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Discrete double-porosity models

Andrea Braides? Valeria Chiado Piat! and Andrey Piatnitski

1 Introduction

Variational theories of double-porosity models can be derived by homogenization of high-contrast
periodic media (see [12]). Typically, we have one or more strong phases (i.e., uniformly elliptic
energies on periodic connected domains) and a weak phase with a small ellipticity constant, coupled
with some lower-order term. In the simplest case of quadratic energies, this amounts to considering
energies of the form

N
Z/ |Vu|2d3:—|—52/ |Vu|2—!—K/ |u — uo|? du, (1)
— Janec; QNeCo Q

Jj=1

where € is a geometric parameter representing the scale of the media. The strong components are
modeled for j = 1,..., N by periodic Lipschitz sets C; of R? with pairwise disjoint closures; in this
notation Cj is their complement and represents the weak phase. Note that we may have N > 1
only in dimension d > 3, while in dimension d = 2 this model represents a single strong medium
with weak inclusions (i.e., the set Cy is composed of disjoint bounded components). In d = 1 the
energy trivializes since Cy must be empty and the energy is then e-independent. The scaling £2
front of the weak phase is chosen so that the limit is non trivial; the analyses for all other scalings
are derived from this one by comparison.

If we let ¢ — 0 these energies are approximated by their I-limit ([9, 10]), which combines the
homogenized energies of each strong medium (which exist by [1, 12]) and a coupling term. Note
that the energies above are not strongly coercive in L?. They are weakly coercive in L2, but their
limit is more meaningful if computed with respect to some topology which takes into account the
strong limit of the functions on each strong component (or, more precisely, of the extensions of the
restrictions of functions on each €C}, which are taken into account by the fundamental lemma by
Acerbi, Chiado Piat, Dal Maso and Percivale [1]). In this way a convergence u. — (ug,...,un) is
deﬁned, the limit then depends on these N independent functions, and takes the form

N
Z/<< homvuj’vuj>+KcJ|u] _u0| )d.]?—F/ @(Uo,ul,...,UN)dl', (2)
Q Q
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where c¢; are the volume fractions of the strong components and ¢ is a quadratic function taking
into account the interaction betweem the macroscopic phases. Note that the lower-order term is
not continuous with respect to the convergence ue — (u1,...,uy), which explains the appearance
of an interaction term, whose computation in general involves a minimum problem on the weak
phase Cy (see [12] for results in the general framework of p-growth Sobolev energies, [20, 21] for
perimeter energies, and [14] for free-discontinuity problems).

In this paper we derive double-porosity models from very simple atomistic interactions. Again
in the case of quadratic energies, we may write the microscopic energies (in the case of the cubic
lattice Z%) as

dua—ugr 2 d‘ua—ugr K d, 2 (3
3 a‘ 2| 4c 3 P K Y e — (woal (3)

(a,B)EENTN(Q2X ) (a,8)EeNON(2X ) a€eZiNg

For explicatory purposes here we use a simplified notation, and we denote by N7 the set of pairs
in Z¢ x Z? between which we have strong interactions, and by Aj the set of pairs in Z? x Z<¢
between which we have weak interactions. The energies depend on discrete functions whose values
g, are defined for o € Z?. Connected graphs of points linked by strong interactions play the role
that in the continuum models is played by the C;’s (j # 0). In order to define a limit continuous
parameter, we have to suppose that at least one infinite such connected graph exists, in which case
we may take the limit of (extension of) piecewise-constant interpolations of u, on this graph as a
continuous parameter. If we have more such infinite connected graphs the limit is described again
by an array (ui,...,uy). In the more precise notation of this paper below we directly define the
(analogs of the) C; and derive the corresponding strong and weak interaction accordingly. Note that
weak interactions in Ny are due either to the existence of “weak sites” or to weak bonds between
different “strong components”, and, if we have more than one strong graph, the interactions in Ny
are present also in the absence of a weak component. Under such assumptions, the limit is again of
the form (2). In the paper we treat the general case of vector-valued u,, where the energy densities
are given by some asymptotic formulas.

From the description of I'-limits we derive also a dynamic results using the theory of minimizing
movements. Under convexity assumptions, in that framework, the behaviour of gradient flows of a
sequence F; is described by the analysis of discrete trajectories uJT-"E defined iteratively as minimizers
of

1 T
Fe(u) + EH“ - Ujf1||27

with 7 a time step (in our case the norm is the L?-norm for discrete functions). In our case, we
take as F. the energies above without lower-order term (i.e., with K = 0). We first show the strong
convergence of u;-’e as € — 0. In this way, we can treat these functions as fixed and apply the
static limit results with K = 1/(27). We may then follow the theory for equi-coercive and convex
functionals, for which gradient-flow dynamics commutes with the static limit (see [11, 4, 5]). As a
result we show that the limit is described by a coupled system of PDEs (in the strong phases) and
ODEs (parameterized by the weak phase). It is interesting to note that this latter parameterization
is easily obtained by discrete a two-scale limit of the trajectories.

We finally note that in the discrete environment the topological requirements governing the
interactions between the strong and weak phases are substituted by assumptions on long-range
interactions. In particular, for discrete systems with second-neighbour interactions we may have a
multi-phase limit also in dimension one.



2 Notation

The numbers d, m, T and N are positive integers. We introduce a T periodic label function
J:7%—{0,1...,N}, and the corresponding sets of sites

Aj={kez®:Jk)=3}, j=0,...,N.

Sites interact through possibly long (but finite)-range interactions, whose range is defined
through finite subsets P; C Z4, j = 0,..., N. Each P; is symmetric and 0 € P;.

We say that two points k, k' € A; are Pj-connected in A; if there exists a path {kp}n=0,. K
such that k, € Aj, ko =k, kx = k" and k, — k,—1 € P;.

We suppose that there exists a unique infinite Pj-connected component of each A; for j =
1,..., N, which we denote by C;. Note that we do not make any such assumption for Ag.

We consider the following sets of bonds between sites in Z%: for j =1,..., N

N; ={(k,K") : k. k' € A; )k — K € P;\ {0} };
for j =0
No={(k,K") : k=K € Py\ {0}, J(k)J(K') =0 or J(k) # J(k')}.

Note that the set Ny takes into account of interactions not only among points of the set Ag, but also
among pair of points in different A;. A more refined model could be introduced by defining range of
interactions P;; and the corresponding sets N;;, in which case the sets IN; would correspond to Nj;
for j = 1,..., N and Ny the union of the remaining sets. However, for simplicity of presentation
we limit our notation to a single index.

We consider interaction energy densities f : Z¢ x Z% x R™ — R and g : Z¢ x R™ — R. Note that
the values of the function f(k,%’, z) will be considered only for (k, %) belonging to some N;. The
functions f and g satisfy the following conditions: f(k,k',z) = f(k’,k, z) (this is not a restriction
up to substituting f(k, %', z) with %(f(k:, K, z)+ f(K' Kk, z)) and there exists p > 1 such that

c(|z]P = 1) < f(k, K 2) <CO(|z|P + 1) 0< f(k,K,z2), 4

(4)

[f(k, K 2) = f(k, K, 2)] < Clz = 2| (1+ |27~ + 2']P7) (5)
f(k, K, -) is positively homogeneous of degree p if (k, k') € No (6)
0 < g(k,u) <CO(2" +1) (7)

lg(k, 2) = g(k, 2")| < Clz = 2/|(1+ [P~ + |2/]P71). (8)

Given © a bounded regular open subset of R?, we define the energies

Fw-n(ele) - XY e tot)

3=1 (k) ENE(Q)

D DR (N )+ S elgkow),  (9)

(k,k")ENE () keZe(Q)

where 1 1
N?(Q):ijg(ﬂxﬂ),jzo,...,zv, ZE(Q):degQ. (10)



The energy is defined on discrete functions w : %Q NZ* — R™.

The first sum in the energy takes into account all interactions between points in A; (hard phases),
which are supposed to scale differently than those between points in Ag (soft phase) or in different
phases. The latter are contained in the second sum. The third sum is a zero-order term taking into
account with the same scaling all types of phases.

Note that the first sum may take into account also points in A; \ C;, which form “islands” of
the hard phase Pj-disconnected from the corresponding infinite component. Furthermore, in this
energy we may have sites that do not interact at all with hard phases. In order to treat them we
introduce a notion of connectedness as follows: we say that k and &’ are connected if either k = &k’
or there exists a path {k, }n=0o, . & such that kg =k, kx = k" and (kp, k,—1) € U;VZO N;.

3 Homogenization of “perforated” discrete domains

In this section we separately consider the interactions in each infinite connected component of hard
phase introduced above. To that end we fix one of the indices j, j > 0, dropping it in the notation
of this section (in particular we use the symbol C in place of C;, etc.), and define the energies

1 Uk — Uk’
Felu) = Fo(u,-Q) = ek k', —), (11)
€ E( 5) (k,k’)%:\fg(ﬂ) ( € )

where
NE(Q) = {(k, k) e (CxC)N é(n xQ):k—K e Pk# k} (12)

We also introduce the notation C*(€2) = C N 1Q.

Definition 3.1. The piecewise-constant interpolation of a function w : Z% N %Q — R™, k+— uy is
defined as

u(r) = u|z/e),

where |y| = (ly1],- .-, |ya]) and |s] stands for the integer part of s. The convergence of a sequence
(uf) of discrete functions is understood as the L (£2) convergence of these piecewise-constant

interpolations. Note that, since we consider local convergence in €, the value of u(x) close to the
boundary in not involved in the convergence process.

We prove an extension and compactness lemma with respect to the convergence of piecewise-
constant interpolations.

Lemma 3.2 (extension and compactness). Let u® : 1Q — R™ be a sequence such that

sup{ Z Ed‘Mp+ Z gd|u6‘}<—‘roo (13)
€ 3 k '

(k,k")ENE(Q) keC=(Q)

Then there exists a sequence U° : 1Q — R™ such that U = u if k € C*(Q) and dist(k,01Q) >
C(T,p,d,m), with u¢ converging to u € WHP(Q) up to subsequences.

Proof. 1t suffices to treat the scalar case m = 1, up to arguing component-wise.
With fixed i € Z? we consider a periodicity cell Y; = iT + Y, where Y = [0,7)? N Z%. If we
consider k € CNY; and k' € C NY/, where Y/ is either Y; or a neighboring periodicity cell, then

?



the minimal path in C' connecting k and &' lies in a periodicity cube Y; = iT + [-DT, (D + 1)T)?
for some positive integer D. We suppose that such Y; is contained in %Q This holds if

dist (Y. 8%9) > C(T) (14)

for some C(T).
We define

1
U, = ———— Z uj for ke Y;\ C.
#(CNY) leCny;
For k €Y; and |k — k’| =1 (in the notation above k' € Y;) we have

p
< &% P| max u® — min u°

Y;UY/ Y;UY/

e~
Uy, — Uz,
od ‘ k k

= e Pu§ — uf|P

3

for some [,1I" € Y; UY;. We then may take a path {u;, }n—1.. n in C connecting | and I’ lying in }71
We then have

~ N € 5 5
U — e, P uj uy p us —us, |p
5‘1‘ E_wIT <O E sd’ " < C E 5d‘ CA—
€ € _ €
n=1 J—3'€P,j.j' €YViNC
Summing up in k, K’ we obtain
~g ~g € __ 15
Uz, — Uz, |P Uz — Uz |P
Z Ed’ k 1" < o Z cd| i i P
/ € - €
|k—k'|=1,k€Y; J—3’E€Pj,5'EY;NC
and
~e ~e € — €
Uy — Uy, |P (0 Uz, |P
Z ad‘ k " < opard Z Ed’ j i (15)
. € . €
|k—k'|=1,k,k’ €10, (4,3)ENE ()
where

Q. = U{eYi : (14) holds}.
Trivially, we also have the estimate
el < e ~e| _ 7 e
kezm |u,| < ke;wc OARS ke;,;\c AR ZCnY) ke;wc |-

These two estimates ensure the pre-compactness of u° in L' (2’) for all Q' CC Q and that every its
cluster point is in W?(Q) by the uniformity of the estimates (15) (see [2]). 0

Theorem 3.3 (homogenization on discrete perforated domains). The energies F. defined in (11)
['-converge with respect to the L .(2;R™) topology to the energy

loc

fhom(u) = /thom(vu) dx7 (16)



defined on WHP(Q; R™), where the energy density fuom satisfies

Srom (&) = Klim inf{]—'@x + v, (0, K)%) : vp = 0 in a neighborhood of 8(0,K)d}. (17)

— 400

Proof. The proof follows the one in the case C' = Z% contained in [2], and therefore we have the
coerciveness condition f(k,k’,z) > C(|z|P — 1) whenever |k — k| = 1. That condition is used only
to obtain pre-compactness of sequences with bounded energy, and is substituted by the previous
lemma.

The proof can also be obtained by directly using the homogenization result of [2] applied to

Fl =F. +nG, where
G(u) = 3 gd‘u

€
|[k—k'|=1,k,k'€1Q

p

)

obtaining limit energies
Fo) = [ B (V) o
Q

By comparison we obtain the existence of the desired I'-limit and the equality

Fhom(u) = 71’r>1% Flo(u) = /Q inf f7 (Vu)dx.

n>0

Once this integral representation is shown to hold, standard arguments allow to conclude the validity
of formula (17) (see [13]). 0

4 Definition of the interaction term

The homogenization result in Theorem 3.3 will describe the contribution of the hard phases to the
limiting behavior of energies F.. We now characterize their interactions with the soft phase.

For all M positive integer and z1,...,zxy € R™ we define the minimum problem
1.
@M(zl,...,zN):Wmf{ Z flk K Jop —vpr) + Z g(k,vk):UEVM}, (18)
(k,k")ENo(Qnr) k€Z(Qum)
where
M M\4d
Qu=[-%F%)  No@Qu)=NoN(QuxQu),  Z@)=Z'NQu,  (19)
and the infimum is taken over the set Va; = Vp(z1,...,2n) of all v that are constant on each

connected component of A; NQy and v =z; on C; for j =1,...N.
Proposition 4.1. There exists the limit ¢ of oy uniformly on compact subsets of R™N.

Proof. Note preliminarily that by the positive homogeneity condition for f we have

(kK 2) = f(k, K, 2| < Cla = 2'[(J2P7F + [P



for (k, k") € Ny. Let v be a test function for ppr(21, ..., 2zx). In order to estimate (21, 22, ..., 2N)
we use as test function
vk - .
v, otherwise.
We then have

o fRE v =)+ Y gk

(k,k")ENo(Qn) k€Z(Qn)
- Z f(ka k/,Uk - Uk’) - Z g(kavk)
(k,k")ENo(Qnr) k€Z(Qm)
< 2 > [ £ K 0 = i) = (K o = o)+ D7 gl 21) = gl )
(k,k")ENo(Qwm ), keCy keC1NQ
< 2 > \f(k, Koz —ow) = fk K 20— o)+ > gk, 1) — g(k, 21)
(k,k}/)ENo(qu),kecl keCiNQm

By (8) the second sum can be simply estimated by CM?|z; — || (1 +]a|P7 + |zﬂp’1). As for the
first sum, we have

3 ‘f(k,k’,z{ ) — [k K 21— o)

(k,k")ENo(Qnr),keCt

< 3 Clar = 21 (124 = 2P~ + o — )
(k,k")ENo(Qn ), keCr
S CMd|Z1 _Zi‘p‘FOlZl —Z£| Z |Uk—’l]k/|p71
(k,k")ENo(Qn),k€C
p—1
< CMd|zl—zﬂp+C|z1—zi|M%( Z ‘Uk_vk,|p) »
(k,k’)GNo(Q]vj),kecl

p—1

S CMd|Zl _Zi‘p+c|21 —Z“M%( Z f(kyklavk_vk’)> P .

(k,k")EN0(Qnm),kECY
By the arbitrariness of v, taking infima we conclude that
loa (21, -y 28) —om (21, -+, 2N)]

—1
< Clar = 41(Jz1 = AP+ (a1, 2)) T+ (L 0P 2P 7)).

Furthermore, by taking as test function v = 0 on the complement of the | J ; Cj we have the estimate
om(21,-..,28) < C(1+Z|Zj|p>-
J

These estimates give equiboundedness and equicontinuity of the family ¢, on bounded subsets.
By Ascoli-Arzela’s theorem, to conclude it suffices to show that the whole sequence @), converges
point wise. To this end, we note that for integer K and M we have

(i) exnm = o

(if) Mooy < K4 < o if M < K.



By (i), with fixed M the sequence ¢,sor is increasing, and in particular

Pm2k = PM (20)

for all k.
Let k be fixed; for all K let Lx = | K/M2*], so that

0< K — LgM2F < M2*.

Then, by (ii)
(LxM2¥) o pror < Kok,

and by (20)

L M2F\d L M2F\d L M2F\d
o= (FG) e = (FG ) a2 (F) o

By taking first the liminf in K and then the limsup in M we obtain

liminf @ > limsup par;
K M
that is, the thesis. O

Remark 4.2. Let u™ € V) be a sequence such that

. 1
I%PW( Z f(k,k/7u1]c\/[7u]k\//[)+ Z g(k’uljc\/[)) :w(zla"'va)
(k,k")ENo(Qnm) keZ(Qwm)

then for every sequence of constants Ry = o(M) we have

. 1
lﬁ&nm Z lup! — upt [P = 0.

k.k'€QM\QM—Rr,, k—k'€Py

Indeed, otherwise taking u™ as test function for the problem defining wrr_r,,(21,-..,2N), We
would obtain

limsup PM—R (Zla cey ZN) < 30(217 ceey ZN)a
M
which is a contradiction.

We now prove that the function ¢ introduced in Proposition 4.1 can be defined through minimum
problems with additional boundary data. This will be useful in the computation of the upper bound
for the I'-limit. We then define the boundary set of QQa; as follows: we consider R a fixed constant
such that for any two points k and ¥ € Qp/_g connected in terms of Py-interactions there exists
a path of Py-interacting points contained in @7, and R larger than twice the diameter of each
bounded connected component of any A; for j =1,...,N. We define By as

By = ((QM \Qnm-r)\ CJ Aj)

U U{B : B C Qum \ Qu—r bounded connected component of A; N Qpr,j=1,...,N}.



With this definition, we can set
. 1.
goM(zl,...7zN):m1nf{ Z Flk, K v — vpr )+ Z g(k,vg) :v € Vayr,v=0o0n BM}.
(k,k")ENo(Qnr) k€Z(Qum)
(21)

Proposition 4.3. There exists the limit

lij\gfn(ﬁM(zl,...,zN) =@(z1,...,2N),

uniformly on bounded subsets of R™N , where ¢ is defined in Proposition 4.1.

Proof. By the same argument as in Proposition 4.1 we may show that the sequence is equibounded
and equicontinuous on bounded sets. It is then sufficient to show the existence of the pointwise
limit, and that this coincides with that of ;. To this end we will estimate @j; in terms of .

Note that we may write ppr(21, ..., 2n) as the sum of two independent minimum problems, the
first one where only k and k' connected with Ujvzl C; in Qs are taken into account, and the second
one where the summation is done over all other indices (disconnected with U;V:1 C;). Note that
the first one is actually a minimum, of which we choose a minimizer v™, while the second one may
be only an infimum. The latter infimum can be further decomposed into a sum of disjoint infimum
problems over bounded connected component, the ones intersecting Qas_ g being TZ%-translations
of a finite family {I;} of subsets of Z? by our choice of R; i.e., their value is

inf{ Z f(kj,k’,vk—vk/)—FZg(k;,vk) cv I —>Rm}, (22)

(k},k}/)ENo(Il) kel

where the infimum is taken on those v that are constant on each component of A; NI, for j =
1,...,N. This value is independent of M and zi,...,2zy. We denote by w' a ﬁ—almost minimizer
of problem (22).

We define oM € V) with o™ = 0 in By, by setting

0 if ke By
oM = wfg_K ifke K+1; forsome K € TZ% and K + ;N Qnr—r # 0
v,i” otherwise.

Using 9™ as a test function we can estimate, recalling (6), (4) and (7),

@M(Zla"'azN) < SDM(Zlv"'va)
C ~ ~ _
+—Md( 3 TR TP+ ST gk 0) + MO+ (4,0 Byy))
kork’eBn,k—k'€Py keBs
C ~
< 901\/1(21,---7ZN)+W< Z \v,]y\er#(BM)).

k¢ZBp:3k’€Ba,k—k'€Py
By Poincare inequality the sum can be estimated as

3 51 < C(#(Bu) + 3 o — ol p).

kZBn:3k'€B,k—k'€Py k,k/GQM\Qk{_QR:kfk/GPQ



Since this last sum tends to 0 as M — +oo by Remark 4.2, we obtain
oM (z1, -5 2n8) < om(z1,...,28) +0(1).

Since the opposite inequality @ar(z1,...,28) = ©nm (21, ..., 2n) trivially holds, we get that
liJVIIH(QZM(Zl, oo 2N) —m(z1,-..,2n)) =0

as desired. .

5 Statement of the convergence result

We now have all the ingredients to characterize the asymptotic behavior of Fr.
Thanks to the compactness Lemma 3.2, we may define the convergence

u® — (ug,...,un) (23)

as the Ly, (; R™) convergence U5 — u; of the extensions of the restrictions of u® to C;, which is
a compact convergence as ensured by that lemma.

The total contribution of the hard phases will be given separately by the contribution on the
infinite connected components and the finite ones. The first one is obtained by computing indepen-

dently the limit relative to each component
Fiwy= > etf(nn, =) (24)
(k,k")ENS () €

where

NE(Q) = {(M') € (C; x C))N é(Q x Q) k—k € Py k# k’}, (25)
which is characterized by Theorem 3.3 as
Flon(t) = | Flon(Va) . (26)
In order to characterize the contribution of the finite connected components of A;, we can write
A0\ = | J A +12%, (27)
lel;

where, due to the periodicity of the media, [ runs over a finite set of indices I;, and A{ +T7Z% and
Al +T Z% are P;-disconnected if | # I’. To each such A] we associate the minimum value

mi = min{ 3 PO K 2 — zi) 122 Al — Rm}. (28)
k.k'€Al k—k'€P;

Note that we have no boundary conditions for the test functions z. The total contribution of the
disconnected components will simply give the additive constant m|Q|, where

1 & ,
m:ﬁZng. (29)

j=1lel;

10



In the previous section we have introduced the energy density ¢, which describes the interac-
tions between the hard phases. Taking all contribution into account, we may state the following
convergence result.

Theorem 5.1 (double-porosity homogenization). Let Q be a Lipschitz bounded open set, and let
F. be defined by (9) with the notation of Section 2. Then there exists the I'-limit of F. with respect
to the convergence (23) and it equals

N
From(ut, ..., un) = Z/ fLom(Vu;) dz +m|Q| + / o(ug,...,un)dx (30)
oe Q
on functions u = (uy,...,un) € (WHP(Q;R™))N, where ¢ is defined in Proposition 4.1, fﬁom are

defined by (26), and m is given by (29).
The proof of this result will be subdivided into a lower and an upper bound in the next sections.

Remark 5.2 (non-homogeneous lower-order term). In our hypotheses the lower-order term g de-
pends on the fast variable k, which is integrated out in the limit. We may easily include a measurable
dependence on the slow variable ek, by assuming g = g(z, k, z) a Carathéodory function (this covers
in particular the case g = g(z, z) and substitute the last sum in (9) by

> elglek k).

keZ=(Q)

Correspondingly, in Theorem 5.1 the integrand in the last term in (30) must be substituted by
o(z,u1,...,un), where the definition of this last function is the same but taking g(z, k, z) in place
of g(k, z), so that a simply acts as a parameter.

Example 5.3 (simple one-dimensional energies). We give two examples of one-dimensional energies
with a non-trivial double-porosity limit due to next-to-nearest neighbour interactions.
(1) We consider d = 1, 2 = (0,1) and the energies

[1/e)-1 ) 11/¢) )
o o et
i=1 € i=1 €

In this case C; and C5 are the sets of even and odd integers, and Cy = . We have g = 0 and the
definition of ¢ is trivial; the limit is

Fhom(ulaUQ) = 2/

\u’1|2d1‘+2/ |u'2|2dx—|—/ luy — us|? dx
(0,1) (0,1) (0,1)

(note the abuse of notation for w;). Note that the second sum of the discrete energy can be
interpreted as the L?-norm of the difference between even and odd interpolations of u
(2) We consider d =1, 2 = (0,1) and the energies

1l1/e)-2 L1/¢] , Ll

e agos 12 s
U242 U4 U; Ui—1
E 6‘7 + &2 E gl———| + E elu; — ud 2.
3 3

i=0 i=1 =1

11



In this case, C is the set of even integers, Cj is the set of odd integers, and we may take g(z,z) =
|z — up(z)]? (we take ug a fixed L?-function and {u)} an interpolation strongly converging to wug).
Correspondingly,
1
ol ) = 5l — uo(@)P,

and the limit is

1
Fhom(u) :2/ lu'|* dx + =
(0,1) 3

/ |u — ug(z)|* d
(0,1)

)

(in this case we only have one parameer in the continuum).

6 Lower bound

Let u® be such that sup, F.(u®) < 400 and u® — u = (uy,...,uy) with respect to the convergence
(23).
We may then rewrite
N ug, — ug,
F(wf) > S F(w)+y, S et (w,
€
=t e
k—k'eP;
d / ui — ui’ €
P
DI Y RAD DI ICATS) I
QuCt  \(kk)ENI(QYy) keZ(Q}y)
Qy = Qu +Mi,  No(Qy)=NoN(Qiy x Q) Z(Qy) =Z'NQly,

for i € 7.

The second term in (31) is estimated by taking the minimum over all zj in the place of uf /e,
obtaining

N e c N
)SIDID DI (WALE=T SRR Sl Siet

>
I=tajcla ppeal i=tajcta
k—k'ep;
N
- gdzﬁdzm{mm = m|Q|+o(1). (32)
j=1 lely

In order to estimate the last term in (31) we estimate separately
uy — ug,
D k k/ k k ) k. u
Z . € f( s vy c + Z g( auk)
(k,k")ENO(Q}y) keZ(Qy)

for each fixed i. To this end, we consider the function v’ defined by
, 1 o .
fmh e Y e kecnal
J M7 ec;nqi,

12



. 1 . ,
#(A7 N QYy) leAINQi,
forj=1,. NandlEIj,andus’i*uiikaQ}'w\Ujle4
We can now use Lemma 9.1 with v = u® and v equal to the function defined by u
and note that

P S (D D D S

€,1 on QRD

kEA; i keC;NQY, ke(A;\C5)NQ%,
=Y F i-w Y Y el - atp)
i kEC;NQh, lEIjkeAiji
—u§ ué —us, |p
< cmrery( 3 gd‘ ey S e
, : €
i keC;NQi, k—k'EP; lelj ke AINQi,
< CMPePF.(uf).

We then have

ded<(kk,)z g”f(kk:’u’“ “’)+ 3 kuk>

Q?VIC% GNO(Q}L\{) kGZ(QM)

I
(]

5d< Z f(k7k/7uz —U%)ﬁ— Z g(kau’i)>
Q (k,k") ")

Qi Ct )ENO(QYy) keZ(Qjy,
> Z €d< Z Z f(lck:' “—uk,>+ Z gk, uy" >+0(1)
Qi,clo  \Qi,cl(kk)ENI(QY,) kEZ(Qy)
ase —0

€,1,1 e,i,N
A ust)

Since (a translation of ) u®*¢ can be used as a test function for ¢ (u we have

> ( > f(k: K g —ui}i) + ) g(kuy ) > Mpar(usil, ... usi Ny,

i, CL0 \(k,k")ENo(QY,) keZ(Qi,)

We define the piecewise-constant functions u}; ' to be equal to us%!

0 otherwise. We then obtain

Yoo 8 SR S )

QL CLQ (k,k")ENO(QY,) keZ(Q%,)

> A@M(ui};(m),...,u%]\[(m))daj+0(1)

on each Q% C éQ and to

as ¢ — 0.
Since



where u5 converges strongly to u; in LIIOC(Q; R™), so that also u?wj converges strongly to u; for all

M. By the Lebesgue Dominated Convergence Theorem we get
;in% on () (@), us) (x))de = / om(ur (), ..., un(x))de. (33)
—0Ja Q
Summing up the liminf inequalities for all F?, (32) and (33), we get

N
liminf Fe(u;) > Zlimiang(u5)+m|Q|+/ om(ut,...,uy)de
e—0 = e—0 Q

%

N
Z/fﬂom(vu])dl‘—i_m'(zl—i—/@]\/[(uh7’U’N)dx7
j=179 Q

from which (30) follows taking the limit as M — +oco and using Lebesgue’s Theorem once again.

7 Upper bound
We prove the upper bound for a linear target function
u(z) = (&', ..., N2),

the proof for an affine function following in the same way. For piecewise-affine functions the same
argument applies locally, while for an arbitrary target function we proceed by approximation (see

[12]).
A recovery sequence for u can be constructed as follows:
o for all j = 1,..., N we choose a recovery sequence ul! — &z for F7; we may regard ul as

defined in the whole Z%. We set '
ug, = (ul)g on Cj; (34)

e for each fixed M let Q%, be the corresponding partition of Z?. For all i we define

s 1
Ut = —— (us)
#(CJ QQM) . Z i !
GijQM
for j =1,..., N, and take a minimum point v for @ps(us®, ..., u®"N). We define

' N

up =ity on Qi \ U Aj;
j=1

Notice that the function u®®J — uj is of order eM on C; , and thus, by Lemma 9.1, the difference

oot Y kK - - > et Y f(k K a5 —a5) =o(1)  (35)

QuC:Q  (kK)ENO(QYy) i.Cclo (kk)EN(QL,)

as € — 0; here @, stands for the function equal to u*/ on C; N Q% and to uf, on 20\ Ujvzl C;.

14



e for any connected component A{ of A; \ C; with A{ C Q' define
u§, = vZfiM + szi’l, (36)
27! being a minimizer of (28). Note that vi’fiM is a constant function on A{, so that uj, is still
minimizing.
With this definition of u® we have a recovery sequence for u. In order to check that, we introduce
an outer approximation of the set ) as {2, 5 defined by

Qe = U Qb I&M:{z’ezd:%mémé@}.

ielM
In this way we have
Fo(uf) < Fe(ue, Qa,M)
N 1 d ug, — uy,
J € _ ¥
< LR(e i) 38 ki i)
j=1 AN Qe A0 gk € AT
k—k'€P;
5 ( S kK- + Y 9“““2))
e kK €Qly ke
k—k'€P,

+ Z Z Edf(k7k/7ui_ui’)a
E1 keQi, K EQl,
k—k'€P,
where we have separated the estimates for the contribution of the infinite components of the hard
phases, the isolated islands of hard phases, the contributions of the soft-phase energy and the
potential g inside each cube @, and the contributions of the soft-phase interactions at the boundary
of each cube.
We separately examine each term. By (34) and the limsup inequality for F? we have

FI (u éQM) = Y (uj éQM) < FY (uj éQ’) < Fl_(E2,Q) +o(1) (37)

for all fixed Q' 2D Q. u.
As for the second term, we have two cases:

o AJ C Qi for some i € IM. In this case by (36) we have

S (R ETE) = S feK ) = (39)

k.k'€A] kk'€A]
k—k'eP; k—k'eP;
so that
u€ . UE/ )
oYY ek ) < Y il <m0 o) (39)
— € )
€IM LA CQY kK €Al FLEAINLIO #D
k—k'eP;

15



o for the other A{ we have uj, —uj, = 0 for all k, £, so that their total contribution is O(1/M).
By (35) the third term is estimated by

zsd( S K-+ Y g<k,uz>)

RN reqy, kEQ),
k—k'ePy
< > sd< Yo kK -+ Y g(kﬁi)) +o(1)
RN reqy, kEQ),
k—k'ePy
_ Z 5de¢M(UE’i’17--- 51N)+O(1)
ieIM
< / Gar(us™ M) da + o(1), (40)

where uj’M is the above-defined piecewise-constant function with value u®%7 on Q%,. Note that
M P .
uy™ — xin LP(Q;R™) (41)

as € — 0 for all j and M.

As for the last term, we note that the difference u§, — uj, is either equal to 0 (if both k& and &’
do not belong to in any C; j =1,...,N), to (uj)y if k € Cj and k" € |, Cj, or to (uf) — (u§ )p if
k € Cj and k' € Cj with j # j'. In any case, we can estimate the total contribution by

c> ‘Z? > e (LH WP =C Y Z 3 e (14| @5)l?).

ielf, j=1keC;N(EM+(Qm\QMm—-R)) i€l j=1keCiN(EM+(QMm\QM-R))
(42)

Note that since ﬂ; are equi-integrable the latter term vanishes as M — +oo uniformly in . In fact,

it can be written as an integral over a set of measure of order 1/M.
Taking into account this last estimate, together with (37), (38) and (40), we get
N
lim sup Fx(ue) < Z J (G, Q)+ m| |+ / om(u) dz + o(1) (43)
Q/

e—0 =1

as M — 4o0. We can then let M — 400 and use Lebesgue’s Theorem to obtain

lim sup F;(u) <ZF}J1 fjx,Q’)+m|Q’|+/ o(u) d. (44)
Q/

e—0 J=1

Eventually we obtain the desired inequality by the arbitrariness of ' 2D Q.
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8 The Dynamical Case

We consider the asymptotic behavior of solutions for the gradient flow with respect to the L?-metric
of the functionals

FJ“)ZE(U,%Q) — i 3 €df(k7k/’ @)

J=1 (k,k)ENZ ()

+ Y sd+pf(k,k',7”’“;“”); (45)

(k,k")ENS ()

i.e., functionals (9) with g = 0, with given initial data functions u§ : Z% N %Q — R™ converging to
some ug : € — R™ (note that in this notation 0 € N has the meaning of an initial time, and should
not be confused with an index 0 € Z? as in the notation labelling the values of discrete functions).
To that end, we will apply the minimizing-movement scheme along a sequence of functionals (see
[11, 5]): with fixed 7 > 0 we define recursively, for I € N, [ > 1, u®! as the minimizers of

1
v F.(v) + —|jv —u571)?, (46)
2T
where u5? = uf. We want to characterize the limits u' of these minimizers as ¢ — 0 as the
minimizers obtained by recursively applying the same scheme to a I-limit Fy; i.e, to show that u!
is a minimizer of

1 _
’Ul—)_F()(’U)—FEH’U—Ul 1||2. (47)

The norm in these formulas is the L?-norm in .

Note that this characterization does not follow trivially from the fundamental theorem of I'-
convergence since the additional term may not be a continuous perturbation, depending on the
topology chosen (e.g, the one used in Theorem 5.1). In order to have a topology for which the
last term gives a continuous perturbation, and the sequences v are still pre-compact, we will use
two-scale convergence, also describing the limit behavior of function of the soft phase.

8.1 TI'-limits with respect to discrete two-scale convergence

Let v° : Z5(2) — R be a sequence bounded in L?(Q2). We say that v¢ weakly (respectively, strongly)
(discrete) two-scale converges to the family {v¥} for y € Y := {1,...,T}% with v¥ € L?(Q) if for
all y € Y the sequence v*¥ of discrete functions obtained by considering only the values v; with
k =y modulo Y weakly (respectively, strongly) converges to the corresponding v¥; more precisely,
we define v*¥ on TZ< as

1}54"74 = UE .

J y+j
for j € TZ%, and require that its piecewise-constant interpolation weakly converges in L?(9) to v¥.

It can be checked that the definition corresponds to that of two-scale convergence as in [15, 3];

i.e. (for weak convergence) that for all families {¢f}reze of smooth functions T-periodic in k we
have )
lim Z e (ek) = Td Z /ka(x)gok(x) dx. (48)

e—0
keZ=(2) keYy

17



Note that this is equivalent to
i [ o< ()on(o) e = 7 5 - [ w@et (49)

upon identification of v® with its piecewise-constant interpolation.

We can compute the I'-limit of
Ge(w) = Fo(w)+ Y egup —wp)
keZ=(Q)

with respect to the weak two-scale convergence u¢ — {u¥}, where g : R™ — R is a continuous
function and w® strongly two-scale converges to {w¥}.

Theorem 8.1. The I'-limit of G. with respect to weak discrete two-scale convergence is

Gollv’h Z#Cmy 2 /fh"“‘vuy

yeC,;NY
+% EW%: / (u¥(z) — w¥(z)) dz + /Q eg(z,{u’(x)})dz  (50)

with the constraint that u¥ is independent of y on each Cj, and pq4 is given by

pole ) = m it S K v )

M —+o00 Tde
(k,k")ENo(QT )
+ Z g(v, —wh(x)) : Z v = Mduy}, (51)
k€Zo(Qrnm) keEQrrN(y+T7Z?)
where each test function v is extended by T M -periodicity.

Proof. The proof follows that of Theorem 5.1, with a different characterization of the interaction
energy density ¢, in terms of the variables {u?}. The changes follow the ones for the corresponding
theorem in the continuum [12] Section 7.2. O

Proposition 8.2. If f and g are convex then

pole (W) = (N SR ) Y gl - wh@),

(k,k)ENF (QT) keZ(Qr)

where
NF(Qr) = {(k.K') € No: ke Qr}.

Proof. The proof follows by a classical argument for periodic convex minimization problems (see
[13] Section 14.3), noting that by Jensen’s inequality we may take M = 1 and a test function v
replaced by its mean value on each y. By the average constraint in the definition of ¢, this argument
fixes exactly the value equal to u¥ on each y. The definition of Ng‘7£ (Qr) is given so as to avoid
double counting in the computation of the interactions. |
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Example 8.3. In order to illustrate the difference with Theorem 5.1 we consider Example 5.3(2).
In that case CyNY is the only point 1, so that weak discrete two-scale convergence reduces to the
separate weak convergence of even and odd interpolations, and then, by the coerciveness on even
interpolations, to the strong convergence of even interpolations and the weak convergence of odd
interpolations. The I'-limit is then expressed by

1 1
Go(ul,u2):2/ |(u2)’|2dx—|—/ |u2—u1|2dx—|—f/ |u1—uo|2da:+f/ |u? — uo|? du,
(0.1) ©.1) 2Jo 2 Jo

where u! is the limit of odd interpolations and «? the limit of even interpolations. Note that the
computation of the minimum

1
min{§|u1 —ugl? + [u* —u?iut € R}
gives the integrand in the limit of Example 5.3(2).

Lemma 8.4. Let g (u) = Clu—w5|? with w® strongly two-scale converging to w? and sup, F.(w®) <
+o0. Then the recovery sequences for Gy converge strongly.

Proof. Take u® a recovery sequence for {u¥}. Note first that since w® converges strongly then
|u®|? dz cannot concentrate on the boundary of €2, otherwise also the I'-limit would have a term
taking 0f) into account. We then have to show strong convergence in the interior of .

Let {Qs} be a family of disjoint cubes of size ¢ contained in 2. We can then write

Go({u’}) = hm( )+ C Z s, —w|2)

keze(Q)
> .. od B 2)
> Z IIIEILIg)lf( £,.Qs5)+C Z |uf, — wil
{Qs} keZ=(Qs)
S S S A LY
{Qs} J=1 yEC ny
C
+7d Z /|uy )|2d3:>
yeUjZ
c. /€ € € €2
+ Z hrgn_}glfs ( Z fk, K ug, —ugy) + Z Clug, — wi| ).(52)
{Qs} (k,k")ENO(Qs/c) k€Z(Qs/e)

In order to estimate the last term, for all y € Y and k with k —y € TZ? we substitute u{ with the
average uY over all k' € Q5. with k' —y € T7Z?. Note that we may suppose that §/¢ € TZ, up to
a vanishing error in the computation of these averages as € — 0, so that

d.d
ew - €7 .
u = 6d uk/ .
k'€Qs/eN(y+TZ%)

In the following for all k we indicate by y = y, the (unique) point in Y N (k + TZ%).
With fixed 7, by using the Young inequality and the convexity inequality on the first term, we
then obtain
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e JRKFw—ui)+ Y Clug - wil)

(k,k")ENO(Qs/e) keZ(Qs/<)
> (Y R )+ Y OO = e w
(k,k")ENo(Qs/c) k€Z(Qs/e)
1
fC(f — 1) Z |wg, — w™Y 2)
" k€Z(Qs/e)
> (1 n)( S kK- Y Clug - wt)?
(kvk/)eNO(Qé/e) kEZ(QS/E)
; . 1
_ Z ClusY — w™Y 24 Z Clusv — w67y|2 _ = Z Clwi, — we,y|2)
k€Z(Qs/e) k€Z(Qs/c) k€Z(Qs/c)
) G S YV S R el (A )
(k,k')ENO(Qs/c) k€Z(Qs/c)
5d £,y £,y12 1 € e,y|2
+ o O O —w P = 3 Cluf — )
yey KEZ(Qs)2)
5(1 !/ & ey’ 5 £,y12 ! sd+2
> (l—n)ﬁ( Z f(y,y,u’y—u’y)+ZC|u’y—w’y|)—C’J
(y.y)ENF (V) yey
1
sl 3 P - e - B0 ST clug - e
k€Z(Qs/e) k€eZ(Qs/e<)

Note that by taking into account only interactions with (k,%’) € No(Qs/-) we have neglected some

interactions “through the boundary” of )5/, which introduces an error on the boundary of the

hard components. This can be estimated by the Poincaré inequality, which gives the term —C”§%+2.
Passing now to the limit as € — 0, we obtain the estimate

liminf5d< Z Flle k' us —us)) + Z Clus — w§|2>

—0
: (kK" ENo (Qs2) KEZ(Qs)e)
o ,
> (-mgg( Y ey —u)+ D Clu - wi?) - ¢/
(y,y")ENo(Y) key
1
_ . . d €12 _ Y2y _ = £ _ ,,EY2
+C—mlimintet( Y (Uil - - = Y juf— ),
k€Z(Qs/c) k€Z(Qs/c)

where the subscript d indicates the average on Q5.
Note that, using Proposition 8.2,

/Q ol ) da

= % Q( Z f(y,y/,ug—ug/)—l-ZC|ug—wy(x)|2)dx
s

(yy)ENT (V) yey
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= L(X sty S ond-wl) vo( [ k- wwP ). 5)

(yy)eENF (V) yey Qs

Comparing (52) and (53), by the arbitrariness of the partition {Qs} and 1 > 0, and noting that
> xqs{ul} converge to {u¥} as 6 — 0 we then get

e—0

liminf/(|u€’y|2 ~ W) <0,
Q

which implies the strong convergence for all y € Y. O

8.2 Minimizing movements

We now fix initial data u§ strongly converging to {u$} and with sup, F.(u?) < 4+oc0. Given 7 > 0
we define iteratively the functions u: ,, as the unique minimizers of the problems

. 1
min{ L) + 5= Y o — (WS, )il
kez=(Q)
where we have set uZ ; = ug.

Theorem 8.5. Suppose that f and all fgom are continuously twice differentiable. For all choices
of infinitesimal sequences € and T, the functions u™¢(x,t) defined by

uht (@, t) = (U7 147 )) |2 /e)

converge in CY/2((0, +00); L2())T" to a vector function {u¥} with y € Y. The components of this
function are independent of y on each C; NY, so that we equivalently use the notation u; for their
common value. With this notation and setting

_#(GNY)
R T
forall j =0,...,N, {u¥} is characterized as the solution of the coupled system
8”' . ; 8 ’
g = W(Vhw(Vuw)) = X iy )
(y,y")ENo(Y),yeC;
0 / )
Y W —u) =0, =1, (54)
(y’,y)eNo(Y),yGCj
ou? 0 ’ ’ 0 ’ ’
COW:_ Z %f(y7y7uy_uy)+ Z %f(y7y7uy _uy):O7 ermCO
(y,y")ENo(Y) (v, y)ENo(Y)

with u; satisfying Neumann boundary conditions, and u¥ the coupling condition
w=u; ifyeC;NY (55)

and the initial conditions
u?(0,x) = uf(x).

This limit function also coincides with the limit of gradient flows of F.
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Proof. By the convexity of the functionals we can use the stability for minimizing movements
along F.. The results will follow by applying Theorem 11.2 in [11], provided that we have strong
convergence of minimizing sequences (see [11] Remark 11.2). This follows from Lemma 8.4 applied
iteratively with

1 g
g7 () = 5-u = (0 il

so that all sequences uj ,, are strongly converging as ¢ — 0 (thanks to the strong convexity of the

[-limit). If we denote by {u?,,} their two-scale limit, by the fundamental theorem of I'-convergence
they solve iteratively an analogous minimization scheme with u7? = {uf}, and {u¥,} being the
unique minimizer of

N
1 .
min{d> ——— %" / fo (VoY) de
{j—l #(C5NY) yec;ny 7L
1 1 /
— — Y _ Y 2 Y Y
g g [ - @Pdet S [y as) 60
yey (y,y")ENo(Y)

with the constrain that v¥ is constant on each component Cj.
Under the assumption that f and f} _ are C? we can derive the Euler-Lagrange equations for
{u?,,}. It is convenient to separate the hard and soft phases by introducing the functions

uyt =l ifyeCinYy (57)

for j =1,..., N, and the set of indices Cy = Y\Ué\’:1 C;.
For j =1,..., N we obtain

) u‘l",n _ u",—’n71
—divV £l . (Vu;’n) +¢j 2 J = J
0 ;T y' 0 / y' Tn
+ Z %f(z%yﬂ/’j 7ur,n)7 Z %f(yvyaunn*uj ):O
(y,9")ENo(Y),y€C; (y",y)ENo (Y),y€C;

with Neumann boundary conditions. For fixed y € Cy we obtain instead

u;,n _ u‘ly’,nfl o - Y 0 , v y
(¢ — + Z %f(yay 7u~r,n - ur,n) - Z %f(y y Y, u‘r,n - u‘r,n) =0.

T (y,y")ENo (Y) (y",y)ENo(Y)

Note the coupling condition (57).
We define the piecewise-constant trajectories

ui (t,x)) = up ' ()

for j=1,...,N, and
uf(t, z) :Ug zd (2)

for y € Cp, which converge uniformly in [0,+00) as 7 — 0 to functions u;(t,z) and u¥(t,x),
respectively. By passing to the limit in the Euler-Lagrange equations we obtain system (54) |
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Remark 8.6. The limit system is not decoupled also if Cy = (3, in which case we have the system
of partial differential equations for u; only

% — div (v fgom(wj))

- Z( > %f(y,y’,uj —uy)

J'#3 (y,y")ENo(Y),yeCj,y'€Cy

+ > %f(y'7yauj' - uj)) =0,

(v, y)ENo(Y),yeCy,y’ €Cyy

¢

Example 8.7. In the case of the energies in Example 5.3(2) the limit (u1 (¢, z), uz2(t, z)) satisfies

8u2 82’11,2

—f _9 £ _

ot a2 "2 i
8U1

— =U] — U

ot 1 2

up(z,0) = ug(x,0) = uo(z)

Note that we may solve the ODE and obtain the integro-differential problem satisfied by u = uo
only

ot Oz
u(z,0) = u’(z)

5 t
du(z,t) _ ,0%u(z,1) —u(z,t) +u’(z)e " +/ ¢ tulz, 5) ds
0

9 Appendix

Lemma 9.1. Let up = vy if k & Ujvzl Aj. Then we have

ST e f kK s — ) — Flk K v — )|

(k,k")€No (22)

< cZNj(Z ad\uk—vk\p>1/p(F€(u)+F€(v))p71/p (58)

j=1 keA;
Proof. We estimate

Z 5d|f(k,]€/,Uk—Uk,/)—f(k,k/,’l)k,—’l}k/”

(k,k")EN(Q)

¢ e —un) — (on — o) (e — e P+ oy — o P
(k,k")ENL(Q)

IN

N
o) DR DR (T (T e T

J=1(k,k")ENo(Q2),kEA;

IN
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N 1/p (p=1/p)
<o (> weul) (3 (e wl - ue)
J=1 (k,k")ENo(Q).kEA; (k,k")ENG(Q),kEA;
N 1/p (r—1/p)
< (X u—ul) (X el o — o))
j=1 keA; (k,k")EN(S2)
The thesis then follows by (5) and (6). O
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