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Abstract

The classical one-phase Stefan problem describes the temperature distribution in
a homogeneous medium undergoing a phase transition, such as ice melting to
water. This is accomplished by solving the heat equation on a time-dependent
domain whose boundary is transported by the normal derivative of the temper-
ature along the evolving and a priori unknown free-boundary. We establish a
global-in-time stability result for nearly spherical geometries and small temper-
atures, using a novel hybrid methodology, which combines energy estimates,
decay estimates, and Hopf-type inequalities. (©) 2000 Wiley Periodicals, Inc.
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1 Introduction

1.1 The problem formulation

We consider the problem of global existence and asymptotic stability of classi-
cal solutions to the classical Stefan problem describing the evolving free-boundary
between the liquid and solid phases. The temperature of the liquid p(¢,x) and the
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2 M. HADZIC AND S. SHKOLLER

a priori unknown moving phase boundary I'(#) must satisfy the following system
of equations:

(1.1a) pr—Ap=0 in Q(t);
(1.1b) V([(t)) = —dwp  on T'(t);
(1.1¢) p=0 on I'(¢);
(1.1d) p(0,:) = po, Q(0) =Qo.

For each instant of time ¢ € [0, T], Q(t) is a time-dependent open subset of R with
d>2,and I'(t) := dQ(r) denotes the moving, time-dependent free-boundary.

The heat equation (1.1a) models thermal diffusion in the bulk Q(z) with thermal
diffusivity set to 1. The boundary transport equation (1.1b) states that each point on
the moving boundary is transported with normal velocity equal to —d,p = —Vp-n,
the normal derivative of p on I'(¢). Here n denotes the outward pointing unit normal
to I'(¢), and 7/ (I'(¢)) denotes the speed or the normal velocity of the hypersurface
I'(¢). The homogeneous Dirichlet boundary condition (1.1¢) is termed the classical
Stefan condition and problem (1.1) is called the classical Stefan problem. It implies
that the freezing of the liquid occurs at a constant temperature p = 0. Finally, we
must specify the initial temperature distribution pg : Qo — R, as well as the initial
geometry Q. Because the liquid phase Q(t) is characterized by the set {x € RY :
p(x,t) > 0}, we shall consider initial data py > 0 in Qp. Problem (1.1) belongs
to the category of free boundary problems which are of parabolic-hyperbolic type.
Thanks to (1.1a), the parabolic Hopf lemma implies that d,p(¢) < 0 on I'(¢) for ¢ >
0, so we impose the non-degeneracy condition or so-called Taylor sign condition

(1.2) —dypo>A >0 on I'(0)

on our initial temperature distribution. Under the above assumptions, we proved in
HadZi¢ & Shkoller [29] that (1.1) is indeed well-posed.

1.2 The reference domain Q and the dimension
For our reference domain, we choose the unit ball in R? given by
Q=B(0,1):={xcR?: |x| < 1},

with boundary I' = S! := {x € R? : |x| = 1}. We shall consider initial domains Q
whose boundary I'y is a graph over the reference boundary I'. In order to simplify
our presentation, we consider evolving domains Q(¢) in R?, but as we shall explain
in Section 5, our methodology works equally well in any dimension d > 2.

Our choice of the reference domain € follows from two considerations. First,
we need employ only one global coordinate system near the boundary I', rather than

I This type of stability condition dates back to the early work of Lord Rayleigh [46] and Taylor
[48] in fluid mechanics, and appears as a necessary well-posedness condition on the initial data in
many free-boundary problems wherein the effects of surface tension are ignored; examples include
the Hele-Shaw cell, the water waves equations [50], and the full Euler equations in both incompress-
ible [15] and compressible form [18, 17].
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a collection of local coordinate charts that a more general domain would necessi-
tate, and the use of one coordinate system greatly simplifies the presentation of our
energy identities, that provide very natural estimates for the second-fundamental
form of the evolving free-boundary I'(¢). Second, we shall need quantitative Hopf-
type inequalities in order to bound the term defined in (1.2) from below, and such
estimates are available in a particularly satisfying form in the case of the nearly
spherical domains, thanks to the explicit construction of comparison functions in
ODDSON [41].

1.3 Notation
For any s > 0 and given functions f: Q — R, ¢ : I' — R we set

£l := I/ 1les(@) and @]y := (@] (r)-

H*(Q)’ shall denote the dual space of H*(Q), while on the boundary, H*(T') =
H=S(T). If i = 1,2 then f,;:= d,.f is the partial derivative of f with respect to x'.
Similarly, f,;j:= d,id,; f, etc. For time-differentiation, f; := d; f. Furthermore, for
a function f(¢,x), we shall often write f(¢) for f(¢,-), and f(0) to mean f(0,x).
We use d := 7 -V to denote the tangential derivative, so that

éf = a@fﬁ ékf = agfa

where 6 € [0,27) denotes the angular component in polar coordinates. The Greek
letter a will often be reserved for multi-indices a = (@1, a2), with 9% := 919
and |a| = o) + . The identity map on Q is denoted by e(x) = x, while the identity
matrix is denoted by Id. We use C to denote a universal (or generic) constant that
may change from inequality to inequality. We write X <Y to denote X < CY. We
use the notation P(-) to denote generic real polynomial function of its argument(s)
with positive coefficients. The Einstein summation convention is employed, indi-
cating summation over repeated indices. The L>-inner product on Q is denoted by

('7')L2'

1.4 Fixing the domain

We transform the Stefan problem (1.1), set on the moving domain Q(z), to an
equivalent problem on the fixed domain Q. For many problems in fluid dynam-
ics, the Lagrangian flow map of the fluid velocity provides a natural family of
diffeomorphisms which can be used to fix the domain, but for the classical Stefan
problem, we use instead (in the parlance of fluid dynamics) the so-called Arbitrary
Lagrangian-Eulerian (ALE) family of diffeomorphisms; these ALE maps interpo-
late between the Lagrangian and Eulerian representations of the equations. For
this problem, we choose a simple type of ALE map, consisting of harmonic coor-
dinates, also known as the harmonic gauge.
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The diffeormorphism ¥(r)

We represent our moving domain Q(7) as the image of a time-dependent family
of diffeomorphisms ¥(¢) : Q — Q(z). In order to define these diffeomorphisms,
we let i(t,-) : T — R denote the signed height function whose graph (over I') is the
set ['(t). For & € ' =S!, we define the map

Y(1,6) =(1+h(t,8))5 =R(1,6)¢
which is a diffeomorphism of I" onto I'(z) as long as h(f) remains a graph. The
outward-pointing unit normal vector n(t,-) to the moving surface I'(r) is defined
by
(no¥)(r,6) = (RE)g/I(RE)g .
We shall henceforth drop the explicit composition with the diffeomorphism ¥, and
simply write
n(1,) = (RE)g/|(RE)g]|
for the unit normal to the moving boundary at the point ¥(z,&) € I'(¢).

Introducing the unit normal and tangent vectors to the reference surface I" as
(1.3)
N:=§, 1:=&p orequivalently N(6)=(cos0,sinf), 7T(0)=(—sin6,cosH),

we write the unit normal to I'(z) as

RN —h
(1.4) n(t,&) = ~—20°
\/R2+R3
The evolution of A(t) is then given by
h
(1.5) I =v-N(§)— F"v.r(e).

Assuming that the signed height function A(z,-) is sufficiently regular and re-
mains a graph, we can define a diffeomorphism ¥ : Q — Q(r) as the elliptic exten-
sion of the boundary diffeomorphism & — (1+h(&,7))&, by solving the following
Dirichlet problem

A¥Y =0 in Q,
(1.6) W(1,8) =R(t,§)E EcT.

Since the identity map e : Q — Q is harmonic in Q and ¥ — e = h€ on T, standard
elliptic regularity theory for solutions to (1.6) shows that

(1.7) W — el (o) < Cllhllgs-05(r), s> 0.5,

so that for A(¢) sufficiently small and s large enough, the Sobolev embedding theo-
rem shows that V¥(¢) is close to the identity matrix Id, and by the inverse function
theorem, each ¥(¢) is a diffeomorphism.
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The temperature and velocity variables on the fixed domain Q

First we introduce the velocity variable u = —Vp in Q(¢). Next, we introduce
the following new variables set on the fixed domain Q:

g=po¥ (temperature),
v=uoW¥ (velocity),

w=Y, (extension of boundary velocity vector),
A= [D¥]™' (inverse of the deformation tensor),
J=detD¥Y  (Jacobian determinant),

a=JA (cofactor matrix of the deformation tensor).

The relation u = —Vp is then written as V' —i—Aé‘q,k =0 for i = 1,2. By the chain
rule,
G =po¥P+(Vpo¥) ¥, =po¥—v-w,
and .
Apo¥ = Ayq := Al (Afq ), -

Letting i = J ' (R*> + R%)%n, we see that

(1.8) fii(t,x) = A} (£, x)Ni (),

and equation (1.5) can be written as h, = v-7i/R;, where R; = RJ~!. Note that
R;=RJ'=(1+h)J 'isverycloseto I.

The classical Stefan problem set on the fixed domain Q

The classical Stefan problem on the fixed domain € is written as

(1.9a) g —Al(Afq ), = —v- W, in (0,7]xQ,
(1.9b) Vi+ Al =0 in [0,7] x Q,
(1.9¢) g=0 on [0,7]xT,
(1.9d) he=v-N—(1+h)'hgv-T on (0,T]xT,
(1.9¢) AY =0 on [0,T] x Q,
(1.9f) Y= (14+h)N on [0,7]xI"
(1.9g) g=¢qo>0 on {t=0}xQ,
(1.9h) h=ho on {t=0}xT,

where the initial boundary d€ is given as a graph over Q with the initial height
function hy, i.e. 9Qo = {x € R?, x=(1+ho(&))&, & € S'}. Note that & = ¥(0) :
Q — Qy is a near identity transformation, mapping the reference domain Q onto the
initial domain €. The initial temperature function g¢ equals pgo ®. Problem (1.9)
is a reformulation of the problem (1.1).

Henceforth, without loss of generality, we shall assume that the initial domain
Qy is the unit ball B (0) or in other words Ay = 0. In this case, we set ® = ¢, where
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e : Q — Q is the identity map, and ¥(¢)|,—o = e. In Section 5, we will explain the
minor modification required when %o # 0, as well as the case that the dimension
d=3.

Observe that the boundary condition (1.9d) implies that

(1.10) Y, -n(t) =v-n(t) on [0,T] xT sothat ¥(¢)(T') =TI(r).

The energy and dissipation functions

Near I' = 9Q, it is convenient to use tangential derivatives d := dg with 6
denoting the polar angle, while near the origin, Cartesian partial derivatives d,, are
natural. For this reason, we introduce a non-negative C* cut-off function u : Q —
R with the property

ux)=0 if |x| <1/2; px)=1 if 3/4<[x| <1.

Definition 1.1 (Higher-order norms). The following high-order energy and dissi-
pation functionals are fundamental to our analysis:

&) =&(q,h)(1)

1 - 1 =6 1 - -
=3 Y lu'?0 9,bV\|i;+§Z\(—8Nq)l/2RJ i Zbaf’hliﬁi Y u'? (0% g+ v) |7
a+2b<5 b=0 a+2b<6
(1.11)
1
g Y M- P0dfviG 45 X -1 (0690q + 9ad ¥ -v) I,
G|+2b<5 G|+2b<6
and

9(t) = Z(q,h)(1)

—_ 2 —_ - -
= Y P3O+ Y I(~ovg) PRI I+ Y In (399 g+ 3490, ) I

a+2b<6 ’ b=0 ’ a+2b<5 ’
(1.12)

Y 0w Lt Y (- 1) (3a0b g+ a0l V)12

|&|+2b<6 |&|+2b<5

Note that the boundary norms of the height function are weighted by /—dyg.
We thus introduce the time-dependent function

x(1) := inf(=dq)(t,x) >0,

which will be used to track the weighted behavior of 4. We will show that & is
indeed equivalent to

3 3
IZO H a/q”%{(ﬁfﬂ(g) + %(t> IZO ’atlh‘%ﬁ*z’(l") ’
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and that & is equivalent to

2 2
HQH;%J&S(Q) + IZ, 10/ ”%15—21(9) +x(t) IZ, |8tl+1h|§15,2,(r).
=0 =0
The elliptic operator in the parabolic equation (1.9a) for ¢ has coefficients that

depend on A = [DW¥]~!, which in turn depend on &; hence, the regularity of g is
limited (and, in fact, determined) by the regularity of / on the boundary I'. Since
the regularity of 4 is given by norms which are weighted by the factor x (¢), a naive
application of elliptic estimates would thus lead to the crude bound

9
L.13) dlles oS e
( H tqn6.5 21 X(t)

which could a priori grow in time. However, by using the fact that lower-order
norms of g have exponential decay (in time), estimate (1.13) can be improved to
yield

(1.14) lgllgs + 10/ a5 2 S e "E+2, 1=0,....2

for some positive constant ¥ > 0. This is one of the essential ingredients of our
analysis, as (1.14) will be used to control error terms arising from higher-order
energy estimates in Section 3.

In order to capture the exponential decay of the temperature g, we introduce the
lower-order decay norms:
(1.15)

2 1 2
Bp(0)i=e( 1 10400 i+ B 190 ag): - D0O= B 10400 s o0

with the constant 8 denoting a positive real number given by
(1.16) B:=214—n,

where A, is the smallest eigenvalue of the Dirichlet-Laplacian on Q = B;(0) and 1
is a small positive constant related to the size of the initial data, which will be made
precise below. Note that the smallness of Eg in particular implies an exponential

decay (in time) estimate for the H*-norm of the temperature g(t).

Taylor sign condition or non-degeneracy condition on g

With respect to go = po o P, condition (1.2) becomes infycr[—dyqo(x)] > A >0
on I'. For initial temperature distributions that are not necessarily strictly positive
in Q, this condition was shown to be necessary for local well-posedness for (1.1)
(see [29, 40, 42]). On the other hand, if we require strict positivity of our initial
temperature function?,

(1.17) go>0 inQ,

2 Condition (1.17) is natural, since it determines the phase: Q(t) = {q(t) > 0}.
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then the parabolic Hopf lemma (see, for example, [21]) guarantees that —dyq(t,x) >
0 for 0 <t < T on some a priori (possibly small) time interval, which, in turn,
shows that & and & are norms for ¢ > 0, but uniformity may be lost as t — 0. To
ensure a uniform lower-bound for —dyq(¢) as t — 0, we impose the Taylor sign
condition with the following lower-bound?:

(L18) — g ZC/QQO ¢1dx,

Here, ¢ is the positive first eigenfunction of the Dirichlet-Laplacian, and C > 0
denotes a universal constant. The uniform lower-bound in (1.18) thus ensures that
our solutions are continuous in time; moreover, (1.18) allows us to establish a time-
dependent optimal lower-bound for the quantity x (1) = infyer(—dng)(f,x) > 0 for
all time ¢ > 0, which will be crucial for our analysis.

Compatibility conditions

The definition of our higher-order energy function &, restricted to time ¢ = 0,
requires an explanation of the time-derivates of g and 4 evaluated at r = 0. Specif-
ically, the values g;|;—0, qs|i—0, h¢|i—0 and hy;|;—o are defined via space-derivatives
using equations (1.9a) and (1.9d). To ensure that the solution is continuously dif-
ferentiable in time at ¢t = 0 we must impose compatibility conditions on the initial
data (such conditions are, of course, only necessary for regular initial data). By
restricting the equation (1.9a) to the boundary at time # = 0 and using the fact that
¢:(0) = 0 on T and that A¥|,_y = 8F, where 8 denotes the Kronecker delta which
equals 1 if kK = i and 0 otherwise, we obtain the first-order compatibility condition

(1.19) Ago = (dvgo)* onT.

Upon differentiating (1.9a) with respect to time, and then restricting to I" at t =0
and using (1.19), we arrive at the second-order compatibility condition

(1.20) A%qo = A|Inqo|* + 20N (Aqo — |Ingo|?) Ingo — 2|dwngo|* on T,

where we have used that /,(¢,0) = v-[N(0) — t(0)he(1+h)~1].

We note that our functional framework only requires specification of two higher-
order compatibility conditions (the condition gy = 0 on I" being the zeroth-order
condition).

Main result

Our main result is a global-in-time stability theorem for solutions of the clas-
sical Stefan problem for surfaces which are nearly spherical and for temperature

(1+ho)E—dghoT

v/ (1+ho)?+0eh2

3 When ho # 0, the unit normal to the initial surface I'y is given by N = where

& = (cos0,sin6) and T = (—sinH,cos 6).
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fields close to zero. The notion of “near” is measured by our energy norms as well
as the dimensionless quantity

_ llqolls

(1.21) = .
llgollo

as expressed in the following

Theorem 1.2. Let (qo,ho) satisfy the Taylor sign condition (1.18), the strict posi-
tivity assumption (1.17), and the compatibility conditions (1.19), (1.20). Let K be
defined as in (1.21). Then there exists an & > 0 and a monotonically increasing
function F : (1,00) — R, such that if

2
&

(1.22) &(qo,ho) < F(K)’

then there exist unique solutions (q,h) to problem (1.9) satisfying

sup &(q(r),h(r)) < Cej,

0<r<oo

for some universal constant C > 0. Moreover, the temperature q(t) — 0 as t — o
with bound

l4ll7s 0y < CeP",

where B =211 — O(&y) and A is the smallest eigenvalue of the Dirichlet-Laplacian
on the unit disk. The moving boundary T'(t) settles asymptotically to some nearby
steady surface T and we have the uniform-in-time estimate

sup |h—holas SV

0<t<eo

Remark 1.3. The increasing function F(K) given in (1.22) has an explicit form.
For generic constants C,C > 1 chosen in Sections 3 and 4 below,

(1.23) F(K) := max{8K*°K’ C'0(Ink)'0K20Ch}.

Remark 1.4. The use of the constant K in our smallness assumption (1.22) allows
us to determine a time T = Tx when the dynamics of the Stefan problem become
strongly dominated by the projection of g onto the first eigenfunction ¢; of the
Dirichlet-Laplacian. Explicit knowledge of the K-dependence in the smallness
assumption (1.22) permits the use of energy estimates to show that solutions exist
in our energy space on the time-interval [0, Tx]. For t > Tk, certain error terms (that
cannot be controlled by our energy and dissipation functions for large ¢) become
sign-definite with a good sign.
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1.5 A brief history of prior results on the Stefan problem

There is a large amount of literature on the classical one-phase Stefan problem.
For an overview we refer the reader to FRIEDMAN [23], MEIRMANOV [40] and
VISINTIN [49]. First, weak solutions were defined by KAMENOMOSTSKAYA [32],
FRIEDMAN [22], and LADYZHENSKAYA, SOLONNIKOV & URAL’CEVA [38]. For
the one-phase problem studied herein, a variational formulation was introduced
by FRIEDMAN & KINDERLEHRER [24], wherein additional regularity results for
the free surface were obtained. CAFARELLI [5] showed that in some space-time
neighborhood of points xy on the free-boundary that have Lebesgue density, the
boundary is C' in both space and time, and second derivatives of temperature are
continuous up to the boundary. Under some regularity assumptions on the tem-
perature, Lipschitz regularity of the free boundary was shown by CAFARELLI [6].
In related work, KINDERLEHRER & NIRENBERG [35, 36] showed that the free
boundary is analytic in space and of second Gevrey class in time, under the a priori
assumption that the free boundary is C' with certain assumptions on the temper-
ature function. In [7], CAFFARELLI & FRIEDMAN showed the continuity of the
temperature in d dimensions. As for the two-phase classical Stefan problem, the
continuity of the temperature in d dimensions for weak solutions was shown by
CAFFARELLI & EVANS [8].

Since the Stefan problem satisfies a maximum principle, its analysis is ideally
suited to another type of weak solution called the viscosity solution. Regularity of
viscosity solutions for the two-phase Stefan problem was established by ATHANA -
SOPOULOS, CAFFARELLI & SALSA in a series of seminal papers [3, 4]. Existence
of viscosity solutions for the one-phase problem was established by Kim [33], and
for the two-phase problem by KiM & POZAR [34]. A local-in-time regularity result
was established by CHOI & KIM [11], where it was shown that initially Lipschitz
free-boundaries become C' over a possibly smaller spatial region. For an exhaus-
tive overview and introduction to the regularity theory of viscosity solutions we
refer the reader to CAFFARELLI & SALSA [9]. In [37], KOCH showed by the use
of von Mises variables and harmonic analysis, that an priori C! free-boundary in
the two-phase problem becomes smooth.

Local existence of classical solutions for the classical Stefan problem was es-
tablished by MEIRMANOV (see [40] and references therein) and HANZAWA [30].
Meirmanov regularized the problem by adding artificial viscosity to (1.1b) and
fixed the moving domain by switching to the so-called von Mises variables, obtain-
ing solutions with less Sobolev-regularity than the initial data. Similarly, Hanzawa
used Nash-Moser iteration to construct a local-in-time solution, but again, with de-
rivative loss. A local-in-time existence result for the one-phase multi-dimensional
Stefan problem was proved by FROLOVA & SOLONNIKOV [26], using LP-type
Sobolev spaces. For the two-phase Stefan problem, a local-in-time existence result
for classical solutions was established by PRUSS, SAAL, & SIMONETT [42] in the
framework of L”-maximal regularity theory.
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In a related work, local existence for the two-dimensional two-phase Muskat
problem (with varying viscosity and density) was proved by CORDOBA, CORDOBA
& GANCEDO [13] and in three dimensions in [14]. Their methods rely on a
boundary-integral formulation for the Muskat problem, together with the Taylor
sign condition. In a subsequent work [12], various global existence results were
established. An overview can be found in [10].

As to the Stefan problem with surface tension (also known as the Stefan prob-
lem with Gibbs-Thomson correction), global weak solutions (without uniqueness)
were given by ALMGREN & WANG, LUCKHAUS, and ROGER [2, 39, 47]. In
FRIEDMAN & REITICH [25] the authors considered the Stefan problem with small
surface tension, i.e. with 0 < 1, whereby (1.1c) is replaced by v = ok, K denoting
mean curvature of the boundary. Local existence of classical solutions was studied
by RADKEVICH [45]; ESCHER, PRUSS, & SIMONETT [20] proved a local exis-
tence and uniqueness result for classical solutions under a smallness assumption
on the initial height function close to the reference flat boundary. Global existence
close to flat hyper-surfaces was proved by HADZIC & GUO in [28], and close to
stationary spheres for the two-phase problem in HADZIC [27] and PRUSS, SIMON-
ETT, & ZACHER [43].

In order to understand the asymptotic behavior of the classical Stefan problem
on external domains, QUIROS & VAZQUEZ [44] proved that on a complement
of a given bounded domain G, with non-zero boundary conditions on the fixed
boundary dG, the solution to the classical Stefan problem converges, in a suitable
sense, to the corresponding solution of the Hele-Shaw problem and sharp global-
in-time expansion rates for the expanding liquid blob are obtained. Moreover, the
blob asymptotically has the geometry of a ball. Note that the non-zero bound-
ary conditions act as an effective forcing which is absent from our problem and
the techniques of [44] do not directly apply. Since the corresponding Hele-Shaw
problem (in the absence of surface tension and forcing) is not a dynamic problem,
possessing only time-independent solutions, we are not able to use the Hele-Shaw
solution as a comparison problem for our problem.

A global stability result for the two-phase classical Stefan problem in a smooth
functional framework was also established by MEIRMANOV [40] for a specific (and
somewhat restrictive) perturbation of a flat interface, wherein the initial geometry
is a strip with imposed Dirichlet temperature conditions on the fixed top and bot-
tom boundaries, allowing for only one equilibrium solution. A global existence
result for smooth solutions was given by DASKALOPOULOS & LEE [19] under
the log-concavity assumption on the initial temperature function, which in light of
the level-set reformulation of the Stefan problem, requires convexity of the initial
domain (a property that is preserved by the dynamics).

In [29], we established the local-in-time existence, uniqueness, and regularity
for the classical Stefan problem in L? Sobolev spaces, without derivative loss, using
the functional framework given by (1.11) and (1.12). This framework is natural,
and relies on the geometric control of the free-boundary, analogous to that used in
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the analysis of the free-boundary incompressible Euler equations in COUTAND &
SHKOLLER [15, 16]; the second-fundamental form is controlled by a a natural co-
ercive quadratic form, generated from the inner-product of the tangential derivative
of the cofactor matrix a, and the tangential derivative of the velocity of the moving
boundary, and yields control of the norm [-(—dyq(t))|0* h|*>dx’ for any k > 3. The
Hopf lemma ensures positivity of —dyg() and the Taylor sign condition on ¢¢ en-
sures a uniform lower-bound as ¢ — 0; on the other hand, —dyq(t) — 0 as t — eo,
and so an optimal lower-bound for (—dyq(t)) for large 7 is essential to establish a
global existence and stability theory.

We remark that global stability of solutions in the presence of surface tension
(see, for example, [28, 27, 43]) does not require the use of function framework with
a decaying weight, such as —dyq(t). In this regard, the surface tension problem is
simpler for two important reasons: first, the surface tension contributes a positive-
definite energy-contribution that is uniform-in-time, and provides better regularity
of the free-bounary (by one spatial derivative), and second, the space of equilibria
is finite-dimensional and thus it is easier to understand the degrees-of-freedom that
regulate the asymptotic state of the system, given the initial conditions.

1.6 Methodology and outline of the paper

Our present work builds on our new energy method for the Stefan problem that
we developed in [29]. We obtain global and uniform control of the geometry of the
free-boundary by controlling the weighted boundary-norm sup,c(o 71 [/ % ()hll6
for all + > 0. We are thus able to track the location of the moving free-boundary
and measure its deviation from the initial state; this geometric control is strongly
coupled to, and dependent upon, the exponential-in-time decay of the temperature
function to zero.

There exist infinitely many steady states for the classical Stefan problem: for
any sufficiently smooth hypersurface I' € R¢, the pair (p,T') = (0,I") forms an equi-
librium solution of the Stefan problem (1.1). This abundance of possible attractors
for the long-time behavior of the solution I'(¢) creates a conceptual difficulty in
approaching the question of “asymptotic” convergence.

We address the temporal asymptotics by requiring our initial surface to be
a small perturbation of the reference sphere. We use the energy spaces intro-
duced in [29]; moreover, we do not expect to observe any decay for the height
of the moving surface in this norm. Rather, given the expectation that the solu-
tion does converge to some nearby shape (so that 4 remains small), we expect
the temperature ¢(z) to converge to zero exponentially fast, since it is a solution
of the nonlinear heat equation (1.9a). Returning to the definition of the energy
space & given in (1.11), we immediately encounter a potential problem for global-
in-time estimates; specifically, the coefficient —dyq(t) in the energy expression
Jr(—=9ng(t))|0°h|>d8 is also expected to decay as t — oo and it is a priori unclear
how to uniformly-in-time control the regularity of the boundary height function 4.
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To understand the relationship between the decay of ¢(¢) and the smallness of &,
we will analyze the dynamics in three different and coupled regimes.

High-order energy estimates

We do not expect the height function A(z) to decay to 0 as ¢ — oo; rather, we
expect A(t) to remain close to the initial height function 4. Assuming, without loss
of generality, that g = 0, to guarantee the smallness of 4 — hy = h we will prove
that

sup &(s) + /0 " D(s)ds < £(0)+ sup P(Ep) &(s)+ 6 /0 " 9(s)ds

0<s<t 0<s<t

t
(1.24) < £(0)+0(gy) sup &E(s)+8 / P(s)ds,
0<s<t 0
where P is some polynomial function of the low-norm Eg. The above estimate
yields an a priori bound on & if €, § and &(0) are sufficiently small.
However, to close the higher-order energy estimates and thus obtain (1.24), we
must contend with a very problematic integral (or error term) given by

T -
/::—/ /8Nq,|86h|2d9dt.
0 JU

Driven by intuition from the linear heat equation, we expect dyg; to decay exactly
as fast as —dyg. Comparing .4 to the energy contribution [(—dyq)|d®h|? above,
we note that .4 cannot be controlled by &, as it is the same order as &. Hence,
to bound .4, we prove that after a sufficiently long time has elapsed, the quantity
dnq; turns strictly positive and hence .4 can be bounded from above by zero. In
Lemma 4.2 we will quantify the meaning of “sufficiently long” time t = Tx from
the previous sentence, expressing it as a function of the ratio K = ||qo||4/1/¢o||o-

More precisely, we break the total time interval into a (possibly long) transient
interval [0, Tx] and [Tk, o). On the transient time-interval [0, Tx| we do treat .4 as
an error term, and by choosing &(0) sufficiently small, a straightforward applica-
tion of a Gronwall-type inequality verifies that the interval of existence is greater
than Tk, as explained in our proof of the main theorem (given Section 4.4). The
bound for .4 grows exponentially with time, and as such, cannot be used to estab-
lish global-in-time estimates. Instead, a significantly more refined analysis is em-
ployed on the time-interval [Tk, o), wherein we prove in Lemma 4.2 the negativity
of A for t = Tx and then use a maximum principle-type argument to guarantee
the negativity for all # > Tk.

Exponential decay-in-time of the temperature function ¢

The last inequality in (1.24) holds only if Ep itself remains small; in fact we
will prove that as t — oo, ||g(¢)||3 has the nearly optimal decay rate

(125) e—(2/’\41—c€0)l’



14 M. HADZIC AND S. SHKOLLER

where A; denotes the smallest eigenvalue of the Dirichlet-Laplacian on the unit
disk. Moreover, the parabolic estimate we prove, will be roughly of the form

3 e—ﬁt/Z

. < —

(1.26) \Ep +D_C(80+HQO||4%(t)1/2)D,

where the norms Eg and D have been defined in (1.15). A nice consequence of

.. . . —pt/2 . .
our analysis is that the potentially growing term, %)Z//z, in fact remains small and

decays in time. Next, we explain why this is true.

Lower bound for the velocity of the free boundary

We may think of the presence of the denominator W in the estimate (1.26)
as a possible obstruction to controlling the regularity of /4 and thus potentially pre-
venting uniform ellipticity bounds for the parabolic operator (1.9a). To deal with
this issue, we need a quantitative lower bound on the decay rate of (7). Moreover,
this lower bound has to favorably compare to the size of e B/, With some extra
work, such a Hopf-type inequality is implied by a result of Oddson [41], which

leads to the lower-bound
(1.27) x(@) = cre”hitea)r

where ¢ > 0 denotes a generic constant, and as before ¢; = [, qo@; is the first
coefficient in the eigenfunction expansion of the initial datum go with respect to
the L2-orthonormal eigenbasis of the Dirichlet-Laplacian on the unit disk. Finally,
combining (1.25) and (1.27), we will show in Lemma 2.3, that for small initial
data,

1.28 PP e
(1.28) laolla 77  VEoe "
for some positive constant *.

The result of Oddson [41] relies on a good choice of a barrier function that,
combined with a maximum principle, allows for very precise information on the
decay rate. That choice is, however, only one possible choice of a comparison
function, and it is possible that there are different ones since [41] gives nearly
sharp decay rate only in a nearly radial regime. If nearly radial, it is possible
that in a viscosity or weak solution framework, one can use comparison principle
arguments to deduce that “no-thin tentacles” form (cf. [31] which is in spirit close
to [44], but again relies on presence of the forcing term) and the moving boundary
remains in an annulus of width O(g). To that end, but in absence of forcing, the
ideas from [4, 11, 44] may be very valuable - they would require a construction of
an adaptive family of comparison functions that yield precise decay rates as time
evolves. In forthcoming work, we plan to address the Stefan problem on arbitrary
domains diffeomorphic to the unit ball, as well as the case of the two-phase Stefan
problem. In both instances and not unrelated to the above discussion, we shall need
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a better, new choice of barrier functions related to the existence of so-called half-
eigenvalues for the extremal Pucci operators in order to get the sharp decay rates.
In particular, our approach is insensitive to the convexity properties of the initial
domain, but it requires sufficient regularity.

Another advantage of the techniques developed in this paper is that it provides
a general and robust framework for addressing the global stability questions for
related free boundary problems in fluid mechanics in absence of surface tension.

Plan of the paper

In Section 2, we introduce the bootstrap assumptions and obtain various a priori
estimates, that allow us to control low norms of the boundary function 4 as well as
the decaying low-norm Eg, and also establish the equivalence between the energies
and the norms as mentioned earlier in the introduction (Section 2.5). In Section 3,
we state energy identities and then perform the energy estimates. Finally in Sec-
tion 4, we prove the main theorem. In Section 5, we discuss the modifications
required for the analysis in three space dimensions, and for initial height functions
ho # 0. Appendix A is devoted to the proof of the energy identities stated in Sec-
tion 3. The very short Appendix B provides a simple proof for the upper bound of

ath.

2 Bootstrap assumptions and a priori bounds

Let us assume that the solution (g, k) to the Stefan problem (1.9) exists on some
time interval [0, 7], T > 0, which is guaranteed by [29]. With the positive constant
& < € < 1 to be specified later, we make the following bootstrap assumptions:

(2.1a)

t t
(smallness) sup &(s) +/ P(s)ds < €*, sup Eg(s) +/ D(s)ds < CEg(0),
0<s<T 0 0<s<T 0
(2.1b)
(lower-bound) x (1) = crethtn/2r

where we the definitions of &, 2, Eg, and D are provided in (1.11), (1.12), and (1.15),
respectively. With 8 given in (1.16), B = 24, — 1, the bootstrap assumption (2.1b)
can be written as x(t) > cje~ B/t Moreover, n > 0 is a fixed small constant
and it will be shown in the proof of the main theorem, Section 4.4, that 11 must
be chosen smaller than 1/+/CInK for some universal constant C. Note that since
Ep(0) < €%, (2.1a) implies the decay estimate ||q||3 < €%e~P'. Recall that the con-
stant ¢ in the estimate (2.1b) is defined as [, go(x) @1 (x)dx.

We now briefly explain the logic of the proof of global existence that will be
carried out in Section 4. If .7 is defined to be the maximal time at which the
solution (g, k) exists and satisfies the bootstrap assumptions, the first objective is to
show that the bootstrap assumptions (2.1a) and (2.1b) yield an improved smallness
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and lower-bound estimates at time .7 . If .7 were finite, by the local-in-time well-
posedness theory and continuity of our norms we can extend the solution to an
interval .7 + T*, while preserving the bootstrap assumptions (2.1a) and (2.1b),
thus arriving at contradiction to the definition of 7. Hence .7 must be infinite.

It remains to show that for € chosen small enough, the smallness and the lower-
bound estimates can indeed be improved. In Corollary 2.14 we will show that
the assumption (2.1b) is in fact improved, and in Lemma 4.1 we show that the
assumption on Eg + j;)TD in (2.1a) is also improved. Finally, in Section 4.4, we
will prove that the smallness of & + fé 2 assumed in (2.1a) is also preserved. Thus
the smallness regime introduced through (2.1a)—(2.1b) will be shown to remain
preserved by the dynamics of (1.9) for € > 0 chosen sufficiently small.

2.1 Poincaré-type inequality

Because the first eigenfunction ¢; of the Dirichlet-Laplacian is positive in €,
while the remaining eigenfunctions oscillate about zero, it will be necessary to
introduce a constant into our estimates which gives a measure of the initial temper-
ature distribution in the first mode of the dynamics. To this end, we will make use
of the following

Lemma 2.1. For k >3, let f € HY(Q)NHL(Q), f: Q — R" be a strictly posi-
tive function on the interior of Q. Let Q| be the first eigenvector of the Dirichlet-
Laplacian on the unit ball B{(0) = Q. Then there exists a universal constant C*
such that

9= ( [ 10e ) an) 11

Proof. We have that

2 f(x)
/Qf dxgr)lcne%(p](x)/gf(pldx.

Since —% (x) > ¢ > 0 for all x € T, the higher-order Hardy inequality (Lemma 1

in [18]) together with the Sobolev embedding theorem shows that

m s 5=

<Clfls
2

which proves the lemma. O

Corollary 2.2. Let gy € H*(Q) N HL(Q) with gy > 0 in Q. We consider the eigen-
function expansion qo = Y7, ¢jQ; of qo with respect to the L?-orthonormal basis
{@1,92,...} consisting of the Dirichlet-Laplacian eigenfunctions on the unit disk
B1(0) = Q. Then, if% < K, it follows in particular that

[

Sk, j=1,2,...
C1
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Lemma 2.3. If the bootstrap assumptions (2.1a), (2.1b) hold, then
Eé/z(t)efﬁtﬂ C1/2E(0)!/2¢ P12
x4V~ x(1)1/2
where Y = %—T[ > 0.

(2.2) <Vee M2

Proof. By (2.1b), we have that

Es()\Pe P2 B Ey(0)
12 =5 —(l/2+n/4 12
x ()Y e~ (M /2+n/4) C1/

< cﬂ/z% < CK|lqolly*e /> < CVee ™,
€
1/2 1 1/2
where we have used the fact that ¢,"" 2 =7 llqollo"” and [lqoll4 < Kllqollo. We
have also used the bound K ||q0||i/ * < C/E (since g < €), as well as the smallness
assumption (1.22) so that K||qo||zll/2 < Kegy/F(K)'/? < Ce. Note that y is explicitly
given by y:(g—n)>0, and that n < A4,/2. O

2.2 A priori bounds on &

Lemma 2.4 (Suboptimal decay bound for 4;). Under the bootstrap assumptions (2.1a)
and (2.1b), the following decay bound holds:

(2.3) hilas < g2

Proof. Differentiating equation (1.5), the Sobolev embedding theorem together
with the fact that 4 > 0 (by the maximum principle) show that

et S [vlwre 4[R2 [v]2 =+ [R]1]v]i| Al
Sl + al2vla + 1Al v ([l +¢ sup [l1),
0

<s<t
where we have used the fundamental theorem of calculus for the last inequality.

Using the bootstrap assumption (2.1a), we see that |v(z)| < e P, while thanks to
Lemma 2.3 and the fact that v/& < g < €,

vh _ VEs —Bt/2 —yt/2
hl2[vly SVl —= S =V &e See 2
|hl2|vl2 < Vx| Nl A%
Hence,
sup |hy | §£e7ﬁt/2+8e’7’/2(1+ sup |1),

0<s<t 0<s<t

and with € > 0 sufficiently small, we see that

(2.4) sup |h|1 SeeV?<e.
0<s<t
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Taking more derivatives of (1.5), the Sobolev embedding theorem shows that
fork=2,3,

he h@
1+h "3 h ‘7‘ ’
‘1+h‘k|V|L S e+ ol v]e+ Toh k|V|1

where we have again used the fact that 4 > 0. Since

he
2.5) Iyl < ‘7‘
@) il < We+ | 2| vl

‘1+h i Sl (T4 P(lhl-1)), k=2,3,

for some polynomial function P, and since |h[x < |holi +#Supg<,<, |/|x, We see
that

2.6 h 1+ P(t il ).

(2.6) |1+h\k~| st (T+P@OP( sup i)

We now use (2.6) and (2.5) to infer that

.7) el S Ik (T4 sup |hel2) + |alict [v]i (1+P(e)P( sup |h]2)),
0<s<t 0<s<t

where we have used |hg|; < supg<<, |i;]2. Interpolating between k =2 and k = 3
yields
(2.8) |ht‘25 |v|25(1+ Sup |ht| )+|h’2.5’\/‘1(1+P(Z)P( sup |ht|2))
0<s<t
and as above, Lemma 2.3 provides us with the inequality |4|5.5|v|; < ge~7/?, which
together with the bootstrap assumption (2.1a) shows that
sup flos S e P2 (14 sup |e|os) +ee ™2 (14+P(e)P( sup |hl2))

0<s<t 0<s<t 0<s<t

and therefore with € > 0 sufficiently small,

2.9) sup [f|os S ge P2 4 ee” (14 P( sup |ho)),

0<s<t 0<s<r
where the polynomial P(¢) has been absorbed in some universal constant due to the
exponentially decaying factor e~"/2. On the other hand, the inequality (2.7) with
k = 2 together with the estimate (2.4) shows that |/], < € so that with (2.9), we
conclude the proof. O

Remark 2.5. Note that the estimate (2.3) can be stated more precisely, by keeping
track of constant ¢ on the right-hand side, in which case,

(2.10) s < €2 fere M2,

The proof follows from the last line of the proof of Lemma 2.4 since Eg 0172 <
K?cy, due to the bound ||¢||s < K||go|| < K?c1. Note that v/€ on the right-hand side
of (2.2) can be replaced by ,/c; for the same reason.
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Lemma 2.6 (Smallness of the height function). Let ¢; = [, qo@idx and suppose
that the bootstrap assumptions (2.1a), (2.1b) hold. For € > 0 taken sufficiently
small,

(2.11) sup |(s)|ss S Ve,

0<s<t

while for lower-order norms,

(2.12) sup |h(s)]os < e and sup [h(s)]s < €2}/

0<s<t 0<s<t

Proof. Observe that
t
|hl35 <2 |h|25|h 25ds < sup |h(s)]2s |h l2sds S sup |h(s )!2‘5/ €'\ /ere "2,
0<s<t 0<s<t 0

where we have used (2.10) in the last bound. Taking the supremum over the time
interval [0,7] we deduce

sup |h(s)|2s S /2.

0<s<t
Using the well-known interpolation estimate (see, for example, [?])

_ m—k
(2.13) e IPAS, 0="— . I<k<m,
with k =3, 1 =2.5, m = 4, and the fact that | \/%9*h, |3 is bounded by &, we have
that

1/6
1/3 2/3 & 13,

< 82/3(:1/66—}%’

where)ﬁ:—%y—i—%(%—i—%) 6[3—1— > 0 (by definition, }/——f—n) As a
consequence,

t t
WS [ alils S sup [h(s)ls [ 1h(5)lads S & sup [h(s)l.
0 0<s<t 0 0<s<t

Upon taking the supremum over the inetrval [0,7], we finally have that

(2.14) sup |A(s)]3 Se.

0<s<t

We can now improve the decay result of Lemma 2.4, first for the quantity | /|-
Simply using the bound (2.14), exactly as in the proof of Lemma 2.4 , we infer the
improved estimate

(2.15) hela < vllas(1+ |R]3) < ere P2,
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As an immediate consequence, we obtain the smallness bound for sup,, |A(s)|4:

_ top_ tor
/ |0*n>do = / / 9*hd*h,d6 ds = / / 9%hd*h, d6 ds
r 0 JT 0 JOT

1/2

t _ L
6 2 < —Bs/2
< [ 18 HoIPnlods 5 | (spere ) ds

t
(2.16) < / e/cre P ds < e ey
0

Note that (2.16), in particular, implies the second bound in (2.12). Next, we es-
tablish the a priori smallness of supy—, |(s)|s5. Thanks to (2.16), we improve
the decay bound for |A|,5 in an analogous fashion to the improved decay esti-
mate (2.15) for |,|2. We obtain |A|25 S c1e P1/2 The first bound in (2.12) now
follows from the fundamental theorem of calculus and the previous bound. A
straightforward interpolation argument for fractional Sobolev spaces on the unit
circle I', shows

t
1) s S [ helmads.

Using the interpolation estimate (2.13), with [ = 2.5, k = 3, and m = 5, we see that

|4/5 1/5

(2.18) a3 < Clhe |32 |

Using (2.18) with (2.17), and using the above bound on |/ |, s, yields

1/2
4/5 1/5 45_ 1/5
T e e e R A
e [e Pl as
0

where we also used the bootstrap assumption (2.1b). One checks that ¥ = —% +

(§+%) = 2%/3 —g > 0. We thus have
K7 s <gc3/1o/ o512 (e—ys/2|ht|é/5> ds.
0

Holder’s inequality with p = 19—0 and g = 10 then shows that

. 9/10 /1 o 1/10
s < e/ /0 (e72) % as) /0 (e |y 2 ds)

t _ 1/10
< 8c3/10</ efsys\h,@ds> §€6/5C}/57
0
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where the last inequality follows from the definition of ¥ above, the bootstrap as-
sumptions (2.1b) and (2.1a), and the estimate

t _ ] =
| e Inids < [ e BRI ing(~9uq(s) I Bds
0 0 (1 r
t
S [ e B ing(-ag )l s
2

Lr 357 |2 €
Sf/ /(—8Nq(s>)|a h|*dfds < —.
c1Jo Jr 1

2.3 Differentiation rules for A
Since A = [D¥]~!, it follows that
QAN = —Akwr AS, 9AF = —ARIwT Al
In particular, a simple application of the above identities and the product rule imply
that for any given a,b € N,

(2.19a) 0°9P Ak = —Ak9U bW (A4 {0997, AF},
(2.19b) {09, Ak} = Y @ pd'9] (kA
+1'>1

where the term {-, -} is the commutator error. Here the constants a;; are some
universal constants, depending only on m, n, [l and I’ (where 0 <[ <m,0 <[’ <n).
2.4 Estimates for V¥ —Id and A —1d

Under assumption (2.1a), the elliptic estimate (1.7) shows that on the time-
interval [0, 7],

(2.20) |V~ 1d |5,y < CIV —1d] 15 < Clhl2

and for 0 <s <3,
”DZLPHS < C|h|s+1.5 .
Estimate (2.20) implies that
1A~ 1d | 1-g,) = | (1~ VE)A]| (s, < ClIAll (s,
thus under assumption (2.1a),
(221) A —1d]| =z, < Clhl2
Note that (2.20) and (2.21) together imply that for 0 < s <3,
|DA],s < Clhls15.

Thus, with Lemma 2.6, we have proven the following

Lemma 2.7. With the bootstrap assumptions (2.1a), (2.1b) and for € > 0 taken

sufficiently small,
|V —1d 4+ |4 —1d]Js S Ve
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2.5 High-order derivatives of ¢

Because our energy function &(¢) is formed using only tangential derivatives
in space, the purpose of this section is show that radial derivatives of the tempera-
ture g are also bounded, and thus the full Sobolev norms of the temperature g are
controlled by our energy function, as was explained in the introduction.

We will make use of the heat equation and its time-differentiated variants:

(2.22a) q: —Awq = fo,
(2.22b) G — Awgr = fi
(2.22¢) Gt — Awqn = f2,

where Ay = A{ a%j (Af.‘a%k) and where the forcing functions fy, f1, f> are given by

Jo=—Y v,
fi=—(¥ ) +AL(9A g ), +aAL (A g ),
for=— (¥ V) +241 (9A g ),; +20,AL (A g1k )., +20,A1 (DA gk ).
+ AL (A Grok ), +AL(OPA i), -
We will repeatedly make use of the following elliptic estimate:

Lemma 2.8 (Elliptic regularity with Sobolev-class coefficients). Let g denote the
unique H} (Q) solution to

“Ayg=F in Q,
g=0 on JdQ.

Suppose that k > 1, F € H*"1(Q), and A € H*(Q) satisfying AfA{éje:‘k > A|EJ? for
all & € R? for some A > 0. Then

lllzesrc@) < € [IFlliior @) + 1A g IF 2@ |
for some power p > 1.

Proof. We provide the details in the course of the proof of Lemma 2.9. U

Lemma 2.9 (Bounding d'q, [ = 0,1,2,3, by &(t)). With the bootstrap assump-
tions (2.1a) and (2.1b) holding, and with € > 0 sufficiently small, there exists a
constant C* such that

1qoee 15+ [1gael 13+ Nl 13 + ll4lle < C*&.

Proof. Stepl. Estimating |hy|os. We denote by 2 (t) the quantity ||q.||3 +
e l|3 + llge 1|3 + llgl|2. Twice time-differentiating (1.9d), we find that

hg hg

h
(2.23) Iyt = vig N — [m]nv-f—ﬂﬁeh]tvt T

V[[ - T.
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By the normal trace theorem (see, for example, equation (6.1) in [18]),
Vi - Nlos S 119vil[§ + Il div v ][5

Note that
(2.24) .
divvy = (dive v), + ((div—divg)v), = (g +v- W) + [(A{( - 51.")1;’,,{]" =qu+Yur v+ %,

where the remainder % reads
R =2 v+ v+ (Af — 81) vk +2(AF — 8!+ (Af — 8,

i
From Lemma 2.6 and 2.3, we obtain the estimate ||%Z||3 < €& +€2°. Thus, re-

turning to (2.24) and using that ||gq; + Wi - v[|5 < & by (1.11), we get ||divv, ||3 <
&+ €2 and consequently

As for the last term on the right-hand side of (2.23), we use the tangential trace

theorem (see, for example, equation (6.2) in [18]) to infer that
Vi -] S Nl 9viellg + [l curl vy ][5

Since curlgv = 0 (recall v = —Vp o ¥), we have curly, = [(curl — curly)v],,. By
a similar inequality as above, using Lemmas 2.6 and 2.3, we obtain the bound
| [(curl — curlg)v],||3 < €€+ €2". Together with (2.25) and [|dv,||3 < &, this
leads to

Vi Tlos SE+EX

Together with the smallness of &g and g, from Lemma 2.6, the bound ]\/Zéhn ﬁ <
& and Lemma 2.3, we finally infer from (2.23) that

(226) V’lnt’()j g (524—8%

Step 2: L* estimates for d/q. By the triangle inequality and the definition (1.11) of
& (t), we have that for [ = 1,2, 3,

19/ 41l < 119/ + 0¥ v[§+ 19/ vI[§

< E@)+10¥ v

S EO+ VBN EIG S &)+ hunld s

SEM)+eZ,
where we used the Sobolev embedding theorem and (2.26).
Step 3: H? estimate for q,. We consider the elliptic equation —Awg = fo — g;.
We note that Lemma 2.7 ensures that AA/&&; > 1|&|? for all £ € R%. Given that
|l fo — q:||I3 < &, elliptic estimates show that ||g||3 < &. This, in turn, implies that
i — qil|3 < &, and elliptic estimates then show that ||¢;||3 < &. Hence, we have

that || 2 — gu |3 < & + €27, and once again use elliptic estimates to conclude that
lgnll3 <& +e2.
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Step 4: H* estimate for g. Since || fo— g5 < &, Lemma 2.8 shows that ||g|3 < &;
thus, ||fi — qul3 < & +€2°. Another application of Lemma 2.8 together with
Lemma 2.7 then shows that ||¢||3 < & +e2.

Step 5: HS estimate for q. The elliptic estimates in Steps 3 and 4 made use of
Lemma 2.7. To obtain the H® estimate for g requires us to improve the elliptic
estimate in Lemma 2.8 to be linear in ||\/%"¥||. To this end, we write &/ /* = A{Ai-‘
and rewrite (2.22a) as

(2.27) —( )= —a+ fo— Al jAfq
Letting 9% act on (2.27), we find that d%q satisfies

[ #1@%) i ==0% W v ra)+ Y Cap| (3PN Pg).; .

0<B<a

— Y Capd” (Azju'Af‘) 9% Pq,;,
0<B<a
where Cyg are constants from the product rule. Multiplying this equation with 0%

and integrating-by-parts, using the fact that 9% = 0 on dQ and that o7 > 1/2, we
find that

1 - o _
1%l < 0% (i-v+a)lollo* alo+ Y, Cop

0<f<a

(@)% P).; | 19%g.illo

(2.28)

PB (Af7jAf)9°‘_ﬁqaj Holléaqllo + ‘

90{—1 (AIJ,JAf) éq,j

+ Y Cup | 19%lls-

0<B<a

Let us examine the second term on the right-hand side of (2.28). By Young’s
inequality, for 6 > 0,

Y Cup ‘(9ﬁ427ij)(9a_ﬁ61),j ‘OHQO‘%:’HO <8[0%lli+Cs Y, Cap
0<B<a 0<B<a

where Cs = C/$. Since 0°.«/ ~ d°D¥ P(A) +d*D¥ P(dD¥,A) + 3 D¥ P(9°D¥,0DW,A),
it thus follows that for o« =4 or 5,

o

= - hl2
(229) %/ o < cla 2w - f <5 <

The linear inequality (2.29) shows that our bootstrap assumptions (2.1a) and (2.1b)
imply that the map h — 7 is linear with respect to these high norms.
We first consider the case that a = 4. From (2.29) when o = 8 = 4

i} Ege Pt
(2.30) 19%<7 D2 < %5’ <ee e,
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The Cauchy-Schwarz inequality, together with the Sobolev embedding theorem,
shows that || 0°.<7 dDg||3 has the same bound. Next, ||0%.7 9°Dq|[2+ ||« 9°Dq|)3 <
1Bl S ee P& S ee .

The first, third, and fourth terms on the right-hand side of (2.28) are estimated
in a similar fashion, so we do not provide the details. Hence, by choosing 6 > 0
sufficiently small and employing Young’s inequality, we find that

lglli+ ), 0%l <& +e2 .

a<4

To estimate radial derivatives, we use polar coordinates for the disc (with the
usual basis e, and eg). Expressing the components of the matrix <7 as

ofr dr@

A = |: o0 790 |

we may write
div(e/ V) =r Y (rat"q,) +r (" Oq0), +r (" q)g +r  (r 1e7%%gp)e.
It follows that
% = (r ), %, 4 (7700%,), +r (7709% ) e+ (- /%0 5%6)e
~IUB va)+ Y, Cop| (P07 P )]

0<B<a
(2.31)
0<B<a
Let = {x€Q : 1 <|x| < 1}. For o < 3, every term on the right-hand side
has L*(®)-norm bounded by a constant multiple of &. Hence, it follows that
Y 10%l30 S E+e2 .

o<3
Allowing % to act on (2.31), as many as three times, we conclude that
(2.32) lgl3e S & +e2.

We return to the inequality (2.28) and consider the case that &« = 5. Once
again, we focus on the second term on the right-hand side, the first and third terms
being similar (and easier). From (2.30) ||0°«/ Dq||3 < €e"'&. The Cauchy-
Schwarz inequality, together with the Sobolev embedding theorem, shows that
|0%<7 dDq|)3+ |03/ 92Dq|)3+ ||0>e/ 9°Dq|)3 < ee™"&. Finally, using (2.32),
we conclude || 0.7 9*Dq|)3 < e||v||Z < ee™""&. We conclude that

lglz+ Y 19%qllt S & +e2.

a<5
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Then setting & = 0 and letting 5—44 act on (2.31) shows that indeed
lgllg o <& +e2 .

By using a smooth cut-off function whose support contains Q \ @, we easily obtain
the interior estimates, and find that ||¢||2 < & = £€2". Recalling the definition of 2~
and the estimates from Steps 2, 3, and 4, we finally infer 2~ < &, which concludes
the proof of the lemma. 0

Lemma 2.10 (Bounding d'q, [ = 0,1,2,3 by 2(t)). With the bootstrap assump-
tions (2.1a) and (2.1b),and for € > O sufficiently small, there exists a y > 0 such
that

(2.33) Z 19/ a5+ lglles S ee " E+ 2.
=0
Corollary 2.11. With the bootstrap assumptions (2.1a), (2.1b) and a sufficiently
small € > 0,
VI35 + 3 See "6+ 2
with y = B /2 —n as defined in Lemma 2.3.
Proof of Corollary 2.11. We write (1.9b) as
v=Dgq-(Id—A) —

Using the basic estimate from Lemma 2.7, we see that
1
Vlls S (L ve)llalls +Ege P2 |[W —ells,

1
Ve S (1+ve)llalls +Ege P2 ¥ —els,

so that an application of linear interpolation (see, for example, Theorem 7.17 in
Adams [?]) provides the inequality

W55 < (1+ve)llglgs +Epll¥ —elles-
Using Lemmas 2.3 and 2.10, it follows that
Eg(1)e P12
x(1)
Eg(t)e P1/2
x(t)

VI35 < (1+Ve)lalgs+ X0~ elles

S (1+Ve)lqligs +
<2 ME+ D,

Next, using the formula (1.5), we see that

&(t)

vi3
[lul3 S 2 ()l 22 + €3

x(t)

which once again, thanks to Lemmas 2.3 and 2.10, is bounded by a constant mul-
tiple of e2e &+ 9. O
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Proof of Lemma 2.10. Step 1: H' estimates for d]q. We make use of the identity
Vg =v-VW. It follows that
Vg =v, - V¥ +v- VY,

Vg =vy - V¥ +2v, - V¥, +v- V¥,

Vaur = vigr - V¥ +3v - VP, + 30, - V¥, +v- VW, .
Employing Hélder’s inequality and the Sobolev embedding theorem,

IvelI3

2
v
P |/ Zhul§+ ’XHZ V|5 S 2

where we have used Lemma 2.2 for the last inequality. We have similar estimates
for gy, q;, and ¢ so that

||qu||(2) N ||Vm||(2) |h|5+ ||Vn|\<2) |5+

3
(2.34) Y 19/qlli £ 2.
=0

Step 2. H? estimate for q;;. Just as in the proof of Corollary 2.11, we see that as a
consequence of Lemma 2.9,

2
(2.35) Ylovlsu<é.
[=0

Returning to the equation (2.22a), we estimate —%¥; -v — ¢, in H'(Q). By the
Sobolev embedding theorem together with Lemmas 2.4 and 2.3,

(2.36) 1= S 12l S Vee ™2,
so that together with (2.35), ||, -v||? < €e”&. Then, with with (2.34),
(2.37) lgll3 See"E+ 9.

Next, we return to (2.22b) and estimate f; — q;; in H'(Q). By Lemma 2.4,
[P, v |3 < ge &, while || Wy, - v||2 < "@"T_B[Eﬁ < ge"&. The estimates (2.34)
and (2.37) then show that || f; — g, ||? < €e™"'& + Z so that

g3 See "6+ 9.
A similar estimate then shows that || f> — g ||? < €e7"'& + 2 so that from (2.22¢),

g3 S ee™™E+ 2.
Step 3. H> estimate for q,. From (2.35) and (2.36), we see that ||'¥; -v||3 S ge V& +
9, so that with Lemmas 2.7 and 2.8, we have that

lql3 See™"E+ 2.
This, in turn, ensures that || fi — gy ||3 < €e”"& + 2 so that

lg:|3 See” 6+ 2.



28 M. HADZIC AND S. SHKOLLER

Step 4. H estimate for q. We first look at the estimate (2.28) with o = 5. We
find that

1%l S vlla+ llgellsa+ Y
0<B<5
(2.38) Haﬁ (A{,,-Aﬁf) 5% By, HO n Hé“ (A[,]Ak) 34,;

0<ﬁ<5

(@Per )@ Pq), |

L

For the first term on the right-hand side, we note that with the Sobolev embedding
theorem and Lemma 2.3,
[vls

¥ vlle S V2l N

SVee "RVl + vl k=4,5.
Using the estimate (2.29), we see that

Y [@ )@ Pa)|| s vee v —els+lals)

0<B<5

sl EAETGIR

The last two term on the right-hand side of (2.38) are estimated in the same way so
that

19°qll S Vee P (IVA¥ la+ VI (¥ —e)lls + [1V]la + llals) -
Using the formula (2.31), we find that

2.39) lglls < Vee " (V2 illa + IV =)l + [Vlla+ l1g:]14) + llalls -
The identical procedure with @ = 6 then yields

2:40) lgll7 S Vee (V2 il + I VZ(E —e)llr+ Ivls +llgills) + llgells

Linear interpolation between (2.39) and (2.40), we have that

lalles < vee ™ (|2 ¥ilas + VA —e)los+ [Vas+ laillas) + laillas
See MRV 92

2.6 Lower bound on x(7)

The heat equation (1.9a) for g can be rewritten as

(2.41a) qr — akjqkj —brg = 0 in Q,
(2.41b) g=0onT,
(2.41c) q(0,-)= go>01in Q

where the coefficient matrix a = (ay; )k, j—1,2, and the vector b = (by,b;) are explic-
itly given by:

(2.42) arj:=AKAL by =A% JA{ + Ak,
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We first quote a theorem from [41], that will play an important role in producing
quantitative bounds from below for ().

Lemma 2.12 (Oddson’s Theorem 2 in [41]). Let g € C'*(Q) be a supersolution
to (2.41) in the unit disc Q = B;(0), and let 0 < o < % be the normalized ellipticity
constant satisfying

ap&i& > alan +an)|E
for any real vector & = (&1,&,). Moreover, let us introduce the quantities

1
ko(T):= inf —— T):= sup b-x.
(T) ox[0,7] a1 +ax (T) Qx[()r,)T]
Let J,, denote the Bessel function of the first kind of order |1 and & its first positive
zero. If we define
_ p+1 akl
H= 20 k() ’

then there exists a positive constant m satisfying

~1, A=

g(t,x) > mpe ™,

in B1(0) X [0,00], where p stands for the distance from x to the boundary I and &
is an arbitrary small time.

Remark 2.13 (Optimal decay rate for solutions of the heat equation). If we set
A = Id, then problem (2.41) turns into the initial-boundary value problem for the
linear heat equation. In this case ko = % oa=1/2,=0,u= % —1=0, and
A = &2, where &) stands for the first positive zero of Jo(&). In particular, if g"a
denotes the associated solution, then the above lemma implies that
Knear (1) 1= inf (—Ing" (1, x)) = %",
xell

which is the optimal decay rate in the case of the linear heat equation, as the lowest
positive eigenvalue of the Dirichlet-Laplacian on the two-dimensional disk corre-
sponds exactly to

M=E.

Corollary 2.14 (Lower-bound for x(¢)). Under the bootstrap assumptions (2.1a)
and (2.1b) with € small enough, there exists a universal constant C > 0 such that

(1) 2 cre” Ao,

where ci = [oqo®1 dx is the first coefficient in the eigenfunction expansion of the
initial datum qo with respect to the L ortho-normal basis {Qy, @2, ...} of the eigen-
vectors of the Dirichlet-Laplacian on B1(0), i.e go = c1Q1 + 202 + . ... Moreover,
i(t) > 0 satisfying i(t) < Ce for some positive constant C. In particular, with
€ > 0 sufficiently small so that Ce < 1 /4, we obtain the improvement of the boot-
strap bound (2.1b) given by x(t) > cje~h+n/4)1,
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Proof. The proof of Oddson’s Theorem 2 in [41] (Lemma 2.12) relies on the con-
struction of a comparison function of the form v(t,r) = r=*J, (&r)e ™, where
A, i, & are given in the statement of Lemma 2.12, J, is a Bessel function of the
first kind and r = |x| is the radial coordinate. The first property of v which is im-

portant for the proof is that v vanishes at the spatial boundary I" and approaches it

like c(1 — r)e*l’ as r — 1. This is a consequence of the fact that lim,_,; rjﬁ‘((firr)) =

for some constant ¢ > 0, a well known property of Bessel functions. The second
important property is that v is a subsolution for (2.41) (and it is constructed with
the help of maximal Pucci operators as explained in detail in [41]).

The goal is to prove that for any arbitrarily small time ¢ > O there exists a
strictly positive constant §(c) > 0 such that ¢ — dv is a positive supersolution to
the parabolic problem (2.41) on the time interval [0, eo[. The desired lower bound
for g then follows from the weak maximum principle.

Since v is a subsolution, it follows that for any & > 0, g — dv is a supersolution.
The positivity of ¢ — v at t = o follows from the parabolic Hopf lemma, from
which we infer the existence of a constant §(c) such that £ > §(c) uniformly
over Q. Note that we have used the fact that v(o,r) behaves like C(1 — r) near the
boundary I for some positive constant C. Therefore it follows that the constant m
in the statement of Lemma 2.12 a priori depends on the time ¢ > 0, and moreover,
m is proportional to the lower bound for —dq/dN|;—s onT.

From the proof of the parabolic Hopf lemma (see for instance Theorem 3.14
in [21]), the value —dq/dN|,—s is proportional to the minimal value of the tem-
perature g on a space-time region of the form Ky := Bi_¢s X [6/2,30/2], di-
vided by o (which is roughly the distance of K5 from the parabolic boundary of
Q x [0,20]). Note that, unlike the elliptic case, we are forced to take into account
the time-dependence of the solution and in particular the region K cannot be cho-
sen uniformly for all times, but only for times greater or equal some arbitrarily
small o > 0. However, our solution is continuous all the way to r = 0 and we do
nevertheless obtain a lower bound for all times due to the Taylor sign condition;
namely, due to (1.18),

—INgo
1
Note however that if we define the dimensionless quantity L = (—dyqo)/c1 > 0 and
assume no universal bound on L from below, the only modification in the statement
of the main theorem will be that the smallness condition on initial data (1.22) will

additionally depend on L.

As to the bound on 2, note that the exponent A = A ((a;;), (b;)) depends on the
coefficients (a;j);i j—12 and (b;);—1 » through the relationship A = 06502 /ko. Since
ko and & vary continuously as the coefficients are varied, it proves that A depends
continuously on the coefficients a;;, b; of the parabolic operator. On the other hand,

by Remark 2.13 it follows 44, —g, 5,=0 = A1. As a consequence

A1) = |A(1) = M| < C(J|A = 1d] =, ||b1=) = O(ID* (¥ — €)=, ¥ )

—3]\/(]0 = C1 z Cl.
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3 Energy identity and the higher-order energy estimate
3.1 The energy identity

Much of our analysis is founded on basic higher-order energy identities for the
classical Stefan problem. These identities provide the geometrical control of the
evolving phase boundary, which in turn controls the decay of the temperature func-
tion; moreover, these identities explain our definition of the higher-order energy
function & and the dissipation function 2.

Proposition 3.1 (Energy identity). With R = 1 +h and R; = RJ™", sufficiently
smooth solutions to the classical Stefan problem satisfy

3

%g(t)-l-@(l) =Yy (/r(—3wqt)R§\962’3/h|2+/9(<%’j +=@1)+/F%>

j=0

3.1) +é(/ﬁ(%+%)+/r%>,

where the error terms %, ﬂ?j, 7, LSZ] ¢, and J; are given by (A.14), (A.15),
(A.23), (A.27), (A.16), and (A.24), respectively.

The proof is provided in Appendix A.

Remark 3.2. On the right-hand side of (3.1), we have isolated the error term
(32) Griops = [ (~Ona) R3320} ax.
r

from the other boundary-integral error terms ¢; and .7¢}; indeed, %opr can only
be thought of as an “error term” on a transient time-interval, for after a sufficiently
large time, we will no longer be able to control %y, via energy methods, and
instead, we have to rely upon a Hopf-type argument to prove that %opr < 0.

3.2 Energy estimates

To control some of the highest-order error terms in our energy estimates, we
shall make use of the following technical lemma, whose proof is given in [15] and
[16].

Lemma 3.3. Let H: (Q)' denote the dual space of H 2 (Q). There exists a positive
constant C such that
= 1
J9F g, < CUFl g g for F € HY (@),

As a consequence of the energy identity (3.1), we can establish our fundamental
energy inequality.
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Proposition 3.4 (The energy estimate). Suppose that the bootstrap assumptions (2.1a)
and (2.1b) hold with € > 0 and N > 0 sufficiently small. Letting K = Hggug

(3.3)

sup &(s +3 / PD(s)ds < £(O)+CK2/ e & (s)ds+0(\Ve) sup &(s) for t€[0,T].

0<s<t 0 0<s<t

Proof. Throughout the proof, we will rely on the a priori bounds of Section 2; in
particular, we will often make use of Lemmas 2.3, 2.6, 2.9, and 2.10.

Step 1. The estimate for Gyopt in (3.2) We claim that

t
(3.4) |Gropt| < CK? / e & (s)ds.
0
Note that
' 5 ‘[ (=) Ing
=) R286h2‘<C’//(Nq’ NER ’<c/’ ’
|| f-avamsianl <c| [ [ =54 -avlan) o
In order to bound the term ‘%NT? , we need a decay estimate for the numerator

|dng:|. The Sobolev embedding theory would yield the bound |dyg: |z~ < ||gelloss
for & > 0, but by definition of our decay norm Eg, it is only the H?(Q)-norm of ¢
for which we have the desired decay. Thus, we arrive at the decay estimate for ¢,
by using a comparison principle together with Theorem 1 in Oddson [41]; indeed,
in Appendix B, we prove that

(3.5) Ong:| 1= < KPere P12,
It then follows from the bootstrap assumption (2.1b) that

Cchle_(Al _T’/Z)S
Cl e~ (Mi+mn/2)s

NG (s)
—dnq(s) L=

which, in turn, establishes (3.4).

< CK?e™,

Step 2. Estimates for %, 7% i, and & in (3.1). Our objective will be to show that
(3.6)

1 B t
‘/ /(%j+%j)+/ /%‘SO( €) sup &(s)+ 6 _@ ), for j=0,...3.
0 Jo 0 Jr 0<s<t

We establish (3.6) for the most difficult case, j = 0. The case when j =1, 2, or
3 can then be proven in a similar fashion. The proof for j = 0 is divided into three
parts, and we shall begin with the term %.
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Estimates for the integral |, %,

As derived in (A.9), the term %, can be written as

5 -_ -_— -_ . -_ -_ . — -_ . — -_ .
o= U Z clalAf86_1q$k86v’ + (,U»qkAls-AI;) »S 86‘Pf<86v’ + H{86,Ai§}q,k86vl + ,LLAls-&é\PrAI;q,k {(96, 8s}vl
=1 g 7 T )
=:1
_— —_ . —_— _ . 6 _— —_— . —_ _—
— (UA¥) 1 0°q0% — uAK{9%, 3, }1qd%V —u Z clalAi-‘af’_lvfk ((9661 + 0% V)
=1 ~~ 4
=I5 =g =

(A9)

+d 0% 'w-dlv (éﬁq +0%%. v) — %W .y, (96q+ oW v)

=l =l

Estimate of | 11. For the extremal case [ =5,

| [ 3410043 | < 13K ae 13 o
S —1d|l65]19g.x [lo.5]10°V o
< Ihlellalll3% o

llql4 1/2 51/2
S——87°9
~ox ()2

< %e‘wsé" +89,

where we have used Holder’s inequality and the Sobolev embedding theorem, as
well as Young’s inequality together with Lemma 2.3 for the last inequality.

If [ = 4, then Lemmas 2.6 and 2.10 and Corollary 2.11 show that

| | 9*424..0%] < |98 lo |3t =19V o < hlasllas 2"
Sellglds+2) Selee "E+ D) S E +eD.

~

The case when [ = 1,2 or 3 are estimated in the same way and yield the same
bound.

Estimates of [ Iy for k =2,3,4,5. The following estimate holds:

C
‘/12+I3+I4+15 538e‘7’@@+69.
Q
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For the integral of I, an application of an L”-L?>-L? Holder’s inequality together
with Lemmas 2.3 and 2.6 leads to

\/le\ S (g sATAY) s [|= 1% 01| 9V lo
&2 C
s Ak 1/2 S -
S IuAiat - lalls 7 7'2 < se e +39.

The estimates for terms I3, I4, I5, and Ig are established in the same manner. Note
that the commutator {96,Af-‘ }q.x in I is defined in (2.19b) and has at most five
derivatives acting on ¢,;; moreover, the expression {9°, d} f = 9°0f — 9 d°f is
of the form }. < |¢|<6 da do.f, where the ay, are smooth uniformly bounded functions
ontheseta):{xEQ} T< <1

Estimate [ I;. We first consider the case that [ = 6, and write

/Q FoAkv (35 + W v) = /Q I6Akv 30+ /Q I6Akv O .y .

~~

J1 J

Thanks to Lemma 3.3, we see that J; < || 95A_||0.5 |Dvd®ql|o.5. By linear interpo-
lation and the Sobolev embedding theorem, ||[DvdSqllos < [vIIsllglle + IIVI2sliglles <
IIVlI3llgll6.5- It thus follows that

7Bt

CéaEﬁe
ox(t)

for some positive constant ¥ > 0, where we have employed Lemmas 2.3 and 2.10
with Corollary 2.11.

As for the integral of J,, we again use Lemma 3.3 to deduce that

C _ B
N S sl slvisllgles < 5 RIIvIE +llqllss < S8 +ee"E+8(ee E+ D),

- - - . B & B
| [ 34t a v| < 1%L 0wk 3 vllos < II3sl ¥~ 13 S ¢ PEp— See e,

x(1)
where ¥ > 0 is given by Lemma 2.3. Now for the case that / = 5 in the integral of
the term /7, it follows that

| [ 9450w (3% + 9% v)| < 9% A 1w 14190 + 2 vl
Q

1/2 _Bt/2
_ . _ _ &£1/2 E.)/ e
54k i 6 6 1/2 B -
S 1A llosl[dvikllosl 907+ " - v]lo S WWHVHz.sé” ?< O ESVeEe "8,

where we used Lemma 2.3 again and the fact that (by definition of &), |]96q +
PR vH(z) < &. Hereby we used the estimate (2.2). The remaining cases [ =
1,2,3,4 follow analogously and the estimates rely on a systematic use of Lem-
mas 2.3, 2.6, 2.10, and Corollary 2.11.
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Estimate of [ Ig. For the case that [ = 1 or 2, we have that

- = = - - - - - 1/2
! aé”w'alv(a‘squ)!5Ha“lwnoua’vumuaﬁq+aéw-vuo5 S REy e s
o O

86
15}
while for the case that / = 3,4,5 or 6,

‘/ 9671w-91v(96q+96‘1’ v
Q

<§+5.@

0% wl|L=[|9"V][o[|9°g + 0¥ vljo < €2,

)| <
where we used the Sobolev embedding H 148, 1= and Lemma 2.6.

Estimate of [ Iy. We see that

&2 EL2,-
x(1)!/? g

|| 30003 +0°%-0)| S 1ol 3+ ) o < PREVE S Vee T
with the decay rate ¥ > 0 given in Lemma 2.3.
Estimate of [, %)

In the same manner, we find that ‘ f9<%~’1 ’ See"E+69.

Estimate of the boundary integral [-%,
We begin with the formula (A.10) (whereby we recall (1.8) i =AN = /R? + Ré n).

5
Gy = —yqd®¥ - 710 - 7, —8Nq% [Réf’h( —R;+ Y c}0*hd® & - (h& _her))}
a=0

K,

K>
(A.10)

+aqu[ R,+Zcfaahaﬁ 9E . (hE — hoT)) }+Za, (—wg) %W 70! (v —w) - 7.
=0

K3 Ky
Estimate of [, K. Note that

. = & e Pt
< 1On |-l 1= |0 [§ < |Oa |1 B2

— <Eg—E<ee M8,
x(0) ~ P )

r

where we used the trace theorem and Lemma 2.3.

Estimates of [, K> and [, K3. These two integrals are lower-order and thanks to
Lemmas 2.6 and 2.3 are bounded by €e~"& + 6 2. Note that |J| = 1 + O(¢€) re-
mains close to 1 due to the a priori smallness bounds from Lemma 2.6.
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Estimate of [o K4 The estimate of [, K4 requires some explanation, as it has the
largest derivative count in %. In Appendix A, we derive the identity

5
(3.7) 0°F-ii=R;0°h—R;+ Y c}0"hd® “& - (h& —heT),
a=0

where we recall that 7 is the unit tangent defined by (1.3) and R; = RJ —1. Substi-
tution of (3.7) in the integral [-(—dyq)d®¥ -7id®~!(v —w) - d'ii then yields

]/r(—aNq)éﬁw.ﬁéH(V— w)-9'7] 5 ‘/F(—aNq)é“l(v— W) '
(3.8)

+] /r (~ng)0(@°) 73" (v~ w) - 3" + /r (—Ong)RAhI (v—w) - ']

The first and the second integrals on the right-hand side of (3.8) are easily esti-
mated using Holder’s inequality and the Sobolev embedding theorem, while the
third integral on the right-hand side of (3.8) requires some care due to the presence
of d°h. If I =1 or I =2, then

| / (—Inq)RI%RIS (v—w)-J'7
I
<&V q) ) (ee PEV + 7'V e S €2P(6,Eg)e M E+ 8D,

where we have used Corollary 2.11, Lemma 2.6, and then Young’s inequality
for the last estimate. The case that [/ = 3, 4, or 5 follows similarly from Lem-
mas 2.3, 2.6, and 2.10. The case / = 6 appears problematic because of the term
0%i-1 which, modulo coefficients, is essentially 97h, one derivative more than ap-
pears in &. The integral is, however, easily estimated thanks to the presence of an
exact derivative, formed from the integrand 0’k 9%h.

We set J, = /R2 + h} and write the unit tangent to I'(t) as t =J, ' (Rt +hgN).
A simple computation shows that

ng = Jh_z(R2 —I—Zh% + Rhgg)t.

Since v—w =t- (v—w)ton T, we see that 9%n- (v —w) =t- (v —w) d%1-t. We
then write
%i-(v—w)=g1d h+g,

where g1 =t- (v—w)J, 2R, and where g, is a lower-order term in v —w and has at
most six tangential derivatives on 2. We then write

/ (—Iwg)RIh (v—w)- 9% — / (—Onq)Rg1 3hdTh + / (—nq)RI®hg»
r r r

. ] ]
-1 /F 9[(—awq)Rg1] |9 + /F (—ang)RIhgs

< |/ —9ngd®hlo|\/—ngR| 1= (|0*v]1 + 0% |1)| 97| -
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Arguing in a similar fashion as for the case that / = 1 or 2, we see that

| /F (~ang)RIh(v —w) - %] < VEe 5.

Step 3. Estimates for -7, %, #; in (3.1). We next prove that
(3.9
t 5 t t
[ [+0+ [ [ 4] <0we) sw s6)+8 [ 96), =123

0<s<t

We will analyze the case that j = 1, as the estimates for the case that j =2 or 3
follow in the same manner. We begin with the definition of . given in (A.23) as

Fiim Y cpnd Ak ) g 3% 4,
0<a+b<6
a<5,b<1

(A.23)

5 5
- Y duo>'wy,. 8lv(85q; + 07, 'v) - Z c1u8lAf85*lvfk (856]; + 07, 'v),
I=1 =1

where S/ is a lower-order term given by

St = (UqrASAR) O [V + {070, A} 0V + {9°Af }q 49V + HAI W ALq {97, 0, v

—(uA¥) £ 92,0V + AL 9! ¢{F° , O}V + nAk{9°, 0k} 9,q0
Most of the estimates are completely standard and we focus on the more problem-
atic terms, characterized by the highest number of derivatives applied to two out
of the three terms in our cubic integrands. For illustration, in the first term on the
right-hand side of (A.23) we analyze the cases (b =0,a=1) and (b =0,a =5). If
(b= 0,a = 1) then we first integrate-by-parts and an L*-L>-L? Holder’s inequality
to find that

| / 9ALI4 04,95V
Q

- | /Q 52A5330,4,9%V + /Q 9AL330,4,9%
< [|0Aflw1=[19°Aq i lo(19°V'] + [ 9°Vllo)
< |hlssllgell4(10°V [ +10%V]lo) < €2,
where Lemmas 2.3 and 2.10 have been used. If (b =0,a = 5) then
&1/? ge "
En(t 1/2 7[31‘/2@1/2 <= __ 21859
2 STy ot

where we used Lemmas 2.3, 2.6, and 2.9. The remaining estimates in the expres-
sions (A.23) and (A.26) for .#] and .¥] follow in the identical manner. As to the
boundary integral of .77, we state the formula for the integrand derived in (A.24)
as

(A.24)
4 4

A = 20yq0 R, Z 0°h,d>79E i+ Zal(—aNq)és‘P‘ﬁésv‘ﬁésfl(v—w) -9'7i.
a=0 =1

|| 9°41019,0 | < el 2118V <
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We consider the boundary integral of the first term on the right-hand side. We begin
with the interpolation bound

@l /4
x(0)14
where we have used (2.18) to bound |@>/;| and the definition of 2 given in (1.12).
If a = 4 in the first term of the right-hand side of (A.24), then

| / g h R, 3 WIE 7| — %( / g (13 R, IE -7
I I

(3.10) s < Bl 32 | < Ve

~

1/2
xi)/l/z Seer gl

< | [2(0nade - WI3*0| < lalse

Sl e,

where we have once again used Lemma 2.3 in second inequality, the estimate
(3.10), and Young’s inequality. If a € {0, 1,2,3} then

’ /r8Nq‘§5htR19“hz95_a5 "7“ < |9vgli= 9 hylo|Ry |10 Ry o]0 - i -

1/2

/ g < 2 VP2 < 3/2,721 | 32
% (t) 1 /2 ~ ~ Y
where we used Lemmas 2.6 and 2.3 and the same idea as above. The estimates
for the second term on the right-hand side of (A.24) follow in an analogous vein,
relying crucially on Lemmas 2.6 and 2.3. This finishes the proof of (3.9).

N HCIH3

Step 4. The proof of the lemma is a direct consequence of the bounds (3.4), (3.6),
and (3.9). O

4 Existence for all time 7 > 0 and nonlinear stability

4.1 Structure of the proof

The basic goal in our strategy for global-in-time existence and decay of the
temperature function is to prove that on any time-interval on which the bootstrap
assumptions (2.1a) and (2.1b) are valid, we have that

t
sup &(s)+ / P(s)ds < Cx&(0),
0<s<t 0
where Cx > 0 is some explicit constant depending on K. Upon choosing the initial
data (qo, ho) sufficiently small, we can obtain an improvement of the first bootstrap
bound in (2.1a). In Section 4.2 we show the improvement of the bootstrap assump-
tion on Eg in (2.1a) and in Corollary 2.14 we have already shown the improvement
of the bootstrap assumption (2.1b). By a continuity argument this leads to a global
existence result.

In order to implement the above strategy, we start with the basic energy inequal-
ity given by (3.3). Note however the presence of an exponentially growing term
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CK? [y e"* & (s)ds on the right-hand side of (3.3). That term appears by treating
the terms [-(—dng:)R3|0°72/9/h|>d6, j =0,1,2,3 as error terms. By applying a
straightforward Gronwall-type argument, this will be enough to guarantee that so-
Iutions to the classical Stefan problem (1.9) exist on a sufficiently long time-interval
[0, Tk], where the time Tx may be larger than the time of existence guaranteed by
our local well-posedness theorem in [29]. As we explained in the introduction, by
a sufficiently long time-interval, we mean a time Tk after which the dynamics of
the Stefan problem (1.9a) are, in fact, dominated by the projection of the solution
onto the first eigenfunction ¢, of the Dirichlet-Laplacian.

To prove global existence we need, however, more refined estimates that will
show that the [-(—dng:)R3|0%~2/9/ h|> dO are in fact sign-definite for t > T, lead-
ing to the elimination of the exponentially-in-time growing bounds. First, in Sec-
tion 4.3 we prove strict positivity of the term dyg; at time Tx. Finally in Section 4.4,
we use a comparison principle to show that dyg, remains positive after time Tk.
This allows us, in turn, to prove the uniform-in-time energy bound and extend the
solution for all time ¢ > 0.

4.2 Boundedness of E 5

The following lemma shows that under the bootstrap assumptions, the bound
on Eg + [y D(s)ds from (2.1b) is improved.

Lemma 4.1. There exists a constant C and € > 0 sufficiently small, such that if the
bootstrap assumptions (2.1a) and (2.1b) hold with such € and C, then

+/ dS< Eﬁ( )
Proof. We set
x(1) = llg(@) 13+ llge ()13 +1s ()| and recall that D(r) = [lg(t) |15 +llq (0[5 +1gu (1)[17 -

Step 1. Energy inequality for q::- From equation (2.22¢), we see that

3 B+ 1Vwanli = [ P

where the forcing term f; is defined just below equation (2.22). We next show that
the right-hand side can be bounded by €D. We first focus on the term (¥, - v),, in
the forcing function f,. Using the product rule we obtain

/(lPt‘V)tt%t = / le'VQtt"‘/ 2% vy Qtt+/ Wi v g .
Q Q Q Q

o %) o3

For the integral «7|, we see that

/ Y - V{1t

< Watllol[vilz=llgullo < [hrloslIvIi2ligzllo < €D,
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where we used the bound (2.26) to estimate |/ |o.5 by & 1/2 The estimate || <
eD follows analogously to the estimate for term 7 and the bound on 27 follows
from

[4] S Il Ivlollgullo S I¥4l12 S D,

where we have used Lemma 2.6 to infer that |¥ ||, < €. All of the remaining terms
in the forcing function f, can be estimated by a straightforward application of the
Sobolev embedding theorem together with Lemma 2.6 (to guarantee the smallness
of various Sobolev norms applied to the coefficient matrix (Ai.‘)kJ:Lz). Thus, in
summary,

1d

(@.1) 5 7§+ Vwqull§ < CeD.

Step 2. Elliptic estimates. We next prove that the quantities x and y are respec-
tively controlled by ||g;||3 and ||Vwgy||3. Using the elliptic regularity estimate of
Lemma 2.8, the elliptic equations (2.22), and Lemma 2.6, it follows that

4.2) llg:ll2 < llguello+ 11 llo
and
(4.3) glla S Mgl + 1 foll2 S Nlgsello + fillo + [l foll-

A straightforward application of the Sobolev embedding theorem together with
Lemma 2.6 implies that

(4.4) A1+ 16115 < ex(o).
Hence, with (4.2)—(4.4),
x(t) < llgullo+ex(t)
so that for € > 0 taken sufficiently small,
x(t) < llgu(0)l5.
Since || 1|13+ foll3 < €D(t), the same argument provides
(4.5) D 5 llgull} < 1Vaully < 11 Vequll3.

the last inequality following from the uniform lower-bound of the matrix AA”.

Step 3. Poincaré inequality. The following bound holds:

(4.6) (M =05 < Vsl
where Vy = ATV and f € H}(Q). To see (4.6), note that the inequalities (2.21)
and (2.14) show that

IA-1d- S e,
from which it follows that AKA£,&; > (1—O(g))|€|? for all & € R2. The Poincaré
inequality 4, || f||3 < ||V£]|3 for all ¢ € H] (Q) then concludes the proof.
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Step 4. The differential inequality and decay. From (4.1) and (4.5) we obtain that

1d
EEH%IH%—’_ (1 - 0(£))HV‘P%H(2) < 0.

Using the Poincaré inequality (4.6), it follows that

d
192l + (221 — O(€))llguelI§ < 0.
dt
From this differential inequality, we immediately infer the bound
g1 (015 < llgue (0) [l e~ M=,
From the elliptic estimate in Step 2, it finally follows that
x(t) < Cllgn (0)[[ge~ M= < C'Ep(0)e 1@,

Since Eg(t) = x(t)eP" and B =24, — 1 < 2A; — O(e) for ¢ sufficiently small, it is
now clear that we can choose C so that on the time interval of validity of bootstrap
assumptions (2.1a) and (2.1b) we actually have the improved bound E B (1) < %e*ﬁ’.

4.3 Pointwise positivity of dyg; at time Tx = CInK

Lemma 4.2. Assume that the solution (q,h) to the Stefan problem (1.9) exists on
a given time interval [0,T|. Let the bootstrap assumptions (2.1a) and (2.1b) hold
on that time interval with € > 0 sufficiently small, and assume the smallness as-
sumption (1.22) for the initial data. There exists a universal constant C such that
if T > Tx := CInK, then

—MTx

—q;(Tk,x) > Cce ¢1(x), x€B;(0),

where @ is the first eigenfunction of the Dirichlet-Laplacian on Q and ¢ = [, qo@ dx.
As a consequence,

inf 8Nq,(TK,x) > 0.

xell

Proof. Step 1. Hardy-type estimate. As a consequence of the higher-order Hardy
inequality (see Lemma 1 in [18]) and the Sobolev embedding theorem, for any
f € H223(B(0)) N, (B (0)).

f(x)
¢1(x)

where @ is the first eigenfunction of the Dirichlet-Laplacian on the unit ball.

4.7 sup
xEBl(O)

<C||fll2.25,

Step 2. The Duhamel formula. Let
G0=Y c;®
j=1

be the eigenvector decomposition of the initial datum g with respect to the L?
orthonormal basis { @y, ¢, ... } associated with the Dirichlet-Laplacian on the unit



42 M. HADZIC AND S. SHKOLLER

disk B;(0). Writing the time-differentiated Stefan problem as a perturbation of the
linear heat equation, we see that in €, g, satisfies

(4.8) qn —Aqr = N(q,h),

where

4.9) N(q.h):=(ai;— 8;))qrij + biGei + ij1qsij +bisqi TAY g w' + Afqewi

and the coefficients a;;, b; are defined in (2.42). Note that at time ¢ = 0, ¢,(0) =
Aqo + Vqo - wo; moreover, since AQ; = —A;@; and ¢'* is a linear semi-group , the
Duhamel principle implies that the solution g, to (4.8) can be written as

t

—gr=cihe Mo+ Y cidje M @;— e (Vo - wo) —/ "IAN(g,h) .
= T 0

=X =Z

We first prove that X (¢) > 0 for times t = C InK, where C denotes a universal
constant. We shall then show that at time ¢t = CInK, |Y(¢)| 4 |Z(¢)| is bounded by
a small fraction of X (7).

Step 3. Estimate of X. We begin by writing X as

_ At —at o Ay i)
4.10) X(t,x) =cihie ™M @i(x)+cihe q)l(x)<j_z:261)yle (Pl(x)>'

Our goal is to prove that the term

= Cihi gy @i(X)
4.11) o:= Y 2 (u-4y)
Lon M aw
is small. By Corollary 2.2,
4.12) M < K for all integers j > 2.
1

Furthermore, using the normalization ||@;|lo = 1, and the eigenvalue problem,
A@; = —A;0;j, elliptic regularity shows that ||¢||2 < A; and that ||¢||4 < ),jz; hence,
linear interpolation provides us with the inequality

(4.13) @jll225 SAJ2.
Using (4.12) and (4.13), together with the bound (4.7), we see that
o] < CK i 23236k
j=2

Since A1 < A, < A3 <..., there exists a constant ¢*, uniform in j > 2, such that
A1 /A < (1 —2c*). This implies that

(A —A;j) < —2c*A; for integers j > 2.
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In particular, for ¢t > CInK

2.25
CKA’Z.Zsefc*ljt < CKAZZSKch*lj — C k.] < l
j = j KCeA—1 2

for C chosen sufficiently large, but independent of K. (Recall that K > 1 since
K> l9o]l1 > 1 -+ A1 > 6.) Hence, from (4.11) and the previous inequality it follows

llgollo =
> ~ K 1
< —L < K—CC A_,’ —.
lo| < Z e < ; <3
Plugging this into (4.10), we obtain for any x € B;(0)
1 _
(4.14) X(t,x) > Eclxle—’“%pl (x) >0, t>ChnK.

Step 4. Estimates of Y and Z. The term Y satisfies the estimate
1Y (2,%) 2= < [l (Vao- wo)ll2 S e [[Vao-woll2 S e lqolls[Iwoll2 S gcre™,

where we used the Sobolev embedding theorem together with the bound ||gol|3 <
Kcy, which follows from ||qoll4/[lqollo < K. Thus |Y(r,x)| < 7|X(,x)| with &
sufficiently small. Next, to estimate Z which vanishes at the boundary, we have

that
7 t eA(t s)
2| S/‘ ‘d5</ 120N (g, h)(s) .25 ds

@1 (%)
< [ It ||225ds<\/ ([ IV m)$) Basds)

In the above chain of inequalities, we have used the bound (4.7) for the second
inequality, and the fact that ||e/®||zs g < 1.
We shall conclude our estimate by showing that

(4.15) /||N 1) (5)|3 25ds < 1 Pe%5.

We recall that

4.9) N(‘]ah): (aij_6ij)% l]+blqll+aZJIQ7lj+bllqﬂl+A itdkW +Ak 7sz7
_Zl =7

and note that Z; is the highest-order term with respect to the number of derivatives
applied to g. Writing Z; = (a — Id)D?q,, where 1d denotes the identity matrix, we
see that

t t
2 2 2 2 2 2
[ 1201 asds S lla=14 B o5/10%q 3 25 S sup lla—1d1Bs |l
0 0<s<t 0

From the sharp estimate (2.12), we infer that supy,, [|[a —Id||3 55 < cf; further-

more, for the term ||¢;||4.25 we apply the interpolation estimate ||g;[|2 55 < ||g H;/ : Ilg: HZ/SS <

c1PeBt/10)g, 1972,
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Using Lemma 2.10, we then infer that

11/5 — 9/5 11/5
[ 1218 asas s [ eP01q 5 S el e,

the last inequality following from Holder’s inequality and the fact that [; [|g/|7 5 <
€2 by Lemma 2.10 and the bootstrap assumption (2.1a).

Analogous estimates are applied to the term Z; to finally deduce (4.15). By (4.15)
and the above chain of estimates, it follows that

Z| < Vic!10g9/10
@1 (x)

Hence, at time 7 = CInK
1/10
< ¢ &

~1/2 1/2 . 1/10,9/10
\z<T,x>\sc/1nK/c1cl 10100 S 1 gy

C2 K260, (x)

<e C'?Ink"2¢,(x) < %clzle*“q)] (x) < %X(t,x).

Note that we have used the estimate c}/ < 801 /10 /F(K)'/?0 (which follows from
llgo]| < £(0)'/? and the smallness assumption (1.22)) as well as & < & which is
going to hold by our choice of &. Observe that the very last inequality follows
from (4.14). The next-to-last bound is equivalent to
€ < 7(,1
F(K)I/QO 4C1 2 1nK1/2K M’
which then follows from the choice (1.23) of the function F(K) in Remark 1.3.

The second inequality above follows from the estimate ¢; < ||qol| < £(0)'/? <
e/F(K)'/2.

Step 5. Finishing the proof. From the above estimates on X, Y, and Z it finally
follows that for any x € B1(0), T = CInK,

Yx@.x)

1
~X(T,x) =
(Tx) =5

1
—X(T _
(10—

~g(T) > [X(T,0)| = ¥ (T,2)| — 2(6,0)] > X(T,x) —
> c*ere T (x).

Finally, since dy¢; > ¢ for some ¢ > 0 uniformly over I" and since ¢; > 0 in €, it

follows infyer dyg (T,x) > 0. O

4.4 Proof of Theorem 1.2

Step 1. By Proposition 3.4 with € sufficiently small, we conclude that

(4.16)  sup &(1)+ .@ (r)dr <2&(0 )+CK2/ eN&E(t)dt, rel0,7],

0<t<T 0

where .7 is the maximal interval of existence on which the bootstrap assump-
tions (2.1a) and (2.1b) hold (with € sufficiently small). Our goal is to prove that on
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[0, 7], the quantity &(¢) is bounded from above by 2&(0)e2°K*. We shall accom-
plish that by bounding &(¢) from above by the function g(¢) : R* — R, which is
defined as the solution of the differential equation

g (1) =CK*"g(t), g(0)=2&(0).
Solving this differential equation, we obtain

( ) - 2@((}( ) (en = Zg(O)e(lJif:zlefltk/k!)CKzz
= Zg(O)e(H‘O(U))CKzf < 2(5&(0)626‘1(2”

where the convergence of the sum Yi°, n*~1#% /k! is guaranteed for times t < —=

Applying the integral Gronwall inequality to the difference &(¢) — g(t), it follows
from (4.16) and the previous inequality that

&(t) < glt) < 28(0)e2K

for any t < .7. Our goal is to prove that .7 > CInK. Using (4.16) once again, we
obtain the same smallness bound on [j Z(s)ds to finally conclude that

4.17) &m§+—9 (s)ds < 26 (0)X°K.

0<s<t

For t < CInK, (4.17) and smallness assumption (1.22) on &(0) implies that

sup &(s)+ @ (s)ds < ¢€/2.

0<s<t

Moreover, by Lemma 4.1 and since the bootstrap assumptions (2.1a) and (2.1b) are
valid on [0, .7] it follows that

+/ §)ds < @m)

Thus, by the continuity of & + Eg and the maximality of .77, we conclude min{.7, ClnK} =
CInK = T since the bootstrap assumptions are still satisfied at time t = CInK (the
argument is true as long as 1) above is chosen in such a way that ﬁ > CInK). By

the local well-posedness theorem from [29] and the continuity of & and Eg in time,

we actually have the strict inequality .77 > Tk as we can extend the solution locally

in time. We will argue by contradiction that .7 = 0. Assume .7 < oo,

Step 2. Preserving the positivity of dyg;. We next show that dyg; > 0 on the time
interval [Tx,.7[. This will be done with help of Lemma 4.2 and the maximum
principle. We start by constructing a suitable comparison function,

(4.18) P(t,r) = kie 21 (@ (r) — ko (1 — 7)),



46 M. HADZIC AND S. SHKOLLER

with positive constants ki, k; to be specified later. A straightforward calculation
shows that

(8t — al-j9,~j — b,~8,~)P = Kle_%)tlt [ — %11 01 — ZK'QTI‘(a)
3
4.19) + Ell K(1— rz) — (aij — 5ij)(Pl —b- (Ve —|—2K'2x)] .

Observe that both ¢@; and (1 — 7?) vanish for r = 1, the trace of the matrix a is
very close to 2, i.e., ajj +az =2+ O(€) and the coefficients b; are very small,
i.e. |b| = O(g). Note that the first and the second term in the parenthesis on the
right-hand side of (4.19) are negative, while the fourth and the fifth term are small
of order €. If r = |x| is close to 1, then the second term dominates the third term
and if r is away from the boundary r = 1, then one can choose k, > 0 so that the
first term dominates the third term. It follows easily that there exists a x, > 0 and
some constant C; such that

(4.20) (at - aijaij — biai)P < —C K'leig/llt,

It then follows from (4.20) and (2.42) that
421)
. . 3
(9 —aij0;j— bi9;) (—qr — P) > —(0,ai; q.,ij + 9, g+ AL g w' + Ak g wi) +Cr e 2 M1

Note, however, that the term in parenthesis on the right-hand side above is a qua-
dratic non-linearity and as such decays at least as fast as e 25"

101 i +0ibi qi + A% g w' + Af g wh|

< |0haij qij |l 1+5 + 10:bi Gill 115 + | FAS @ w' (|15 + AT g Wil 15
4.22) < GER(0)/?ee P < Cycree P,
Now, using (4.21) and the above bound, we note that by choosing the constant
IS= %cle, we have that

(8; — a,'jaij — bi8,-)(—q, —P) > CzC]geigllt — C2C18€72ﬁt >0,

since 2 =24, —n > %ll. The previous bound implies that —g, — P is a super-
solution for the operator J; —a;;d;; — b;d;. Moreover, by the construction of P, we
have —g; — P =0 on I" = dB;(0). Furthermore, at time Tx = CInK, we have by
Lemma 4.2 and (4.18), that

(=G —P)|r—emr > Ccle_}”'T(pl (x) —Cclse_%)“T(pl (x) +Cc1€Kze_%’l'T(1 — r2) >0

for € sufficiently small. Thus, by Lemma 2.12, there exists a constant m > 0 such
that

—qi—P>m(1—r)e”M=0@)F 15 Ty
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or in other words

—q > m(1—r)e” M0 L Cerg(1— r)egllt((fl(r) —k(1+47))
= (1—r)e- -0 (m+cqse<—%f—0<€>>’(‘f1_(’2 — k(14 r))),
which readily gives the positivity of dyg;, on the time-interval [Tx, .7 | since (p‘( )
Y& p y Ol ong: K>
K2 (1+r) > 0 by our choice of k, above. We conclude that the positivity of qt at

time Tx = CInK is a property preserved by our bootstrap regime and moreover we
get a quantitative lower bound on dyg; on the time interval [T, 7 |.

Step 3. Conclusion. Thus for any ¢ € [Tk, 7 [, the energy identity takes the form

50+ | .@ 04 Z/ /3NqRJ|(96 230 hP dx

:é"(TK)Jrl;/TK/Q{%Jr%}Jr;)/TK/gz{@i+%}+é/T;/r{%+%},

where we formally define . = .7 =%, = 0. In particular, by the energy estimates
stated in (3.6) and (3.9) the right-hand side of the above identity is bounded by

t
E(Te)+O(VE) sup &(s)+(0(€)+6) / P(s)ds.
T <s<t Tk
Note here the absence of the exponentially growing term in the above bound as
opposed to their presence in Proposition 3.4. This is due to the fact that terms
f}K [ OnagiR310%%1 9/ h|?dx, j=0,1,2,3 are positive and no longer treated as error
terms. By absorbing the small multiples of supz, -, &'(s) and f}K 9 (s)ds into the
left-hand side and using the positivity of dyg, from Step 2, we obtain

t
(4.23) sup &(s)+ | P(s)ds <2&(Tk) < 86"(0)62CK2T’(

Ty <s<t Tx
by (4.17). Finally, we choose & in the statement of Theorem 1.2 so that Sg < €?/2.
Bound (4.23) and the condition &(0) < &3/F(K) (with F(K) given as in (1.23))
imply
8
sup &(s)+ _@ (s)ds < —
Tk <s<t Tx 2
Together with Lemma 4.1 and Corollary 2.14, we infer that the bootstrap assump-
tions (2.1a) and (2.1b) are improved. Since & is continuous in time, we can extend
the solution by the local well-posedness theory to an interval [0, .7 + T*] for some
small positive time 7. This however contradicts the maximality of .7 and hence
7 = eo. This concludes the proof of the main theorem.



48 M. HADZIC AND S. SHKOLLER

5 The d-dimensional case on general near-spherical domains

In this section we briefly sketch the set-up of the problem in general dimensions
and explain how to adapt the arguments from the 2-D case to the 3-D case. Let
Q(t) € R? be an open simply connected subset of R, d > 2. The moving boundary
['(t) = dQ(t) is parametrized as a graph over the unit sphere S?~!

L(r) = {x| x=R(1,§)E = (1 +h(1,§))E, &S}

Initially Ry(&) is assumed to be close to 1, i.e. Ry(E) —1 =ho(E) = O(g). We
shall assume that Q is diffeomorphic to B;(0), where ® : Q — Q is the dif-
feomorphism mapping of the unit ball onto the initial domain. Moreover, let ¥
denote the family of diffeomorphisms from the initial domain g to the moving
domain Q(¢), satisfying the harmonic equation A¥ = 0 and the boundary condi-
tion ¥(I'g) = I'(¢). We shall pull back the Stefan problem onto the unit ball By (0)
via the map ¥ : B1(0) — Q(t) given as a composition of ¥ and &:

Y=o,

Upon defining ¢, v, w, and A just as in Section (1.9), the Stefan problem (1.1) takes
exactly the same form as (1.9). Abusing the notation, the normal velocity ¥ (I'(¢))
is now given by

R.R

\/R2+ VR[S,

Here \VR\%,,_I stands for the squared norm of the Riemannian gradient of R(¢,-)

V(L) =

on the unit sphere S?~!, which is a coordinate invariant expression. The gauge
equation for ¥ transforms into

Ap ¥ =0, WS =I(@)

due to the assumption A¥ = 0 and the definition of W. This easily implies the
optimal trace bound ||'¥||s(q) S [¥|gs-05(€2) due to the the smoothness of & and
the closeness assumption ||[D® —1d||zs < €, with s sufficiently large. When d = 3,
the Sobolev embedding theorem requires us to raise the degree of spatial regularity
in the definition our energy spaces by one derivative.

The second key observation is that the lower bound for the quantity x(z) is
obtained in the same way as in the case that d = 2, from Lemma 2.12. We v,
denote the first eigenvalue of the operator —Ag-1, which is the pull-back of the
negative Laplacian from the initial domain Q to B;(0). By Lemma 2.12 we obtain
that

x(t) 2 cre™,
where |4 — vi| < O(|h — ho|y2- + || =) = O(€). Since ||DP —1d||ps < € for s
sufficiently large, we have |v; — 4| < €, where we recall that A; stands for the first
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eigenvalue of the Dirichlet-Laplacian. Together, the two previous estimates imply
the analogous conclusion of Corollary 2.14, namely
x(t) 2 cre R g — O(e).

Let 9’ denote the tangential component of 9’ restricted to S?. To each multi-index
a = (ay, 0, a3) we associate the tangential operator 0% = 0% 9d*d%. Withd = 3,
we define

&p(t) = Eap(g,h)(t) :=

1 =5 1 =5 1 —= =
5L WP+ Y (—ovae) PR+ Y ' (0%90q+ % v
|ot|4+-2b<6 |et|+2b<7 |a|+2b<7
1
Y I0-m'"2ovin+5 Y (- w)'*(9a87q+ a0 )|
[ot|+2b<6 |G| +2b<7
and

Dsp(t) = Zap(q,h)(t) :==

Y Iu20%avL+ Y (~ovg) PRO%OM L+ Y Iln (9% g+ %00, )2,
|&|+2b<7 T |a]+26<6 T |al+2b<6 ’
+ Y 0w PagatvlE Y - 1) (96l g+ 0a00 ).

|&|+2b<7 T |a|+26<6 '

The lemmas of Section 2 carry through analogously, as do the energy estimates of
Section 3. By the continuity argument of Section 4, we arrive at the 3-D version of
our main theorem:

Theorem 5.1 (The 3-D case). Let (qo,ho) satisfy the Taylor sign condition (1.18),
the strict positivity assumption (1.17), and the corresponding compatibility condi-
tions. Let ||qo||4/]|qollo < K. Then there exists an &y = €(K) > 0 and & > 0 such
that if &(qo,hy) < 83, then there exists a unique global solution to problem (1.9),
satisfying

sup Gin((t),h(r)) < C82,

0<r<oo
for some universal constant C > 0, and ||q|][215(31(0)) < Ce Pt where B =22 —
Cey and Ay is the smallest eigenvalue of the Dirichlet-Laplacian on the unit ball
B(0,1) C R®. The moving boundary T'(t) settles asymptotically to some nearby

steady surface I and we have uniform-in-time estimate

sup |h—holss S v/ S

0<t<oo
Appendix A: Proof of Proposition 3.1

To prove the energy identity of Proposition 3.1, we start by applying the dif-
ferential operator of the form 002 0/ to the equation (1.9b). For j =0,1,2,3 we
multiply it then by 9°72/9/ and integrate-by-parts. Additionally, if j = 1,2,3 we
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apply the operator 972/ 8tj to (1.9b), multiply by 972/ a;' “1yi and again integrate-
by-parts.
Based on these two cases we distinguish between the two different types of identi-
ties.
A.1 Identities of the first type
Recall that p : @ — R is a C* cut-off function with the property
ux)=0 if |x| <1/2; nx)=1 if 3/4 <|x| <1.

Applying the tangential differential operator 1d° to the equation (1.9b), multiply-
ing it by 9% and integrating over £, we obtain

Cl (,uélAé‘éé*Zq,k, 96vi)

g

(uéévi + u96Ai~‘q,k + uAféeq,k, 96vi)L2 = 125

=1

where ¢; = (?) Recalling (2.19), we write
96Ai'( = _Ats'96lPTSAI; + {96,A£€}7
where {96,Af-‘ } denotes the lower-order commutator defined in (2.19b). With this
identity, we obtain
(1AL 3V 1 = — (HATW ARG, 3) s g + (119° A4} 0.0, 0% 12 g
_ /r AT ARIONG /Q ASOW Akg 3V + /Q 7
(A1) = /r q1ASOW AR IOVINS — /Q HASIOW v 9%V + /Q A,

where we have integrated-by-parts with respect to x* for the second equality, and
have used the identity v" = —A’;qyk for the last equality; the error term .7 is given
by

T = (UqrAIAR) s 9OFLI%V + 1 {0 AX}q i, 0%V + HAIOOW AL {9%, O 1.

1

Furthermore, integration-by-parts with respect to x* yields
(1A£9%g1, 9V) o = [ pAkd%q%i + [ pal(3°.a}q%
_ /Q HAk5gI%, — /Q (1AY) . 39g%V + /Q HAK(35, 91 gd5V,

where we have used 0°¢ = 0 on I, and where {9°,d;} denotes the lower-order
commutator. Summing (A.1) and (A.2), we find that
(A.3)

(HééAfCI,kJrNAf96CI,k796Vi)Lz(Q) = —/r%kAfé&PrAlr{é%iNs
— [ mALG(35+ 00 ) + [ (71— (1Af) 90" + HAKD,3}ad)

(A.2)
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The first two terms on the right-hand side of (A.3) will be the source of positive
definite quadratic contributions to the energy. To extract the quadratic coercive
contribution from the first integral on the right-hand side of (A.3), note that g,;, =
NkaNq on T, and also recall from (1.8) the normal vector /i = AT N. Thus

(A4)

- / G RATOBTARGO NS = / (—anq)d Wit Vi — / (—Iq)*® - 705 .
r r r
Using the boundary condition (1.10), we reexpress d°v - 7i as
3% -ii = I i+ d%(v—w)-7

6
= 86w-ﬁ+96((v—w)-ﬁ) —Za[86*l(v—w)-élﬁ

Due to the above identity and (A.4), we obtain that
/F(—aNq)96‘I’ Oy = /F(—aNq)é("P IO, i — ial /F(—aN@éw 95 (v —w) - i
(A5) o

/ (—onq) ff|a6lp APy + / g -7t I -7, — Zal /F (—Inq)d®F - 755 (v—w) - I'i.

Recall that /i = J ! (RN — Rgt) = J "' (N + hN — hgt). Thus, using ¥(t,£) = N +
h(t,&)N, we obtain via the Leibniz rule

9% i = [0°N +9°(hN)] - [(1 +h)N —hgt]J !

5
= (—R+RI°n+ Y c,0°hd* N - (hN — hgt))J !
a=0

5
= (—RJ +R186/’l+ Z cﬁ&“h&““N . (hN— hgT)),
a=0
where we have used the relations 92N = —N and N - T = 0 and also denoted ¢/ =
caJ ! (recall Ry = RJ~1). From here we obtain
(A. 6)
1d
2dt i 5
d -
+o [(—R +2RJ86h+ Z y0“hd® “N-(hN —het)) (=R, + Y ¢} 0*hd® N - (hN — hgt))].
a=0 a=0
Thus, going back to (A.5), we obtain

[Covaaow adow,a = [ (oaRIa% + 5 [ avarila?+ [
r 2dt Jr 2 Jr r

ld

[0°® -ai*) = (RJ|96h\ )
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where the error term % is given by

d
T =(—0ng)—

5 5
yr [(=R/+2R;9°h+ Y ¢}d“hd® “N-(hN —hot)) (—R;+ Y, ¢} dhd® “N-(hN —hg1))].

a=0 a=0

As to the second term on the right-hand side of (A.3), note that
6
Ak86 i =9 Ak i Zc,&lAka(’ ! ‘ = —86(q,+v-w) — Zc181Af86’lvf,€,
I=1
where Ai-‘vfk = —divgv = —(g; + v-w) by the parabolic equation (1.9a). Thus

6
- /Q ARSI (30 + 35 -v) = /Q (g + %, v) (3% +°% ) + Y ¢ /Q ud' Ak (3% + 35w v)
. . =1 -

6
:1d/u(96q+96‘l‘-v)2—|—/I,L(Zdzéﬁ_lll’t-élv—éﬁlP-vz)(96q+é6‘P'V)
2dl Q Q 1=1

(A7)
6 - - . - -
+ ch/s)u8lAf86’lvfk(86q+86‘P‘v)
=1

Combining (A.3) - (A.7) we obtain

(A.8)
] 1 d _ 1d -
6,12 L _ 2196512 5./, 1 6 6. )2
/Q,u]& v dx+2dt£—( oONg)R7|0°h|” dx +2dt/g”(a g+9°¥-v)“dx
—_li _ Japo—anr . 512 14/ / /
= 2dt/r( aNq)|a§:00a8 RI°™N -ii|“dx"+ Q%@—{- FE%

with the error terms % and ¢ given by

=u Z 10'A¥9%71 g 10V + (ug rATAR) s 9OFT %V 4 n{d® A1 g 0%
=1

+ 1AW AL {9%, 9 1 — (UAK) ; 9%gd%Y

(A9)
6
— uA¥9% 9, 1gd% —u ) (c,élAf(§6_lvfk +dd% w9y — 9% v, (9% + IO v);
=1

(A.10)

Gy = —dyqd®W¥ - i - i, + (— 9Nq)j [R,&ﬁh R,+Zcfa“haﬁ “N.(hN — hgr))}
=0

d S -
—8qut[(—RJ+a§)c£8“h86“N-(hN—hgT }+Za, Ong) OO 7% (v —w) - '
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Let now a = (, o) be an arbitrary multi-index of order 6. Applying the operator
(1—p)d% to (1.9b) and multiplying by d*v', we obtain

(1= p)o*V + (1 — ) 9% Ak g +(1 — p)A I %q i, 9%V')
=— Y cp((1—p)dPAko*Pgy, 0%,

0<B<a

(@)

In the same way as above we arrive at the following energy identity

(A.11) /(l—u)laav\zdx—kfd—/ (1—u qt+8aT-v)2dx:/@odx,
Q Q
where
(A.12)
Fo=(1-p) Y cpdPaiad®Pq,o%i+(1- u)(<qkAfAk),saalpra%i+{a“,A,k}q,ka%i)
0<B<a
—(1—p) ) (clg8ﬁA§‘8a_vik+dﬁaa_ﬁw-8ﬁv—8°“1"v,)(8“q+8a‘1’-v),
0<B<a

Summing the identities (A.8) and (A.11), with j = 0 we arrive at

N Ty p—"
Py 2dt Jr
1d 26-2j9j | 36-2j 7] 2 1d ayi ayi 2
Ry L ICARC TRl SRS S W NSRRI L 249
o 62
(A.13)

=~ [ona)mI0*20nP + [ (2,4 )+ [ 9.

By imitating the same calculation as above we obtain the remaining error terms.
With j = 1,2,3 the formulas for #;, #;, and ¥; in (A.13) read

Bi= Y, Hdad AR 200 g 00 20) + (g aiab), 05 o) wr a0 2ol
0<a+b<6—j
+[.LA536 ZJaJ\PrAkq {86 2j a }a}v1+”{a6 Zja,],Ak}q 86 ZJaJ i
_ (,UA;(),]( a6fzjatjqa6 2]atjvz —.LLA?{&‘S Zj’ak}atjqa6 ZJatJvz
i Y (da @SN G ARI UG, + 3990, - 35205y — 3629w )
0<a+b<6—j
(A.14)
X (96’2-i8tjq + 9029 . v);
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S22
G = —dyqd® 0} W -71d° 2 W - i, + Inq, [86’218,JhRj(—RJ+ Y d]0°9/nd® 2N - i)
a=0
d 522 i R piian 2
+m[(gd;a 0/hd* 2N -7)’|
(A.15)
+ Y du(—9ng)d*HI W 7id* 29 P (v —w) - 999}
0<a+b<6—j
Rij=(1-p) Y cpoPalo*FPgo%i+(1—p) 7
0<B<o
(A.16)
—(1=—p) Y (cpdPAtd® Py +(1—p)dgo® Pw- 9Py — 0% v,) (9% + " -v).
0<f<o

A.2 Identities of the second type
Applying 0°9; to (1.9b) and computing the L?(Q)-product with pd>v' we ob-
tain
(W34 T A A 1, V)= B IGO0, 3
<a+b<

a<5,hb<1

where c;, are constants appearing due to the usage of Leibniz product rule above.
Recalling (2.19), we write

’Af, = —AIPPY Af +{0°9,, ALY,

where {958,,Af-‘ } stands for the lower order commutator defined in (2.19). With

this identity, we obtain
(A.17)

(uésAé‘_’,q’k, ésvi)Lz(Q) =— (uAféS‘P:‘.tAI;qyk, ésvi)Lz(Q) + (/.t{ésat,Af}q_’k, ésvi)Lz(Q)
_ / AT ARIS NG 4 / AW AkG, BV + /Q %

k
= — | qiAIPPHIARP VNS — | nAIPWIV OV + / !,
T Q ’ Q

where we have integrated-by-parts with respect to x* in the second equality and we
have also used the identity v = —A’r‘q,k to write the last line more concisely. The

error term %/ is given by
% = (HquAAT) s 0¥V + n{0°0,, Al qx, 0°V + HAJI WAL q {97, O}V,

1

Furthermore, integrating by parts with respect to x
(A.18)

(uAkF5Dyqy, %), = / AR, D30,49% + / HAK(D3, 9119
zf/Ql,LAfFéSq,és fk— Q(uAf),késq,95vi+ QuAﬁ.‘ésq,{és,ak}v"+/gzyAﬁf{éS,ak}qtésvi,
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where we have used ésq, =0onI. Summing (A.17) and (A.18), we obtain
(A.19)

(B AL s+ 1A 40,9V iy = — [ QUMD WALI VN — | kG (9%, + 3%, -v)
+ /Q (% — (1A}) £ 9™V + pAfI G {0°, A}V + LAH{9%, A}, 9°V').

The first two terms on the right-hand side of (A.19) will be the source of positive
definite quadratic contributions to the energy. To extract the quadratic coercive
contribution from the first integral on the right-hand side of (A.19), note that g, =
N*dyg onT. Thus

— /r qiASPPIAL VNG = /

r

(—Owq) I Wi Vi — / (—Owq)d%, - 7idv- i,
r
Just like in Section A.1 - as in the identities leading up to (A.6) - we obtain

4 4
(—0ng)d° W, - id°v-7i = ||’ R7+| Y c}d“h 0> N -i|> +20°hR; Y ¢}0“h 0> “N - i
a=0 a=0
(A. 20)

Zal (—dng)0°¥ -7idv-id> ' (v —w)-d',

where c{l = ¢,J~! and ¢, are some universal constants. As to the second term on
the right-hand side of (A.19), note that

5
Af‘c?svfk =9’ Akv’k Z c10'AK T = 3% (g, +v-w) — ) c13lAf-‘85*[vfk,
=1

where A%y ' = —divgv = —(g; +v-w) by the parabolic equation (1.9a). Thus
(A21)

— | nAtSN (3%, + 7%, )
- / n5(g+ %, v) (I + 3%, -v) +,_i1 o /Q ud AG (33, + 3%, v)
_/ g+, v +lz:d1/g,u95_l‘l’,-élv(ésq,—l—QS‘Pt-v)

F X [ WA a3

Combining (A.19) - (A.21) we obtain
(A.22)

2dt//.t|(95v|2dx+/ (—wg)|3%%, - AP d +/u Sgi+ 97, - v) dx

:/aNq| chaah,aS—“g-ﬁ|2+/ 5”1+/<%”1
r & Q r
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with the error terms .%; and JZ; given by:

5’1‘: Z dab.uéaatbAf'c97_2j_aatjib9,ké7_2j&tji1Vi+(.U‘I,kAfAlrc)m97_2jazjlpré7_2jatjilvi
0<a'tb<6-j
a<1-2j,b<j

+ {07720} A} q 4,070V + A DT )W AR {97, 0539 T

— (HAD) 9T 0/qd7 8]V + pAtdT 0/ q{d” ¥ g}
+ A7 919/ qd "9V — (37X 9/ g+ 9T )W -v)
(A.23)

XY day(ndUapw, 3T 2agi by n T2 P aRGe )
0<a+b<6—j ’

H=20nqd" 2 hR; Y. cl,d"0PhdT A9 "N 7
0<a+b<7—j
(A24)  +(-wg)d" ¥/ Y dpd T (v —w) 999
0<a+b<6—j

Note that the first line of (A.24) appears as an expanded difference between two
positive definite expressions (—dyq)|d” 2/ d/¥ -7i|* and (—dnq)|d7 %'/ h|>. We
do this just like after (A.5) using the formula 7i = J~'(N +hN — hgt) and the
parametrization P (¢,&) = (14 h(¢,&))N. Let now a = (04,0,) be an arbitrary
multi-index of order 5. Applying the operator (1 — 1)d%d; to (1.9b) and multiply-
ing by 0%/, we obtain

(1= )% + (1= w)d“Af g +(1 = AT G s, INV) 2 g
=— Y cpp((1—p)aPoako ol g, 04 .

0<|B|+b<5
B<asp<1

In the same way as above we arrive at the following energy identity

(A.25) 1d/(1—u)\a%|2dx+/(1—u)(a“q,+a“\pt.v)2dx:/ﬁldx,
2dt Jo Q Q
where
(A.26)
Fi= Y cpp(1—p)dPoPArd*Po! g 0% + (1 — u)((qkAfAlf),s&“‘Pt’&“v’#{8“8,,Af}q7k8°‘v")

0<|Bl+b<5
B<ash<1

—(1=p) Y cpuo® P, -0v(0%; + 0", v) — (1—p) Y cudPato*Pyi (9%, + ™%, -v),

0<B<o B<a
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For a general j € {1,2,3} we have

(A.27) .
Fi= Y dg(1-p)dPoaka* ol g 0% + (1 — )%
0<|B|+b<7-2j
B<ab<j . _ ) _ )
~(1-p) Y dgpudPolw, 9% P9 "v(9%9/ g+ %9/ v)
0<|B|+b< || _ _ o _ _ _
~(1-p) Y dgpua* PP ARP O (%0 g+ 90 -v).
0<|Bl+b<] o
Summing the identities (A.22) and (A.25) we arrive at
(A.28)
1d I : i 2
L a4 37 2]8J 2 / 1— 9%/ 2 /_a R2 87 2ja]h
sarl pul e B [0t + [ ol
+ / u(@29/q+ a7 Holw )+ Y / (1—1)(2%9/q+0%0/¥ -v)?
Q .JQ

lot|=7-2j
= [+ T+ [ A =123

Summing the identities (A.13) for j =0,1,2,3 and (A.28) for j = 1,2,3, we con-
clude the proof of Proposition 3.1.

Appendix B: Proof of the inequality (3.5)

We use the comparison function P defined in (4.18) with the same Kk, and k.
Note that k) = C.€&c; is defined as a multiple of ¢; for some constant C, > 0.
Using (4.20) and upon possibly enlarging C., we infer (d, —a;; — b;)(—¢; +P) <O0.
Theorem 1 from [41] guarantees

(B.1) —gi +P < Cocpel Mo,

where p(r) = 1 — r stands for the distance function to the boundary I". Note that
the constant k;j in the definition (4.18) is chosen right after (4.22). It is in particular
proportional to Eg (0)!/2 <||qol|4- By definition of K we have that ||go|4 < K||go]|o-
Since however ||gollo < K¢, we obtain P/p < CK2c1e341/2 Similarly, the con-
stant Cy is proportional to the L*-norm of the initial datum for —g; 4+ P, wherefrom
we again obtain Cy < K¢ by the same argument as above. Dividing by p in (B.1),
from the above inequality, we infer that

[OnG1 | < Cchle(*llJrCe)t'
This proves the inequality (3.5).
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