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SHOCK DIFFRACTION BY CONVEX CORNERED WEDGES FOR
THE NONLINEAR WAVE SYSTEM

GUI-QIANG G. CHEN XUEMEI DENG WEI XIANG

ABSTRACT. We are concerned with rigorous mathematical analysis of shock diffraction
by two-dimensional convex cornered wedges in compressible fluid flow, through the non-
linear wave system. This shock diffraction problem can be formulated as a boundary
value problem for second-order nonlinear partial differential equations of mixed elliptic-
hyperbolic type in an unbounded domain. It can be further reformulated as a free
boundary problem for nonlinear degenerate elliptic equations of second order with a de-
generate oblique derivative boundary condition. We establish a global theory of existence
and optimal regularity for this shock diffraction problem. To achieve this, we develop sev-
eral mathematical ideas and techniques, which are also useful for other related problems
involving similar analytical difficulties.

1. INTRODUCTION

We are concerned with rigorous mathematical analysis of shock diffraction by two-
dimensional cornered wedges whose angles are less than 7 in compressible fluid flow,
through the nonlinear wave system. The study of the shock diffraction problem can date
back 1950’s by the work of Bargman [3], Lighthill [24, 25], Fletcher-Weimer-Bleakney [14],
and Fletcher-Taub-Bleakney [13] via asymptotic or experimental analysis. Also Courant-
Friedrichs [10] and Whitham [27].

In this paper, we develop several mathematical ideas and techniques through the non-
linear wave system to establish a rigorous theory of existence and regularity of solutions
to the diffraction problem. The nonlinear wave system consists of three conservation laws,
which takes the form:

Pt + Mgy + Mgy =0,
(11) my +px1 - 07
Uz +ng = 07

for (t,x) € [0,00) x R% x € R?, where p stands for the density, p for the pressure, (m,n)
for the momenta in the (z1,x9)—coordinates. The pressure-density constitutive relation is

(1.2) plp)=p"/v,  v>1,
by scaling without loss of generality. Then the sonic speed ¢ = ¢(p) is determined by

A(p) =1 (p) =p "

Notice that ¢(p) is a positive, increasing function for all p > 0.
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2 GUI-QIANG G. CHEN XUEMEI DENG WEI XIANG

The two-dimensional nonlinear wave system (1.1) is derived from the compressible isen-
tropic gas dynamics by neglecting the inertial terms, i.e., the quadratic terms in the ve-
locity; see Canic-Keyfitz-Kim [5]. Also see Zheng [28] for a related hyperbolic system, the
pressure gradient system of conservation laws; the same arguments developed in this paper
can be carried through to establish a corresponding theory of existence and regularity for
the pressure gradient system.

Let Sp be the vertical planar shock in the (¢,x)-coordinates, ¢ € Ry := [0,00),x =
(x1,72) € R?, with the left constant state U; = (p1,m1,0) and the right state Uy =
(po,0,0), satisfying

my = \/(p(pl) —p(po))(pr—po) >0,  p1> po.
When Sy passes through a convex cornered wedge:
W= {(z1,22) : 2 <0,—00 < 1 < zactanby,},

shock diffraction occurs, where the wedge angle 6,, is between —m and 0; see Fig. 1. Then
the shock diffraction problem can be formulated as the following mathematical problem:

Incident shock Sy Incident shock S,
) )
—
Uy = (pr,my.0) Uo = (p0,0.0) U = (p1.m1.0) — Uy = (p0.0.0)
T | |

FIGURE 1. Initial-boundary value problem

F1GURE 2. Shock diffraction configuration
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Problem 1 (Initial-Boundary Value Problem). Seek a solution of system (1.1)
with the initial condition at t = 0:
(1.3)

(P, m, TL) |t:0 = {

(p0,0,0) in {x1 > 0,29 > 0} U {(x2 — z1 tanby,)z; > 0,22 < 0},
(p1,m1,0) in {x; < 0,29 > 0},

and the slip boundary condition along the wedge boundary OW :

(1.4) (m,n) - viow =0,

where v is the exterior unit normal to OW (see Fig. 1).

Notice that the initial-boundary value problem (1.1)—(1.4) is invariant under the self-
similar scaling:

(1.5) (t,x) = (at, ax) for «a#0.
Thus, we seek self-similar solutions with the form
(1.6) (psm,m)(t%) = (p,m,m)(&m)  for (€)= 7.
In the self-similar coordinates (£, 7), system (1.1) can be rewritten as
(m = &p)e + (n—=np)y +2p =0,
(1.7) (p(p) —&m), — (mm)y +2m =0,
(En)e — (p(p) —1m), —2n =0.

In the polar coordinates (r,6),r = /&2 + 1?2, the system can be further written as

(1.8)
+ sin 0

rp —cosfm —sinfn sinfm — cosfn p+ sl

n
T T
Oy rm — cos 0 p(p) + 0y sin 0 p(p) = m + C_OTSQP(P)
rn — sin @ p(p) —cos 0 p(p) n+ S28p(p)
The location of the incident shock Sy for large r > 1 is:
P1 = Po

Then Problem 1 can be reformulated as a boundary value problem in an unbounded
domain:

Problem 2 (Boundary Value Problem). Seek a solution of system (1.7), or equiv-
alently (1.8), with the asymptotic boundary condition when r — 0o:

(p0,070) in {€>§17n>O}U{(n_£tan9w)§20577<0}7
(p17m170) in {€<£17n>0}7
and the slip boundary condition along the wedge boundary OW :

(L11) (m,n) - vlow =0,

(1.10)  (p,m,n) — {

where v is the exterior unit normal to OW (see Fig. 2).

For a smooth solution U = (p,m,n) to (1.7), we may eliminate m and n in (1.1) to
obtain a second-order nonlinear equation for p:

(1.12) (¢ = €)pe — Enpy +€p) ¢ + (¢ = 1%)py — Enpe +np), — 2p = 0.
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Correspondingly, equation (1.12) in the polar coordinates (r,60),r = /&2 + n?, takes
the form

c? c?

(1.13) ((02 - T2)PT)T + P + (ﬁpé))ﬁ = 0.

In the self-similar coordinates, as the incident shock Sy passes through the wedge corner,
So interacts with the sonic circle I'sppne of state (1): 7 = r;, and becomes a transonic
diffracted shock I'g0cr, and the flow in the domain €2 behind the shock and inside I'sypic
becomes subsonic. In Section 2, we reduce Problem 2 for shock diffraction into a one-phase
free boundary problem, Problem 3, for second-order elliptic equation in the domain 2 with
the free boundary I'gp0ck, degenerate boundary I'sonic, and slip boundary OW N Q. In this
paper, we focus on the existence of global solutions of shock diffraction and the optimal
regularity of the solution across the sonic circle I'sopic.

There are two additional difficulties to establish the global existence of solutions, besides
the ellipticity degenerates at the sonic circle I'sonic. The first is that the oblique derivative
boundary condition degenerates at P, that is, §2 may equal to 0, for which a one-point
Dirichlet boundary condition has to be identified to ensure the uniqueness of solutions.
The second difficulty is that the diffracted shock may coincide with the sonic circle Cy :=
{r = c(po)} of state (0) in the iteration where the oblique derivative boundary condition
fails again. Then we can not employ directly the results in Liebermann [20]-][23] to show
the existence of solutions for the fixed boundary value problem. One of our strategies here
is to add an additional condition 7(0) > ¢(po) + ¢ on the diffracted shock curve with &
small enough and modify slightly the approximate shock curve to overcome the difficulty.

The approach used in this paper for establishing the global existence of solutions is first
to regularize the equation by adding the regularized differential operator €A to make the
equation uniformly elliptic; and then to rely on the Perron method, as in [19], to show the
global existence of solutions for the fixed boundary value problem; and finally to apply
the Schauder fixed point theorem to show the existence of global solutions for the free
boundary problem. Moreover, we obtain uniform estimates for the global solutions with
respect to d,¢ > 0 so that we can pass the limits § — 0 and € — 0 to establish the
existence of solutions of the free boundary problem for the original system. In particular,
we prove that the diffracted shock is uniformly transonic, that is, the strength of the shock
is positive even at point Ps.

In order to establish the optimal regularity across the sonic boundary I's.,;c, we write
equation (1.13) in terms of the function

¥ = (p1) — (p)

in the (x,y)—coordinates, which is specified in §5, defined near I'sopic such that Isopic
becomes a segment on {z = 0}, with the form

(1.14) (2012 — V)g + Py + 100z — P2 — (711)021@ =0 inz >0 and near z =0,

1

plus “small” terms, since p and 1 have the same regularity in 2. Then we employ the
approach in Bae-Chen-Feldman [2] to analyze the features of equation (1.14) and prove
the Ch“-regularity of solutions of the shock diffraction problem in the elliptic region up
to part Tsonic \P1 of the sonic shock. As a corollary, we establish that the C%! —regularity
is actually optimal across the sonic boundary I'sonic from the elliptic region € to the
hyperbolic region of state (1), that is, the optimal regularity at the degenerate elliptic
boundary.
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We remark that the existence problem for a shock interaction with the right cornered
wedge (90-degree) was studied by Kim [18], in which some important features and behavior
of solutions have been exhibited. As far as we have known, for the shock diffraction
by a convex cornered wedges whose angles are between —7m and 0 in compressible fluid
flow, no rigorous complete global mathematical results have been available, since the
early work by Bargman [3], Lighthill [24, 25], Fletcher-Taub-Bleakney [13], and Fletcher-
Weimer-Bleakney [14]. The results established in this paper is the first rigorous complete
mathematical results through the nonlinear wave system for the global existence and
optimal regularity of solutions of shock diffraction by any convex cornered wedge.

A closely related problem, shock reflection-diffraction by a concave cornered wedges, has
been systematically analyzed in Chen-Feldman [6, 7, 8] and Bae-Chen-Feldman [2], where
the existence of regular shock reflection-diffraction configurations has been established up
to the sonic wedge-angle for potential flow. Also see Canic-Keyfitz-Kim [4, 5] for the
unsteady transonic small disturbance equation and the nonlinear wave system, and Zheng
[28] for the pressure-gradient system.

The organization of this paper is as follows. In §2, we reformulate the shock diffraction
problem into a free boundary problem for the nonlinear second-order equation (1.1) in
both the self-similar and polar coordinates, and present the statement of our main theorem
for the existence and optimal regularity of the global solution. In §3, we first formulate
the regularized approximate free boundary problem by adding a regularized differential
operator with e/Ap to the original equation (A denotes the Laplace operator in the self-
similar coordinates) and the assumption ¢(p) > c(pg) + J, where p is the data given at
point P». Then we establish the existence of solutions to the regularized free boundary
problem for the uniformly elliptic equation in the polar coordinates, and so does in the
self-similar coordinates, as approximate solutions to the original free boundary problem.
In §4, we proceed to the limits ¢ — 0 and § — 0 to establish the global existence of
solutions of the original problem in the self-similar coordinates. In §5, we establish the
optimal C%!'-regularity of the solution p across the degenerate sonic boundary. In §6, we
establish a corresponding theorem for the existence and regularity of solutions of the shock
diffraction problem for the nonlinear wave system.

2. MATHEMATICAL FORMULATION AND MAIN THEOREM

In this section, we derive mathematical formulation of the shock diffraction problem as
a free boundary problem for a nonlinear degenerate elliptic equation of second order and
present our main theorem of this paper. In particular, we employ the Rankine-Hugoniot
relations to set up a boundary condition along the free boundary (shock) and derive other
boundary conditions along the wedge boundaries in the polar coordinates.

2.1. Rankine-Hugoniot Conditions and Oblique Derivative Boundary Condi-
tion on the Diffracted Shock. Consider system (1.8) in the polar coordinates. Then
the Rankine-Hugoniot relations, i.e., the jump conditions, are

2 _ 2
(2.1) @ZT ""7 C (p7p0)7
do C(p7 PO)
(2.2) [pllp] = [m]* + [,
with ¢(p, po) = %, where we have chosen the plus branch so that % > 0. Differen-

tiating (2.2) along I'sheck and using the equations obtained above with careful calculation,
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we finally obtain

2
(2.3) > " BiDip := Bipr + B2ps = 0,
=1

where 8 = (f1, 52) is a function of (po, p,r(0),r'(0)) with
(24)  Pi=rO)(0? =) =3P 7)), =307 - ) — (P ),
Thus, the obliqueness becomes
(2.5) 0 8- (1,—7'(0)) = —2r(c* — )" (6) =
where (1, —77(0)) is the outward normal to Q on T'g,oc. Note that g becomes zero when
() = 0, that is, » = &(p, po). When the obliqueness fails, we have
p1 =0, By = —E*(c* —r?) <0,

since c2(p) > &(p, po) = 2 if p > po.

We define @@ to be the governing second-order quasilinear operator in the subsonic

domain €:
2 2

c c
(2.6) Qp:=((* =r")pr), + —pr + (5p0)y =0,
and M to be the oblique derivative boundary operator:

(2.7) Mp := B1pr + Bopg =0 on I'gock := {(r(&),@) 0, <0< 01}

The second condition on ['gheex is the shock evolution equation:

r r? — 2
(2.8) % = T\/m =g(r,0,p(r,0)), r(01) =11,

where (r1,61) are the polar coordinates of P, = (£1,m1).

At point Ps, r'(6y,) = 0, M does not satisfy the oblique derivative boundary condition
at this point. We may alternatively express this as a one-point Dirichlet condition by
solving r(0) = ¢(p(r(0w),0w), po). In order to deal with this equation, we introduce the
notation:

(2.9) a= ()" (r) when ¢, := ¢(a,b) = r for fixed b.
Thus, we have
(2‘10) p(P2) =p= (Epo)_l(r(gw))'

2.2. Boundary Condition on the Wedge. The boundary condition on the wedge is
the slip boundary condition, i.e., (m,n) - v = 0. Differentiating it along the wedge, and
combining this with the second and third equations in (1.1), we conclude that p satisfies

(2.11) pp =0 onp:=00N({0=n}U{0=0,}).

2.3. Boundary Condition on I',,;,. of State (1). The Dirichelt boundary condition
on I'sonic:

(212) P = p1 on I'gonic 1= 002N 8BC1 (0)

On the Dirichlet boundary I'sonic, the equation Qp = 0 becomes degenerate elliptic from
the inside of €.
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2.4. Reformulation of the Shock Diffraction Problem. With the derivation of the
free boundary condition on ['sp0er and the fixed boundary conditions on I'gppic and the
wedge ['g, Problem 2 is reduced to the following free boundary problem in the domain €2
for the second order equation (2.6), with (m,n) correspondingly determined by (1.8).

Problem 3 (Free Boundary Problem). Seek a solution of the second-order nonlinear
equation (2.6) for the density function p in the domain <), satisfying the free boundary
conditions (2.7)—(2.10) on Tspock, the Neumann boundary condition (2.11) on the wedge
[y, and the Dirichlet boundary condition (2.12) on the degenerate boundary Tsonic, the
sonic circle of state (1) (cf. Fig. 2).

2.5. Main Theorem. For the free boundary problem, Problem 3, we have the following
results, which form the main theorem of this paper.

Theorem 2.1. (Main Theorem) Let the wedge angle 0., be between —m and 0. Then
there exists a global solution p(r,8) in the domain Q2 with the free boundary r = r(0),6 €
[Ow, 01], of Problem 3:

peCP@NCQ), e CT([0w,01)) N CH ([, 61)).

Moreover, the solution (p(r,0),7(0)) satisfies the following properties:

(i) p > po on the shock TUspock, that is, the shock Uspocr i separated from the sonic
circle Cy of state (0);
(ii) The shock Ugpocr, is strictly convez, except point Py, in the self-similar coordinates
(& m);
(iii) The solution is CY® up to Tsonic and Lipschitz continuous across I sonic;
(iv) The Lipschitz reqularity of solutions across Usonic and at Py from the inside is
optimal.

In particular, Theorem 2.1 implies the following facts:

(i) The diffracted shock I'spocx definitely is not degenerate at point P». This has been
an open question even when the wedge angle is 7 as in [18], though it is physically
plausible.

(ii) The curvature of the diffracted shock I'speck away from point P is strictly convex,
though the strict convexity of the curvature fails at Ps.

(iii) The optimal regularity of solutions across I'soni and at Py from the inside is C%1,

i.e., Lipschitz continuity.

We establish Theorem 2.1 in two main steps. First, we solve the regularized approximate
free boundary problem for ) involving two small parameters € and 4, introduced in §3.
Then we analyze the limits ¢ — 0 and 6 — 0, and prove that the limits yield a solution of
Problem 3, i.e., (2.6)—(2.12), in §4. The optimal regularity is established in §5.

3. REGULARIZED APPROXIMATE PROBLEM

In this section we first formulate the regularized approximate free boundary problem and
establish the existence of solutions to this problem as approximate solutions to the original
problem. To solve the free boundary problem, we formulate the fixed point argument in
terms of the position of the free boundary. There are two main difficulties in establishing
the existence of solutions: The first is that the ellipticity degenerates at the sonic circle
T'sonic; and the second is that the free boundary I'gpocc may coincide with the sonic circle
Cy of state (0) in an iteration, which would make the iteration impossible. We overcome
these difficulties as described below.
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3.1. Approximate Problem and Existence Theorem for Approximate Solutions.
For fixed € > 0, introduce a regularized operator:

QR =Q+eh,

where A represents the Laplace operator in the self-similar coordinates. For a given curve
r(6), we first solve the fixed boundary value problem (2.6)—(2.7), (2.11)—(2.12), and (2.10)
with @ replaced by @¢; then we obtain a new shock position 7(0) by integrating (2.8):

0

(3.1) 7(0) =r; +/ g(r(s), s, p(s,r(s)))ds for 0 € [0,,,01),
01

where ¢ is defined in (2.8). Note that, on the right side of (3.1), we evaluate all the

quantities along the old shock position 7(6).

With this, it seems that the free boundary could be obtained by solving a fixed boundary
problem and then by integrating the shock evolution equation. However, we face the
second difficulty as indicated above, that is, 7(6) may meet the sonic circle Cy of state
(0). Introduce another small, positive parameter § which is fixed and define the iteration
set of 7, K=, which is a closed, convex subset of a Holder space C1+1([0,,,01]), where ay
depends on ¢ and § to be specified later. The functions in K& satisfy

(K1) r(bh) =11

) T’/(Qw) =0;

(K3) c(po) +d <r(0w);
)

0<7(f) < 6(;0) for 6, <0 < 064.

When the difficulty occurs, we modify 7(6) slightly somewhere as r(6) = ¢(pg) +0 + A(0 —
0,)% + B(0 — 0,)", where A, B, and n will be uniquely determined. Then we define a
mapping on K9

J:ir—r.
We now restate the regularized approximate problem as follows: For fixed €, > 0, the
equation for p in the subsonic region is

A +e A +e
(3:2) Qp=(=r’+e)p,), + Pt (5 pe)e = 0;

the shock evolution equation remains the same when r > ¢(pg) + 24:

dr
do = g(rv 9)p)a
(3.3) {7’(91) =7y

and
(3.4) r(0) = c(po) + 6 + A0 — 0,,)° + B(O — 0,,)"

for some constants A, B, and n on the boundary when (3.3) does not hold; the remaining
boundary conditions as before are

(3.5) Mp=p5-Vp=0 on Tgphoekk = {(r,0) : 0, <0 < 01},

(3'6) p=p1 on Isonic; pv =0 on I,

where v is the outward normal to € at I'g; and

(3‘7) p(P2) =p= (Epo)_l(r(gw))'
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Let V = {Py, P»,0, P3} denote the corners of Q, and V' = V\{P»}. Set ' = Q\(V U
Dshock)- For P € V., we define the corner region

Qp(o) :=={x € Q : dist(z, P) < o}, Qu (o) :=UpeyQp(o).

We define a region that is close to I'ghock, but does not contain corner P; by taking
a covering of I'ghocc with a ball of radius 0 centered at the points on I'ghocx Which are
bounded away from P;. Define

(o) := {P € T'shoek : dist(P, Py) > o}
and
F(O’) = {Qf € an (UPEF/(U) BO—<P))},
where B, (P) is a ball of radius o centered at P. We then define

(3:8) Cy = {u: ullf = Sup (@l 00 (T o)y (o)) < 00}
g
We focus now on the proof of the following existence theorem in this section.

Theorem 3.1. For any € € (0,e9) and § € (0,00) for some €g,d9 > 0, there ezists a
solution (p™9,7%) € C*T* (Q5%) x C'*([,, 01]) to the regularized free boundary problem

(=71)
(3.2)(3.7) such that
(3.9) po<pP<pt<p, APz im0

for some a,,y € (0,1), which depend on €, §, and the data (po, p1,0w). Furthermore, the
solution satisfies (3.3) at the points of Fifock where 750 > c(po) + 28. The curve r59(6),
defining the position of the free boundary Fi}fock’ is in K9, Here Q9 is bounded by Fi}fock’

Lsonic, and I'y.

We establish Theorem 3.1 in the following steps whose details are given in the following
four subsections.

Step 1. Since the governing equation (3.2) is nonlinear and the ellipticity is not known
a priori, we impose a cut-off function in the equation Q°p = 0.
We introduce a smooth increasing function ¢ € C'*° such that

(3.10) C(s) = {‘9 ) ifs =0,

—5e ifs < —¢,
and [('(s)| < 1. We then consider the following modified governing equation:
2
Qtp = (K@ =) +e)pr), + (SFpo)o + (1(C(2 —72) +2) +7)pr

= Y2 Di(a5(r,0, p)Dip) + b*(r, p)Dyp = 0 in Q.

(3.11)

Step 2. We make some estimates for a solution to the linear problem with fixed boundary
Ishock defined by r(#) € K59 and establish the Schauder estimates on gy

Step 3. We employ a technique in Lieberman [19] to solve the problem with the oblique
derivative boundary condition Mp = 0. Using the Holder gradient bounds to the linear
problem, we establish the existence results for the linear fixed boundary problem in the
polar coordinates, via the Perron method developed in [19].

Step 4. We apply the Schauder fixed point theorem to conclude the existence of a
solution to the free boundary problem with the oblique derivative boundary condition.
Finally we remove the cut-off function by the a priori estimates to conclude the results.
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3.2. Proof of Theorme 3.1: Regularized Linear Fixed Boundary Value Problem.
Replace p in the coefficients a5, and b° in (3.11) and f; in (3.5) by a function w in a set
W that is defined with respect to a given boundary component le’f ock and depends on the
given values pg, p1, and p=0 = (¢,,) 1 (r5(0y)):

Definition 3.2. The elements w of W C 0(2_71
(Wl) po < /5576 <w < p1, w= p1 on I'sopic, wp = 0 on I'y, and w(PQ) = 15576;

) satisfy

(W2) HwHao < Ko, Hw”2+a07ﬂloc < Ko, and Hle-l-u,F(do) < Ko;

(W2) [Jw]$ < K.

The weighted Holder space is defined by (3.8). The values of 1, a0, € (0,1), and
dg, as well as the values of Ky and Kj, will be specified later. Obviously, W is closed,
bounded, and convex.

The quasilinear equation (3.11) and the oblique derivative boundary condition (3.5) are
now replaced by the linear equation and linear oblique derivative boundary condition on
150 = {(r(0),0) : 6, <0 <6}

Lot = 32 | Dyi(a5,(P,w)Dsu) 4 b°(P,w)Diu =0 in €,

(3.12) )
Mu := 51 (P,w)Dyu + B2(P,w)Dou =0 on I 1,

with given r(0) € K50 C C'™1([0y,01]) N C?((Aw,01)) and w € W, where the repeated
indices are summed as usual. Because of the cut-off function ¢, L&" is uniformly elliptic
in Q with the ellipticity ratio depending on the data and e.

In this section, we demonstrate the key point that, thanks to the uniform distance
between the sonic circle Cy of the right state (0) and Igpock, for a given function w € W,
the solution u to the linear equation (3.12) with the remaining boundary conditions:

(3.13) u = p1 on Ighock, uy =0 on Iy, u(Py) = ﬁs"s,

satisfies the Holder and Schauder estimates in €' and the uniform bound in C**#(I'(dp))
near le’ick for any p < min{~;,«;}. This bound gives rise to enough compactness to
establish the existence of a solution to the quasilinear problem by applying the Schauder
fixed point theorem.

First, we state the Schauder estimates up to the fixed boundary I'gonic with the Dirich-
let boundary condition, to I'j with the Neumann boundary condition, and the Holder
estimates at the corners V.

Lemma 3.3. Assume that Tg,ocr is parameterized as {(r(6),0)} with r(6) € K9 for some
aq and that w € W for given Ky, K1, «g, and . Then there exist vy, aq € (0,1) such that
any solution u € Cot®(Q') N CW (Qyi(do)) to the linear problem (3.12)~(3.13) satisfies

(3.14) ully.0pr o) < Cillullo  for any v < v,
and
(3.15) lull2ra0, < Collullo for any o < aq.

The exponent vy depends on the data pg, p1, and 0,; and both aq and vy depend on €
but are independent of ay and 1. The constant Csy is independent of K1 but depends on
K.
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FIGURE 3. Scaling of the angles

Proof. The corner estimates at P, and P; directly follow from the results in Theorem 1,
Lieberman [23]. Near the origin, the wedge angle is larger than 7; thanks to the symmetry
of the governing equation in the #-axis with form (1.13), we derive the corner estimate as
follows.

First we flat out the boundary by introducing the transformation:
(T/’ 0,) = (Tv

Then the governing equation in the (77, §’)-coordinates takes the form

(0 —04)), €, 1) = (r' cos @ ,7"sin@).

T — Oy

~ Aw) —r?) +e w2 A(w) +e
0o = ((C(Ew) — 1) +eypy), + (LW He |y T (i re,),
r (m — 0y) r
and
~ 2 C2 2
o = (W) =) +9% + oy ﬁ”)mk
+((€@w) =) + 9% — (5 ) )
(3.16) 2 2 (+e)én ¢
() =)+ — 5 S ee)
2 02 2
(€)= + o)+ G T )0) + oty
in the (£, n)-coordinates, where we drop ’ for simplicity without confusion. The eigenval-
ues of (3.16) are
M=C(@ =) e = (g (@ o).

Note that the transformation from the (&, 7)—coordinates to (¢, n’)—coordinates is invert-

ible and the C*-norms are equivalent, since det ( D((é’Z))) = 7r—7r0w > 0 for all (r,0) € R2.

As for the proof of the equivalence of the two norms, we have two cases:

Case 1. If > 5 as in Fig. 3, then
T — 0Oy

s

e'zk:ezg with & —

Since 1 < k < 2, |z — y| > max{r(z),r(y)} and |2’ — ¢/| > max{r(z’),r(y')}. Then
the equivalence of the two Cl'!—norms can be easily shown by setting r(z) = r(z') and

r(y) =7r(y").
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Case 2. If 6 < T, then the distance between two points in the (§,7)—coordinates and
(&', n')—coordinates is equivalent. By the cosine law, we define

m(k) :=|a" —y'[* = r(2)* + r(y)* = 2r(z)r(y) cos(kb),

and then arg,(ck) = 2kr(x)r(y)sin(kd) > 0. Thus,

[ =yl = vm(1) < Vm(k) = |2’ = /| < V/m(2) <2¢/m(1) = 2|z —y].

Therefore, we can obtain the Holder estimate of the solution at O. Here vy depends
on the angle at the corner, a fixed value that depends on the data (pg, p1,6y), and the
ellipticity ratio €, but independent of v;, a1, Ko, and K;.

Finally, we can use the standard interior and boundary Schauder estimates to obtain
the local estimate (3.15). The constant Cy depends on ¢, the C*—norm of the coefficients
a;i;, and the domain. O

Because the interior Schauder estimates can be further applied, a solution in C’i)‘go‘(Q’ )
is actually in C ().

loc
We next establish the Holder gradient estimates on I'goek. It is at this point that
we need to derive the basic estimates at point P» where the boundary operator M is
not oblique. In order to avoid handling the Neumann boundary condition on the wedge
boundary 6 = 6, separately at each step of this proof, we reflect {2 across the wedge
boundary 6 = 6,,, without further comment, i.e., ) includes X, and let I'gpocx stand for
the full C1**1-boundary in Lemma 3.4 below. In addition, we extend (26, — 6) = u(f)
for 6 € (0y,61) in a small neighborhood of 6,,. We still denote @ by w for simplicity

without confusion.

Lemma 3.4. Assume that T g,ocr is given by {(r(0),0)} with r(0) € K9 for some oy and
that w € W for given Ky, K1, ag, and v1. Then there exists a positive constant dy such
that, for any d < do, the solution u € CL (U spoer) U C3 (Q) to the linear problem
(3.12)(3.13) satisfies

(3.17) lull14 0@\ Ba(P) < C(€, 6, a1,71, K1, do)lullo
for any p < min{~y, a1 }.

Proof. Away from a neighborhood By, (P) of P, the operator M is oblique. Thus we can
apply Theorem 6.30 in [16] to obtain (3.17) in I'(d)\{ Bg, (P1) U Bg, ()}, with a constant
C depending on ¢, a1, ), dy, and K. For the estimates near P,, the proof is adopted
from [5], which is similar. The main idea is that, for a given solution u to (3.12)—(3.13),
we define

u

3.18 V= —
(3.18) 5 [Dull

2
and z:MU:Zﬂi(P)Dw.
=1

For dy > 0 small enough, O & Bg,(FP2). Then we construct barrier functions &g for 2 on
B := By, (P2) N, by finding a suitable positive, increasing function g, g(0) = 0, such that

2l < g.
More precisely, g(¢) = goC* for any p < 2. This barrier function leads to
(3.19) ID(z+9) < Iz + @IS 1@t < Clm)d*=t for d < dy,

which leads to
[vlli+u < C.
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Finally, using the definition of v in (3.18), we apply the interpolation inequality with small
¥ > 0 to obtain

(3.20) Jullie < €L+ [Dullo) < C(1+ Wulss + Collulo)
and thus (3.17) holds. Therefore, we obtain the Holder gradient estimate at Igpocx for the
solution u of (3.12). See [5] for more details. O

Now we focus on the existence of solutions in Theorem 3.1 for problem (3.12)—(3.13).
First we introduce two definitions with some modification in comparison with [19].

We say that problem (3.12)-(3.13) is locally solvable if, for each y € €0, there exists a
neighborhood O(y) such that, for any h € C(N) with N := O(y) N {Q\ ({2} U Tsonic) },
there exists a solution v € C2(N) N C(N) of the problem L&Tv =0in NN, Mv =0 on
NN, and v =h on &N, when P, ¢ N(y); or L5Tv =0in NNQ, Mv =0 on N N,
v ="hon &N, and v|p, = p°°, when P, € N(y). Here ' N = ON N Q. For brevity, we
denote this function v by (h), to emphasize its dependence on h and y.

A subsolution (supersolution) of (3.12)—(3.13) is a function w € C(Q) with w(r (0,
P70 (w(r(0y),0,) > p°°) such that, for any y € Q,if h > w (h < w) on &'N, then (h),
((h)y <w) in N. The set of all subsolutions (supersolutions) is denoted by S~ (ST).

We now establish the existence of solutions to problem (3.12)—(3.13).

), 0w) <
)

w
> w

Lemma 3.5. Assume that Tgecr is given by {(r(6),0)} with r(0) € K9 for some a; and
that w € W for given Ky, K1, oo, and 1. Then there exist vy, aq € (0,1) and dy > 0,
which are independent of v1 and oy, such that there exists a solution

u™* € CHH(D(d)\Ba(P1)) N C*H () N CY (v (d))

to the linear problem (3.12)—(3.13) for any o < i, p < min{vy1, a1}, v < v, and d < dy,
which satisfies (3.14)—(3.15) and (3.17).

Proof. For fixed €,5 > 0, we denote u®° = v in the proof without confusion. We use the
Perron method to show the existence of a solution to problem (3.12)-(3.13).

It suffices to show the local existence at P». In fact, let By be a sufficiently small
neighborhood of P, with smooth boundary such that O ¢ By, 81 < 0, and 2 < 0. Then
we study the local existence in the (£, n)—coordinates in By. Reflect the region By across
0 = 0, to obtain a new region, which is still denoted by Bs. Then we introduce the
coordinate transform in a neighborhood of Ps:

(321) g = 5(7‘, H)a 0= ’f](’l‘, 0)
such that .
5(7:’11170111) = 07 ﬁ(zﬁwv ew) - 07
8(577»77) = (07 _1)7 8(§éﬁ) = _(ﬁ%7 %)
Let Tonoek = {(&,0) = 4 = f(©)} = {(r,6) : r = r(6)} in By. Then #(r(0),0) =

f(&(r(0),0)) and hence f'(§) = —(B1 — Bar’(#)) > 0, and the function f(§) is increasing in
éon Tshock N BQ. Thus, from % = —é > 0 and % = 0, we have

f(€) >0.

We replace 2 by €, which is the o—distance from point P» upward, see Fig. 4. On the
bottom straight boundary of 2., we impose

u=p? on bottom of Q.
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A

]

.
--------

FIGURE 4. Domain with tip P» removed

Now we study the following boundary value problem:

IA/E’(SU = Z?,j:l diiju + E?:l Bleu =0 in Q,,
(3.22) Mu = 8£u =0 on 90y N Dghock,
u=nh on 0By N,
u= 55,5 on Xy,
where
N ag - - By . N . Bis.
=y, Alp=a5 = %, G5 =g+ (5 ) A,
/32 52 2
b= Oay, _ a5 0P1 | Prag, 0By | B1a3, 9B Bras, 052 <@)23&§2 e
on. p3oc  py o By oog By 90 By O
e 0900  anpf 1045, p0as,
0= T R, <~ ~ - ~ — AT .
g oc B B os By o
Here a3, b, and §3;, i = 1,2, are the coefficients of (3.12)—(3.13) in the (f, 7)) —coordinates,

and h is a continuous function satisfying p>° < h < p;. Following Lieberman [19], there
exists a solution

Uy € C(S1N By) U C2Y(Qy N By)

for By small enough. The maximum principle holds for u,, which converges locally in
C?(Q2N By) to a solution in C?t*(QN By) as o — 0.

We now use a barrier function to obtain the continuity of v at P». We consider the
auxiliary function
(3.23) v=7p" +c(l—e'),
where ¢ > 0 and [ > 0 are specified later. For the oblique derivative boundary condition
along Q, N Ighock, we have the following two cases:

Case 1: B-v > 0and M(v— %) > 0 when & > 0;

Case 2: f-v < 0and M(v— p°%) <0 when £ < 0,

where v denotes the outward normal to Q, at Q4 N Igpock-
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Moreover, it is easy to see that v > 79 on ¥,. Choose C large enough such that
v > sup |h| on 9By N Q. For the equation, we have

a;; Djv + b;Dyv = —ce (1245, — 1b5),
which is less than a negative constant by choosing [ > @, where A < dil(é ,7). Thus,
ﬁ€’5 < u<w.

Then wu is continuous at point P». The continuity of u at the other points follows from
Lieberman’s argument in [21, 23].

By Lemma 3.4, we have u € C1#(By N Q).

In order to establish the global existence of solutions, it is required to show

sup(w™ —w™) =0,
Q
+

where w™ are the supersolution and subsolution of problem (3.12)—(3.13), respectively.
In fact, we set m := sup(w™ — w™). We assume that m > 0 in Q. Since w™ (P) —
Q

wt(Py) < 0, there exists a neighborhood By(Py) of Py such that w™(y) — wt(y) < m for
y € By(P3). Now we define

Vi={yeQ:w (y) —w(y) =m}

Let yo € Y such that
dist(yo, P2) = mindist(y, P,).
yeY

Let w™ be the lifts of w™ in M(yo). We see that w~ — w" < m on & N. The strong
maximum principle implies that either w~ — @™ < m in M or w~ — w"™ = m. Since
w0 (yo) — 0 (yo) > w (yo) — wt(yo) = m, it follows that w~ —w' = m in N, and hence

W —wT=m on &N,

which contains the point of ) closer to P, than yg. This is a contradiction with the
definition of yg.

We refer to Lieberman [21] to handle the mixed case and both points P; and Ps, and
to Lieberman [22] to handle point O where the two Neumann boundary conditions are
satisfied. As for the interior and the Dirichlet boundary condition on the sonic arc I'sonic,
they are classical since the equation is uniformly elliptic for fixed ¢ > 0 (see Gilbarg-
Trudinger [16]).

With all of these, we then employ the Perron method to establish the existence of a
global solution. O

3.3. Proof of Theorem 3.1: Regularized Nonlinear Fixed Boundary Problem.
We now establish the existence of solutions to the nonlinear problem (3.2) with a fixed
boundary.

Lemma 3.6. For e € (0,50) and & € (0,d0), given r(0) € K& C C'T*1 there exists a
solution p*° € C’f_ﬁi)(ﬁavé) to problem (3.2) and (3.6)—(3.7) with the oblique derivative
condition Mp™ =0 for some a(e,6),v1(e,0) € (0,1) such that

(3.24) po < P < p™° < pr.

Moreover, for some dy > 0, the solution p*° satisfies

(3.25) lp™°

¥, D(do)UBgy (P) < K2,
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where v and Ko depend on §, €, vy, and K1, but are independent of ay1. In addition, the
solutions satisfy the following three important properties:

(i) Ellipticity of the nonlinear system: ¢(p*°) —r2 >0 in ﬁs’(s;

(ii) (3.1) can be always integrated: ¢(p™°, po) —r <0 on Fifock;

(iii) Local behaviours of density near shock wave and the convexity of the shock wave:

p&‘s 1s monotone on I gyock.

Proof. The idea is to use Fixed point theorem to prove the existence and then to find
barrier function to control the behaviours of solutions. The proof is long and similar to
the one in [5] or in [18], while the main difference from these is that we need to treat
the singularity at origin. So we postpone the detailed proof into the Appendix for self-
contained. O

3.4. Proof of Theorem 3.1: The Regularized Nonlinear Free Boundary Prob-
lem. We now show the existence of a solution to the regularized free boundary problem.

Lemma 3.7. For each ¢ € (0,&9) and 6 € (0,d9) with some 9 > 0 and 69 > 0, there
exists a solution (p>°,759) € C?j%(ﬂf"s) x C1e1([=Z,01)) to the regularized free boundary
problem (3.2)—(3.7).

Proof. For the notational simplicity, we suppress the (g, §)-dependence in the proof.

For each r(f) € K& C C*1([f,,6:]), using the solution p of the nonlinear fixed
boundary problem (3.2) and (3.6)—(3.7) given by Lemma 3.5, we define the map J on K,
7=Jr,asin (3.1):

0
(3.26) 7(0) =71 —|—/ g(r(s), s, p(r(s),s))ds.

01
There are two cases for the approximate shock position 7(6):

Case 1: 7(0y) > c(po) + 6. We check that J maps K into itself. It is easy to check
that 7#(0) € CTTV ([0, 01]) NC ([0, 01)), from the definition of # and by using Lemmas
3.3-3.4. property (K1) follows from (3.26). By the definition of g and p(P) = p, 7 (0) =0
holds, which implies property (K3). Then it suffices to show that property (K4) holds,
since the upper and lower bounds of p, Lemma 3.6, and (K4) imply (K3). From the
expression of g(r(0), 6, p(r(0),0)) and the upper and lower bounds of p, we have (K4).

Case 2: 7(0,) < c(po) + 9. Since #(6) > 0 for 6 € (0y,61) and r1 = ¢(p1) > ¢(po) + 9,
there exists a unique 6, € (6, 61) such that 7(6,) = ¢(po) + 0. Now, choosing 7 to be
determined later such that 7(6, +7) < ¢(po) + 29 and letting x; = 6, + 7 — 0,,, we modify
the approximate shock position on 8, < 6 < 6, + 7 by defining

7(0) = ¢(po) + 8 + A(6 — 6u)* + B(6 — 6.,)"
with . .
A= ———(na—»> B=———(br; —3
(TL _ 3)1‘% (na 1‘1), (n _ 3).%,111( L1 (1),
where a = 7(0, + 7) — ¢(po) — d and b =7 (0, + 7).
Choose 7 small enough such that

bx1 — 3a > 0,

and then n sufficiently large such that

na — bxy > 0,
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where n depends on ¢, but independent of the iteration. Next, we choose n and 7 precisely.
In fact, it is easy to see that

) < Y B ),

c(po)
and

Q

~—

(01) /oy =) (61 — 6u).

c(po
If 30 < bx1, we choose 7 such that a = § and nq = M + 1, which depend only

on 4, po, and p1.

|bx1| < C(po, p1,61,0w) =

~—

If 36 > bxy, letting 7 small enough, we can obtain new a and b satisfying 3a = bz,
where we choose the biggest 7 smaller than the old one such that 3a = bz; holds. Note
that bxy; > 0 and 7(6,) = ¢(pg) + . Thus, choosing ns = 4, we have A > 0 and B = 0.

Let n = max(ni,n2) = n(po, p1,061,0w,d), which is independent of the iteration pro-
cess. Thus, 7(6), uniquely determined, is a strictly increasing function on [0, 0, + 7].
Furthermore, we have

0=#(=5) <#(0) <70 +7) = (0 +7)
We define
Jr(6) = 7:(9) for 6 € [0, + T, 61],
7(0) for 0 € [0, 04 + 7.

satisfies properties (K1)—(K4).

It is easy to show that Jr(0), 0 € [0y, 01],
, 7(0) € C([0u, 0a+7]), and (Jr)'(0) € C([0w, 01]),

First, since #(0) € C1TV ([0,+7, 61])
we have
Jr(0) € CHTV ([0, 01]).
Next, for 6 € [0y,0, + 7], 7 (0) = 3A(0 — 0,)% + nB(0 — 0,)"'. Then
7 (62) — 7' (03)
= 3A(02 — 0,)* — 3A(03 — 0,)% + nB(Bs — 0,)" L —nB(f3 — 0,)" "
n—2
= 3A(92 — 93)(92 + 03 — 2911}) + TLB(HQ - 93)(2 C%_Q(QQ - Qw)n727j(93 - Hw)j).
§=0
Using the fact that 0y — 0,,,03 — 0,, < z1, and A, B > 0, we obtain
7(62) — #(03)'| < |02 — 05|* (6427 + C(n) B}~ 7%)
< C(n)(azy' ™ +bay®)[02 — 03]
Notice that 7 = Zvr2 —¢c2, r € C' W and 6, + 7 is uniformly away from 6;, which
means p € C'T#, We obtain
7’;/ g C(va P1,¢€, 5)1‘}/27
which implies

#(02) — 7'(03)] < C(po, p1,€,0)|02 — 03]° if a <

N | =

Thus
[Jrllcri+a -z 6,7y < Clp1, p2,€,6)
if v < min{yy, 5}, which satisfies (K1)~ (Kq).

Thus, we define a map
N S S
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by
r=Jr.
Obviously, K is a convex and closed subset of the Banach space C®', and J is compact,
if a1 < min{yy, %} In order to use the Schauder fixed point theorem, we need to prove
that J is continuous on K&°.
Assume that rp,,r € K0 for m =1,2,---, r,y — r as m — 00, and p,, solves the fixed

boundary problem for 7, for each fixed m. Then, by the standard argument as in [5],
pm — p, which solves the problem for r. Therefore, we have

9(rm(0), 0, pm(rm(0),0)) — ((0),0,p(r(0),0))  m — oo,

which implies Jr,, — Jr as m — oo at the point where (3.3) holds for both 7, and r.
Then Jr,, — Jr as m — oo, if Jr belongs to Case 1. For Case 2, due to the construction,
we divide it into three subcases:

30 < brq; 30 > bxq; 30 = bxq,

where b =7 (0, + 7), x1 = 0, + 7 — Oy, and 7(0, + 7) = c¢(po) + 2 depend only on r and
0. For any case, it is easy to deduce that

(Tma Ha,m) — (7-7 ea)a (Amv Bm) — (Aa B) m — Q.
Then Jr,, — Jr, with the fact that
Jrm = c(po) + 0+ Ap(0 — 0,)% + B (6 — 0,)"

for 6 < 04.m + Tm, where n, 6,,, and py are universal constants.

Then, for any fixed €,8 > 0, we obtain the existence of a solution (p™,r%9) to the
free boundary problem by the standard fixed point argument. Moreover, we have rs° €
C1*%([0y, 01]) for a < ay. This completes the proof. O

3.5. Proof of Theorem 3.1: Completion. We note that Lemma 3.7 implies that there

exists a solution (p*%,75%) such that r*% € K%, From Lemma 3.6 and the interior

Schauder estimate, we note that Hps"sHCz,a < C, and p*? satisfies property (3.9). By
loc

Lemma 3.6, we have ¢2(p%°) > r2. This completes the proof.

4. PROOF OF THEOREM 2.1: EXISTENCE OF SOLUTIONS

In this section, we study the limiting solution, as the elliptic regularization parameter
and the oblique derivative boundary regularization parameter § tend to 0. We start with
the regularized solutions of problem (3.2) and (3.5)—(3.7), whose existence is guaranteed
by Theorem 3.1. Denote by p° a sequence of the regularized solutions of the boundary
value problem.

We first construct a uniform lower barrier to obtain the uniform ellipticity in any com-

pact domain contained by Q\(Isonic UT”, ;) for the solutions of the regularized problems.

Lemma 4.1. There exists a positive function o, independent of € and §, such that

p—=0 as diSt((f,n),Fsonic UrY, ) — 0,

sonic
and
2/ &0 2 2 A ) /
c(p°) = (& +n") > in O\ (Tsonic U Fsonic)'
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Proof. For 0 < R < 1 and X = (£,10) € €, as in [5], let

RY N2
(=1 E8P 0= m)

for BR(X()) N Tsonic = 0.

We define

p(&,m) = do(¢(X))",
where dy and 7 are two positive constants to be specified later, and 0 < ¢ < 1 independent
of £. Then, piecing together these B% Rx, (X0), Xo € Q\sonic, we can obtain a local

uniform lower barrier of ¢?(p™9) — (€2 +n?). That is,
G- -0 >p=060( in Bsp, (X0) NQ,

where §p and 7 are independent of £ (though they may depend on R). Moreover, dy tends
to 0 as dist((&,7), I'sonic) — 0, so does ¢. See [5] for more details. O

The proof of Lemma 4.1 also implies that we can obtain the uniform ellipticity of (3.2),
which is independent of € in B%Rxo (Xo) N Q.

The uniform lower bound of ¢? — ¢2 — n? independent of ¢ implies that the governing
equation (3.2) is locally uniformly elliptic, independent of € and §, which allows us to apply
the standard local compactness arguments to obtain the limit p locally in the interior of
the domain.

We first consider the behavior of shock position 75, as ¢ and ¢ tend to 0. We divide
the shock position into three cases:

Case 1: ¢(po) < r(8) < &(p1, po) for all § € [0, 01) and 1(6) = r\/?

Case 2: 1(0y) = c(po) and c(pg) < r(0) < &(p1, po), r'(0) =7 ”25%52 for all § € (04, 61);
Case 3: There exists 0, € (0,,61) such that r(0) = c(pg) for 0 € [0, 04], 7(0) > c(po),

and r'(0) =r 222 for f e (0, 01).

c2

Lemma 4.2. There exist functions r(6) € C ([0, 61]) and p € CEL*(Q)NC(Q), satisfying
one of the three cases stated above, such that

0 = in C([0w, 01]), p™0 — p in 2t

loc

and (p,r) is a solution of the free boundary problem (3.2)—(3.7).
Proof. For g,0 > 0, it follows from Lemma 3.7 that
0 € C([0w,01]), Nl (o)) < O

where C' is independent of € and §. Thus, by the Ascoli-Arzela theorem, there exists
a subsequence converging uniformly to a function r(0) in C*([0y,01]) as €,6 — 0 for
any a < 1. By the local ellipticity (cf. Lemma 4.1) and the standard interior Schauder
estimate, there exists a function p € Cﬁ:ga such that p°° — p in any compact subset
contained by Q\(Isonic U Ishock ), satisfying Qp = 0 in Q.

For (r(6p),00) € T'sock with r(6g) > c(po), there exist a neighborhood of 6y and a
constant 6* > 0 independent of ¢ and § such that r° > c(pg) + 6* for € and § small

enough. It follows from c(p9) > 759 > ¢(pg) + 6* that
p=° > po + 0.

Thus, we obtain the uniform ellipticity locally, as well as the uniform negativity of 5 - v
locally. Hence, we can pass the limit to obtain p € C'*® and

Mp =0 on I'ghock neEar (T(90)7 00)
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such that 7/(0) = £v/r? — ¢2.
Then the remainder is to show the case that (7(6p),600) € Tshock and 7(6p) = ¢(po)-
First, it follows from Lemma 3.6 that

c(po) < 19°(8) < e(p™(r=°(6),6)) < e(p™* (= (60), 60))
for 0 € [0, 0], and
c(po) < €(p™° (r°(60),60), po) < 15°(Bo).
Thus,
P (r°(60), 60) — po.
Therefore, r(0) = c¢(pg) for 0 € [0y, 0o).
Next we prove the continuity of solutions up to the boundary where r(0) = ¢(pg). First,
we prove that r € C'!. Still from Lemma 3.6, we obtain that
p(r(0),0) — po if 6 — 6y from the right.

On the other hand,
r2(0) — 2

() = r(0) = for 6 > 6y,

which implies that 7/(6) — 0 as # — 6 from the right-hand side, and it holds obviously
from the left-hand side. If we define r'(6p) = 0, then r € C*.
Note that the equation for u = ¢%(p) is

A+e A+ (y—2)(r?—¢)
(4.1) Qu) = (02 —r’ + &)Uy + TUBH + (v — 1) (ur)2
N 1 (ug)? + A —2r*4¢
——(u —u
(=1 o

= 0.

We prove the most complicated case 6y = 0, first, and the other cases will be discussed
later.

We construct a family of barrier functions {¥,.} with parameter 7. For any m > 0,
there exists d1(m) > 0 such that 7/(§) < m for |6 — 6,] < d1(m). This implies that

[7(6) — 7(6a)] < md1(m) for |6 —6,| < d1(m),
where 6;(m) — 0 as m — 0.
Let m < 1 and md(m) = 5 (7 will be specified later). We have
Cm

po < p(r(0),0) < p(r(fa + 61(m)), 0q + 61(m)) < (Epo)il(r(‘ga +61(m))) < po + 5

For €, § small enough, we obtain
po < p0(r9(0),0) < po + Cm
and
0<r9(0) —clpo) <1  for |0 —0,] < &1 (m),
where C' depends only on v and pg. We define
U, = U0 = P (pg 4+ Cm) + Ac(po) + 7 — r)* + B(0 — 0,)?
in
Q=% = {(1.6) : Ir — clpo)| < 62,10 — 6] < 51(m)} NQ=7,

where do > 7 will be chosen later.
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Choose ) ) ) )
B¢ (P1)2—C (o) 4 g = (Pl)—ac (po)
51 (m) 05

Since pg < p*0 < p1 and p*° < pg+ Cm on F;ﬁmk N OQ’, we have

U, > P70 on 9Q.

Thus, we have

QM) = Aafar—1)((p™) = r2) (elpo) = r+7)" " + 2
(4.2) +(1 - ﬁ(@ — 12)) A% (c(po) — 7 + 7_)204—2
+ 5255 (0 — 0)? — 422D (c(pg) — 7+ 1)

Consider (4.2) in Q¥ N {(r,0) : 2(p°°) — vl > 0}. Since
c(po +Cm) = ¢(p**(r°°(6),0)) = r=°(0) =
we have
A0 =12 4e > A(p0) — V2 4 2(pg + Cm) — r?2 + A(c(po) +7—1)"
> A(e(po) +7—1)"

For o < 1, (4.2) implies

Q(\I'f-’6) < A2a<(2 — ﬁ(c2 — rz))a — 1) (C(pl) —r+ T)za—z

—E222 pa(e(pr) —r+ 1) + o B0 —0.)° + 2BS,.

Moreover, let

C(po, p1)
t(m)

Ifa< m and 62 + 7 small enough, we have

A> Ay, B =

2a—2  C(p1,p2)

Q(TE) < Clpo, p1) ((2+ Clpo, p1. 7)) — 1) A% (c(pr) + 7 — 1) 52(m)

Then there exists a constant As(d2, m, pg, p1) such that
QI <0 for A> A,.

In fact, if » < ¢(pg), we choose da = /mdi(m) to obtain
c(po) — 7+ 7 < 2vmdi(m),

and let .
A(l) o C(ﬂo»PhO‘)mT Ay — C(p()apl)
2 - 6% Y 1 — o
o7 (m) m26f(m)
If r > ¢(po),
c(po) +17—1 <,
and we let

C(p07 P1, a)ml—a
o7 (m)

Set A = max{A4, Agl), A;Q)}. Then p* < Ue° in Q%Y. Passing to the limits 6, — 0, we
obtain

AP =

p <V, in the domain Q(m,/md;(m)) := ﬂ575>0Q5’5.
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With these barrier functions, we can show that p is continuous at (r(6,),6,). In fact,
for every €1 > 0, there exists m > 0 such that

A(po + Cm) — (po) <

For this m, we can choose A, B, and 7 such that
E(p) < U, < %1 +(p1) + Alclpo) — 7+ )" + B(0 — 0,)2.

Choose the neighborhood of (r(6,), 6,) small enough so that

@

A(c(po) —r+71)* < A21)* < C(po, p1,0)m2.

Then, choosing m small again, we have
2e
A(p) < =5+ (po) + B0~ 0.)°.

Finally, we choose a small neighborhood such that

A(po) < A(p) < 1+ *(po).

Thus, we obtain our claim that p is continuous at (r(6,),6,), that is, the results hold for
this case.

As for the case 6 € [0,,6,), we can choose arbitrary 7 > 0, which is independent of
the neighborhood of 8. This fact makes the similar proof of this case much easier for all
sufficiently small € and 4, and we omit the details here. O

Next, we discuss the wave strength at the sonic circle r = ¢(pp) and conclude that Case
3 in Lemma 4.2 can not actually occur.

Lemma 4.3. Let r(0) be monotone increasing in 6 on Ushock and p > po in the subsonic
region. Then r(6) > c(po) for 6, < 0 < 6;.

Proof. We divide the proof into five steps.

1. We show our claim by contradiction. More precisely, if there exists 0 such that
r(0) = ¢(po) := ¢p. Then, using the monotonicity of r(6),

r(0) = co for 6, <0< 0.
2. For 0y € [0,0], we define
w, = C% + A1(00 - T’)% — Bl(CO - 7“)/81 + Dl((g — 90)2,

where Ay, B;, Dy > 0 and % < fB1 < 1, all of which will be specified later to proof that

peC 3 near this boundary point.

Using (4.1) with the coefficient of .. replaced by u — r2,

Q) = (=B - DABileco—1)" "3+ 0)
—i—(ﬁl(?Bl —1)B%(co —r)? 72 02)
~TeEANE =) e — 1)

4(y=1)c?
+< — 7A14Dl (Co — 7“) (9 90) + 04)

we have

(4.3)

3
2
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where
O1 = —4teo(co — 'r)_% —2¢0f1(B1 — 1)Bi(co — )11 + 4l (co — 7“)%
+B1(B1 — 1)Bi(co — )P + 2%22131 + AT (g — 1) — BiBir(co — r) !
+ OB = ) (o = 1)1 72 = 5H(E =) (eo — 1)
—F'Blri(c2 —72)(cop — 1)1,
0y = —TBBZ(2 —12) (o — 22,

Oy = Bi(B1—1)B1Di(co— 1) 72(0 — )% + %(9 — 60)*.

Notice that there exists 0 < a < 3 such that ¢ —r% < (co — ) for ¢cg — 7 > 0 small.
Thus,

DS AE = r)e= r) < Clon pr) Ao =)

We can choose a proper constant « such that 8; — % <a-1ie,a>p — %
On one hand, let cg — r > 0 be small enough so that

1 s N
(81 = PAiBaileo = )72 > 3C(po, 1) AT(co — 1),
which implies
3C (o, s .
(4.4) By > B(zpofl)Al(CO — 1) PFE = A1C(po, pr, Br)(co — 1),
17 4

On the other hand, if ¢g — r > 0 is sufficiently small, we have
1
(87 = PAiBileo = )72 > 361(281 — 1)BY(eo — )M,

which implies

267 — B1)B1

(45) A > ( 52 1 (Co — ’I")ﬁl_% = C(ﬁl)Bl (Co — T’)Bl_%.
17 4

Moreover, we have

C(P07P17/31)(CO - 7,,)04*[314»% < C(/Bl)<60 — 7")%7’81

when 7 € [F, co], and 7 is close to cy.
Choose proper constants Ay and D; such that

1
wp > Cg + §A1(CQ - T‘)% + D1(9 — 90)2 > ?

at the boundary of a relatively neighborhood Nj of (¢g,8p) to €. Choose Bj sufficiently
small such that

Q(wl) <0
and
C(po, p1,P1)(co — r)""ﬂ+% < = < min {C(ﬂ) L}(co - r)%*ﬁl in Nj.
Y Ay "4(B1 — BY)
This implies that (4.4) and (4.5) hold.
Obviously, we have
8Ww1 <0 in Ny
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if (4.4) and (4.5) hold. If S = {(r,0) € Ny : ¢ > w;} # 0, we have Q(w;) < Q(w;) <0
in S7. Thus,

0 < Qu— Q(wr).
Using the maximum principle, v < wi, which contradicts with ¢ > wj. Thus
2 < w1 in Vi.

3. We define
wa = 2 + As(co — )2 + Ba(co — )% — D (6 — 65)?,

where Ao, By, Dy > 0 and % < B9 < 1, all of which will be specified later to prove that C 3
is optimal. Through a simple algebraic calculation, we have

(4.6)
Qws) = ((83 — 3)A2Ba(co — 7“)62_% + O1) + (B2(282 — 1) B3(co — 1)?P272 + 05)
+( = B2(B2 — 1) BaDa(co — 7)272(0 — 6p)* + O3)
+(B2Bar(co — r)P2t + 04) + L A3 Dy (co — )72 (0 — 6))?
+202(B2 — 1) Baco(co — r)> 71,
where
— -2 A 1 A 1
O1 = _4((77_ 1))6214%(02 —r)(co—r)" = 7200(00 -r)7 2+ f(co —r)2
2 . )
—Ba(B2 — 1)Ba(co — 1) — %DQ + %(Co —r)72 — glf(c —7%)(cog —1)2
—2)3,42B -
_(’7 e 2 12)022 2(62 . 7"2>(CO _ 74)5 2,
o -9 QBQ
02 _ ('7(7 _)16)202 2 (02 o 7“2)(00 o 7")262_2,
= 4D a2
03 - _(,.)/_1)7,2(9 90) 5
Oy = —ﬁQEQ (02 - ’r‘2)(60 — ’I”)BQ_I.

Let Dy be large enough such that ¢ > wy for some 0 = 6,,6;,. We choose 7 < ¢y such
that

1

2 > B +2A45(co —7)2 — Da(0 — 6y)?
> co+ AQ(CO — 7:)% + BQ(CO — 77)& — DQ(@ — 90)2.

N

The second inequality holds provided that % < (cp—T)2 P2 Choosing s > %, we have

1
5[32327“(00 - 7")’82_1 + 282(82 — 1)Baco(co — 7“)52_1 <0 for %0 <r<cg,

and R
Q(wg) > 0.
Then, if Sy = {(r,0) € N1 : 2 < wy} # 0, we have
Q(ws) > Q(wz) >0 in So.

Thus, Qu — Q(wz2) < 0. Using the maximum principle, ¢ < wsy, which contradicts with
¢? < w;. Thus
? > woy in Ns.
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4. We now show that
A > 0(2) + As(co — 7“)% + Bs(co — 7“)63 =: w3

in a relative neighborhood of (ro,6p), where A3 and Bj are positive constants to be specified

later, so that the C'z —regularity is optimal.
Since ¢? > wq, we can choose , and 6, such that

>4 As(0,4,04)(co — 7")5 + By(co — 1) for N3 C Ns.

Thus, there exist positive constants As, B3, and (3 such that

wz < 2.
It is easy to see that
Q(ws) = (83— i)Ang(co — )72 4 01) + (B3(283 — 1) B3 (co — r)*5 72 + Oy)
+(B3Bsr(co — 1) + O4) + 2B5(83 — 1) Byco(co — 1),
where
~ A 1 A 1
O, = _MAQ(CQ —rH(co—7)71 = 7300(00 —r) 24 f(co —r)z
—i—%(co - r)*% — A—T(c2 — 13 (co — 7')%
— 2)83A3B 3
_ = 2513)03 32— r2)(cp — 1) 3,
~ _ 232
Or = P~ DBaleo )% = T @ = 2y = 22
O3 = —53TB?’ (® —1?)(co—r)PL.

Similarly, we can show that ¢ > w3 in Nj.
1 1
Thus, %Ag(Co —r)z < — c% < 2A1(cop —r)2 in Ny N N3. This implies

a(cop — )

for some constants a and A, so the optimal regularity of p is C > near the sonic circle.

N

Svizp—poﬁA(Co—T)% in N1 N N3

5. We introduce the coordinates: (z,y) = (co — 7, 6 — 6,,) and set v = c? — 2. Thus,
rewriting the equation for ¢? in the divergence form, we have

(4.7) Qu = (all(v + 2cor — )vx) + bivg + (avy)y =0,
2(2_—“/) W2 Ll
where a1; = C’YT’ a2 = =2 and by = W.
Scaling v in N1 N N3 by defining
1
(4.8) u(S,T) = oS T+ SR,
5

for (S -% Yo+ S *%T) € N1 N N3. Moreover, u satisfies the following governing equation:

(4.9) Qu = (a11us)s+ (areur)s + (a21us)r + (ageur)r + (52u)T + ciug + cour + dgu =0,
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where
ail = all(S%u+2coS_g —S_%),
14T
ais = ¥a11(55u+2605 5 —S_%),
14T
EL21 = ¥a11(55u—|—2005 5 —Si%),
144 18972
. _ 124 9 B
a2 T 4 (SFu+ 26578 — 5%,
~ 14T -
by = 25S2@11(Sou+2608 5 —S_%g):bQQTS_z,
1
S 2 — S™F 26— 2)
a = 5145((7_71))2 LT (SFu4 200878 — S7F)
a11(460 — Si%) 1261 N 11
- 11 - 11 =118 5,
5575 5575
N 168T _18 189T a1 16861 T - _9
G = gpgan(Stu+2STH - 8T8 - ot - g 28T
16
~ Ssu(2 —~)S™ 5 23-2y)
- 535(3(7 —71)2 “eo (SPut 20578 - 57F)
13a11(2c0 — S~ %)  12anSsu(co+8575) 12, - . 1w
- 6 - 23 - 6 1575
25575 25575 25575

From the optimal continuity,
O<a< S%u <A,
we have
0 < C71 < i, Ao, boo, E11,802,dy < C

if S7! and T are sufficiently small. Here A\; and Ay are the eigenvalues of the matrix
(@ij)2x2, so the equation is uniformly elliptic for v in the (S, T")-coordinates.

_5
Let x5! < S < x, * with xp small enough. Then, using Theorem 8.20 in [16], we have

7
axg §u(xal,()) < sup » u(S,T)
zyt<S<ay

_5
1

where C' < C’(n)(%‘wR) in [16] is independent of xq, smce (A, N) = (M, N\2), R= RO
5

xal <y, and v = max  {by, 1, Ca, \[} < Cxo This implies that z % < C,
oy t<§<ay ¥
which is a contradiction if xg is sufficiently small. This completes the proof. O

Next, we consider 'y in the (£, 7)—coordinates to obtain finer properties.

Lemma 4.4. For the free boundary Ugnock = {(&,n(8)) @ &uw < & < &1} determined by
(3.2)—(3.7), we have

n(€) € C*([6w, &1))
and n(§) is strictly convex for § € [&w,&1).
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Proof. We define
(4.10) F(&m) =&+ =r*(0(&m) =0  on Tanoc-
It is easy to check that

Fy = (20— 2r1"0y)|¢=¢,, = 2n(&w) # 0.

By the implicit function theorem, there exists 7 = 7(§) such that (4.10) holds locally on
Dihock near £ = &,. That is, there exists £ > 0 such that (£, 7(€)) € Tgnock for &, < & < E&.

Recall that 7/(§) = f(&,1(£), p(§,1(£))). Then
U,/:f£+fn77,+fppl for £ € (gwag)

Observe that, if p were constant, the shock would be a straight line. We conclude f¢ +
fon’ = 0. Therefore, the sign of " is determined entirely by the sign of f, and p’. Note

that p is increasing, p’ > 0, and % > 0. Moreover, we have
of _ —2me/E 402 -+ 202 + 1 — &) + (€ + 1) (@ — )
7 _ _ 5\ 2 —
oc den—e/ernp-a) /ey -2
(e~ /BT~ )’
c(en—e/E@ =) Ve -2

If &n <0, it is clear from (4.11) that % > 0.
If &y > 0, from (4.11), we have

of €+ 2@ - ) (en+ e/ v - &)

(4.11)

0 e fE P2 r— @) (e /P @)
_ (€ +n)2(En+ey@ - ) =0
{2 - )@+ -2 +n/Ernr—2)°"
These imply that n = n(€) is strictly convex for £ € [£,,,&1). O

Lemma 4.4 yields that problem (3.2)—(3.7) is equivalent to the following free boundary
problem in the self-similar coordinates:

(i) Equation:

2 2

(4.12) Lp=Y_ Di(ai;(¢&m,p)Djp) + D _bi(&,mDip=0  in
ij=1 i—1

with all(ﬁﬂ?uﬂ) = Cz(p) - 527 a22(fv77,P) = 02(p) - 7727 a12(€7777p) = a21(fﬂ77p) =

_5777 bl(fﬂ?) - §7 and b2(§777) =1n.
(ii) The shock equation:

d & 2 2 _ =2
= femp) = TEVELTZE () = m

with the boundary condition on I'gyock:

2
(4.13) Np=) BiDip=0  onTgea={n=n) : 0<¢ <&},
i=1
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where 81 and (2 are the following functions of (£,7), p, and 7':

(4.14) Bio= (E+7)=n"s+n)((p) +E(p, po))
—28%(p, po) (= n'&(® +n?) + (n—n(n)* = &n) (& — €2))

and

(4.15) Bo = (& +7) =1 ((p) + & (p, po))
—22%(p, po) (('n = &€ = €)= 0) + 0'n(* + €2)).
(iii) The remaining boundary conditions:

(4.16) p = p2 on Isonic, pv =0 on Iy, )0<P2) =P,

where v is the outward normal to € at I'g.

It is easy to check that (4.13) is the oblique derivative boundary condition along I'ghock-

With Lemma 4.4, we can show that Case 1 is the only case for the solutions, which
implies that we can obtain the finer regularity near Ps.

Lemma 4.5. Suppose that (p,r) is the solution to the free boundary problem (3.2)—(3.7).
Then the shock does not meet the circle r = ry at the wedge.

Proof. The main idea of the proof is the same as that in Lemma 4.3, and the only main
difference is that the domain to be considered is a sector instead of a ball. We only list the
major procedure and the difference here. We show our claim by contradiction. Otherwise,
r(0y) = co.
First, let n = r cos(f — 0,,) and consider
1
¢ = c§ + A1(co —n)Z — Bi(co — )™ + C1(8 — 6o)?,
where 0 € [0, 0, + 6], § > 0 small enough, Ay, By,C; > 0 and 3 < B; < 1, all of which

will be specified later to prove that p € C 3 near this boundary point.
2

Since 0 < 2 —n? = (2 — %) +r?sin?(0 — 6,,) on Tghoa from its convexity indicated in
Lemma 4.4, we have
0<r?—c2<r?sin?(f —0,) <C —0,)* on Thock
for some constant C' > 0. This implies that ¢ — cg <r2—2<r2- cg < (0 —0,)% Then
-2 <C0-6,)%

since ¢? and ¢ are both functions of p. We can choose C; > 0 so large that ¢ < ¢ on
T'shock- Then, as in the proof of Lemma 4.3, we can now show that ¢ is an upper barrier
of p, i.e., ¢ < ¢ in Ny, which means,

0<c?—c2<Ai(eo— 17)% + C1(0 — 0,)%

Next, for a lower barrier of p, as the proof of Lemma 4.3, we can show that there exist
a neighborhood N of (74, 6,) and a constant Ay > 0 such that

C2—C(%ZA2(C()—’I“)% in Non{(r,0) : r <cp}.
The only new here is the boundary r = ¢y, which is obvious. This implies that
a(co—r)%Sv::p—pogA(Cg—r)% in NyNNoNV,

where V is an upward sector containing the wedge, with the vertex at P» and the angle
smaller than §, for some constants a and A depending on V. This implies that the optimal

regularity along the wedge is C' > near the sonic circle.
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With this optimal regularity in hand, we introduce the coordinates:

(4.17) T=cog—7, y=10—04p, v=2c?—ck

Thus, rewriting the equation for ¢? in the divergence form, we have

(4.18) Qu = (a11(v + 2coz — a:Q)Ux)x + b1z + (axvy)y =0,
ey o =y

where all = C’YT’ agy = Cryjﬁ7 and bl = CA/_ e

As in the proof of Lemma 4.3, scale v in Ny N N3NV by defining
1
(4.19) u(8,T) = —v(S™ 5,575 T)

5

for (S_%,S_%T) € N1 N N3N V. Moreover, u satisfies the governing equation (4.9).
From the optimal continuity, 0 < a < § Su < A. Then exactly following the proof of
lemma 4.3, we obtain a contradiction when xg is small. This completes the proof. U

Finally, we establish the Lipschitz continuity for the solution near the degenerate sonic
boundary.

Lemma 4.6. The solution p to the free boundary problem (4.12)—(4.16) is Lipschitz con-
tinuous up to the boundary I sonic.

Proof. On one hand, since p < p; in 2, we have
Hp) =& —n* <A(p) - & =1,
On the other hand, it follows from Lemma 3.1 that
)= —n* > +n* =) inQ

Let r3 = c*(p2). We have

[(p) = E(p2)] < |(p) = & = 1| + [P (p2) — € — 1’|
< 2|*(p2) — € — 1’
<

4T2|T2 Y, 52 +772|7

which implies that p is Lipschiz continuous up to the degenerate boundary 'sopic- O

Proof of the Existence Part of Theorem 2.1. The above seven lemmas, i.e., Lem-
mas 4.1-4.6, show that there exists a solution

(p,7) € C?F(Q) N C(Q) N COHQ U Tgonic) X CHY (B4, 61)) 0 C ([0, 01])
which satisfies (2.6)—(2.10). This completes the proof of the existence part. O

5. PROOF OF THEOREM 2.1: OPTIMAL REGULARITY NEAR THE SONIC BOUNDARY

In this section, we prove that the Lipschitz continuity is the optimal regularity for p
across the sonic boundary I'sonic, as well as at the intersection point P; between I'sopnic and
Dshock- In §4, we have shown that the solution p to the free boundary problem (4.12)—
(4.16) is Lipschitz continuous in © up to the degenerate boundary I'sonic. Now we employ
the approach introduced in Bae-Chen-Feldman [2] with the aid of the estimates in §4 to
analyze the finer behavior of p near the sonic circle r = r1 := ¢(p1).

For € € (0, %), we denote by
Qe =0n{(r,0):0< ¢y —r <e},
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the e—neighborhood of the sonic circle I'sonic within 2. In €., we introduce the coordinates:
(5.1) (z,y) = (c1 —r, 0 —61).

One of our main observations is that it is convenient to study the regularity in terms of
the difference between c¢2(p1) and ¢2(p):

(5-2) b= (p1) = (p),

since 1 and p have the same regularity in 2.
It follows from (1.13) that v satisfies

- L1Y = (2c12 — 4+ O1) Yz + (c1 + O2)¢p, — (1 + O3)9p2

in the (x,y)—coordinates, where

01($7¢) = —.iUQ, 02($;¢) = -3z + %7

(5.4) Os(x,9) = ~1=2(2e12 — ¢ — 2?), Oalz, ) = (S5 — 1,
Os(e.) = e — &

Moreover, 1) satisfies

(5.5) >0 in Q:R

and the following Dirichlet boundary condition:

(5.6) =0 on 8QIR N{z =0},

where Q:R = {(z,y) : z € (0,7),|y| < R} C R?, with R = 6, — 01, since we can extend
Y(x,y) from ., by defining ¢ (x,y) = ¢¥(x, —y) for (z,y) € Qe, and extend the domain Q.
with respect to y. Thus, without further comment, we study the behavior of ) in Q;”R.

It is easy to see that the terms O;(z,y), ¢ = 1,---,5, are continuously differentiable
and

|O1(x,y)| n Ok (z,y)| N |D01:£x,y)\

(5.7) . .

+ |DOg(z,y)| < N fork=2,---,5,

in {z > 0} for some constant N depending only on ¢; and ~. Inequality (5.7) implies
that the terms O;(z,y), i = 1,---,5, are small. Thus, the main terms of (5.3) form the
following equation:

1 .
(58) (201 - w)¢xm + 1z — @Zji + @Z)yy — mwg =0 n Q;L’R

It follows from Lemmas 4.1 and 4.5 that
(5.9) 0<v <2 — ),

where ¥ depends only on p; and 7. Then equation (5.8) is uniformly elliptic in every
subdomain {z > 6} with § > 0. The same is true for (5.3) in @, if r is sufficiently small.

Remark 5.1. If # is sufficiently small, depending only on ¢; and +, then (5.7) and (5.9)
imply that (5.3) is uniformly elliptic with respect to ¢ in Q;",N{z > §} for any & € (0, §).
We will always assume such a choice of 7 hereafter.
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5.1. First-order lower bound of 1. In order to prove that C%! is the optimal regularity
of 1 across the sonic boundary, our idea is to construct a positive subsolution of (5.3) and
(5.5)—(5.6) first, which provides our desired lower bound of .

Lemma 5.2. Let ¢ be a solution of the Dirichlet problem (5.3) and (5.5)—(5.6). Then
there exist 7 > 0 and p > 0, depending only on c1, v, 0y, and inf 1, such that,

QF pn{z>7/2}
for all r € (0, %},
(5.10) Y(z,y) > perx in Q+15R
&) 16
Proof. In the proof below, without further comment, all the constants depend only on the
data, i.e., c1, 7, v, Ow, and inf 1, unless otherwise is stated.
ﬂ{:c>f/2}

Fix yo with |yo| < 1 We now prove that

5
(5.11) P(z,yo) > e for x € (0,7).

Without loss of generality, we may assume that R = 2 and yo = 0; otherwise, we set
V(z,y) = Y(x,y0 + £y) for all (z,y) € QF,. Then Pz, y) € C(QF z) N CHQT ) satisfies
(5.3) with (5.7) and (5.9) in @/, with some modified constants N, 9, and OZ7 depending
only on the corresponding quantities in the original equation and on R. Moreover,

inf Y= inf
+ +
QipN{z>7/2} Qi gN{z>7/2}

Then (5.11) for ¢ follows from (5.11) for ¥ with yo = 0 and R = 2. Thus we keep the
original notation with yp = 0 and R = 2. That is, it suffices to prove that

(5.12) P(z,0) > guaﬁ for x € (0,7).

By the Harnack inequality, we conclude that, for any r € (0, %), there exists o = o(r) >
0, depending only on r and the data ci, 7, v, 6, and inf 1, such that

Qf gn{z>7/2}

(5.13) Y >0 on Q:{S/2 N{z > r}.
Let 7 € (0,%) and
(5.14) 0<po < Inin{ggar),cl},
where r will be chosen later. Define

M@+1V —1<y< -
(5.15) 9(y) =  p2y* = 2y° + 3), 1<y_g

ply —1)%, ;<y<L
Set w(z,y) = pxrg(y) with g € C%([~1,1]). Then, using (5.14) and (5.15), we obtain that,

for all z € (0,7) and |y| < 1,

w(0,y) =0 < 9¥(0,y),

w(r,y) < 2ur < P(r,y),

w(z, 1) =0 < ¢(x, £1).
Therefore, we have

w < 1P on 8@:1
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Next, we show that w(z,y) is a strict subsolution £Liw(z,y) > 0 in Q:l, if the parameters
are appropriately chosen. In fact,

Elw(x,y)
= (c9(y) - °(v))
2 (9" () — 5520 W)° + Lgy) — Lg3(y) + 019/ (y) — 205(9' 1))?).

On one hand, for 1 — |y| < g with g9 small enough, we can see

')~ a0 W)+ () = Co0)+ 0/ 1) 2050/ )°
>4"(y) - (7_11)6%56(9’(1/))2 — Na(g(y) + 1)g(y) — 2Ng'(y) + Na*(g'(y))?
=: h(z,y).

It is easy to see that h(z,y) is continuous with respect to =, h(0,y) = 0, and that there
exists 1 > 0 such that h(x,y) > 0 for r < ry.
On the other hand, for 1 — |y| > &,

Lyw(z,y)
> 2(g"(y) ~ 2ol W) + Lgly) — Lg2 W) + Oug'(v) — 2059 1))?)

+pueg(er — gh)-
Then there exists ro > 0 such that the above inequality is positive.

We claim
sup(w — 1) < sup (w — ) <0,
Qhy oQf,
whenever 0 < r < ro := min{ry,r2} and p € (0, uo]. Otherwise, there exists a point

(w0, 0) € Q:l such that

0 < (Liyw— L1v)(z0,Y0)
= (2a2 =9+ 01)(w = Y)ge + (c1 + O2)(w — )z — (14 O3)(w + )z (w — ¥)
1
+(1 4 04)(w =)y = (——5 + Os) (w + ¥) (w — ), <0,
(v —1Deq
where we have used the fact that w,, = 0, which is a contradiction. Hence, we obtain our
claim:

U(@,y) 2 wz,y) =af(y)  inQf.
In particular,
5
P(z,0) > gHe for € 0,r].
This implies (5.11). Then (5.10) holds by modifying p, which is still denoted by . This
completes the proof. O

5.2. C*—Estimate of . If 1 satisfies (5.3), (5.5)—(5.6), and (5.9), it is expected that
1 is very close to c¢jx, which is a solution of (5.8). More precisely, we now prove
[ (x,y) — crz| < Cx' for all (z,y) € QT .
g

for some constant C.
To prove this, we study the function:

(5.16) W(z,y) = cix — Y(x,y).
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By (5.3), W satisfies
(5.17) LoW = (c1z 4+ W 4+ O))Way — (¢1 — Og — 2¢103)W, + (1 — O3) W2

1
1 Wy — (——— — 2
+( + 04) Yy (("}/ — 1)6% O5)Wy
=109 + 0%03 in Q;:’:Ra
(5.18) W(0,y) =0 on 9Q; p N {z =0},
(5.19) —(c1 —)x < W(z,y) < iz in Q:{R'

Then we establish the following two estimates.

Proposition 5.3. Let c¢1, 7, R, and 9 be the same as in Lemma 5.2. Then, for any
a € (0,1), there exist positive constants r and A, which depend only on N, ¢1, 7, R, ¥,

and «, such that, if W € C( :{R) NnC%( ;{R) satisfies (5.17)—(5.19), then
(5.20) W(z,y) < Az’ in Q:rﬂ
74

Proof. The main idea of the proof is the same as that in [2], and we only list the major
procedure and the difference here.

First, we prove that there exist a; € (0, %) and 71 > 0 such that, if W € C/( :{R) N
C*(Qf ) satisfies (5.17)~(5.19), then

ci(l— ) :
W(z,y) < TCUH_Q m Q:r’%a

whenever « € (0, a1], r € (0,71], and 1 < min{u, %}, where p is the constant determined
by Lemma 5.2.

As in [2], we first note that, without loss of generality, we may assume that R = 2 and
1o = 0. Then it suffices to prove that

1—
W(z,0) < Ma:Ha for x € (0,7)

ra
for some r € (0,r9) and « € (0,1), under the assumptions that (5.17)—(5.19) hold in
Q7. For any given r € (0,79), let

v = Azt T — ) + Bixy?
with A17 = ¢1(1 — 1) and By = ¢1(1 — p1). Then we obtain
W <w on 0Q;

ro,1?
and
Lov — LW — vz0(v — W) <0 in Qj:l,

whenever r € (0,71] and « € (0, 1] so that

(5.21) (200 — 1)(a + 1)y Ay < —%,
and
1 2.1
. M \a (Bicg — Bi\a
(5.22) ry < mln{(4q) , <7C ) ,ro}.
Then

W <w in Q;fl.
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Next, we generalize the result for any « € (0, 1), which suffices to show that for the case
a > 1. Fix any « € (aq,1) and set the following comparison function:

Cl(l — :ul)l,1+a1 2
- r?lra—al y-

)
yo) + T
Then, as before, we can prove
W<wv  ondQ;, for r € (0,r1].
and
Lov — LoW — vgp(v — W) < 0.
Then it is easy to prove that this proposition holds with
_a(l—m)
- ,r?l,ra—al :

0

Proposition 5.4. Let c1, 7, R, ¥, and O; be the same as in Lemma 5.2. Then, for any
a € (0,1), there exist positive constants r and B, depending on N, c1, 7, R, 9, and «, so

that, if W € C(Q;L,R) N CQ(QZR) satisfies (5.17)—(5.19), we have
(5.23) W(z,y) > —Bx't® mn Q:m.

4

Proof. Similar to the proof of Proposition 5.3, it suffices to prove that, with the assumption
R=2,

c1— v
W(x,0) > _T T ylta for z € (0,7)
TOC
for some 7 > 0 and a € (0, a2). For this, we use the comparison function:
Ccl1 — )

rCM

v(x,y) == —Lz' (1 — %) — Kay?, with Lr® = K =
It is easy to check that
W>v  on 8Q;T1 for r € (0, r1].

Then we follow the same procedure as in [2], except that Lov > LoW, to find that the
conditions for the choice of at, 7 > 0 are inequalities (5.21) and (5.22) with (u1,71) replaced
by (5, r2), respectively, and with an appropriate constant C'.
We claim that
min(W —v) > min (W —v) > 0.
Qh oQf,

Otherwise, there exists a point (xg,yp) € Qj’l such that (W — v)(xo,y0) < 0 and
0 > (LW — Lov)(x0,Y0)
= (az+W+01)(W —0)gz — (c1 — O2 — 2¢103) (W — v)
(5.24) F(I=O03) (W +0),(v —W)z+ (1 4+ Og) (W —v)y,
(it — O)(W 4 )W = v) + o (W —0)
> 0 inQ,

which is a contradiction. This completes the proof for the case a < ao.
For the case a € (a2, 1), we set the comparison function:
c — 9 cp — 1
1 I1+a(1 _ y2) 4 pltas

(07 — o
Ty e o2 2

U_(l‘,y) = 75
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Then, using the argument as before, we can choose r > 0 appropriately small such that
ﬁgu, — £2W >0
holds for all (x,y) € Qj,l. O

Lemma 5.5. Let ¢ € C(Q;{R) ﬂCQ(Q;{R) be a solution of the Dirichlet problem (5.3) and

(5.5)(5.6). Then ¢ € C1%( ;/Q’R/Q) for any a € (0,1) with

R
¢x(0>y) = (1, wy(ovy) =0 fO?" any |y’ S 5

Proof. The proof is quite similar to that in [2], and the main difference is the scaling due
to the different equations. For fixed zp = (x0,y0) € Q:F/Q R/2 rescale W in R, by defining

W(ZO)(S, T) = W(zo + %S, Yo + @T) for (S,T) € Q,

1+«
T 8

where Qj, = (—h,h)? for h > 0. Keep this in mind, we can prove this lemma easily by
following [2] step by step. Thus we omit the detail of proof here. O

Now, following the procedure in [2] with the aid of the results above, we can obtain the
next theorem step by step:

Theorem 5.6. Let p € C?*T%(Q) N C(Q) be the solution of the free boundary problem
(2.6)(2.10) in §4. Then p cannot be C* across the degenerate sonic boundary T sopic-

We now study more detailed regularity of p near the sonic circle. From now on, we use
a localized version of Q.: For given neighborhood N (Tsonic) of Tsonic and € > 0, define

Q= QNN Tsonic) N {z < €}

Since N (Tsonic) is fixed in the following theorem, we do not specify the dependence of Q.
on N(Fsonic)-
Finally, we show the regularity part of Theorem 2.1.

Theorem 5.7. Let p be the solution of the free boundary problem (4.12)—(4.16) established
in §4 and satisfy the properties: There exists a neighborhood N'(Tsonic) of Tsonic such that,

for =i = (p),

(a) ¥ is CYY across part Tsonie of the degenerate sonic boundary;
(b) there exists Vo > 0 so that, in the coordinates (5.1),

(5.25) Y] < (2¢1 — o) in QNN (Tsonic)-
Then we have

(i) There exists eg > 0 such that ¢ is CH® in Q up to Tsonic away from point Py for
any a € (0,1). That is, for any o € (0,1) and (£,m0) € Tsonic\P1, there exists
K < oo depending only on po, p1, v, €0, o, |[¥]cor, and d = dist((£0,70), ['sonic)
so that

kulya;ﬁm(ﬁoﬂw)ﬂﬂeo/z < K;

(11) For any (507 770) € Fsonic\Pl; lim D) = cq;
(&:m)—(&o,m0)
(Emen
(iii) The limit lim D,y does not exist.
(5:7])"131
(€m)e
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The proof is quite similar to the one in [2], which can be achieved by following the proof
of Theorem 4.2 in [2] step by step with the aid of the estimates obtained above. Hence we
omit the proof here.

6. PROOF OF THEOREM 2.1: GLOBAL SOLUTIONS

Finally, we show that the solution established above is a global solution indeed, valid
through the sonic circle I'yopic, as claimed in Theorem 2.1.

Since p is only Lipschitz continuous across the sonic circle, we treat the solution in the
weak sense: For every ¢ € C°(£2_), with Q_ denoting the region of the left state,

2 .2 é . é B
((C r )prCr + -2 PG - prC) drdf = 0.

Notice that p is Lipschitz continuous across the sonic circle. Then, due to the Green
theorem, the integrand is equal to 0 if and only if

2
c
(6.1) [((02 - r2)pr, ﬁpg) v =0 on Dsonic,

where the bracket [-] denotes the difference of the quantity between two sides of the
sonic circle, and v is the normal direction. It is obvious because from the facts that
(prypo) = (—c1,0) up to the sonic circle from the subsonic domain obtained in Lemma
5.5, (pr, pg) = (0,0) from the supersonic domain and the fact that ¢ — 72 = 0 on the sonic
circle. This completes the proof of Theorem 2.1.

7. EXISTENCE AND REGULARITY OF GLOBAL SOLUTIONS OF THE NONLINEAR WAVE
SYSTEM

In our main theorem, Theorem 2.1, we have constructed a global solution p of the
second-order equation (4.12) in €2, combining this function with p = p; in state (1) and
p = po in state (0). That is, we have obtained the global density function p that is piecewise
constant in the supersonic region, which is Lipschitz continuous across the degenerate sonic
boundary I'sopic from € to state (1).

To recover the momentum components, m and n, we can integrate the second and third
equation in (1.7). These can be also written in the radial variable r,

om 1 on 1
(7.1) or ;p(P)& ar ;p(P)n,

and integrated from the boundary of the subsonic region toward the origin.

Note that we have proved that the limit of Dp does not exist at P; as (§,n) in  tends
to (&1,m), but |Dc(p)| has a upper bound. Thus, p(p) is Lipschitz, which implies that
(m,n) are at least Lipschitz across the sonic circle T'sopic-

Furthermore, (m,n) have the same regularity as p inside ) except the origin r = 0.
However, (m,n) may be multi-valued at the origin r = 0.

In conclusion, we have

Theorem 7.1. Let the wedge angle 6, be between —m and 0. Then there exists a global
solution (p,m,n)(r,0) with the free boundary r = r(0),6 € [0y, 01], of Problem 2 such that

(p,m,n) € CQ), peC¥Q), reC**([Hy,61))NCH [0y, b)),

and (p,m,n) = (p1,m1,0) in the domain {{ < &1,7 > r1} and (po,0,0) in the domain
{€>&,n>mpU{r>r0),0 € [0y,01]}. Moreover, the solution (p,m,n)(r,0) with the
free boundary r = r(0) satisfies the following properties:
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(i) p > po on the shock Ugnock, that is, the shock Tsnock 18 separated from the sonic
circle Cy of state (0);
(ii) The shock Ugpock is convex in the self-similar coordinates (§,m);
iii) The solution (p,m,n) is C** up to Tsonic and Lipschitz continuous across Tsonic;
) The Lipschitz reqularity of the solution across Usonic and at Py from the inside is
optimal;
(v) The momentum components (m,n) may be multi-valued at the origin.

8. APPENDIX: PROOF OF LEMMA 3.6

For self-contained, we illustrate a stretched proof of Lemma 3.6 in the following;:

Proof. For the notational simplicity, we write p = p= throughout the proof. The existence
part of the proof is similar to that in [5]. The main idea is that, for any function w € W,
we define a mapping

T:WC C(Zi,ﬂ) — 0(2771)
by Tw = p, where p is the solution to the linear regularized fixed boundary problem
(3.12)—(3.13) solved in Lemma 3.5. Because of the cut-off function ¢, and by Lemma 3.5,
T obviously maps W into a bounded set in C(Qj,yav), where vy is the value given by Lemma
3.5. Since 4y is independent of v, we may take 1 = %~ so that T'(K) is precompact in
Cc? ..
(=m)

Next, since it is easy to verify that Tw satisfies (W1) and (W3) in Definition 3.2, by
the boundary conditions, the maximum principle, and the standard interior and boundary
Holder estimates (cf. Theorems 8.22 and 8.27 in [16]). In order to show that 7' maps
W into itself, the remaining task is to show that Tw satisfies (W2) in Definition 3.2. To

verify (W2), it suffices to find a constant K such that

(8.1) Sup (O pllon frsyuay o) < K
>

under the assumption that Hw||g771) < K. Note that Lemma 3.4 gives us a local bound

for the weighted norm of p on I'(dy) of the form

(8.2) d* 1 pll2 < d'TIHEC,

which holds for all d < dy, where C depends on K, a1, and ;. To show (8.1), we make
the L>—estimate by considering separately the domains in Q\{T'(§) U Qy(d)} for which
§ > d, with d < dy to be specified later, and the domains for which § < d.

In the domains of the first kind, Q\{I'(§)UQy (6)} with § > d, the solution is smooth, and
trivially its C?>-norm bound is independent of K by uniform Holder estimate, interpolation
inequality (cf. Lemma 6.32, [16]), and the bootstrap iteratively.

Finally, we estimate (52*71Hp||2’§\{r(5)ugv(5)} with § < d. We divide the subdomain
Q\{I'(6) UQy ()} into two parts: The part for which § > d and its complement. The

supremum over the subdomain for which § > d has been calculated above. Next, we use

the estimates for the behavior of the solution near 'y to obtain the supremum over the

complement. By the interpolation inequality, let v; = Z¥, we can obtain

2
d>="|pll2 < Ky, Vd < dy,

where Ky is independent of K. Therefore, we can choose d < % in (8.2) small

enough that d'="*#C < K. Therefore, (8.1) is satisfied, and we have chosen the param-
eters K, Ky, and «q defining W so that T" maps W into itself.
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Now, by the Schauder fixed point theorem, there exists a fixed point p such that Tp =

pE 0(2771)' Then p is a solution of the boundary value problem (3.2) and (3.5)—(3.7) and
meets the estimates listed in the lemma.

Next, we will show the three properties listed in this lemma for the fixed boundary
nonlinear problem (3.2) and (3.5)—(3.7). First we prove property (i):

(8.3) A —r2>0 in ﬁs’é,

by maximum principle. B
On contrary, we assume that there exists a nonempty set D = {(&,7) € Q : 2(p)—r? <
0}. Then it is easy to check that P, ¢ D. Since O ¢ D,

DCQ:={XecO\V :r?>>(ppo)},

where V is the set of the corner points of (2.
Firstly inside Q, multiplying (7 — 1)p?~2 both sides of the equation Q**p = 0, and
denoting c¢?(p) = p"~! = u, we have

Lu = (y=1)p"%Q>"p

(8.4) = Y2 a5(Dyiu— Y/—jpf,l |Diul?) 4 ¢'(¢® = r?) (2 = r)pup + Hud + buy
= 0.

We note that § < af; < e due to the cut-off function ¢ in D. We evaluate Lr? in D:

Lr? > 725’1 _20=2) 1 2‘ +¢'(c —1r?)(c? —r?)puy + 2c2

=1 1"
(®.5) > 22— 2| -1 - 222 5
Z 07 =1 Po 7—1 0
. p’y_lr2 2 2 . ..
with small € < g¢ := ‘ P T 2} when (¢® — %), = 0. Then it means the minimum
Po —5=1 "

point of ¢ — 2 can not obtained in D.

Secondly, along T'ghocc N D, Multiplying (v — 1)pY~2 over the equation M p = 0, we have
the boundary condition for u

2
0=(y=1)p"*Mp=Mu=>_BiDu.
i=1
At the same time, we have
(8.6) Mr? = 2rB; = 2r1' (02(r2 — &) =333 - r2)) >0 on Dok N D,

where we have used the fact that 2 > ¢ > & in Q,. Thus it means the minimum point
of ¢ — r? can not obtained along I'gocc N D.
Thirdly, on I'g N D. Notice

_,0p Or?
_ 22K 70
(V=D =5 =0,

which is a contradiction due to the Hopf maximum principle. Therefore, there is no
minimum point, which implies that the set D = (). This completes the proof of property
(7). We remark here that property (i) guarantees the ellipticity of our nonlinear system,
so that we can remove the cut-off function.

Now, we can show property (ii), i.e.,

r—= E(p7 PO) > 0 on I‘shock-
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The proof is similar to [18] based on Lemma 3.6. The main idea is to assume that there
exists a non-empty set B = {X € I'ghock : €(p, po) — 7 > 0} and a point X € B such that

mgx( (p,po) —17) = (¢ — 1*)(X) =m > 0.

It is clear that X # Pp, P». Therefore, if X exists, then X € Iypock \ {P1, P2}. Then X
can be either a local maximum point or a saddle point in U I'gyock. We show that both
cases can not occur, which implies that such X does not exist. The case that X is a local
maximum point is proved by the maximum principle. For the more complicated case that
X is a saddle point, then multiplying (¢%)’ both sides of Q°p = 0 yields

L _Z%Du )+ a1(®)? + az ()3 + b° (&%),

where a1 = —aj; + @ and as = —asy + ﬁ
Since X is a saddle point, we can construct a barrier function 1 so that X = (r,,0,) is
a maximum point along the normal direction.

We define d :=r, —r +1'(6,)(0 — 6,) and a set

W={(r0)cQ:d>0}n{(r0 cQ:c—r*>m}

Set u = & —r? —m, and let

1
w = —(el" — 1), o > 0.
Ho

Choose po = % , where af;, a5, > ep > 0in W, and po and eg are independent of €.

Thus, we find 1/}( ) to be

. mob1 +dif1 1 — e~ brd/eo B ﬁ
v= b1 1 — e~bidi/eo by

which satisfies the boundary condition:

¥(0) =0,  ¢(d1) =mo,

, where Upmax = maxu = mma}x(EQ — 72 —m) and d; > 0. Here

et0Umax ]
Ho

by = max(4a1r +b), f1 = max et (2a7] + dr2a; + 2rl~)5)+, and € < gp.
W

with moy =

Hence, in the set W, usmg the maximum principle and (2.5), at X, we finally have

0 > 2rf1 — ¢ pud(X) + B2(¢'df + Barp'r'dr)(X)
= 2rB1 +¢'(0)(B1 — ' fa)
= 2rp1 +¢'(0)p.

On the other hand, by the Taylor series expansion, we can show that, for sufficiently small
dy and ¥ = O(dy), we have
2rBy +1/(0)u > 0,

which is a contradiction. Therefore, there is no such X, which implies that the set B = ().

Finally, we study the monotonicity of p along the shock boundary Ishock, which will be
used to describe the behavior of p= and r%% near the shock I';
and the convexity of the shock in the (£, n)-coordinates.

The proof is technical, which can be followed as in [5], with the main difference that we
only need the uniform C“-regularity. We only list the major procedure and the difference.

Shock when ¢, § tend to zero,
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For simplicity, we write p = p=° throughout the proof. To prove the monotonicity, we
argue by contradiction.

First examine the C*—function p restricted to I'gpock- Without confusion, we may order
the points along I'gpock by 6 and refer to the intervals along I'ghoec by the label. Then the
lack of monotonicity implies that there exist points @1 and O2 on Igyock, With Po < O1 <
©9 < P1, at which p(©1) > p(03). Thus we immediately deduce that

1. In (P2, ©2), there exists C with p(C) = max p;

[P2,02]

2. In (C, Py), there exists D with p(D) = min p.
[C’Pﬂ
We want to identify points C' and D on ['goec with C' < D such that

(i) p(P2) < p < p(C) on [P, CY;

(it) p(C) > p > p(D) on [C, D}

(ili) p(D) < p < p(P1) on [D, P1].

Now, property (i) may not hold with C' = C because p(C) is the maximum value of p
only at the interval [P, D], and we may have D > ©y. Then, if there is a point in (Pz, ©2)
at which p > p(C’), we let C to be the point. Otherwise, we choose C' = C'. Thus, all the
three properties hold.

Now we look at the function p in 2. The idea is to partition €2 into three subdomains
by two curves I'c and I'p from C' and D to points A and B respectively on ['g, in such
a way p(A) > p(B) that we can deduce that there is a point m on I'y at which p obtains
a maximum on either the subdomain Q4 or the domain g, thus violating the Hopf
maximum principle. This is also the case even if it happens to be the origin O. It suffices
to show that p(m) is the maximum value of p on the boundary of Q4 or Qp.

We now construct the Lipschitz curves on which p has certain monotone property. That
is,

p(C) —p onlg¢, p(A) > p(C),
p(D)+p  onTp, p(B) < p(D),

for certain number u > 0. We specify

1 _
p = 7 min{p(C) = p(D), pr = p(C), p(D) — p}.
Since p € C%(Q), we have
p(X1) — p(X2)| < M|X; — Xof*

for some M > 0 and X1, X5 € Q. Now, on any ball with radius r > 0,

Osc(p) < 2Mr®.
Let R = (557)~“. We have

Oscppna(p) < p
Now I'c can be constructed as follows (cf. Fig. 5): In Br(C) N, let X; be a point at

which p attains its maximum value in Br(C). Then the first segment of I'c is a straight
line from C to X1, and on the segment, we have

p(X) > p(C)—p,  p(X) < p(X1).
Now we continue inductively, forming a sequence of the line segments with corners
at {X;} (take Xo = C), along which p(X) > p(C) — p and p(X1) < p(X2) < ---.
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So
n

Somic circle

P B 0 |

F1GURE 5. Hypothetical Curves

Since the domain ) is finite, this process must end at finite steps when we reach a point
X1 = B € 09. Similarly, we construct I'p, with termination point A € 0f).

We now locate A and B. We note that the two curves cannot cross each other. Further-
more, I'c cannot terminate at I'yonic where p > p1 — p > p(D) + p. For the same reason,
it can not come back to I'shock in [Pz, C] or [C, D] where p < p(C). Finally, A cannot lie
in the segment [Py, C] of T'gpock. Hence, A has to end on I'y. Similarly, B cannot lie on
Ishock where p > p(D) in the interval [D, P;) and must lie on Iy (see Fig. 5).

Now we reach to our final contradiction. Since p(A) is larger than p and p(B), there is
a point m along the boundary P,OB at which p attains a maximum. Assume first that
m is not the origin, then m can not be a local maximum for the domain by the Hopf
lemma. However, along the entire boundary of the domain PoCDBPs, p < p(m), which
implies that it is a maximum. This is a contradiction. Now, if m coincides with O, the
similar minimum point X resembling B can not coincide with O. We can find that there
is no place for such X either. Thus, this is also a contradiction. We conclude that p is
monotone along I'gocc from P to P;. O
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