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1 Introduction

Atomistic energies often take into account pair potentials and the corresponding total
internal energy, of the form
> I (lui =), (1)
i#]
where i and j label the pair of atoms, and u; and u; denote the corresponding positions.
Typical interatomic potentials are repulsive at small distances and (mildly) attractive
at long distances, such as Lennard-Jones ones, which takes the form

C2 C1

J(Z):ﬁ—;,

with c1, co > 0. The study of equilibrium configurations for such systems is a challenging
problem. In dimension greater or equal than two even the arrangement of ground states
has been described only for a class of energies (see Gardner and Radin [14], Theil [15]).
In the two-dimensional case, ground states can be parameterized, up to rotations and
translations, as the identity on a triangular lattice. The assumption that this reference
parameterization is maintained under deformations allows to define scaled energies and
prove the existence of a limit macroscopic energy (see e.g. [1, 8, 9]). Moreover, it
also suggests that the effect of long-range interactions (i.e., between points that are
distant in the reference lattice) can be somewhat neglected, and that by taking into
account, e.g., only nearest-neighbour interactions in the lattice parameterization still
gives a meaningful and more explicit approximate macroscopic energy. This can be
done using a discrete-to-continuous approach by I'-convergence for lattice energies, see
[3, 4]. In order that the restriction to nearest neighbours do not introduce new ground



states, technical restrictive hypotheses have to be added either on the topology of
the interactions (typically, that the piecewise-affine deformations defined by the value
on the nodes of the triangulation satisfy a positive-determinant constraint as done
by Friesecke and Theil [13]) or on the convergence with respect to which the limit
macroscopic energy is defined. In both cases the assumptions limit the range of the
validity of the resulting macroscopic theory.

In the one-dimensional case monotonicity conditions are in a sense not restrictive,
since indices can always be chosen in such a way that u; > u; (in case of systems with
finite Lennard-Jones energy, indeed w; > u;) if ¢ > j. By scaling the reference lattice as
€Z and interpreting u; — u; as a difference quotient in the reference (unscaled) lattice,
we can consider the nearest-neighbour scaled energies

F.(u) = ZJ(%), (2)

where the modulus appearing in (1) may be removed since u; — u;—1 > 0. A ‘lineariza-
tion’ argument around the ground state by Braides, Lew and Ortiz [7], who introduced
a change of variables of the form u = 2*id + /ev (z* is the minimizer for J), leads to
the energies (with a slight abuse of notation)

F.(v) = ZJ(L\/?_I +z*).

The limit of F; as ¢ — 0 is a Griffith fracture energy, with the possibility of fracture
only in tension, which can be written as

a/ W'|? dz + B#(S(v)), vt >0, (3)

where S(v) is the set of jump points of v, and v+, v~ are the right-hand and left-hand
limits of v. Using Braides and Truskinovsky’s concept of equivalence by I'-convergence
[11] it can also be proved that Barenblatt’s Fracture energy can be obtained as a first-
order correction of this limit process in such a way that the behavior of local minimum
problems is also accounted for (see [5]). If the monotonicity condition u; > u;—; is
not imposed then minimizers are all functions with w; — u;—1 = +ez*, which give in
the continuum all functions with |u'| < z* as minimizers of the limit energy. The
linearization around z*id is then more arbitrary since this state is not an isolated
minimizer, and it yields a model with no resistance to compression (while it maintains
the form of a Griffith fracture energy in tension).

In this paper we consider the one-dimensional case, in which we do not impose a
monotonicity condition on the parameterization but we keep long-range interactions.
Scope of this analysis is to single out relevant features, in view of the treatment of
higher-dimensional cases when the positive-determinant constraint is removed. The



limit description is more complex than the one given above when the monotonicity
assumption is added: we do not have only one ground state z*id around which we
may apply the linearization argument, but we may have varying orientations, and in a
sense, locally we may apply either a linearization around z*id or —z*id. The change
in orientation is either due to the appearance of a crack, or of a ‘crease’ where the
two orientations may interchange. In both cases, we have an additional surface energy
which prevents the appearance of many changes of orientation. The limit description
is of the form

o / W2 di + B#(S,) +1#(By), (4)

where now 5, is interpreted as the set of fracture points and P, as the set of crease
points. The underlying changes of orientation are determined by the partition given by
P, U.S,. The precise definition of v, S, and P, is given in Definiton 2 and is justified
by the compactness result in Proposition 4. Note that the surface energy is higher for
cracks than for creases. It is also interesting to note that cracks can be subdivided
into macroscopic cracks and microscopic ones. The latter ones cannot occur at places
where we have a change of orientation. For simplicity we consider only nearest and
next-to-nearest neighbour interactions, for which some homogenization formulas are
more explicit. The analysis mixes the scaling arguments of Braides, Lew and Ortiz,
and the description of internal interfacial energies of Braides and Cicalese [6]. The lack
of formulas to describe surface interactions seems to be the main technical difficulty in
higher dimension, while compactness arguments seem possible to be exported to any
dimension upon some hypothesis on the interactions, in the context of free-discontinuity
problems (see [2]).

2 Statement of the problem

With the Lennard-Jones potential as a model, we consider a interaction potential J :
[0, +00) — R U {400} with the following properties:

e J(0) = +o00, J is of class C? in its domain

o lim J(z)=0;

Z—-+00

e minJ = J(1) < 0;
e J is convex in [0, zg] with zg > 1, concave in [z, +00).

Our energies will be the nezt-to-nearest neighbor analogue of the nearest-neighbour
energies (2); namely,

N

Bo(u) = Z(J<Uz —€U¢—1|> . J(|Uz‘+1 ; uz’—ﬂ) ~ min Jeﬁ>’ (5)

i=1



where we assume N = N, =1/ € N, i € ZN [0, N] and v is identified with a function
on [0,1] by u(x) = u|4/.|. Moreover, by simplicity we consider the periodic boundary
conditions uy = ug and un41 = Uj.

The effective potential Jo is defined as

Jot(2) = %min{J(|zl|) + J(|z2]) : 21 + 22 = 22} + J(2]2]). (6)

This potential is obtained by integrating out the effect of nearest-neighbour interactions
optimizing over atomic-scale oscillations. In Fig. 1 we picture an example of such an
effective potential, also highlighting the function H(z) given by the minimum in (6).

-1 —1/2

1/2 1

minJ |2

2min J

Figure 1: The effective potential Jeg

In general, for next-to-nearest neighbour interactions in dimension one the convex
envelope of this potential gives an energy function that describes at first-order the
behaviour of energies E. (see [10, 3]). However, for our interactions this convex envelope
is a constant, and a higher-order analysis is necessary.

Note that we can write

= (oot ¢ o) () )

—1
N

S J Ui — Uit i J

e S () ) o
=1

so that E. > 0.
We make the following assumptions on J and Jeg, which are satisfied by the
Lennard-Jones potential



e (uniqueness and non degeneracy of an increasing effective minimal state) there
exist a unique minimizer z* > 0 for Jeg on [0,+00). Moreover, J/;:(2*) > 0 and
J"(z*) > 0;

e (uniform Cauchy-Born hypothesis) there exists a neighborhood of z* such that
for all z in such neighborhood the unique minimizing pair for the problem Jog(z) is
21 = 22 = Z2.

Under these hypotheses the restriction of the same functional to increasing functions
has been studied by Braides and Cicalese [6], showing that it converges to a Griffith
Fracture energy. Note that the hypotheses on J are not sufficent in general to guarantee
the uniqueness of z*.

Remark 1. The properties of J and the uniform Cauchy-Born hypothesis ensure the
following estimates.

(1) for 21, z2 in the neighborhood of z* given by the uniform Cauchy-Born hypothesis
we have

() +Ie) + (a4 ) 2 min e + 5o - 2P 4 S -2 (®)

where \ = min{%7w};

(2) for all z;, zo with 2129 < 0 we have

%(J(|z1\)+<](\22|)> FJ(l51 4+ 7)) > C > min Jug: ()

this allows to avoid trivial non-monotone minimizers.
(3) there exists b > 0 such that

(J(21) + J(22)) + J(21 + 22) — min Jeg > <; ((21 =) + (22— Z*)2)> Ab (10

N | —

for all 21,29 > 0.

Definition 2 (convergence to a linearized state with jumps and creases). Given a
sequence of periodic functions u®: [0, N;] — R; we say that u. converge to (v,S,, P,)
where S, and P, are disjoint finite subsets of [0,1) and v € H'((0,1)\ (S, U R,)) if
(i) there exists a piecewise-affine u with v € BV ((0,1);{£2*}) such that v — u
in L';
(i) there exist S = {x1,...,xp} C [0,1) with &1 < --- < zps and sequences (cl).
forj=1,..., M such that

u® —u 4
—c
VE
where u€ is identified with its piecewise-affine interpolation, u is extended by periodicity
and we set xg = xp — 1.

— v weakly in Hb(z-1,2;) (11)



Then we define v as
o() = v/ () if v € (xj—1,25) N (0,1) for j=1,....M
i = —1)  ifz e (zp, ),

P, = S()\ S(u), where S(u) and S(u') denote the points of essential discontinuity of
u and u', respectively, in [0,1) (u and u' are extended by periodicity to the whole R)
and S, as the minimal subset of [0,1)\ P, such that (ii) holds. Note that this is a good
definition since if S and S satisfy (ii) then also SN S’ does.

Remark 3. Note that the sequences of constants ¢! and their limit are not uniquely
determined. In particular, v’ are determined up to addition of a constant. The functions
v/ are in a sense obtained as a linearization around the (unknown) function u, just as
in the increasing case we had a linearization around z*id. Note that in the set P, U .S,
we have three types of points:

e points in S(u') \ S(u); i.e, points where w is continuous but u’ changes orientation
(creases);

e points in S(u) (macroscopic cracks);

e discontinuity points of v/ that are not in S(u’) U S(u) (microscopic cracks).

In principle, v/ may develop microscopic cracks also at points in S(u/) \ S(u), but
we will see that energetically such points have to be considered as crease points.

The introduction of the previous definition is justified by the following proposition.

Proposition 4 (compactness). Let (u®) be a sequence such that sup,(E=(u®)+||uf]|c) <
+00. Then, up to subsequences, u® converge in the sense of Definition 2.

Proof. For all w: [0, N.JNZ — R set

I'*(w) = | J{[e(i - 1),ei) : w; — wiy > 0} (12)
I“(w) = [ J{leli = 1),e0) s w; — wi—y <0}, (13)

Note that u —ui_; # 0 for all ¢ by the assumption J(0) = +oc.

We deduce from (9) that the number of connected components of I (u®) and I~ (uf)
is equibounded.

Let C. be one of such connected components; e.g., of I (uf). Up to subsequences,
we may suppose that C. converge to an interval I C [0,1] as € — 0.

Since E.(uf) is uniformly bounded, estimate (10) ensures that except for a finite

number of indices % ) )
ui — Uiy v Uiyy — U; < 2717
€ € -



We can then consider intervals where this relation holds for all 7. If we set

1
05 = —= (u; — z%ei),

IV

in such intervals we have, thanks to (8),
9 — B N\ 2 us — us 2
A 8( % z—l) - )\ ( 7 i—1 —Z*>
) =t
A U’?—l—l - ’U/f * 2 U’f - u?_l * 2
< SRt ()
(2

< E.(u).

We then deduce that the gradients of the piecewise-affine interpolations of v; are
bounded in L? on each such interval. Hence there are constants c. depending on the
interval such that, setting

1
v = —= (u; — z%el) — ce,

YA

such functions converge weakly in Hﬁ) o
Considering also the connected components of I~ (u.) we deduce that up to subse-
quences there exists a finite subset of [0, 1] of points 0 = zo < 1 < -+ < Tpr41 = 1,
M +1 sequences {cf} and M + 1 choices of minimizers of Jog 2} € {—z*, 2"} such that,
setting
v = 1 (uf — ziei) — & for ei € (wp_1,x1),

VS

such functions converge to a limit v* in L120C(1‘k—1, xr) (or, equivalently, their piecewise-
affine interpolations weakly converge to v* in H! (zx_1,7)).

Note that this also implies that, up to subsequences and translations, u® converges
to zjx in (xp—1, xy). By the uniform boundedness of u. this implies that ue — u in L
for some u with v’ = 2} in (24_1, zy), and hence (i) in Definition 2 holds.

The set S = {z1,..., 7} U {0} satisfies (ii) in Definition 2, with v defined as v*

on (Tg_1,Tk). dJ

The following theorem is the main result of the paper, and gives an energetic de-
scription of the energy F. in terms of the parameters given by Definition 2.

Theorem 5. The sequence (E.) I'-converges with respect to the convergence in Defi-
nition 2 to the functional

F(.SuP) =a [ [P dut 545, 4 1#P, (14)

)



where

a= SJ(E) (15)

“+o00

0= Qinf{;(J(\ziD+J(\Zi—i—zi+1|)—minJeff) : (16)

zi=2z"fori> K, K € N} —2min Jeg + J(2%)

+oo
y= inf{ S" (12l + I (|2 + zisa]) — min Jeg) -

1=—00

zi = sgn(i)z* for |i| > K, K € N}.
Note that the definition of 8 and =y actually involve only finite sums.

The proof of the theorem is the content of the rest of the paper.
We now prove some properties of 3 and v which might be of independent interest.

Remark 6 (surface relaxation). We note that 3 is not trivially obtained by taking
z; = z* for all 7; i.e., that
+oo
inf{Z(J(|zi|) + J(|% + zi41]) — min Jog) 2z = 2" fori > K, K € N} <0.
i=1
Indeed, take z; = z* for ¢ > 2 as a test function. For z; > 0 we have

+oo

> (J(zl) + J(|zi + zig1]) — min Jeg) = G(z1) — min Jog,

i=1
where G(t) = J(t) + J(t + z*). Note that G'(z*) = J'(z*) + J'(22*) = —=J'(22*) < 0, so
that there exists 7 > z* such that G(7) < G(z*) = min Jeg. Choosing z; = 7 we get
the estimate.

The next result allows to relax the boundary condition as a condition at infinity in
the definition of 5 and ~.

Proposition 7. We have

+o0
0= 21nf{;(J(|zz|) + J(|Zz + Z7;+1|) — min Jeﬂr) : zl}inoo Z; = z*} (18)
—2Jo (2%) + J(2%),
—+00
= inf{.z (Fzl) + (|2 + zia]) = min Jor) = Tim sgn(i) z = Z*}. (19)

Note that the infinite sums are well defined since they involve only non-negative terms.



Proof. We only treat the formula for ~, the formula for § being dealt with in the
same way. Let z; be a test function for (19). With fixed n > 0, let K, be such that
|z; — sign(i)z*| < n for |i| > K, and define

n Zj if |i| < K,
zZ. =
P \sign()zif fi] > K.
Then we have
+o0o
Y (JUD) + (12 + 2 ]) — min Jeg)
i=—00
+o00 1
- > (2(J(Iz?|) +J(2 1)) + J(|2] + 2! 4]) — min Jeﬁ>
Ky )
= Y (Q(J(!z?\) + J(128 D) + J(|2 + 2 4]) — min Jeﬁ>
i=—K,—1
Kol /g
= Z <2(J(’Zz\) + J(|zix1])) + J(|zi + zix1]) — min Jeﬁ>
i=—K,

1 ¥ x .
+5 (I (ler, ) + J(127) + (2, + 27]) — min Jeg

1 .
+5 (=2 + I (2=, [) + (| = 2" + 2k, |) — min Jeg

—+00 1
> <2(J(\Zz‘|) + J([zi411)) + J(|zi + 2i41]) — min Jeff) +2w(n),

1=—00

IN

where

) = mac{ L (7(121) + T(2*) + T(1z + 2°]) — min S < |z — =*| < )

is infinitesimal as 7 — 0. This proves that the value of v is not greater than the one in
(19). Since the converse inequality is trivial, we have the thesis. ]

3 Proof of Theorem 5

In this section we will prove Theorem 5 by making use of some arguments close to
those of Braides, Lew and Ortiz [7] and Braides and Cicalese [6]. In particular, we use
a result from [7] that we state in our notation as follows.



Theorem 8 (Braides, Lew and Ortiz). Let (v°) be a sequence of functions such that
2*id + \/ev® are increasing on a subset (a,b) of (0,1) and such that, if we set

F.(v, (a,b)):ZZ:( (s + vE—E 1)+J(zz*+\/§%) —min Jug ), (20)

where the sum is taken over all i with €i € (a,b), then we have sup, F:(v, (a,b)) <
+oo. Suppose furthermore that v¢(a) and v¢(b) converge. Then the sequence v¢ weakly
converges up to a subsequence to a piecewise-H'(a,b) function v and we have

b
liminf P (o, (a.1)) > a/ W2 da + B #5().
E— a

The following proposition will allow us to distinguish energetically between points
in S, and points in P,.

Proposition 9. We have 0 < v < .

Proof. With fixed n > 0 let {z]'} be an np-minimizer for the problem defining 5. With
fixed M > 0, we may take as a test function in the minimum problem defining v the
function

z? fori>1
M=% M for i =0

=21, fori< —1.

We then have

+oo
> (UMD + (2 + 2M]) - min Jeg)
K-1

= S (UM + T2 + 2M)) — min Jeg)
=1

+J(|z£4\)+J<!zA€+z§4I)—minJeﬂ
+ Z (12M]) + J(12M + 2M,]) — min Jeg)
+J<‘Z MDA+ J(2M + 2")) — min Jeg
= 22 )+ J(|2] + 20,4 ]) — min Jeg) — 2min Jg + J(|2]])

+J(|M|)+J(|M*21|)+J(\Zl + M)

10



= 2Z(J(]zm) + J(|z] + 2] 4]) — min Jeg) — 2min Jeg + J(2*)
i=1
+J(IM = 2{|) + J(M) + J(|M + #{])
< Bn+ (M = 2|) + J(M) + J(|M + #]).
Note that z{ remain bounded; hence, for M large enough independent of 7 we have
J(|z) + M]) < 0 and J(|M — z]|) < 0; then, by the arbitrariness of 7,

Y<B+J(M) <P

The estimate v > 0 follows immediately from the fact that the unique minimizers
in the definition of Jeg are the pairs (z*, z*) and (—z*, —2*). O

The following remark will be useful in the construction of recovery sequences.

Remark 10. For all n we may construct functions fwiﬁ " such that

wiﬁ’?7 = 2%
for i > TP and
o .Bm B
Zp = Wi T Wi

is an p-minimizer for the problem defining 5. This is just a translation argument, upon
noticing that, if z; is admissible for the problem defining 3, then we have

M
Mz* — Z Zi=cC
i=1
constant for M > K.
Similarly, we may construct functions w;"" such that
v __ *| 5
w" = 2"|i

for |i| > T7" large enough, and

is an n-minimizer for the problem defining . Indeed a translation argument as above
gives a function {w;} with w; = 2*i for i > K and w; = —z*i + ¢ for i < —K. For
M € N fixed, we can then define

wW; fori> —-K
w"=wi+G(i+K) for—-K-M<i<-K-1
2*|i] fori <-K—M—1.

11



Taking into account the Cauchy-Born hypothesis on J, the extra energy due to the
correction for —K — M < i < —K — 1 can be estimated by

(M =1)(J (=" = =7) +J (22" — 27 ) — min Jug )

+2(50 (= - %) + %J(z*) + (22 - %)) — min Jug

— (M -1) (Jeﬁ" (z* + ﬁ) — min Jef.f) + o(1)Mmee
AWM - 1) (4

5 eH(Z*) M2 M)Mﬂoo +0(1)M—>007

which gives the thesis for M large enough.

The same argument above shows that we may require that w;"" satisfy

w]" =2+l wl = =2+ "
for i > T7" and i < —T7", respectively. Here ¢ are any two constants that remain
bounded with 7.

Proof of Theorem 5. We first prove the lower bound. Let (u®) be a sequence converging
to (v, Sy, Py) in the sense of Definition 2. By the periodicity condition, we may assume,
without loss of generality, that 0 ¢ S, U P,.
We fix > 0 and subdivide the contribution of u® inside each z; + (—n,n) and
outside their union. Setting
e Ut —wu ;
vt = VG J
on (zj_1+n,x;—n), we have v — v7 in H'(z;_1+n,2;—n). Upon further subdivinding
our interval, we may suppose that z*id 4+ \/ev® are increasing on (z;—1 +n,2; —n) (or
—z*id + y/ev® are decreasing). We can then apply Theorem 8 with (a,b) = (zj_1 +

n,x; —n) to get

liminf F; (v°, (zj—1 + 1,25 — 1)) > a/ |(v7)'|% dt. (21)
e=0 (zj—1+m,z;—n)

Let T € P,. We suppose without loss of generality that lim, -+ u/(x) = z*. Up to
changing the functions u® sufficiently far from Z, we may also suppose that

£ _ €
U; — Uy

for 51’234—%’7 and



forei > 7 — %’7. Indeed, for any ¢ we set

where ©v° is defined as above; since v, weakly converges in H' (E—F 1T+ %T"), it follows
that there exists an index i(e) with T+ 7 < ei(e) < T + %’7 such that (wf(a))2 < C/n
with C independent on e. Then, setting for i € (Z,Z + 1)
Ui — Uiy
e if 1 <i(e)
z* if i >i(e)

we have, since lim._.q \wa(s) = 0, that the extra energy due to the modification of
is negligible; that is,

. 1 .
lim (2 (J(Zf(a)-‘rl) + J(Zf(a))) + J(Zf(e)+l + Zf(a)) — min Jeff)

e—0

: 1 * * * :
= ;13% (2 (J(z )+ J(Z*F + ﬁwf(a))> + J (22" + ﬁwf(g)) — min Jeﬂ‘> = 0.

The corresponding construction for ei € (Z —n,T) gives a sequence {z7} admissible
for the problem defining -, so that we get that

lim inf B (u®, (T — 0,7 +n)) > 7.
E—

We now consider z = 2/ € S,. Note that there are indices i. such that i, — 27
and . 6
lim inf 7|ui5+1 — ui€|

n it . = +o00. (22)

This is trivial if 27 € S(u). Otherwise, since 2/ ¢ S(u’), we may suppose that v/ = z*
on (27 —n,2? + ). If (22) does not hold then the L?-norm of the gradient of the
piecewise-affine interpolation of v¢ is bounded, and, upon translation by constants, we
have that 1

v = %(uf — 2%ei)
weakly converge in H' (27 —n, 27 +n). This contradicts the minimality of S,. The same
argument shows that we can suppose that

3 — ut € — us
lim inf %1—%571’ — lim inf M

= +o0. (23)
e—0 g e—0 £

13



We now estimate the energy as follows. If 27 ¢ S(u'), we can modify u® as in the
case T € P, obtaining u® such that

=z (24)

holds outside (z7 3477 L)+ %) We can then take as test functions for the computation

of the minimum problem in

~E _ m~E
+ _ Wiiop1 T Yig,

ST
and . .
= Uy —j — Wi 41
7 € :
We then obtain
E.(a, (z; —n,2; +n))
ie—1 - - - - _ .
< 1 us, , —us 1 us — us_ us, , —us_
S (2J<\ i1 z\)+2J(! P 1!>+J(! i1~ U 1\)_minjeﬁ>
= € € €

ie+1

(P D o (0

1=te

ie 1 /las —as s, — U
+ 55 (po(Eamtly (BTl () )

1=1+2

—+o0
1 - a - — .
= S (A + (D) + T + 27 ]) — min
=1
i 15“ — 43 _ﬁzil') |45, 11 —@zil’) :
2 < )Jr J(f +J(f min Jeg

1 e . — s s o — us
+J<‘ ie+2 ls+1‘) + J<|Zs+116|> 4 J(M> — min Jeg
2 2 € €

+
1 .
+Z<§ (s ) + Tz + (12 +Zz+1\) maneff>
i=1
+oo 1 - B B ) . . i |
— Z(i(J(!ziH!)JrJ(!zi ) + J(|2; +zi+1|)—m1nJeff> + 5771 ]) — 2min T
i=1
S 1 + + + + . 1
+Z(§(J(|Zi+1|)+<](|zi 1))+ J(|2; —l—zi+1|)—m1nJeff> 5 J(|27]) + o(1)e—0

i=1

14



—+00

= S (T + T + 2 ) — min e ) + T (27]) — 2 min
=1

+oo
+ 3 (D + (15 + 2510 = min Jeg ) + 0(1)o—o,
=1

from which we deduce that
lim inf B (u®, (27 + 0,27 — 1)) > B.
e—

The case 7 € S(u/) can be treated in a completely similar way, by considering a
modified sequence with

€ _

-~ ~E
Uy —Uj_q

9

for ei < 27 — ??T" and by defining

We take now (v, P,, S,) as in Definition 2, and construct a recovery sequence for the
upper bound. As above, we may assume, without loss of generality, that 0 € S, U P,,.

By a density and translation argument we may suppose that v € C2[0, 1] and that
v is 0 on a neighbourhood of P, U S,. We then choose any function u such that
u € BV((0,1);{£z*}), that S(u) C S, and that P, = S(u’) \ S(u) (for example we
may take a function v’ € BV ((0,1); {£2*}) with S(u) = 0 and S(u’) = P,). The result
will be independent of this choice.

Note that by the periodicity of u there exists T € S(u) U S(u’) # 0, and we define
u® by setting

Du® = Du+ Z Vesgn(u'(z))d, — Z Vesgn(u'(z))dz.

2€S,\S(u) 2€5,\S(u)

In this way we have inserted small jumps on the points of S, where u does not jump,
that preserve the monotonicity of u. We have also modified u at T in order to preserve
the periodicity of u°. Note that this modification may insert a jump of vanishing size at
a crease point. This point must nevertheless be regarded as a crease point at a slightly
misplaced location T.. The situation is the one pictured in Fig. 2. For simplicity of
notation we will suppose that 7. = 7.

Note that we may suppose that x/e € Z, upon taking its integer part. For any fixed
w) " B.m

Niez and (W]

n > 0, we consider sequences ( i

the following properties

)i>0 given by Remark 10 satisfying
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e

Figure 2: Perturbation of the function u

o w" = z*i| for |i| > T7" and (2"")icz = (w;”" — w]"" )iz is an n-minimizing
sequence for the problem defining ~;
o w’ = z*i for i > TP and (z7")i>1 = (W — w51 is an n-minimizing
sequence for the problem defining 5.
We can then define the recovery sequence (uf) in a neighborhood of x € P, by
setting , ,
ui =ut(z) + el (:c+)2Z*u (= )wﬁ;/a

for x € S(u®) we define, for |i — z/e| < TV

if |i—a/e| <TT,

_ u'(z+) g ) .
5 u(z+) + ¢ o wi_z/e_l if 1 <i—x/e <TPN
" ()
— u\r— /8771 . , .
u(z—) —¢ pram Ay if — TP <i—z/e<0.

Moreover we set
E __ —~€ . .
u$ = ++/ev; otherwise,

where v; = v(ei). Note that the sequence (u®) converges to (v, P,,S,) in the sense of
Definition 2.

Recalling that v vanishes in a neighborhood of P,, we obtain for any x € P,
1 Ui — Ul 1 uj —us_4| uiy — 4| .
| Z <2J(5 +§J - +J B— — min Jeg
li—z/e|<TYm
<v+n.

For any = € S, it follows that, setting s. = U.(z+) — U (v—)

Z }J [ufyy —uil +1J Juf —uial +J Jefgs = vl — min Jeg
2 £ 2 € &

li—a/e| <8
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T8:n
=23 (T + T2 + 22 ) — min Jeg ) + J(|2*]) — 2min Jog
k=1

+J(‘u/(w+) —I;u’(ﬂc—)
z
1o /
—i—J(‘u(:*)wlﬁ’" + u(:f)wg’" +

<B+n+o(l)m0

) N J(‘ ' (x+) + u/(z—)

Se
woﬁ’” + = s
g z

Se
w{in + =
g

)

<l

since |s¢/e| > 1/4/¢ and v vanishes in a neighborhood of P,.

We now consider the set IZ of the indices ¢ such that i lie between z; + 1 and
xj41 —n with 7 small enough so that v vanishes in the n-neighbourhood of S, U P, and
¢ small enough so that e7%" and eI are smaller than 1.

Since v’ is C! we can write

Vi+1 — Vi—1 Vi+1 — U
= + 0(g)esp.-
2e € (€)oo
Noting that J is Lipschitz continuous on a neighbourhood of z*, using the Taylor
expansion of Jeg at z*, we then deduce that

1 us,; —us 1 us — uf us, 1 — us
Z<2J<‘ z+1€ l’>+2j<’ i . Z_1’>+J<’ z—i—lg 2_1‘>—minJeff>
(ISTE

1 itl — U 1 « i — Vi
:Z(J<Z*+¢gv+lv)+J(z +\@vvl>
2 € 2 €

I
~
v
~
3
@
R
—~
I\
SN—
/N
i~
<
+
_
|
&
N—
[N}
_|_
=)
—
™
~—
™
|
o
N———
—+
=)
—
—_
N~—
m
|
o

=a | [V]*dx+o(1).—o,
where I, = (z; + 0,241 — 7).
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We then have

limsup E.(uv®) < F(v, Py, Sy) + n# (P, U Sy),

e—0
and the limsup inequality by the arbitrariness of 7. O
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