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ON THE FINITE-TIME SPLASH AND SPLAT SINGULARITIES FOR
THE 3-D FREE-SURFACE EULER EQUATIONS

DANIEL COUTAND AND STEVE SHKOLLER

ABSTRACT. We prove that the 3-D free-surface incompressible Euler equations with regu-
lar initial geometries and velocity fields have solutions which can form a finite-time “splash”
(or “splat”) singularity first introduced in [9], wherein the evolving 2-D hypersurface, the
moving boundary of the fluid domain, self-intersects at a point (or on surface). Such
singularities can occur when the crest of a breaking wave falls unto its trough, or in the
study of drop impact upon liquid surfaces. Our approach is founded upon the Lagrangian
description of the free-boundary problem, combined with a novel approximation scheme of
a finite collection of local coordinate charts; as such we are able to analyze a rather general
set of geometries for the evolving 2-D free-surface of the fluid. We do not assume the fluid
is irrotational, and as such, our method can be used for a number of other fluid interface
problems, including compressible flows, plasmas, as well as the inclusion of surface tension

effects.
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1. INTRODUCTION

1.1. The Eulerian description of the free-boundary problem. For 0 < t < T, the
evolution of a three-dimensional incompressible fluid with a moving free-surface is modeled

Key words and phrases. Euler, incompressible flow, blow-up, water waves, splash.
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by the incompressible Euler equations:

u+u-Du+Dp=0 in Q(t), (1.1a)

divu =0 in Q(t), (1.1b)

p=0 on I'(t), (1.1c)

V(I(t)=u-n (1.1d)

u=wug on £(0), (1.1e)

Q(0) = Q. (1.1f)

The open subset (t) C R? denotes the changing volume occupied by the fluid, I'(t) := 9Q(t)

denotes the moving free-surface, V(I'(¢)) denotes normal velocity of I'(¢), and n(¢) denotes
the exterior unit normal vector to the free-surface I'(t). The vector-field u = (u1, ug, us3)
denotes the Eulerian velocity field, and p denotes the pressure function. We use the notation
D = (01,02, 03) to denote the gradient operator. We have normalized the equations to have
all physical constants equal to 1.

This is a free-boundary partial differential equation to determine the velocity and pressure
in the fluid, as well as the location and smoothness of the a priori unknown free-surface.
In the case that the fluid is irrotational, curlu = 0, the coupled system of Euler equations
can be reduced to an evolution equation for the free-surface (with potential flow in
the interior), in which case simplifies to the water waves equation. We do not make
any irrotationality assumptions.

We will prove that the 3-D Euler equations admit classical solutions which evolve
regular initial data onto a state, at finite-time T' > 0, at which the free-surface self-intersects,
and the flow map loses injectivity. The self-intersection can occur at a point, causing a
“splash,” or on a surface, creating a “splat.”

1.2. Local-in-time well-posedness. We begin with a brief history of the local-in-time
existence theory for the free-boundary incompressible Euler equations. For the irrotational
case of the water waves problem, and for 2-D fluids (and hence 1-D interfaces), the earliest
local existence results were obtained by Nalimov [22], Yosihara [33], and Craig [11] for initial
data near equilibrium. Beale, Hou, & Lowengrub [6] proved that the linearization of the
2-D water wave problem is well-posed if the Rayleigh-Taylor sign condition

o
onl,_o

is satisfied by the initial data (see [24] and [27]). Wu [29] established local well-posedness
for the 2-D water waves problem and showed that, due to irrotationality, the Taylor sign
condition is satisfied. Later Ambrose & Masmoudi [4], proved local well-posedness of the 2-D
water waves problem as the limit of zero surface tension. For 3-D fluids (and 2-D interfaces),
Wu [30] used Clifford analysis to prove local existence of the water waves problem with
infinite depth, again showing that the Rayleigh-Taylor sign condition is always satisfied
in the irrotational case by virtue of the maximum principle holding for the potential flow.
Lannes [20] provided a proof for the finite depth case with varying bottom. Recently, Alazard,
Burq & Zuily [2] have established low regularity solutions (below the Sobolev embedding)
for the water waves equations.

<0 onTI|=o (1.2)
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The first local well-posedness result for the 3-D incompressible Euler equations without
the irrotationality assumption was obtained by Lindblad [21] in the case that the domain is
diffeomorphic to the unit ball using a Nash-Moser iteration. In Coutand and Shkoller [14],
we obtained the local well-posedness result for arbitrary initial geometries that have H3-
class boundaries and without derivative loss (this framework, employing local coordinate
charts in the Lagrangian configuration, is ideally suited for the splash and splat singularity
problems that we study herein). Shatah and Zeng [26] established a priori estimates for this
problem using an infinite-dimensional geometric formulation, and Zhang and Zhang proved
well-poseness by extending the complex-analytic method of Wu [30] to allow for vorticity.
Again, in the latter case the domain was with infinite depth.

1.3. Long-time existence. It is of great interest to understand if solutions to the Euler
equations can be extended for all time when the data is sufficiently smooth and small, or if
a finite-time singularity can be predicted for other types of initial conditions.

Because of irrotationality, the water waves problem does not suffer from vorticity con-
centration; therefore, singularity formation involves only the loss of regularity of the inter-
face. In the case that the irrotational fluid is infinite in the horizontal directions, certain
dispersive-type properties can be made use of. For sufficiently smooth and small data,
Alvarez-Samaniego and Lannes [3] proved existence of solutions to the water waves prob-
lem on large time-intervals (larger than predicted by energy estimates), and provided a
rigorous justification for a variety of asymptotic regimes. By constructing a transforma-
tion to remove the quadratic nonlinearity, combined with decay estimates for the linearized
problem (on the infinite half-space domain), Wu [31] established an almost global existence
result (existence on time intervals which are exponential in the size of the data) for the 2-D
water waves problem with sufficiently small data. Wu [32] then proved global existence in
3-D for small data. Using the method of spacetime resonances, Germain, Masmoudi, and
Shatah [I8] also established global existence for the 3-D irrotational problem for sufficiently
small data.

1.4. Splashing of liquids and the finite-time splash singularity. The study of splash-
ing, and in particular, of drop impact on liquid surfaces has a long history that goes back to
the end of the last century when Worthington [28] studied the process by means of single-
flash photography. Numerical studies show both fascinating and unexpected fluid behavior
during the splashing process (see, for example, Oguz & Prosperetti [23]), with agreement
from matched asymptotic analysis by Howison, Ockendon, Oliver, Purvis and Smith [19].

The problem of rigorously establishing a finite-time singularity for the fluid interface has
recently been explored for the 2-D water waves equations by Castro, Cordoba, Fefferman,
Gancedo, and Gémez-Serrano in [9] [10], where it was shown that a smooth initial curve
exhibits a finite-time singularity via self-intersection at a point; they refer to this type of
singularity as a “splash” singularity, and we will continue to use this terminology. (We will
give a precise definition of the splash domain in our 3-D framework in Section and we
define the splat domain in Section [9])

Their work follows earlier results by Castro, Cordoba, Fefferman, Gancedo, and Loépez-
Fernandez [7] and Castro, Cérdoba, Fefferman, Gancedo, and Lépez-Fernédndez [§] for both
the Muskat and water waves equations wherein the authors proved that an initial curve
which is graph, that satisfies the Rayleigh-Taylor sign condition, reaches a regime in finite
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Fluid
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FIGURE 1. The splash singularity wherein the top of the crest touches the
trough at a point zq in finite time 7.

time in which it is no longer a graph and can become unstable due to a reversal of the sign
in the Rayleigh-Taylor condition.

Herein, we develop a new framework for analyzing the finite-time splash and splat sin-
gularity for 3-D incompressible fluid flows with vorticity. Our motivation is to produce a
general methodology which can also be applied to compressible fluids, as well as to ionized
fluids, governed by the equations of magnetohydrodynamics. Our method is founded upon
the transformation of into Lagrangian variables. We are thus not restricted to poten-
tial flows, nor to any special geometries. Furthermore, our method of analysis does not, in
any significant way, distinguish between flow in different dimensions. While we present our
results for the case of 3-D fluid flow, they are equally valid in the 2-D case.

1.5. Main result. The main result of this paper states that there exist initial domains €2
of Sobolev class H*® together with initial velocity vectors ug € H*(Qp) which satisfy the
Rayleigh-Taylor sign condition , such that after a a finite-time 7" > 0 the solution of
the Euler equations reaches a “splash” (or “splat”) singularity. At such a time T, particles
which were separated at time ¢ = 0 collide at a point zy (or on a surface I'y), the flow map
n(T') loses injectivity, and 0[€2¢] forms a cusp. In short, T is the time at which the crest of
a 3-D wave turns-over and touches the trough. This statement is made precise in Theorems
Edland 52

Note that the use of H*5-regularity for the domain Qg and H*()-regularity for velocity
field ug is due to the functional framework that we employ for the a priori estimates in
Theorem For 3-D incompressible fluid flow, we find that this is the most natural
functional setting; of course, we could also employ any H?*-framework for s > 4.5 or a
Hoélder space framework as well.

1.6. The Lagrangian description. We transform the system (1.1 into Lagrangian vari-
ables. We let n(z,t) denote the “position” of the fluid particle x at time ¢. Thus,

on =wonfort >0 and n(z,0) =2
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where o denotes composition so that [uon|(x,t) := u(n(x,t),t). We set

v = uon (Lagrangian velocity),
q = p on (Lagrangian pressure),
A = [Dn]™! (inverse of the deformation tensor),
J = det[Dn] (Jacobian determinant of the deformation tensor),
a = J A (cofactor of the deformation tensor).
Whenever divu = 0, it follows that det Dn = 1, and hence the cofactor matrix of Dn is

equal to [Dn]~!, i.e., a = A. Using Einstein’s summation convention, and using the notation
F;, to denote 2 the kth-partial derivative of F' for k = 1,2, 3, the Lagrangian version of

oxy

equations ([.1]) is given on the fixed reference domain € by

t
n(t) =e +/ v in Qx[0,77], (1.3a)

0
vi+ATDg =0 in Q x (0,77, (1.3b)
div,v =0 in Q x [0,77], (1.3¢c)
q=0 onI'x [0,77, (1.3d)
(n,v) = (e, up) in Q x {t =0}, (1.3e)

where e(z) = x denotes the identity map on €2, and where the ith-component of AT Dq is
Af ¢,x- (AT denotes the transpose of the matrix A.) By definition of the Lagrangian flow
n(t), the free-surface is given by

I(t) = n(t)(T).
We will also use the notation n(t,T') = I'(t), and n(t, ) = Q(t). The Lagrangian divergence
is defined by div,v = Ag vi,j. Solutions to 1) which are sufficiently smooth to ensure
that n(t) are diffeomorphisms, give solutions to via the change of variables indicated
above.

1.7. The splash singularity for other hyperbolic PDEs. Our methodology can be
applied to a host of other time-reversible PDEs that have a local well-posedness theorem.

(1) Surface tension. Our main result also holds if surface tension is added to the Euler
equations. In this case equation ((1.3d)) is replaced with

qn = _UAg(U) )

where o > 0 denotes the surface tension parameter, n is the outward unit-normal
to I'(t), Ay denotes the surface Laplacian with respect to the induced metric g
where g,3 = 1, -1,3. This is the Lagrangian version of the so-called Laplace-Young
boundary condition for pressure: p = o H, where H is the mean curvature of the
free-surface I'(t). We have established well-posedness for this case in [14]. The only
modifications required for the case of positive surface tension is to consider initial
domains € of Sobolev class HS with initial velocity fields ug € H*?(Qg). Our main
theorem then provides for a finite-time splash singularity for the case that ¢ > 0.
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(2) Physical vacuum boundary of a compressible gas. We can also consider the evolution
of the free-surface compressible Euler equations which model the expansion of a gas
into vacuum. We established the well-posedness of this system of degenerate and
characteristic multi-D conservation laws in [16]. In this setting, our methodology
shows that there exist initial domains Qg of class H*, initial velocity fields ug €
H3%(Qp), and initial density functions pg € H*()) such after time 7' > 0, a splash
singularity if formed by the evolving vacuum interface.

(3) Other physical models. In fact, we can establish existence of a finite-time splash sin-
gularity for a wide class of hyperbolic systems of PDE which evolve a free-boundary
in a sufficiently smooth functional framework, and which are locally well-posedness.
Examples of equations (not mentioned above) include nonlinear elasticity and mag-
netohydrodynamics.

2. NOTATION, LOCAL COORDINATES, AND SOME PRELIMINARY RESULTS

2.1. Notation for the gradient vector. Throughout the paper the symbol D will be
used to denote the three-dimensional gradient vector D = (% , % , ai).
1 T2 r3

2.2. Notation for partial differentiation and Einstein’s summation convention.
The kth partial derivative of F’ will be denoted by F,; = é%' Repeated Latin indices 1, 7, k,
etc., are summed from 1 to 3, and repeated Greek indices «, (3,7, etc., are summed from 1

3 2 i i 3 2 2 i i
to 2. For example, F,; = Z¢:1 aiéliv and F",q IaﬁGl,ﬁ = Z@':1 Za:l Zﬁzl gfa 19 ggg'

2.3. The divergence and curl operators. For a vector field v on {2, we set

: 1 2 3
divu=u 1 +U”,2 +uv,3

3

2 1 3 2 1
curlu = (U 2 U H3,U 3 U1, U, U a2)'

. . . 1, even permutation of {1, 2,3}, .
With the permutation symbol ;5 given by e;;, = { -1, odd permutation of {1,2,3}, the ith-

0, otherwise,

component of curlu is given by

(Cuﬂ U)z = Sz‘jkuk,j .

2.4. The Lagrangian divergence and curl operators. We will write div,v = divuon
and curl, v = curlu o n. From the chain rule,

div,v = Ajv",s and (curl,v); = aijkAjvk,s .

2.5. Local coordinates near I'. In Appendix A, we establish the a priori estimates for
solutions of the 3-D free-surface Euler equations (following our local well-posedness theory
in [I4),15]). Such solutions evolve a moving two-dimensional surface which is of Sobolev class
H*. This boundary regularity implies a three-dimensional domain of class H*?, constructed
via a collection of H*?-class local coordinates.
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Let  C R? denote an open subset of class H*5 and let {U;}£, denote an open covering
of I' = 99, such that for each [ € {1,2,..., K}, with

B = B(0,1), denoting the open ball of radius 1 centered at the origin and,
B+:Bﬂ{$3>0},
BY = Bn{z3 =0},
there exist H*?-class charts §; which satisfy

0,: B — U is an H*® diffeomorphism, (2.1a)
(BT =U;nQ, (B =U,NT. (2.1b)

Next, for L > K, we let {U;}{ ;. denote a family of open sets contained in € such that

FIGURE 2. Indexing convention for the open cover {U;}£; of Q.

{Ul}lL: 1 is an open cover of {2, and we such that there exist diffeomorphisms 6; : B — Uj.

2.6. Tangential (or horizontal) derivatives. On each boundary chart U; N, for 1 <
I < K, we let 0 denote the tangential derivative whose ath-component given by

= 0 _ 00 _
Oaf = (%UOGZ]) 0! = <(Df00l)6:ci> b

For functions defined directly on BT, 9 is simply the horizontal derivative 0 = (9, , Ox,)-

2.7. Sobolev spaces. For integers k > 0 and a domain U of H§3, we define the Sobolev
space H*(U) (H*(U;R?)) to be the completion of C>(U) (C>(U;R?)) in the norm

M%—ZLWWW

la|<k

for a multi-index a € Z3%, with the convention that |a| = a; + a2 + az. When there is no
possibility for confusion, we write || - ||z for || - ||z, . For real numbers s > 0, the Sobolev
spaces H*(U) and the norms || - || are defined by interpolation. We will write H*(U)
instead of H*(U;R3) for vector-valued functions.
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2.8. Sobolev spaces on a surface I'. For functions u € H*(I'), k > 0, we set

for a multi-index a € ZZ. For real s > 0, the Hilbert space H*(T') and the boundary norm
| - |s is defined by interpolation. The negative-order Sobolev spaces H *(I') are defined via
duality. That is, for real s > 0, H5(T") = H*(T")".

2.9. The norm of a standard domain ().

DEFINITION 2.1. A domain Q is of class H*® if for each | = 1, ..., L, each diffeomorphism
9, is of class H*®. The H*®-norm of € is defined by

K L 2
(Z 16355+ + D H9l|z21.5,B> : (2.2)
=1

I=K+1
In particular if e : @ — € is the identity map, then |e||45 0 is given by (2.2]).

We can, of course, replace H*® with any H®, s > 2.5 to define domains Q of class H*.

2.10. Local well-posedness for the free-surface Euler problem.

THEOREM 2.1 (Coutand and Shkoller [14]). With E(t) given by (A.§), suppose that E(0) <
My and that the initial pressure function satisfies the Rayleigh-Taylor sign condition. Then
there exists a solution to on [0,T] where T' > 0 depends E(0), and sup;cjo.r £(t) <
2My. Moreover, the solution satisfies

n € C([0,T]; H*5(Q)), v € C([0,T]; H*()), curl, vC([0,T); H**(Q)), v, € C([0,T); H**()).
3. THE SPLASH DOMAIN QS AND ITS APPROXIMATION BY STANDARD DOMAINS €

3.1. The splash domain.

3.1.1. The meta-definition. A splash domain )4 is an open and bounded subset of R™ which
is locally on one side of its boundary, except at a point xg € 0§25, where the domain is locally
on each side of the tangent plane at xg. The domain (), satisfies the cone property and
can be approximated (in sense to be made precise below) by domains which have a smooth
boundary.

We observe that the Sobolev spaces H"(2s) are defined for the splash domain Q in the
same way as for a domain which is locally on one side of its boundary; moreoever, as the
bounded splash domain €2s satisfies the cone property, interpolation theorems and most
of the imporant Sobolev embedding results hold (see, for examples, Chapters 4 and 5 of
Adams [1]).

The main difference between bounded splash domains with the cone property and do-
mains that have the uniform H"-regularity property is with regards to trace theorems: For
the splash domain €, a function f in H*?(Q,) has a trace in H*(I") for any smooth subset
I of 9 whose closure does not contain zy. At z( there is not a well-defined (global)
trace for f, in the sense of coming from both sides of the tangent plane at xg, although it is
indeed possible to define local traces for f at xy with respect to each of the local coordinate
charts containing xg.
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3.1.2. The definition of the splash domain.

(1)

3)

We suppose that xg € T' := 90, is the unique boundary self-intersection point,
i.e., Qs is locally on each side of the tangent plane to 92s = I's at xg. For all
other boundary points, the domain is locally on one side of its boundary. Without
loss of generality, we suppose that the tangent plane at xg is the horizontal plane
r3 — (w0)3 = 0.

We let Uy denote an open neighborhood of g in R?, and then choose an additional
L open sets {U;}/; such that the collection {U;}{£ is an open cover of I's, and
{U}E, is an open cover of Qg and such that there exists a sufficiently small open
subset w C Uy containing xg with the property that

wNU; =0 forall [=1,...,L.
We set
U(T =UpN NN {$3 > (xo)g} and UO_ =UpnNOsN {:Cg < (.’Eo)g}.

Additionally, we assume that Uy N Qs N {z3 = (20)3} = {z0}, which implies in
particular that UO+ and U, are connected.

Ficure 3. Splash domain €, and the collection of open set
{Uo, U1, Us, ...,Uk} covering T

For each [ € {1,..., K}, there exists an H*%-class diffeomorphism 6; satisfying
0,: B:=B(0,1) = U,
UNQs=6,(B") and U;NT, = 6;(BY),
where
BT = {(z1,72,23) € B : w3 > 0},
B® = {(x1,29,23) € B: 23 =0}.



10 DANIEL COUTAND AND STEVE SHKOLLER

(4) For L > K, let {Ul}lL:KJr1 denote a family of open sets contained in €2 such that
U}E  is an open cover of Q, and for | € {K +1,...,L}, §; : B — U; is an H*®
{ 1=0 P
diffeormorphism.
5) To the open set Uy we associate two H?*5-class diffeomorphisms 6, and #_ of B
+
onto Uy with the following properties:

0.(B%) = Uy . 0-(B%) = Uy .
0, (B =U; NIy, 6_(B°=U; NI,
such that
{0} = 0+(BY)n6_(BY),
and

0:(0)=0_(0) =x.
We further assume that

0.(BTNB0,1/2)N6[BT) =0forl=1,.. K,

and

0.(BTNB0,1/2)N6(B)=0forl=K +1,..,L.

DEFINITION 3.1 (Splash domain ). We say that € is a splash domain, if it is defined
by a collection of open covers {U;}-, and associated maps {61,601,0s, ...,0.} satisfying the
properties (1)—(5) above. Because each of the maps is an H*® diffeomorphism, we say that
the splash domain € defines a self-intersecting generalized H*5-domain.

3.2. A sequence of standard domains approximating the splash domain. We ap-
proximate the two distinguished charts 6_ and 6 by charts 6 and 6 in such a way as to
ensure that
0<(B)NoL(B°) =0 Ye>0,
and which satisfy
6 —0_ and 0, -6, as €e—0.

We choose t > 0 sufficiently small so that
6_(BT(0,2t)) Cw and 0.(BT(0,2v)) Cw,

and then we let ¢ € D(B(0,t)) denote a smooth bump-function satisfying 0 < ¢ < 1 and
1(0) = 1. For € > 0 taken small enough, we define

0 (z) =0_(z) — e p(x)es,

05 (x) = 04 (z) + € Y(x)e3,
where eg = (0,0,1) denotes the vertical basis vector of the standard basis e; of R®. By
choosing 1) € D(B(0,t)), we ensure that the modification of the domain is localized to a

small neighborhood of zg and away from the boundary of Uy and the image of the other
maps 0;. Then, for € > 0 sufficiently small,

0 (BT)No(BT) =10.
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X o aw
B" v /W\

FiGURE 4. The black dot denotes the point xy where the boundary self-
intersects (middle). For e > 0, the approximate domain Q¢ does not intersect
itself (right).

Since the maps 09 are a modification of the maps 6+ in a very small neighborhood of 0 € B,
we have that for € > 0 sufficiently small,

0. (BTN B(0,1/2))No(BY) =0 forl=1,... K,
and
0. (BTN B(0,1/2))N6(B) =0 forl=K +1,..., L.
For I € {1,...,L} we set 6 = 6;. Then 0 : Bt — Uy, 65 : Bt — Up, and 6§ : BT — U,

le{l,.,K}, 6:B—=U,le{K+1,.. L}, is a collection of H*® coordinate charts as
given in Section [2.5] and so we have the following

LEMMA 3.1 (The approximate domains Q€). For each € > 0 sufficiently small, the set QF,
defined by the local charts < : Bt — Uy, 0. : Bt — Uy, and 6§ : BT — U, l € {1,..., K},
0 : B—=U,le{K+1,..,L} is a domain of class H*® which is locally on one side of its
H* boundary.

By choosing 0 < rg < % such that 1 > > % in B(0,7), we see that
|(6<(z) — 05 (y)) - e3| > € for any z,y € BT NB(0,ro).

With 7 chosen, due to the fact that by assumption (2) the images of #_ and 6 only intersect
the plane {x3 = (z¢)3} at the point zg, there exists 6(rg) > 0 such that (0 (z) — x¢) - ez <
—0d(ro) and (05 (z) — xo) - €3 > d(rg) for all x € Bt with || > rg. This, in turn, implies
that if € B* with |z| > r¢ and y € B, we then have that

d(ro)

3
We have therefore established the following fundamental inequality: for 0 < e < 6(%0),

Y(z,y) € BT x BT, |(0° () — 05.(y)) -es| > €. (3.1)

(0 (z) — 05.(y)) - es| > d(ro) —2¢ > € if €<



12 DANIEL COUTAND AND STEVE SHKOLLER

We henceforth assume that 0 < € < @.

In summary, we have approximated the self-intersecting splash domain €25 with a sequence
of H*_class domains Q5 0<e< @ (such that 09¢ does not self-intersect). As such, each
one of these domains €€, ¢ > 0, will thus be amenable to our local-in-time well-posedness
theory for free-boundary incompressible Euler equations with Taylor sign condition satisfied.

We also note that Q¢ and €, are the same domain, except on the two patches ¢ (B N
B(0,3)) and 05 (BTNB(0, 3)). In particular, as 04 differ from 5 on a set properly contained
in w C Uy, we may use the same covering {U;}}, for Q¢ as for €2,.

LEMMA 3.2. For 0 <e< 6(20), the H*®-norm of Q° is bounded independently of €.

Proof. The assertion follows from the following inequality:

€ 6(T0)
10558+ < 10+]la5 5+ + T||1/J||4.5,B+ .

O

3.3. A uniform cut-off function on the unit-ball B. Let B;_, = B(0,1 — «) for 0 <
a < 1. For a > 0 taken sufficiently small, we have that 6_(B;"_ ) C Uy and 6, (B{" ) C Uy

and for each | = 1,..., K, 0;(B}"_,) C U}, and for each | = K +1,..., L, 6;(B1_,) C Uj, and
the open sets 0_(B{" ), 0+(B{" ), /(B ) (1 <1< K), ;(Bi1_o) (K+1<1<L), are
also an open cover of {2;. Since the diffeomorphisms 64 are modifications for 64 in a very
small neighborhood of the origin, it is clear that independently of € > 0, the sets 6< (B]" ),
0.(Bf ), 0(Bf_,) (1 <I<K), 60,(Bi—a) (K+1<1<L) are also an open cover of each
QF.

DEFINITION 3.2 (Uniform cut-off function ¢). Let ¢ € D(B(0,1)) such that 0 < ¢ <1 and
((z) =1for |z|<1—aand (=0 for [z| > 1 - F.

We set ¢ =1 — §, so that

0<¢eDB0,) <1 (3.2)

4. CONSTRUCTION OF THE SPLASH VELOCITY FIELD us AT THE TIME OF THE SPLASH
SINGULARITY

We can now define the so-called splash velocity us associated with the generalized H4-2-
class splash domain Qg, as well as a sequence of approximations u set on our H?%5-class
approximations €2¢ of the splash domain €.

4.1. The splash velocity us.
DEFINITION 4.1 (Splash velocity us). A velocity field us on an H#5-class splash domain
is called a splash velocity if it satisfies the following properties:
(1) Cuso 0L € H*(B1), Cus06; € H*3(B1) for each 1 <1 < K and us € H*?(w) for
each w C Q;
(2) so that under the motion of the fluid, the sets U," and U, relatively move towards
each other, we require that
uwof >C_, —udofy>C, inBTand C_ +C, >0, (4.1)

where C_ and C are constants.
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DEFINITION 4.2 (Splash pressure p,). A pressure function p; on an H#45-class splash domain
Qs is called a splash pressure associated to the splash velocity u if it satisfies the following
properties:

(1) ps is the unique solution of

out oul
—Apg = ——= in Q, 4.2
b 0z Ox; - (4.22)
(psobfs =0 on B, (4.2b)
(ps0b;, =0 on B? for I=1,..,K; (4.2¢)

(2) the splash pressure ps € H*5(€;) and satisfies the local version of the Rayleigh-
Taylor sign condition:

i((:ps 064+) > Crr >0 and 0 (Cpso ) >Crr >0 on BY for 1=1,...K. (4.3)
81’3 3:53

Note that the outward unit normal to BT N B? points in the direction of —eg.

REMARK 1. As zp = 6_(0) = 6,(0), and as po 6_(0) = po 6,(0) = 0, the conditions
(4.2b) and (4.2c|) are equivalent to having the usual vanishing trace p = 0 on I';. As such,
p € H}(Qs) N HA ().

For property (1) in Definition we note that ps is the unique Hg(25) weak solution
of guaranteed by the Lax-Milgram theorem in €2;. The usual methods of elliptic
regularity theory show that (ps o 6+ and each (ps o6 € H*3(B*) for I = 1,.., L, and thus
that ps € H*?(Q). (Notice that it is the regularity of our charts #+ and ; which limits
the regularity of the splash pressure ps.)

As we have defined in property (2) of Definition at the point of self-intersection x,
the gradient Dp, has to be defined from each side of the tangent plane at xg; namely, we
can define Dp, o §_ and Dp, o 6, on B°, and these two vectors are not equal at the origin
0 which is the pre-image of xp under both §_ and 6.

It is always possible to choose a splash velocity us so that holds. For example, if
we choose us to satisfy curlug = 0, then holds according to the maximum principle
[29, B0]. On the other hand, it is not necessary to choose an irrotational splash velocity,
and we will not impose such a constraint. Essentially, as long as the velocity field induces
a positive pressure function, then is satisfied.

4.2. A sequence of approximations u{ to the splash velocity. For ¢ > 0, we proceed
to construct a sequence of approximations u¢ : Q¢ — R3 to the velocity field u, : Qs — R3
in the following way:

uSoly=us06,in B forl=1,., K; (4.4a)
S

uéof=ugs00;,in B, forl=K+1,....L; (4.4b)

ui 06 =usof_, and, uSof} =us060y, in BY. (4.4c)
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We then have the existence of constants A > 0, B > 0 such that

[usllasoe < A (HCUZ 00 ||y g+ + [|Cug 0 0% |4, B+

K L
+> lCus 0 bfllasmr + Y \CUZ0916H4.5,B> < Bllusllaso, - (4.5)
=1 I=K+1

We next define the approximate pressure function pS in Q€ as the HE(Q°) weak solution of

€1l €j
ous* Qus

~Apt = 5 in QFf 4.6
5= B, oay S (4.6a)
ps=0 on 09°. (4.6b)

Again, standard elliptic regularity theory then shows that pS € H*5(Q€). Furthermore,
since 0% — 04 and 6f — 6, in H5(BT), we infer from the definition of u¢ in that
(pS o0y — (poby and (pS o — (pob in HY3(BT). We may thus conclude from the
pressure condition that we also have, uniformly in € > 0 small enough, that

;xg(g“p;oeft)>csip>0and %(gp;oe;)>0;”>o, on B° foreach 1<I<K.
(4.7)

4.3. Solving the Euler equations backwards-in-time from the final states ()¢ and
ué. Because the Euler equations are time-reversible, we can solve the following system of
free-boundary Euler equations backward-in-time:

t
n(t) =e +/ v¢ in Q° x [-T¢,0], (4.8a)

0
vf + [A)" D¢ =0 in Q° x [-T¢,0), (4.8b)
divpe v =0 in Q° x [-7°,0], (4.8¢)
¢“=0 on I' x [-T¢,0], (4.8d)
(n,v) = (e,us) in Q° x {t =0}, (4.8¢)

where A¢(z,t) = [Dn(x,t)]"'. Thanks to Lemma (4.5), and (4.7), we may apply
our local well-posedness Theorem for (4.8) backward-in-time. This then gives us the
existence of T¢ > 0, such that there exists a Lagrangian velocity field
ve € L®(=T¢,0; H*(QF)), (4.9)
and a Lagrangian flow map
7 € L¥(=T*,0; H5(0))) (4.10)
which solve the free-boundary Euler equations (4.8) with final data u§ and final domain Q°.
Denoting the corresponding Eulerian velocity field by
ut =vont, (4.11)

it follows that u is in L°°((—T¢,0); H*(2¢(t))), where Q¢(¢) denotes the image of Q¢ under
the flow map n°(t).

In the remainder of the paper we will prove that the time of existence T¢ > 0 (for our
sequence of backwards-in-time Euler equations) is, in fact, independent of ¢; that is, 7
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is equal to a time T' > 0, and that [[u®(t)|[g4(qe@)) and [|n°(t)||ga5 Q) are bounded on
[—T,0] independently of e. This will then provide us with the existence of a solution which
culminates in the splash singularity Q25 at t = 0, from the initial data

uog = limu®(=T7),
e—0

Qo =lim Q(-T).
e—0
In particular, when solving the Euler equations forward-in-time from the initial states g
and ug, the smooth H*® domain Qg is dynamically mapped onto the H*5-class splash do-
main (), after a time 7', and the boundary “splashes onto itself” creating the self-intersecting
splash singularity at the point xg.

5. THE MAIN RESULTS

THEOREM 5.1 (Finite-time splash singularity). There exist initial domains Qg of class H*®
and initial velocity fields ug € H*(Q), which satisfy the Taylor sign condition , such
that after a finite time T > 0, the solution to the Euler equation n(t) (with such data) maps
Qo onto the splash domain g, satisfying Definition [3.1], with final velocity us. This final
velocity ug satisfies the local Taylor sign condition on the splash domain s in the sense of
. The splash velocity us has a specified relative velocity on the boundary of the splash

domain given by .

The proof of Theorem [f is given in Sections [fH8 In Sections [JHIO] we define the splat
domain €24 and associated splat velocity ug and establish the following

THEOREM 5.2 (Finite-time splat singularity). There exist initial domains Qo of class H*®
and initial velocity fields ug € H*(Qp), which satisfy the Taylor sign condition , such
that after a finite time T > 0, the solution to the Euler equation n(t) (with such data) maps
Qo onto the splat domain g, satisfying Definition 9.1, with final velocity us. This final
splat velocity ug satisfies the local Taylor sign condition on the splat domain g in the sense
of . The splat velocity us has a specified relative velocity on the boundary of the splat
domain as stated in Definition [10.1].

6. EULER EQUATIONS SET ON A FINITE NUMBER OF LOCAL CHARTS

For each € > 0, the functions v¢, n¢, and u¢, given by 7, are solutions to the
Euler equations on the time interval [T, 0].

For the purpose of obtaining estimates for this sequence of solutions which do not depend
on ¢ > 0, we pull-back the Euler equations set on Q° by our charts 0% and 6,
I =1,...,L; in this way we can analyze the equations on the half-ball B*.

It is convenient to extend the index [ to include both [ = 0 and I = —1; in particular, we
set

0, =0 and 60_;=0_,
05 = 6°. B =0, .
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Furthermore, since for [ = —1,0,1,2, ..., K, the domain of 6; is the half-ball B*, and for
l=K+1,..., L, the domain of 6; is the unit-ball B, it is convenient to write
0_:B—=Uy , 9+:B—>U5“, 0,:B—->UnNQ for [=1,.... K,
0;: B—U for l=K+1,...,L,

so that B denotes B for [ = —1,0,1,2,..., K and B denotes B for | = K + 1, ..., L.
The Euler equations, set on B, then take the following form:

t
n“=e +/ v in Q° x [-T¢,0), (6.1a)
0
O o b5 + [b]T D(¢° 0 65) =0 in Bx[-T¢,0), (6.1b)
divyeope v 0 6 =0 in Bx[-T¢,0), (6.1c)
gcob; =0 on By x [-T¢,0), (6.1d)
(n°obf,vc00;) = (0;,uso0b;) onBx{t=0}, (6.1e)
where [bﬂT denotes the transpose of the matrix 6¢, and where for any [ = —1,0,1,2,...L,

bi(x,t) = [D(nf(Gf(ac),t)]_l. For | = K + 1,..., L, the boundary condition is not
imposed.

The system will allow us to analyze the behavior of 7€, v¢, and ¢€ in an e-independent
fashion. Fundamental to this analysis is the following

LEMMA 6.1 (Equivalence-of-norms lengma). With the smooth cut-off function ( given in
Definition there exist constants C1 > 0 and Co > 0 such that for any € > 0 and
feH Q) with 0 < s <4.5,

L L
Cr Y NCfobills <IflZa <Ca > lICfobilis. (6.2)

I=—1 I=—1

Proof. Since by construction ||6f||455 < C, the first inequality is obvious. For the second
inequality, we simply notice that with E = {z € B| ((x) = 1}, Q¢ = UL 05(E), so that

L L
e <C Y 1flls0em) < C > 1CCO5) ™) Flls,5)

If
I=—1 I=—1
L L
<O SO 10 asam < C D ICFO)]s5
I=—1 I=—1
where we used the fact that detD6; > ¢; > 0 for the last inequality. g

7. TIME OF EXISTENCE —1 OF SOLUTIONS TO (4.8 IS INDEPENDENT OF €

Recall that for € > 0, the functions v¢, n¢, and u€, given by (4.9)—(4.11)), are solutions
to the Euler equations (4.8)) on the time interval [—7,0]. We now prove that the time of
existence —T° is, in fact, independent of e.
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We begin by using the fundamental theorem of calculus to express the difference between
the flow of two particles x and y as

t

() — (g t) = — y + /0 [v(z, 8) — v°(y, 8)]ds

Next, for any = and y in Q€ for which we do not have at the same time x € §¢ (B™) and
y € 05 (BT), we see that independently of ¢ > 0 small enough,

n“(z,t) —n“(y,t) — (x —y)| < C1lt] [ S;lpo} E(t) |z —yl, (7.1)

where we have used the Sobolev embeddding theorem and where
E(t) = |l T 5.0 + 10O 0e + | curlo (t)[135. 0 + [[0f (1)]135,0e -

The inequality cannot be independent of € > 0 if both z € < (BT) and y € 65 (B™1),
for in this case, according to (3.1)), |[z—y| = O(e) as € — 0, whereas [v*(z, t)—v(y, )] = O(1)
as € — 0, and this, in turn, yields a global Lipschitz constant for v¢ of O(%) as € — 0.

When z € §<(B") and y € 65 (B"), there exist constants C_, C, and a polynomial
function P; which are each independent of ¢, such that

(2, t) = n(y, )] = |(n°(, ) = n°(y, 1)) - es]
> |(x = y) - e + tuy(z) — uy(y)] - es]

t t
“fea [ oo t) sy | ~Jea - [ v(wt) ~ uilo)a!
0 0

Il Z2
> e+ (C_ +Cy)|t| —t2Py( sup EF), (7.2)
[_T€>O]
where the triangle inequality has been employed together with (4.1)) and (3.1). In order to
obtain the lower bound on the terms Z; and Z,, we again use the fundamental theorem of
calculus, and write

t/
v (x, t') = u(x) —i—/ vi(x, 7)dT;
0
using the definition of E€, it follows that

[0 (-, t) = ug ()| Lo () < CIE'|P1( sup E).
[=T<,0]

We proceed to show how the two inequalities and (together with the fact that
C_ >0 and Cy > 0) are used to prove that the time —7 is independent of ¢, the flow map
n¢ is injective on [—7',0], and the a priori estimates for solutions of are independent
of e on [-T,0].

We first record our basic polynomial-type a priori estimate, given in Theorem in the
appendix (see also [14][15]); we find that on [-T7", 0],

sup E¢(t) < Mg+ |t|P2( sup E€(t)), (7.3)
te[—T¢,0] [=T,0]
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where the constant M§ = P(E(0)), i.e. the constant M§ only depends on initial data
(6.1e). By Lemma and , we see that M{ is bounded by a constant My which is
independent of €, so that sup;c_re o) £(t) < 2Mo.

We therefore see that if we set

. 1 C_+ C_|_ My
T — 4
o <401Mo’ 2P (2Mo)’ 2P2(2M0)> ’ )

equation ([7.1)) implies that on [T, 0],
1
|776(x7t) - 776(1/775)’ > i‘x - y| for (l’,y) € 016(8) X 912(8) ) (la k) ¢ {(_15 0)7 (07 _1)} ’ (75)
while equation (7.2]) shows that on [T, 0],

In(z,t) — n(y,t)] > e+ (C_ + C’+)|;| for all (z,y) € 6<(B) x 0.(B). (7.6)

We then have from ([7.5) and (7.6 that the domain n(¢,Q¢) does not self-intersect for
(7.4

each ¢t € [-T,0] and from (7.4)) we also have the estimate

sup E€(t) <2My. (7.7)
te[—T,0]

Since T' > 0 is independent of € by , the estimates we have just obtained will permit
the use of weak convergence to find the initial domain g at ¢t = —T" and the initial velocity
field ug at t = —T, from which the free surface Euler equations, when run forward in time
from ¢t = 0, will produce the self-intersecting splash domain 25 and velocity field us at the
final time 7" > 0.

8. ASYMPTOTICS AS € — 0 ON THE TIME-INTERVAL [—T, 0]

8.1. Construction of the initial domain 23: the asymptotic domain at ¢t = —T.
Theorem m provides continuity-in-time, and Lemma together with the estimate ([7.7))
shows that

L 9
S ICH Tl < Mo
=1

Weak compactness and Rellich’s theorem provide the existence of a subsequence (which by
abuse of notation we continue to denote by 7€) such that

n(-,=T)obf — O, as e — 0, in H**(B.), (8.1a)
n(-,—=T)obf = O, as e — 0, in H>*(B.), (8.1b)

where B. = BN B(0,¢) and ¢ is given in Definition
We now define €y as the union of the sets ©;(B;) (—1 <1 < L). Due to (7.5)), (7.6 and
(8.1b)), we have that

(r,) € Be x Be, (1K) ¢ {(=1,0),(0,~1)})  164(x) — Ou(y)| > 161(x) ~ bu()] (82)
and from on [—T,0],
Yiwy) € B, x B, [0-(x) ~0,(y) > (C_ +Cy)y (8.3)



SPLASH AND SPLAT SINGULARITIES FOR THE 3-D EULER EQUATIONS 19

where ©_ = ©_; and ©4 = ©g. These inequalities show that the boundary of 2y does not
self-intersect and that €2y is locally on one side of its boundary. Furthermore, setting & = [
in , we see that each smooth map ©; is injective, and thus each ©;(B;) is a domain,
which implies that Qg is an open set of R3.

LEMMA 8.1. Qq is a connected, H*®-class domain, which is locally on one side of its bound-
ary.

Proof. Step 1. We begin by proving that €y is connected. To this end, fix X and Y in Qg
so that X € ©;(B;) and Y € ©;(B;) (-1 <1,j < L). We let (z,y) € B; x B¢ be such that
X =0(z) and Y = O;(y), and we define

X =n(0i(x),-T) € n°(Q, =T)
Y =n"(05(y), =T) € n(Q, =T).
For 8 > 0, we set
5 =172 € Q| dist(Z,00Q) > B} .
Then for 8 > 0 small enough, we have that Q% is connected and X € and Y€ are in ne(QfB, -T).

From (8.1b]) we infer that each 7°(6}, —T") uniformly converges to ©; in B; thus, for € > 0
small enough, we find that

n“(Q5, —T) C Qo, (8.4a)
Xce GZ(B§>7 Y€ e @](Bg) . (8.4b)

Now, as Q% is a connected set, so is n"(Q%, —T). Since X and Y¢ are in this connected
set, we let C'xe ye denote a continuous path included in ne(QEB, —T), and having X and Y*
as its end-points. From , Cxeye C Q.

Next since both X and X, belong to the connected set ©;(B;), let Cx xc denote a
continuous path included in ©;(B;) C Qy and having X and X€ as end-points. Similarly,
we let Cyey denote a continuous path included in ©;(B;) C € and having Y and Y as its
end-points. We then see that the union of these three paths joins X to Y and is contained
in Qg, which shows that )y is connected.

Step 2. The fact that Qg is an H*5-class domain follows immediately from the convergence
given in .
Step 3. We conclude by showing that g is locally on one side of its boundary, and that
with B? = BN B(0,5),

090 = UL_,61(BY), (8.5)
which will indeed complete the proof that € is a standard H*®-class domain.

To this end we first notice from and the fact that n¢ is volume preserving, that for
each [,

detDO; = detD6; > ¢; > 0. (8.6)

Also, from used when k = [, we notice that each ©; is an injective map, which with
provides
8[@l(Bc)] = @l(aBC) :
Therefore,
00 C UL ,0,(0B,). (8.7)
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Now, let us fix © € 9B, N {x3 > 0}. We then have (since the only modified charts are
modified close to the origin) that for any —1 <1 < K,

0i(z) = Oi(x).

We also notice that there exists —1 < k < L and y € B, such that 6;(x) = 0x(y) (since
Q= U£:719k(8§)).

We also have that 6 (y) = 0(y), for otherwise k£ would be equal to either —1 or 0, in
which case 0 (y) would be in a very small neighborhood of xg, which, in turn, would imply
that [ must be equal to k (since the charts §_ or 6, do not intersect the other charts in a
small neighborhood of zp), but then we would not be able to have z at a distance ¢ from

the origin.
We then have n(65(x), —T") = n°(0;.(y), —T') which with (8.1b) implies that

91(1}) = @k(y) S @k<8<) c Q. (8.8)

We can prove the same inclusion in a similar way if x € 9B; and K +1 <[ < L. With
, this yields
Q0 C UL _,0,(BY). (8.9)
Now, for X € ©;(B?), we have X = O;(z), with € B?. Now for any y € B, such
that there exists —1 < k < L satisfying X = O(y), we see from (8.3) that (I,k) ¢
{(=1,0), (0, =1)}. Therefore, from (8.2) we have 6;(z) = 0;(y). Then, as 9Q = Uj-__,0(B?),
we see that y € B?. Therefore, we have proved that X does not belong to UZ_ 04 (B;) =
Q. Thus X € 0€, which establishes ({8.5]).

Together with and (8.3)), this establishes that g is a smooth domain locally on one
side of its boundary, and concludes the proof. O

8.2. Asymptotic velocity at —7 in the limit ¢ — 0. From our equivalence Lemma [6.1]
and (7.7),
L
2M
S v, D)l < 2,
I=—1

which shows the existence of a subsequence (which we continue to denote by the index €)
such that

v(,—T)o b =V, ase—0, in HY(B,), (8.10a)

(-, ~T)obf =V, ase— 0, in H3(B.). (8.10b)
We now define ug on €2y as follows:

Vie{-1,0,1,2,...,L}, up(©;) =V; on B. (8.11)

In order to justify the definition in (8.11]), we have to check that if ©;(z) = ©;(y), for
x and y in B, then Vi(z) = Vj(y). We first notice that if ©;(x) = ©;(y), then by
we have (I,k) ¢ {(—1,0),(0,—-1)}. From (8.2)), we then infer that 6;(z) = 6;(y) and thus
|0 (x) — 05(y)| < ce, with lime 0 cc = 0.
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This then, in turn, shows that
[0 (07 (), =T) = v(05(y), =T)| < [Dv*(-, =T)| oo (e(—1)) 167 () — O5(y)]
< e DvE (-, =T)| oo (e (= 1)) 5
which, thanks to (7.7]), implies that
(v (0} (x), =T") = v*(05(y), =T)| < ce/ Mo
By using (8.10b]), this then implies at the limit € — 0:
Vi(z) = Vi(y)| <0,
which concludes the proof. Also from 1' we have that ug € H*(p), with HUOH‘QLQO <
2Mj.

8.3. Asymptotic domain and velocity on (—7,0] in the limit ¢ — 0. From our
estimate ([7.7)) we then infer the existence of a subsequence (of the subsequence constructed
in Section and still denoted by a superscript €) such that for all [ = —1,0,1,..., L

O o — Qo by, in L*(—T,0; H*5(B,)), (8.12a)
voff —~wofy, in L*(—T,0; HY(B,)), (8.12b)
n°off —nob, in L*(—T,0; H**(B.)), (8.12¢)

Next, let {¢,}52; denote a countable dense set in H*(5.). We next define the sequence
fe:[-T,0] = R by
fa(t) =([n o 916]('7t)7 Pn)a s

where (-,-)4 denotes the standard inner-product on H*(B.). Now, for fixed n, the uniform
bound together with the fundamental theorem of calculus shows that for a positive
constant M < oo, || fyllco(—r,0) < M and that f}; is equicontinuous (as a sequence of func-
tions indexed by the sequence €). By the Arzela-Ascoli theorem, there exists a subsequence
(which we continue to denote by €) such that fS — f,, uniformly on [—7',0]. This uniform
convergence then implies for all ¢ € [T, 0] that

t t
/ fr(s)ds — / frn(s)ds.
0 0
Due to (8.12¢) we also have (with test function 1/ ¢, ) that

/Ot [r(s)ds — /Ot([n 0 0)](-,t), Pn)ads,

which by comparison with the previous relation, then shows that

¢ t
| #utyds = [ (nosi.t), onds.
0 0
Since both integrands are continuous with respect to time, this provides us by differentiation
that for all t € [T, 0],

fu(t) = (00 0J(-,1), ¢n)s -
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Next, since {¢,,} is countable, we may employ the standard diagonal argument to extract
a further subsequence (still denoted by €) such that for all ¢ € [T, 0],

([ 2 071(, 1), @)a = ([n 0 OU] (-, 1), &)4

for any ¢ € H*(B.). This then establishes the existence of a single subsequence, such that
for all t € [-T,0],

0o (-, t) = nob(-t), in HY(B,). (8.13)

A similar argument shows that for the same subsequence (refined if necessary) and for
all t € [-T,0],

v€ o 05(-,t) = vob(-t) in H>*(B.). (8.14)

Theorem [A.2] providing continuity-in-time, together with the estimate (7.7), we have that
for all t € [0,T7,

[0 0 67 (-, )34,y < C Mo, (8.15a)
I 0 07, )5,y < CMo - (8.15b)

Together with (8.13), this shows that for all ¢ € [—T,0], for the same sequences n°, v¢, and
0 as in (]8.13[) and 08.14|), we have the following convergence (by an argument of uniqueness
of the weak limit):

v€ 0 05(-,t) = vob(-t) in HY(B,), (8.16a)
nc o 05(-,t) = nob(-,t) in H*>(B,). (8.16b)
Having established the asymptotic limit as € — 0 when ¢t = —T', we next consider the

time interval (—7',0). We employ the identical argument for taking the limit as e — 0 for
the case that —T < t < 0 as for the case that t = —T', leading to an asymptotic domain
Q(t) of class H*® and an Eulerian velocity field u(-,¢) € H*(Q(t)) with |lu(t,-)||ls.0¢) < Mo.
At time t = 0, there is a slight difference in the asymptotic limit ¢ — 0, in the sense
that the limit domain is the splash domain €2, which is a self-intersecting generalized H4-3-
domain, with the corresponding limit velocity field is us € H*5(). This limit simply
comes from the fact that ||0f — 0;]|45 p+ — 0 and [[ug 0 0 — us 0 0;[|45 p+ — 0 as € — 0.

8.4. Asymptotic Euler equations. It remains for us to prove that
up(x,t) =u(x,t =T), 0<t<T
is indeed a solution of the free-surface Euler equations on the moving domain
Qp(t) = Q1 —-T),

which evolves the initial velocity ug and initial domain €2y onto the final data at time ¢t =T
given by us and 5. This will, in turn, establish the fact that after a finite time 7', the
free-surface of the 3-D Euler equations develops a splash singularity.

We again consider the asymptotic limit as € — 0. For each € > 0 fixed, we solve the Euler
equations forward-in-time using as initial data, Q¢(—T") for the domain, and u(-,—T") for
the initial velocity.
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To this end, we first define the forward in time quantities for 0 <t < T by
Q5 (t) = <t~ 1),

and
uf(-t) =u(,t=1T) in Q%(1),
Ny (1) =0t =T)on(,=T)""  in Q30),
V5(t) =v°(,t = T)on*(,—T)""  in Q5(0),
py(t) =p°(t=T) in Q5%(1),
@5 t) =g (.t =T)on(,—T)""  inQ%(0)
It follows that
divu} =0 in Q%(1),
vy = uf oy = Oy in 05%(0),
n5(-,0)=e in Q%(0).

From the definitions of v¢, ¢, and u€ in 1} and by uniqueness of solutions to
, we see that (uf,p}) is a solution of on [0, 7] with initial domain €2%(0) and initial
velocity u; (0), with the domain and velocity at time ¢ = T" equal to Q¢ and u§, respectively.

In order to analyze the limiting behavior of these solutions as € — 0, we write the Euler
equations in Lagrangian form on the fixed domain B, by pulling back the equations from
the reference domain Q%(0) using the following local coordinate charts:

0f = n°(05, —T) for | =-1,0,1,2,...., L.
Denoting the local inverse-deformation tensor by
b = [DOr 0 )],
for —1 <[ < K, solutions of the Euler equations satisfy

~ ~ t ~
s o 0 :e;+/ o5 o b in B, x (0,T], (8.192)
0

O 0 05 + [b]" D(q5 0 05) =0 in B, x (0,7), (8.19b)
div, . . V7 © 05 =0 in B, x (0,T), (8.19¢)
g5 o0 =0 on By x (0,T), (8.19d)
(n%,v%) o ff = (e,u%(0)) o 65 on B, x {t =0}, (8.19¢)

together with
05 (9250, T) = O B1%)
For | = K +1,..., L the same equations are satisfied with the exception of the boundary

condition (8.19d).
Our a priori estimate Theorem shows that for each | = —1,0,1,2,..., L

sup (19560 011, + 1976 o s, + 430) Gl 5,) < 205
te|0,
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where M§ is a constant that depends on the H*%-norms of ff and the H*-norm of u$(0).

Thanks to Lemma and the convergence in 1' we see that M5 is bounded by a
constant which is independent of €. As such, we have the following convergence in two weak
topologies and one strong topology:

v§00f =00, in L*(0,T; H(B,)), (8.20a)

N5 o005 — npo©y, in L*(0,T; H*(B,)), (8.20b)

g0 0f = qpo©y, in L*(0,T; H**(B,)), (8.20c)

which together with the convergence in (8.1b)) shows, in a manner similar as in Section

that for [ = —1,0,1,2,..., K, the limit as ¢ — 0 of the sequence of solutions to (8.19)) is

indeed a solution of

t

Ny o0 =06 —i—/ vpo @ in B¢ x (0,77, (8.21a)
0

dvp 0O+ b7 D(gr00;) =0 in B. x (0,7), (8.21b)

divy,00, v 00, =0 in B. x (0,7), (8.21c)

qgro0; =0 on By x (0,7, (8.21d)

(ng,vf) 0O = (e,up) 0 Oy on B. x {t =0}, (8.21e)

ng(T, Q) = Qs (8.21f)

where b; = [D(n;00;)]7!, and where v, ¢ and 7y are the forward in time velocity, pressure

and displacement fields.

A similar system holds for the interior charts ©;, with K +1 <[ < L, with the exception
of the boundary condition . Therefore, since the charts ©; define 2y, we have
established that

t
ny=e +/ vy in Qg x (0,77, (8.22a)
0
Oy + AT Dgp =0 in Qg x (0,7), (8.22b)
divy, vy =0 in Q9 x (0,7, (8.22¢)
qr =0 on 0 x (0,7, (8.22d)
(ng,ve) = (e, uo) on Qy x {t =0}, (8.22€)
ng(T, Q) = Qs (8.22f)
where the matrix Ay = [Dns]~!. By a return to Eulerian variables this means that (uy, py)

is solution of (|1.1)) with initial domain and velocity €2y and ug, respectively, and final domain
and velocity at time ¢ = T equal to the splash domain 5 and us.

9. THE SPLAT DOMAIN 2 AND ITS APPROXIMATION BY STANDARD DOMAINS €

9.1. The splat domain. Whereas our splash domain has a boundary which self-intersects
a point xg, an obvious generalization allows to define the so-called splat domain g, with
boundary 0€2s which self-intersects on an open subset I'g of 0.
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9.1.1. The definition of the splat domain.

(1) We suppose that T’y C T's := 92 is the unique boundary self-intersection surface,
i.e., g is locally on each side of I'y for each ¢ € I'g. For all other boundary points,
the domain is locally on one side of its boundary. We assume the existence of a
smooth level set function ¢ € H*?(R3) such that I'y C {¢ = 0}

(2) We let Uy denote an open neighborhood of zg in R3, and then choose an additional
L open sets {U;}, such that the collection {U;} is an open cover of I's, and
{UZ}IL:O is an open cover of €25 and such that there exists a sufficiently small open
subset w C Uy containing I'g with the property that

wNU =0 forall [=1,....L.
We set
U =UsNQsN{p>0} and Uy =UpN Qs N {p < 0}.

Additionally, we assume that Uy N Qs N {¢ = 0} = [y, which implies in particular
that Ug’ and U are connected.

Us W

©

T w X v/ W

FIGURE 5. Splat domain €2, and the collection of open set
{Uv, U1, Us, ...,Uk} covering Ts.

(3) We furthermore assume that our level set function is such that ||D¢| > Cp > 0 on
Up.
(4) For each | € {1,..., K}, there exists an H*5-class diffeomorphism 6; satisfying
0,: B:= B(O,l) — U
UNQs=06,(B%) and U NTs=6,(B°),
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where
BT = {(1‘1,1’2,1‘3) €B:x3> 0},
B = {(331,1'2,1'3) €B: xr3 = 0} .
(5) For L > K, let {Ul}lL:K+1 denote a family of open sets contained in €2s such that
{Ul}lL:o is an open cover of Qg, and for [ € {K +1,...,L}, 6; : B — U is an H*®
diffeormorphism.

(6) To the open set Uy we associate two H*?-class diffeomorphisms 6, and 6_ of B
onto Uy with the following properties:

0.(B%) = Uy, 0_(BY)=Uy
0. (B =U; NTs, 0_(B°)=U; NI,
such that
Ty =60,(B"n6_(BY),
and

9+ =0_ on wg C _B[)7
where wy is a smooth connected domain of By in R2.
We further assume that

0.(BTNB0,1/2)N6[BT) =0forl=1,.. K,

and

0.(BTNB0,1/2)N6(B)=0forl=K +1,..,L.

DEFINITION 9.1 (Splat domain €g). We say that € is a splat domain, if it is defined by
a collection of open covers {U;}, and associated maps {0,061, 05, ...,0} satisfying the
properties (1)—(6) above. Because each of the maps is an H*® diffeomorphism, we say that
the splat domain Qg defines a self-intersecting generalized H43-domain.

9.2. A sequence of standard domains approximating the splat domain. We ap-
proximate the two distinguished charts 6_ and 6 by charts ¢ and 6 in such a way as to
ensure that
0 (B)Nos(B°) =0 Ye>0,
and which satisfy
0 —0_ and 05 — 0, as € —0.

We let 1) € D(w) denote a smooth bump-function satisfying 0 < ¢ <1 and ) =1 on I'y.
For € > 0 taken small enough, we define the following diffeomorphisms

0 (x) = 0—(2) — e Y(0—(2)) DP(0—(x)) ,
05 (z) = 0.4 (z) + € (04 (x)) Dp(04(z)) ,
By choosing ¢ € D(w), we ensure that the modification of the domain is localized to a small

neighborhood of I'y and away from the boundary of Uy and the image of the other maps 6;.
Then, for € > 0 sufficiently small, thanks to item (3) in the definition of the splat domain,

G0 (x)) < (0 (2)) — gww_(x)) [Do(0- () <0,
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$(05 (z)) = ¢(0+(x)) + §¢(9+(w)) [D@(0+(x))]> >0,
which shows that
0° (BY)NoL.(BT)=0.
Since the maps 65 are a modification of the maps 6+ in a very small neighborhood of 0 € B,
we have that for € > 0 sufficiently small,

0. (BTN B(0,1/2))No(BY) =0 forl=1,... K,

and
0. (Bt NB(0,1/2))N6(B) =0 forl=K +1,..., L.

For I € {1,...,L} we set 6§ = 6;. Then 0 : Bt — Uy, 65 : Bt — Up, and 6§ : BT — U,
le{l,.,K}, 0 :B—U,le{K+1,..L} is a collection of H*5 coordinate charts as
given in Section [2.5] and so we have the following

LEMMA 9.1 (The approximate domains €2¢). For each € > 0 sufficiently small, the set QF,
defined by the local charts 0< : Bt — Uy, 0. : Bt — Uy, and 6§ : BT — U, l € {1,..., K},
0 : B—=U,le{K+1,..,L} (given in Deﬁnition is a domain of class H*®, which is

locally on one side of its H* boundary.

Just as for the splash domain, we have approximated the self-intersecting splat domain
Qg with a sequence of H*5-class standard domains £2¢ locally on one side of its boundary
for each € > 0. Also, just as for the splash domain, our approximate domains ¢ differ from
our splat domain € only on the two patches < (B*) and 0¢.(B™). In particular, as 6
differ from 69 on a set properly contained in w C Up, we continue to use the same covering
{U}, for QF as for Q.

10. CONSTRUCTION OF THE SPLAT VELOCITY FIELD ugs AT THE TIME OF THE SPLAT
SINGULARITY

We can now define the splat velocity ug associated with the generalized H#*®-class splat
domain s, as well as a sequence of approximations ug set on our H*5-class approximations
Q€ of the splat domain €2g.

10.1. The splat velocity us.

DEFINITION 10.1 (Splat velocity us). A velocity field ug on an H*%-class splat domain g
is called a splat velocity if it satisfies the following properties:
(1) Cugofy € H*3(BT), Cugo 0 € H*>(B*) for each 1 <1 < K and ug € H*5(w) for
each w C Qg;
(2) us-Dpob_|g_g+)y > C_ and —us-Dpob |y, g+ > Cy with C_ +Cy > 0, so that
under the motion of the fluid, the sets Ugr and U, are moving relatively towards
each other.

We can then define the approximate splat velocity fields u§ : Q5 — R2 in the same way as
we did for the case of the splash velocity. The results of Sections [7] and [§ can then proceed
in the same fashion as for the splash case, leading to Theorem
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We note only that the inequality (7.2)) must replaced with

—o(n°(z,1)) + o(n(y,t)) = (C1 + C-) [t] - t2P(S[81§> E), (10.1)

for x, y as in (7.2)). The estimate (10.1]) together with
[o(n°(, 1)) = (0 (y, )| < [Do] (2, t) =0y, 1),
and item (3) of the definition of our splat domain € then provides
(Cy+Co)
Co

|t| — t2Py (S[(l]ltf]) E°). (10.2)

In“(z,t) = n(y, 1) =

This relation is the analogous of obtained for the approximated splash domain. Since
our splat domain is also bounded, we can derive in the same way as for the splash domain
a relation similar to for our approximated splat domain, which shows that ¢ is also
injective for € > 0 small enough. In turn, this allows us to establish e-independent estimates
and arrive to the analogous conclusions as those obtained in Sections [7] and

APPENDIX A. A PRIORI ESTIMATES FOR THE FREE-SURFACE EULER EQUATIONS

In this appendix, we establish a priori estimates for the free-surface Euler equations with
reference (or initial) domain § which is a standard H*-class domain, open, bounded, and
locally on one side of its boundary.

A.1. Properties of the cofactor matrix a, and a polynomial-type inequality.

A.1.1. Geometry of the moving surface I'(t). With respect to local coordinate charts, the
vectors 7,, for a = 1,2 span the tangent space to the moving surface I'(t) = n(I') in R3.
The (induced) surface metric g on I'(t) has components go5 = 1,4 1,3. We let gy denote
the surface metric of the initial surface I'. The components of the inverse metric [g]~! are

denoted by [g]*®. We use V9 to denote y/det g; we note that /g = [7,1 Xn,2|, so that
n(n) = 0,1 xn,21/1/9-

A.1.2. Differentiating the inverse matriz A. Using that Dn A = 1d, we have the following
identities

DA = —A00" s AT, (A.1)
DAY = —AsDy,, AF (A.2)
AY = —As" AR (A.3)

A.1.3. Relating the cofactor matriz and the unit normal n(t). With N denoting the outward
unit normal to I', we have the identity

ni(n) = a¥Ni/|aT N|.

so that
AfNy = T /gni(n) on T'. (A.4)
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A.1.4. A polynomial-type inequality. For a constant My > 0, suppose that f(t) > 0, t —
f(t) is continuous, and
f(t) < Mo+t P(f(t)), (A.5)

where P denotes a polynomial function. Then for ¢ taken sufficiently small, we have the

bound
f(t) <2My.

We use this type of inequality (see [14]) in place of nonlinear Gronwall-type of inequalities.

A.2. Trace and elliptic estimates for vector fields. The normal trace theorem states
that the existence of the normal trace w - N|r of a velocity field w € L?(f2) relies on the
regularity of divw € L?(f2) (see, for example, [25]). If divw € L%*(f), then w - N exists in
H=93(T). We will use the following variant:

|Ow - N2 50 < C|0wllg o + [[divew] ) (A.6)

for some constant C' independent of w.
The construction of our higher-order energy function is based on the following Hodge-type
elliptic estimate:

PROPOSITION A.1. For an H" domain Q with T = 0Q, r > 3, if F € L*(;R3) with
curl F € H*1(Q;R?), divF € H*" (), and OF -N|r € HS_%(I‘) for 1 < s <r, then there
exists a constant C > 0 depending only on £ such that

10 < C (IFloo+ lewl Pl o+ [ divFl v+ 0F Nl sp) . (A7)
where N denotes the outward unit-normal to T.

This well-known inequality follows from the identity —AF = curl curlF — DdivF.

A.3. The higher-order energy function FE(t).
DEFINITION A.1. We set on [0, 7]
E(t) =1+ln)|is0 + lv@®)ia + | curl,v®) 350 + )50 (A.8)
The function E(t) is the higher-order energy function which we will prove remains bounded
on [0, 7).
DEFINITION A.2. We set the constant My to be a particular polynomial function P of E(0)
so that My = P(E(0)).

A.3.1. Conventions about constants. We take T > 0 sufficiently small so that, using the
fundamental theorem of calculus, for constants ¢, ¢ and t € [0, T,

c1det g(0) < det g(t) < codet g(0) on T,
In®)lla < llella +1, [la@)lla < llg(0)]la + 1,
[o(®)lls.5 < lluollss + 1, [loc(®)lls < [loe(0)[[s + 1.

The right-hand sides appearing in the last three inequalities shall be denoted by a generic
constant C in the estimates that we will perform. The norms are over 2.
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A.4. Curl and divergence estimates for n, v, and v;.
PROPOSITION A.2. For allt € (0,T),

Jewrt (9] 5+ lleurly o8 .0 < Mo+ 7 P sup E(). (A.9)
S )

Proof. By taking the curl of (1.3bf), we have that
curl, vy = 0.
It follows that 0;(curl, v) = B(A, Dv), where the kth-component of B is given by
[B(A, Dv)]i, = EkjiAtjvias = epijv’,s A 0Py Aé‘ ;
hence,
t
curl, v(t) = curlug +/ B(A(t'), Du(t'))dt’ . (A.10)
0
Step 1. Estimate for curln. Computing the gradient of (A.10]) yields
t
curl, Dv(t) = D curlug — €.;; DA’ +/ DB(A(t'), Du(t"))dt’ . (A.11)
0

(In components, [curl, 0,,v]; = 5Z~jkvk,lr A7) Applying the fundamental theorem of calculus
once again, shows that

¢
curl, Dn(t) = tD curlug + €.j; / [Atanl,S —DA;UZ,S |dt’
0

t t
+ / DB(A(t"), Dv(t"))dt"dt’, (A.12)
0 JO
and finally that

t
D curln(t) = tD curlug — e.ji/ Agi(t)at' Dn' s (A.13)
0
t/

t t
+ €. / [AiiDn' s —D A" s |dt’ + / DB(A(t"), Dv(t"))dt"dt' .
0 0 JO

Using the fact that ;A = — Al A? and DAS = —A:Dn',, A?, we see that
DB(A, Dv) = —ey;;[Dv',s Ajvl, AL+ v’ AS Do, Al
+v' 50l D(AFAD)] . (A.14)

The precise structure of the right-hand side is not very important; rather, the derivative
count is the focus, and as such we write

DB(A,Dv) ~ D*v DvAA+ D?*nDvDvAA.
Integrating by parts in time in the last term of the right-hand side of (A.13)), we see that
t ot t
/ DB(A, Dv)dt"dt' ~ — /
0J0 0

t/ t pt!
D?n(Dv A A)dt"dt' + / D?*nDv Dv A Adt" dt'
0 0J0

t
+ / D?*nDv A Adt' . (A.15)
0
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Thus, we can write

t t
D curln(t) ~ tD curl ug + D277/ Duv A Adt' + / D*nDvAAdt
0 0

t ot t ot
/ D?n Dv Dv A Adt"dt' + / D?n(Dv A A)dt"dt’ .
0 JO 0 JO

Our goal is to estimate || D curlnH%ﬁ’Q. Thanks to the Sobolev embedding theorem, we
have that

ID curlp|350 < Mo+ T P( sup E(t)),
te€[0,7)

and hence with curl, v; = 0, that

[curln350 < Mo+ T P( sup E(t)).
te[0,T

Step 2. Estimate for curl,v. Integrating-by-parts with respect to d; in the time in-
tegral in equation (A.11), we see that the highest order term in curl, Dv is given by

fot D%y Duy A Adt'. As H?5()) is a multiplicative algebra, it follows that on [0, 77,

|| curl,, U(t)Hg.s,Q < My+TP(sup E(t)).
te[0,T)

PRrROPOSITION A.3. For allt € (0,T),

[divn(t)[135.0 + [dive(t)[5a < Mo+ T P( S[upT]E(t)) : (A.16)
te(o,

Proof. Since A{vi,j = 0, we see that
AIDv' ;= —DAI v . (A.17)
Step 1. Estimate for divn. It follows that
[AgDni’j ]t = 8tAgDni’j *DAg Ui’j :

Using the fact that n(x,0) = z,

[AIDi ;](t) = / (0.4l Dn'; —DATw ;) at (A.18)

0
and hence
Ddivn(t) = /0 oAl Dn'; dt’ — /0 DAV dt’ — /0 O Aldt' Dn',; .

Again, the Sobolev embedding theorem provides us with the estimate

| divn(t)[|5 50 < T P( sup E(t)).
te[0,7)

Step 2. Estimate for divv. From A{vi,j = 0, we see that

t . .
divo(t) = —/ O AldE V' (A.19)
0
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Hence,
| divo(t)[|5q < T P( sup E(t)).
t€[0,T]
[l

A.5. Pressure estimates. Letting Aga%j act on (1.3b), for ¢t € [0,T], the Lagrangian

pressure function ¢(z,t) satisfies the elliptic equation
- [A{qu,k] G =vi Al ASin Q, (A.20a)
qg=20 on I'. (A.20D)

Suppose that there exists a weak solution u € Hg(Q) to —div[A Du] = f in Q with u = 0
on T, and where A is positive-definite and symmetric. Suppose further that f € H*(Q),
A € H*1(Q) for integers 1 > 2. Then u € HF2(Q) N H(Q2) and satisfies

lullkre < C ([ fllx +PUAlx+1) 1 fllo) (A.21)

where P denotes a polynomial function of its argument. By invoking the Sobolev embedding
theorem, the elliptic estimate (A.21]) shows that

lalla < CUIAll2, llvlls) [1Alls
lalls < C(IAll2, llvlls) 1Al

where the constant has polynomial dependence on ||Allz and ||v||3. Linear interpolation
then yields

lallas < CUIAll2, [vll3) 1n]las -
By time-differentiating (A.20)), and using our conventions of Section concerning the
generic constant C, we have the elliptic estimate on [0, 7]
la(®)llas + llge(®)lla < Clln(®)]|as - (A.22)

REMARK 2. When the elliptic problem ([A.20)) is set on the approximate splash domain Q¢,
the elliptic constant a priori depends on € > 0, via the charts 6 ; however, thanks to Lemma
the elliptic constant is independent of e since the charts 64+ are bounded in H*.

A.6. Rayleigh-Taylor condition at time ¢ > 0. For each [ = 1, ..., K, the fundamental
theorem of calculus allows us to write

g(05(2), )]s = [q(65 (), 0)]5 + /O (a0 (), )]s dt’,

From the assumed Rayleigh-Taylor condition (4.7) on the initial data, it follows that for all
x € By,

C t
001 (@). 00> L= [ aor. ) a
0
Thanks to our previously established bound (A.22), we then see that on By,
C
[q(07 (%), t)].3 > % —tP( Sl[lp]E(S)), (A.23)
s€l0,t

so that by choosing T sufficiently small, [g(6;(z),t)],3 > % for all t € [0,7]. In what
follows, we will drop the € for notational convenience.
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A.7. Technical lemma. Our energy estimates require the use of the following

LEMMA A.1. Let H%(Q)/ denote the dual space of H%(Q) There exists a positive constant
C such that B )
I0F 13 g, < CIFlly VF € HE(®).
Proof. Integrating by parts with respect to the tangential derivative yields for all G €
H(©),
L

5Fde—Z/ C(Fo)a]ob ! Gdx
Q =1 U,nQ

L
=" [ Cobi(Fo). Gob det D dx
Bt

:—Z CO@[FO@Z (GOH;),adetDeldl'
B+

L
—Z/ Fob; Gob,(Cob; det D)), dz
=1 7 B"

< C|Flloq IGl10,
which shows that there exists C' > 0 such that
VF € L2(Q), [9F|lmay < CllFllog- (A.24)
Interpolating with the obvious inequality
VE € HY(Q), |0F|2() < ClIF |10
proves the lemma. O

A.8. Energy estimates for the normal trace of n and v. By denoting 1, = n o 6; we
see that

m(t): Bt = Q(t) for 1=1,..,K.
We set vy = uomn, ¢ =pon and A; = [Dn] ™1, J; = det Dy, and a; = J;A;. Tt follows that
foril=1,..,K,

t
nl(t) =0, —|—/ U] in Bt x [O,T] , (A.25a)
0
O+ Ay Dg =0 in BT x (0,77, (A.25Db)
div,, v, =0 in BT x [0,7], (A.25¢)
q =0 on BY x [0,T7], (A.25d)
(m,v) = (0,ug06;) in BT x {t =0}. (A.25¢)

PROPOSITION A.4. Fort € [0,T],

0n(t) - N5p + |0v(t) - N3 50 < Mo+ T P( sup E(t)). (A.26)
te(0,7)
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Proof. We compute the following L?(B*) inner-product:

0= (Céﬂ@m + A Dql] , C(§4vl) (A.27)

L2(B+)

To simplify the notation, we fix [ € {1,..., K} and drop the subscript. We have that

1d. .= = =4 = 4 s
0==—[¢*v(t)|§ 5+ + / CCO*AY g Tvide+ | CAFIqn OM'dz+R,  (A28)
B+

T 2dt Bt

-~

L Is 13

where R denotes integrals over B consisting of lower-order terms (or remainders) which
can easily be shown, via the Cauchy-Schwarz inequality, to satisfy

T
/ |R(t)|dt < Mo+ T P( sup E(t)).
0 t€[0,T]
Using the identity (A.1]), we see that
Iy = — C2A§8477T,5 Al q,k *vidr + R
Bt

= —/ C2ARIY g,y 0M ' ASND day, +/ CEARI T As g, DM d R
BO B+

-~

Iog Loy

where dx;, = dr1dry denotes the surface measure on B°. As ¢ = 0 on B°, ¢,y = 0 and
¢,2= 0 on I', and since the exterior normal on By is N = —e3, we have A? = —AfN,g,
which then implies

Ty, — / 4 O AENDD! ' ANY i,
B

We define n; to be the outward unit normal to the moving surface 7;(¢, BY), so that from

(A4),
AlfN]S = Jl_l\/anl(m) on BO .

Dropping the subscript | again and writing n for n(n), it follows that

Toolt) = [ aaC®0'n-n 8- detgla da,

1d

_ 1 oo
=-— | ¢3¢%0" - n*|detg|J? dfvh—/ ~C20" Y oy[(ninj | det g| J2]dxy, .
th BO BO 2

~~

Ka Ky

By the assumption of Section
|0¢[nin; | det g| J~

2HL°°(F) <C,

from which it follows that

T
/ Kyp(t)dt < CT P( sup E(t)).
0 te[0,7)
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Using our Rayleigh-Taylor condition (A.23)) for ¢,3 (), and bounds for det g(t), J which can
be established similarly on [0,77], we see that

T
elCOm(®) - m(O) po ~ T P(sup B®) < [ Taa(t)a,
t€[0,T) 0
for a constant ¢ which depends on Cgr, ¢(0), and J(0) = det DO;. We set
elal X0l72
Ny = bt o2
! |9l71 Xala? |

By the fundamental theorem of calculus n;(t) = N; + fg Oy (t')dt’, and by our assump-
tions in Section sup(o,7) |0¢m(t)| oo (ry < C; hence,
T
e1CH () - Nyl o < / Tou(t)dt + T P( sup E()),
0 te[0,7T

and hence

T
clcon(®) N po < | Taa(tyit+ T P( sup E(D).
0 te[0,7]

It remains to show that the integrals fOT Toy(t)dt and fOT Zs3(t)dt are both bounded by

T P(supsejo,r) E(t)). Using (A.25),
Top(t) = — /B+ AR g vt AT de + R

< C||<é477(t)”%,B+ ICo* A

< C!@‘*n(ﬂl!% 18 Al

<C sup E(t)+ R,
te[0,T

whpey TR

o TR

1
Hz(

where we have used Lemma for the second inequality.
Finally,

I3(t) = — | C0*qo*i Afde = [ (29tquty AN dz + R
Bt Bt
< CH<83q(t)H%,B+HC@‘*A(t)HH%(Bﬂ, +R
<C sup E(t)+ R,
te[0,7)

where we have used the pressure estimate (A.22)) and Lemma [A 1] for the last inequality.
Summing the estimates for Z;, Z,, Z3 and integrating (A.28]) from 0 to T, we obtain the
inequality,

sup (1) Nl o + ICO"0(D)]3 1 ) < Mo+ T P( sup_ E(t)).
t€[0,7) t€[0,T

According to Proposition [A3]

sup || divo(t)||2 < My +T P( sup E(t)),
t€(0,7) t€[0,T
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from which it follows that

sup [[¢*divu(t)||3 g+ < Mo+ T P( sup E(t)).
t€[0,T] ’ t€[0,T]

Hence, the normal trace estimate (A.6)) shows that
sup <\C54v(t) N2, BO) < My+TP(sup E(t)),
t€[0,T 2’ te[0,T]
from which it follows that
sup (16On(t) - N o + |CO0() - Niff 5 o) < Mo +T P( sup E(t)).
te[0,7) t€[0,1]
]
Combining Proposition [A.4 with the curl estimates in Proposition[A.2]and the divergence

estimates in Proposition for n(t) and v(t) and using (A.7) together with the fact that

vy = —AT Dgq provides us with the following
THEOREM A.1. Suppose that the initial pressure py satisfies g—ﬁ, <0 onT and that E(0) <
oo. For T taken sufficiently small and for a polynomial function Ps,

sup ([n()15.0 + o0+ [ culy o) 50 + lve®)l350) < Mo+T Pa( sup E(t)).
te[0,T] te[0,T]

Moreover % <0 onT(t) forte|0,T].
(The rigorous construction of solutions to this problem was established in [I4] using an

approximation scheme founded on the idea of horizontal convolution-by-layers.) We next
show that our solutions are continuous in time.

THEOREM A.2 (Continuity in time). The solution satisfies
n € C([0, T H**(Q)), v e C([0,T]; HY()), curlyv € C([0,T]; H>*(Q)), v € C((0,T); H**(2)) .

Proof. Tt follows immediately from Theorem that

n e C([0,T]; H*()), v e C([0,T); H**(R)), curl,v € C([0,T]; H*(Q)), v € C([0,T]; H*(2)) .
(A.29)

Furthermore, by the same argument used to establish (8.13)) and (8.14), it follows that
n € C((0,T]; H*(Q)-w), v e C([0,T]; H(2)-w)
curl, v € C([0, T]; H**(Q)-w) , v, € C([0, T]; H**(Q) -w), (A.30)

the notation H*(Q2)-w denoting the weak topology. Thus, it suffices to prove continuity of
the norms

[n@)llas, lo@)lla; lve ()]s, and || curl, v(t)ls5 -

For h > 0 we define the horizontal difference quotient
- 1

Ay = 7 (u(- + hey) —u(+) ,(i=1,2),
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and we proceed as in (A.27), using 0"0° in place of 9*. The same energy estimate then
yields

& (10" P o) e + IV =TN D" Pnt) ()l o) < C (DI 5 + [ (0)]3)
With Fp(t) := ||C5h537)l(t)H(2)7B+ and Gy (t) = [(/—¢,n0" (1) 'nl(m)%’Bo, we have
that
% [Fa(t) + Gu(®)] < C (Iln()|35 + [lv(@)]IF) -

Integrating from ¢t to t +J, 0 < § < 1, and setting Hj, := Fp + Gn, we see that

[Hn(t + 8) — H(D)] < 5C M.
Since the bounds are independent of h > 0, we see that

|H(t +0) — H(t)| < ICMy. (A.31)

where H = F 4+ G, and F(t) := ]\(54v(t)\|(2)73+ and G(t) := |C\/—q,n0* (1) - n(n)l%m
Hence, t — H(t) is uniformly Lipschitz continuous for ¢ € [0,7]. Consider the product
topology on the Hilbert space X := L?(B*) x L*(B°), with norm ||(f, 9)||3 = ||f||%2(B+) +

I g||%2 (8O- The convergence in the norm given by |j together with the continuity into

the weak topology, given by (A.30)), show that (¢0%v, (/=g n0*n-n(n)) are continuous into
X. We sum over all boundary charts; thanks to (A.29) and the elliptic estimate (A.21]),

q € C([0,T); H*(Q)), from which it follows that
d*v € C°([0,T; L*(Q)) and &% - n(n) € C°([0, T]; H*(T)).

In order to prove that [[n(t)|las is continuous for each t € [0,T], we will rely on the
Lagrangian divergence and curl identities which we established earlier. From equations

and , we see that

|| curl, Dn(t + h) — curl,, Dn(t)||2.s < ChMy,
so that curl, Dn(t) € CO([0,T]; H*(£2)). Similarly, from ,

|| div,, Dn(t + h) — div, Dn(t)|l2.5 < ChMy,

so that div, Dn(t) € C°([0,T7]; H*(12)).
It follows that for each [ =1, ..., K,

Cllflnl(C152771) e C%o,T); H5(BT)),
divy, (G0%m) € C°([0,T); H(B")),
Q0% - my(m) € CO([0,T]; H*(BY)).

We let w; = 9*non~! denote the Eulerian counterpart to 9?7, so that w;(-,t) : (BT, t) —
R3. Then, by the chain-rule, we see that, due to the continuity provided by (A.29)

curlw; € C°([0,T); H5 (m(B™, 1)),
divw, € C°([0, T); H (n (BT, 1)),
wy -y € C°(0,T); H*(mi(B°,1)) .

)
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We may then infer from Proposition that
wy € CO[0, T); H*(m(B*, 1)),

with bound depending only on n; € C°([0, T]; H*>?(BY)). It follows that for each l = 1, ..., K,
0%n, € C°[0,T); H*?(B™)). It follows that 92Dn; € CY([0,T); H'-5(B*)), and hence the
trace satisfies Dy € C°([0,T]; H3(B)). Summing over [ = 1,..., K, we see that

Dn € C°([0,T); H3(T)).
Therefore, we have the following elliptic system:
curl, (Dn) € C°([0,T); H*(Q)),
div, (Dn) € C°([0,T); H**Q)),
Dy e C°([0,T); H(T)).
Setting W = Dnon~ !, and using the fact that n € C°([0, T]; H*(£2)) we see that
curl W € C°([0, T); H**(Q(1)),
divv € G0, T]; H*(Q(t)),
W e CO([0, T); H3(T(t)) -
Elliptic estimates then show that

W e CO((0, T]; H*3(Q(1))

with a bound that depends on n € C°([0,T]; H*(Q)) (but not on |7(¢)|ls5). In turn,
Dn € C°([0,T); H3(9)), and hence

ne [0, T]; H(Q)).

Analogously, we find that v € C°([0,T]; H*(2)), which by elliptic estimates shows that
q € C°([0,T]; H*5(€)). The momentum equation then shows that v; € C°([0, T]; H>*(Q)).
g
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