33D 45D

L L

lever rule

Suppose that the solution is prepared with a (dimensionless)
concentration ¢; < ¢ < ¢,. Let V; and V, be the volumes occupied by
the two coexisting phases. Let /V; and N, be the corresponding
numbers of particles.

Vit Va=V  Ni+N.=N



The solutions to these equations are

Vi Cy— C Va c—¢
Vv Ca — G Vv Ca — G
N; Ci Cq — C Ny, ¢y c—c¢
N C Cy— G N C Cy— G

64
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