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1 Introduction

In this work we prove a lower semicontinuity result for a functional of linear
growth initially defined in an open set 2 C R™ by

/ F <@) dy (L1)
Q dp
for u € BV(;RY) with Du < p. The measure j is merely assumed to be a
positive finite Radon measure that satisfies L < u, where L is the Lebesgue
measure. For the integrand F' we need somewhat stronger assumptions,
described in detail below. We refer the reader to Section 2 for precise notation
and terminology.

With the choice = £, this type of result was derived in [4] (see also
[5, Section 5.5]), and later in [10] for integrands depending also on z and
u. The problem was studied without a nonnegativity assumption on F' in
[15]. These results relied mostly on blow-up techniques. The result in [15]
was generalized to x-dependent integrands in [14, Theorem 10], relying on
the theory of generalized Young measures, which were first introduced by
DiPerna and Majda in [8]. With a general measure pu, the problem was
studied in the case p > 1 in [3], and also in [13]. In a more general setting of
a metric measure space, the problem was studied in [11].

We first show that the functional (1.1), defined for general u € BV (Q; RY)
by relaxation, has an integral representation

[2(22) s [ 7 (2250 oy

0 dp Q d| D% #ul

where D%*u is the singular part of Du with respect to pu. Here we require
the integrand F : RV*" — R be nonnegative and quasiconvex, with linear
growth m|A| < F(A) < M(1+ |A]) for some 0 < m < M and all A € R¥*",
and with a continuous recession function F'*°.

Our proof will rely heavily on the theory of generalized Young measures,
particularly results derived in [14]. Once we have the above integral repre-
sentation, we can derive Jensen’s inequalities for generalized Young measures
with respect to p, as was done in [14, Theorem 9] with respect to the Lebesgue
measure. By using these inequalities, we can then prove the following lower
semicontinuity theorem (Theorem 4.4) which is the main result of this work:

Theorem 1.1. Let Q C R™ be a bounded Lipschitz domain with inner bound-
ary normal v, let p be a positive finite Radon measure on @ with L < pu,
and let F: QxRV*™ — R be a ux B(RN*™)-measurable integrand with linear



growth 0 < F(z, A) < M(1 + |A]) for some M > 0, a continuous recession
function F*°, and such that A — F(x, A) is quasiconvez for each fixved x € Q.
Then the functional

dDu dD?%Hqy
= [ Fz, ) d Fo (o, 52 gD
Flw) / ( du) ‘”/Q (x’dww) D

+/ F (:E, Lo VQ) |u| dH"
o9 Jul

is weakly* sequentially lower semicontinuous in BV (; RY).

We remark that an easier proof is possible when the Radon—Nikodym
derivative of p with respect to Lebesgue measure is bounded, and hence that
the main contribution is the proof covering the general case. This proof
seems to require the assumption about existence of a continuous recession
function for the integrand F.

2 Preliminaries

2.1 Notation

For N,n € N, the matrix space RV*" will always be equipped with the
N\ 1/2
Euclidean norm |A]| := (Zfil > A;) , where 7 and j are the row and

column indices, respectively. We denote by B(z,r) the open ball in R™ with
center x and radius . We denote by B™ the open unit ball in R™ and by JB"™
the unit sphere. For a € RY and b € R", we can define the tensor product
a®b=ab’ € RV*",

We denote the n-dimensional Lebesgue measure by £" and the s-dimen-
sional Hausdorff measure by H*. Given any measure v, the restriction of v
to a set A is denoted by vL A, that is, vLA(B) = v(A N B). The Borel
o-algebra on a set £ C R" is denoted by B(F). For open sets 2, C R",
by Q € € we mean that Q C Q' and that  is compact. We denote by 1z
the characteristic function of a set F.

If X is a locally compact separable metric space (usually an open or closed
subset of R"), let C.(X;R!) be the space of continuous R!-valued functions
with compact support in X and let Cy(X;R') be its completion with respect
to the || - ||oo-norm, I € N. We denote by M(X;R!) the Banach space
of vector-valued finite Radon measures, equipped with the total variation
norm |p|(X) < oo. By the Riesz representation theorem, M(X;R!) can
be identified with the dual space of Cy(X;R!) through the duality pairing



) = [y b dp = S [x ®idp;. Thus weak* convergence p; — i
in M(X) means (¢, ;) — (¢, p) for all ¢ € Cy(X;R'). We denote the
set of positive measures and probability measures by M™(X) and M (X),
respectively.

For a vector-valued Radon measure v € M(X;R') and a positive Radon
measure u € MT(X), we can write the Radon-Nikodym decomposition v =
v+ = Z—Zu + % of v with respect to u, where Z—Z € LYX, u; RY.

We write .
dy = —— d
]{zf : M(Q)/Qf a

for integral averages (whenever they are defined).

For sets £ C R", F C R! open or closed, a parametrized measure
(Va)zer C M(F) is a mapping from F to the set M(F') of Radon measures
on F. Tt is said to be weakly* p-measurable, for p € M*(E), if x — v,(B) is
p-measurable for all Borel sets B € B(F') (it suffices to check this for all rela-
tively open sets). Equivalently, (v).cp is weakly*® pu-measurable if the func-
tion x — [, f(z,y) dv,(y) is p-measurable for every bounded Borel function
f:ExF — R (see [5, Proposition 2.26]). We denote by L, (FE, u; M(F))
the set of all weakly™ p-measurable parametrized measures (Vz)xe g C M(F)
with the property that esssup,.p |v|(F) < oo (the essential supremum with
respect to p). We omit g in the notation if p = £".

2.2 Functions of bounded variation

The theory of BV functions presented in this section can be found in e.g. the
monographs [5, 9, 19], and we will give specific references only for a few key
results. Let Q C R” be an open set. A function u € L'(Q; RY) is a function of
bounded variation, denoted by u € BV (€; RY), if its distributional derivative
is a bounded R¥*"-valued Radon measure. This means that there exists
a (unique) measure Du € M(R™;RY*") such that for all ¢p € C}(Q), the

integration-by-parts formula

' dL" = — /1/JdDuJ, i=1...N, j=1,...,n
axj

holds. We write the Radon-Nikodym decomposition of the variation measure
as Du = Vu L"LQ + D*u.
The space BV(Q2; RY) is a Banach space endowed with the norm

lullBvryy == llull1@myy + [Dul(2).



Furthermore, we say that a sequence (u;) C BV(Q;R”Y) converges weakly*
to u € BV(Q;RY) if u; — u strongly in LY(Q;RY) and Du; — Du in
M(Q,RV*™) A norm-bounded sequence in BV(£; RY); i.e.

sup(lull @iy + [Duyl (2)) < oo,

JjeN

always has a weakly™® converging subsequence. Conversely, a weakly* con-
verging sequence is norm-bounded in BV (€2, RY), see [5, Proposition 3.13]. If
w; — u in L' RY) and |Du;|(Q) — |Dul(R2), we say that the u; converge
to u strictly. If even

(Du)(©) — (Du)(©),

where for a measure v € M(R"; RV*") with Radon-Nikodym decomposi-
tion v = a L™ + p°, we define the measure (related to the minimal surface
functional)

(r)(A) = /A V14 al?dl" + || (A), A e B(R"),

then we speak of (-)-strict convergence. This notion is stronger than strict
convergence (this follows e.g. from Theorem 2.2 below), and one can show
that it implies that (Du;) = (Du) as measures.

For any bounded open set  C R™ and v € BV(Q; RY), we can define the
Dirichlet class

BV, (Q;RY) := {u € BV(;RY) : w € BV(R";R"Y) and [Dw|(9) =0},

where

u—v in (),
w =
0 in R™\ Q.

The following lemma is proved in e.g. [14, Lemma 1].

Lemma 2.1. Let Q C R™ be a bounded open set, and let u € BV(;RY).
Then there exists (v;) C BV, (QRY) N C®(Q;RY) such that v; — u (-)-
strictly in €.

2.3 Generalized Young measures

Most of the theory of generalized Young measures presented in this section
is derived in [14].

The symbol 2 will always denote a bounded open set in R". We will
need the following linear transformations mapping C'(Q x R!) to C(Q2 x B)

b}



and back, where B! was the open unit ball in R: for f € C(2 x R') and
g € C(Q x BY), define

~

(Tf)(z, A) := (1 — |A|)f (xﬁ) reQ, AcB and

It is an easy calculation to verify that T-'T'f = f and TT 'g = g. We
consider the property

), reQ, AeR.

T f extends to a bounded continuous function on Q x Bl (2.1)

In particular, this entails that f has linear growth at infinity, that is, there
exists a constant M > 0 (in fact, M = [|T'f|| . gxgr) will do) such that

|f(z,A)] < M(1+|A]) forallz € Q, AcR.
We collect all such integrands into the set
E(Q;RY) = {f e C(Q x RY) : f satisfies (2.1)}.
For f € E(Q;RY), the recession function f~: Q x R' + R is defined by

/ /
fe(z, A) ;== lim —f(q: tA)
-

A=A
t—o00

, z€Q, AcR. (2.2)

The limit exists since it agrees with T'f on Q x OBY*", as can be seen by
substituting ¢t = s/(1 — s), s € (0,1), and letting s — 1. The recession func-
tion is clearly positively 1-homogenous in A, that is, f>(x,sA) = sf>(z, A)
for all s > 0, and thus takes finite values.

We also consider a second class of integrands that is larger than E(£2; R!)
and (partially) dispenses with continuity in the z-variable. A Carathéodory
function is an L x B(R!)-measurable function f: Q x R — R such that
A+ f(z,A) is continuous for almost every z € Q. In fact, it can be shown
that it suffices to check measurability of z + f(z, A) for all fixed A € R
(see for example [5, Proposition 5.6]). With this notion, the representation
integrands are defined as follows:

R(OQ;RY ;= {f: Q xR' - R: f Carathéodory with linear growth

. = oy (23)
at infinity and 3> € C(2 x R")}.
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A function f: RV*" — R is said to be quasiconvez, which we denote by
f € QRN*"), if fis Borel measurable, locally bounded from below, and for
some bounded Lipschitz domain w C R" and every A € RV*" it holds that

lw]f(A) < /f(A + V(x))dLm(z)  for all ¢ € W™ (w; RY).

This definition does not depend on the particular choice of the Lipschitz do-
main w (by an exhaustion argument) and it can be shown that quasiconvex
functions are rank one convex, meaning that they are convex along rank one
lines (see for example [5, Proposition 5.41]). See [7] for more on quasicon-
vexity.

A quasiconvex function does not necessarily have a recession function f>
in the sense of (2.2) (see [16, Theorem 2] for a counterexample), and the
notion can be relaxed in the following way: for f: R¥*" — R the generalized
recession function f#: RV*" — R U {400} is defined by

f#(A) := limsup M, A c RV*m,
e

Quasiconvex functions are globally Lipschitz continuous (see for example [6,
Lemma 2.2]) and hence for quasiconvex f

f#(A) = limsup @, A e RV, (2.4)

t—o00

By rank one convexity, the above holds as a limit for all matrices A of rank
one.

We have the following version of Reshetnyak’s Continuity Theorem, see
the appendix of [15], as well as [17, Theorem 3] or [5, Theorem 2.39] for the
original result stated for 1-homogenous functions f.

Theorem 2.2. Let (v;) € M(Q;RY), v € M(RY) with Radon-Nikodym

decompositions
v = a; L'LQY 477, vy=aLl'LQ+~".
If v, = v in M(Q;RY) and (7,)(Q) — (7)(Q), then for
n o A7 ;
F(y) = [ flwa(@)dr+ | f*(z,-—(x)] dy’|(z)
Q Q d|v*]
with f € E(Q,R"), we have F(v;) = F(7).
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Let 4 € M*(Q), and assume that p(952) = 0.
The set of all generalized Young measures Y (€2, p1; R!) is defined to be the
set of all triples (v, A,, v>°) such that

(2)s € Lo (Q, s MI(R')), A € MH(Q),
(v5°)e € L3 (Q Aus M (OBY)), v (| -] ve) € L, ).

Under the duality pairing

() = [ (FGo)or) dnto) + /ww,xﬁm»m

= [ [ e nw i s [ @i,

where f € E(Q;R!) and v € Y(Q, u; RY), the space of Young measures can
be considered a part of the dual space E(2; R")*. We say that a sequence of
Young measures (v;) C Y(Q, ; R') converges weakly* to v € Y(Q, u; R!) if

(f,vi) = (f,v) for every f € B(%R').
To every Radon measure v € M(;R!), with Radon-Nikodym decompo-
sition with respect to p written as v = d” ,u—|—75 . we associate an elementary

Young measure e, € Y (Q, u; R') by
(57)$ = 5%:(35)’ )\Ew = ws’u|7 (57)30 = (51?(93)’

where p := dclhsl| € LY, |y5#|; OB!).

Crucially, we have the following.

Theorem 2.3. Let u € M*(Q) with n(02) = 0, and let (y;) C M(Q;R!) be
a sequence of Radon measures that is bounded in the total variation norm,
that is, sup ey |7;|(Q) < co. Then there exists a subsequence (not relabeled)
and a generalized Young measure (Vg, Ay, V) with

(2)s € L (@, 1 MI(R')), A € ME(Q),
(15°)e € L (Q, Aus M (9B')), v (|l ve) €LHQp),  (25)

such that (f,e,,)) — (f,v), or equivalently

%x Sl i T s
f(x’ du( )) i ( ’dwj’“!( )) il (2.6)
i/ <f<x7')7yx>:u+ <foo(x7'>7ygo> Ay in M(ﬁ)

for every f € E(Q; RY>*™),




Proof. This is proved in the case p = L£"LQ in [14, Lemma 2, Corollary
2, Theorem 7], but the proofs run through also if we replace the Lebesgue
measure by a more general .

See also [2, Theorem 2.5] for a proof in the case 7§ = 0. [

Corollary 2.4. In the above theorem, (2.6) holds also for every u x B(R')-
measurable f € R(;RY).

In the case p = L", (2.6) also holds for every Carathéodory integrand
f: QxR — R possessing a recession function f*: Q x Rl — R in the
sense of (2.2) for (x,A) € (Q\ N) x R, and f> is jointly continuous in
(Q\ N) x R, where N C Q is a Borel set with (L™ + \,)(N) = 0.

Note that a Carathéodory function f: Q@ x RY — R is by definition
L™ x B(RY)-measurable, but here we need the assumption of u x B(RY)-
measurability.

Proof. Again, this is proved in the case p = L£"L in [14, Proposition 2],
but the proof runs through also in the general case with the assumption of
p X B(RY)-measurability. O

In particular, given u € BV(Q;RY), we can associate to its derivative
Du € M(Q; RY*") the Radon-Nikodym decomposition Du = d[;“ + D,

and then the elementary Young measure ep, € Y (£, u; RV*") with

<€Du)x = 5%7 /\EDu = ’Dsyuulv (‘gDU);O = 517(35)7

where p 1= |gi i3| € LY(Q, |D¥Ful; BN *™).
For a norm-bounded sequence (u;) C BV(Q;RY), we say that the deriva-
tives Du; generate the generalized Young measure
v = (Ve A, 3°) € Y RV,

vy Vg

if for all f € E(Q,RY*") we have that ((f,ep,,)) — (f.v) for all f €
E(Q; RY*") | or equivalently

dDUj dDS’MUj
[e.e] DS,}L .
P 5 ) e = (o s @) 1D
i’<f(x7>7yx>u+<foo(‘r7)77/§o> Ay in M(§>
We call such a generalized Young measure a gradient Young measure. Since
(u;) is norm-bounded, we have u; — u for some u € BV(;RY). The

barycenter of a generalized Young measure v € Y (€; RV*") is defined as the
measure

(2.7)

(id, vg) p + (id, v2°) Ay
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Note that by choosing f to be the identity on R¥*™ in (2.7) (componentwise,
to be precise), we obtain that Du is the restriction of the barycenter to (2.

In the case p = L™, we have the following Jensen’s inequalities for gradient
Young measures, which are part of [14, Theorem 9.

Theorem 2.5. Letu € BV(Q;RY) and let v € Y (;RY*™) v = (v, Ay, V)
be a gradient Young measure with barycenter Du and satisfying A(02) = 0.
Then the following hold for any quasiconves f: RN*" — R with linear growth
(that is, |F(A)] < M(|A] + 1) for all A € RN*" and some M > 0):

F(Vul@) < {,ve) + (7% 05) T2 () for £7-almost every « € O,
dD%u
# Ds < # 00 s '
f (d‘Dsu‘) |D%u| < (f7,v5°) A as measures

3 The integral representation

Let F': RV*" 5 R be quasiconvex, with linear growth
m|A| < F(A) < M(1+ |A]) for all A € RV

for some 0 < m < M, such that the recession function F*° exists in the
sense of (2.2). Let 2 C R” be a bounded open set with £(0Q2) = 0, and let
p € MH(Q) with L™ < . We define a Sobolev space with respect to u by

1,1/0. Ny . NN .
WEQRY) = {u € BV(Q;RY) : Du < u}.

We consider the functional

dDu;
Folu,Q) = inf{lijrg(i)gf/ﬁF( d;f) dp, vy € Wt RY)

u; — uin Ll(Q;RN)}

(3.1)

for u € BV(£2;RY). Note that the convergence above is in L'(Q; RY) with
respect to the Lebesgue measure £", not u. We will prove an integral repre-
sentation for the above functional. The representation is

dDu dD%"y
Fl— ) d P d| D% 2
/Q < du) M+/S2 <d|DS’“U|> D7l (3.2)

for any u € BV(Q;RY), where D*#u is the singular part of the variation
measure Du with respect to pu.

Initially we will work with a more restricted class of integrands, defined
as follows.
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Definition 3.1. Define the class SQ(RY*") of special quasiconvez integrands
as quasiconvex functions F': RV*" — R with linear growth |F(A)| < M(1+
|A|) for some M > 0, such that for some parameters i,r; > 0, F(A) =
F>(A) —i for |A| > r;, and F®(A) > |A|/i for all A € RV*™,

Note that the existence of the recession function F'*° in the sense of (2.2)
is part of the definition. (We could equally well require above that F'(A) =
F#(A)—i for |A| > r;, recall (2.4), as this would imply the existence of F>°.)
Clearly SQ(RY*") c E(Q; RY*") (constant in the z-variable).

Given F € Q(RM*™) with linear growth 0 < F(A) < M(1+|A|) for some
M > 0, we can define G;(A) := max{F(A), F#(A) + |A|/i — i} for each
i € N, and then it is shown in [12, Lemma 6.3] that G; € SQ(RY*") and
that G;(A) \, F(A) and (G;)®(A) \, F'*°(A) for every A € RV*" We will
use this fact on a number of occasions.

3.1 Estimate from below

In order to obtain the integral representation, we first prove the estimate
from below.

Proposition 3.2. Let Q C R™ be a bounded open set with L"(092) = 0, let
€ MH(Q) with L < p, let F € R(Q;RY*™) N Q(RY*™) with

m|A| < F(A) < M(1+ |A])

for some 0 <m < M, and let u € BV(;RY). Then we have

dDu dD*%"y
(u, ) > [ Fl— ) d > d| D%,
Fulw ) /Q ( dp ) M+/S) (d|DS’“U|) Dl

Write the Radon-Nikodym decomposition of u as u = a L" + p®, with
a € L'(Q). We prove the theorem by considering separately the sets where
the absolutely continuous part and the singular part of u are carried.

3.1.1 The absolutely continuous part

The following lemma gives, in essence, the estimate from below for the set
where the absolutely continuous part of u is carried. At this point, we make
the extra assumption that F' is a special quasiconvex integrand.

Lemma 3.3. Let Q C R™ be a bounded open set with L"(02) = 0, let
€ MH(Q) with L < p, and let F € SQ(RN*™) with parameters i,r; > 0,

11



and with linear growth 0 < F(A) < M(1+ |A|). Then for any open U C §)
and any sequence (u;) C Wit (Q;RY) with u; — w in L' (Q;RY) and

dDu,
lim inf/ F( “J) dy < oo, (3.3)
I Ja dp

we have

Du.
liminf/ F(d uj) dp
Jj—oo U d,u

Vu dD?u
> | F| — " £ D?u| — (Mr; +i)pu®(U).
_/U < - )ad[, —I—/U (d\DSu|) d|D*u| — (Mr; +i)p*(U)

(3.4)

Proof. Since L™ < u, we can assume that a > 0 everywhere in ). Pick
a subsequence of (u;) (not relabeled) that gives the limit in (3.4). Since
F(A) = F>*(A) —i > |A|/i —i for all |A| > r;, we have by (3.3) that (u;)
is a norm-bounded sequence in BV(€;RY). Thus u; — u in BV(Q;RY).
By Theorem 2.3, the derivatives Du; generate a generalized Young measure
(Ve, A, v°) with respect to the Lebesgue measure, with A, € M*(Q) and

(Vp)a € L (Q: MY (RN*™)), (1), € L (C, Ay; ML(OBN*™Y).

This means that for every representation integrand f € R(Q;RY*") and
every integrand satisfying the conditions of the latter part of Corollary 2.4,
we have

dD*u;
. n Q e’} J Ds .

(), v LML+ (f(z, ), %) A, in M(Q).

» T

(3.5)

First assume that £"(OU) = \,(0U) = 0. Let us start computing
dDu, dDu, dDu,;
(4 g [ (425 s [ (22 g0
/ ( Z ) "o \daLr) o \dp )™
. Db,
:/F(vuﬂ)adLu/F(d “J)d,f (3.6)
U a U dp®

= ]j —f—]I]

We wish to analyze the term I; by using the fact that Du; generates a
generalized Young measure. However, the function

(2,A) = F (i) a(z)1y(z)

a(z)

12



does not necessarily satisfy the conditions of the latter part of Corollary
2.4: while it is a Carathéodory function, its recession function need not be
continuous as required. To overcome this problem, we define the super-level
sets of a:

E, ={z€Q: a(z) > m}, m € N.

Recall that a(x) > 0 for every x € . Denoting the minimum of a and m by
a A 'm, by the fact that F(A) = F>*(A) — ¢ for all |A| > r; we have for any
r € U and A € 9BY*"

F(ahm) F(tA)
lim sup ﬂa(w') Am = limsup ———=
'z t A'—A
A=A t—o0
t—ro0
F>o(tA") —i tF(A
= lim sup FR@A) =i lim sup LA limsup F*(A") = F*(A)
A4 t A4 Al A
—00 —00

by the (Lipschitz) continuity of F>°. Note that the first equality is not
necessarily true unless we take the minimum of a with m. Also, we now see
that all of the limit superiors above are in fact limits. We conclude that

A

(%A“*F(mAmmw

) (a Am)(z)ly(x) (3.7)

satisfies the conditions of the latter part of Corollary 2.4. Fix m € N. By
the fact that F(A) = F*°(A) —i for all |A| > r;, we can write

Ij—/F<Vuj>a/\md£":/ F(w)&—F<%>mdﬁn
U alANm UNE,, a m
:/ F<E>a—F(%)md/L”
UNEmN{|Vuj|<ar;} a m
"’/ FOO(VUj)a—Foo(w>m—i(a—m)d£”
UNEnNn{|Vuj|>ar;} a m

:/ F<vuj>a—F(vuj)md£”
UNEmn{|Vu,|<ar;} a m

i(a —m)dL"

/UﬂEmﬁ{Vujzan}

‘= Em-

13



We have by the linear growth of F'

‘/ F(%)G_F<%)mdﬁn
UNEmN{|Vu,|<ar;} a m

T ()0 (e
UNEmN{|Vu;|<ar;} a m

< M(1+r)a+ M(1+4 ar;/m)mdpu
UNEm

< / 2Ma(1 + ;) dp.
UNEnm

Clearly this last quantity converges to zero as m — oo, as does the second
term of g,,, so in total €,, — 0 as m — oo.

By the fact that the derivatives Du; generate a generalized Young mea-
sure (recall (3.5)) and the fact that the integrand (3.7) satisfies the conditions
of the latter part of Corollary 2.4 and has recession function F'* in U, we
have

dD?u;
I Fel — 7 ) dID%u:|l — m
o+ [ () 407l ==
; dD?u;
:/F Vi a/\mdﬁ”+/F°° e d|D%uy|
aAm U d| D3|

U
/ F( A )a/\mdvx(A)dE"nL// F(A) dv®(A) dA,

U JRN a/A\m U J BN xn
(3.9)

—

as j — 0o. Recalling (3.6), let us then consider the term I1;. Since F(A) =
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F>(A) —i for all |A] > r;, we estimate
dD?u;
[I-—/FOO( j)stu-
7 o D) AP
dD?u; dD%u;
:/F( u]) dus_/Foo( u]) d,us
U dy® U dy®
dD%u;
-/ F () e = iU 0 (D] = )
UN{|dDsu;/dps|<r;} d/L
D?u;
_/ F° (d uJ) dﬂs
UN{|dDsu; /dus|<r:} dps
i S S oo stu] S
> —ip® (U N A{|dD%u;/dp’| > r;}) — F — du
UN{|dDsu; /dus|<r;} M

dD%u;
z—mmn—/ M’ S\ dp
UN{|dDsu; /dus|<ri} dp

> —ip*(U) = Mrip(U).

S

(3.9)

Combining (3.6), (3.8), and (3.9), we get by Jensen’s inequalities for gener-
alized Young measures given in Theorem 2.5,

Du.
liminf/ F(ddu]) dp = liminf(7; + 11;)
U

j—o00 1Y Jj—o0

A
> F a/\mduxAdﬁnqL// F>(A)dv, (A)dA,
/U/]RNX" (a/\m) ( ) U JOBNxn ( ) ( )

Yo — (Mri+0)ps(U)

DS
Z/F Vu oz/\mdﬁn—l—/FOO dDu d|D?ul
U aAm U d|Dsu

Ve — (Mri+i)ps(U)

Z/F Vu a/\mdﬁ"—i—/FOO dD"u d|D?ul
U a U d| D=l

b em — (Mry + i) (U)
Vu n w [ dD%u s N s
—>/UF(7>ad£ +/UF <d|DSU|) d|D%u| — (Mrs + i) (U)

as m — 00, by the monotone convergence theorem. Finally, if U does not

satisfy A, (OU) = 0 or L"(0U) = 0, we define

U, :={x € U: dist(z,U°) > K}, k>0,
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and then \,(0U,) = 0 and L"(0U,) = 0 for all but at most countably many
k > 0 by the fact that these are finite measures on U. For such values of
we write

Du.
hminf/F(d uj) dp
Jj—o0 U d,u
> liminf/ F (dDuj) du
Jj—o0 U d,LL
Vu dD%u
> Fl|— " F Déu|l — (Mr; + )’
_/ <a>ad£ +/R (d]DSu]) d|D*u| — (Mr; + i)p*(Us)

Un
Vu dD*u
Fl— " £ D?u| — (Mr; +1i)u®
—>/U (a)adﬁ —|—/U (d\DSu\) d|D*u| — (Mr; + i)p*(U)

as k — 0, by the monotone convergence theorem. O

3.1.2 The singular part

Let us then consider the set where p® is carried. We prove the following
lemma.

Lemma 3.4. Let Q C R" be a bounded open set, let p € M*(Q), and let
F e SQRN*") with F > 0. Then for any sequence (u;) C W (Q;RY) with
u; — u in LY(Q;RY) and

dDu;
liminf/F( u]) dp < oo,
j=ee Ja dp

we have for any ball B(y,r) C )

D? D
/ F (d “) di® < liminf/ F (d “J> dyi. (3.10)
B(y,r) dlus =0 B(y,r) d:u

Proof. Note again that it is enough to prove the result for a subsequence.
Let ¢,r7; > 0 be the parameters of F, see Definition 3.1. Since F(A) =
F>*(A)—i>|A|/i—1i for all |A| > r;, the sequence df;:j is norm-bounded in
LY, p; RY*™), implying that (u;) is a norm-bounded sequence in BV (Q; RY).
By Theorem 2.3 we know that with respect to u, a subsequence of Du;
(not relabeled) generates a generalized Young measure (v, A,, %), with

A, € M*T(Q) and

(Va)a € LS (2, 1 MM RN*™)), (), € L= (S, ji; ML (OBN*™)).
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This means in particular that for every integrand f € E(Q;RY*"),

dDu, *
P Y bt (P

dA,
_ <<f, vt ()

dﬁn) L'+ (f,va)p® + ([, 000N,

(3.11)

in M(2). By Alberti’s rank one theorem, see [1], we have p*-almost every-

where that iD iD
U u

=&, = ) 3.12
" i@, o £@n (3.12)
where &, € RY and 7 € 9B". Note that  does not depend on j. We show
that for p®-almost every x € (2, the measure v, is carried on the hyperplane
RN @ n(z). For this, fix € > 0 and fix a point zp € Q. Excluding a pu*-
negligible set, we can assume by the Besicovitch differentiation theorem (see
e.g. [b, Theorem 2.22]) that for some radius r > 0, we have B(zg,r) C )

and

][ 1 —n(xo)|dp’ <e and / adLl" < eu(B(xg,7)). (3.13)
B(zo,r) B(zo,r)

Fix R > 1 and define
f(A) :=min{1, dist(A, (RY @ n(z)) U B(0, R)%)};

note that there is no z-dependence, and f € E(Q;RY*"). Since f(¢®@n) =0
for || > R and |n| = 1 and since f is 1-Lipschitz,

][ f(& ®@n)dy —/ f (& @nlxo)) dy’
B(zo,r) B(wo,r) (3.14)

< R/ [n —n(zo)| dp® < Re
B(zo,r)

by (3.13). Since (f,v,) € L*(Q, ) by (2.5), excluding a further p*-negligible
set and possibly making r» > 0 smaller, we can also assume that

/ (o va) — (fy o) it < . (3.15)
B(zo,r)

Clearly f* =0 and then by (3.11), we have

dDu; X )
f( 55]>u—/ (fiveya L + (f,ve) 1° in M(Q).
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Now by (3.15),

<f7V:vo> S][B( )<f,Vx>d/JJ—|—€

dDu;
< lim inf f( “J)d;wa
J—0o0 B(zo,r) dﬂ

f=<1 dDu; fB(;p r @ acr
< liminf f( j)ds—i-o’——i-a
j—oo B(zo,r) d:us ,LL(B(ZE(), T))
(3.13) dDu.
< hminf]/ f( “J>du8+25
J—00 B(zo,r) d,us
O i inf F(& @) dut + 2
J—oe B(zo,r)
(3.14)
< lim inf]/ f (& ®@n(xg)) dp® + Re + 2¢
J—00 B(zo,r)
< 3Re,

since f is zero on the hyperplane RN @n(xo). Letting ¢ — 0, we get (f, v,) =
0, implying that v, is carried on the set (RY @ n(zy)) U B(0, R). Letting
R — oo, we obtain that v, is carried on the hyperplane RY ® n(x).

By choosing f to be the identity mapping on R¥*" in (3.11) (compo-
nentwise, to be precise), and noting that Du; = Du in M(Q) (the fact
that (u;) is a norm-bounded sequence in BV (€; R") implies that u; — u in
BV(Q;RY)), we get for the singular parts

Diu = (id, v,) p° + (id, 2°) A (3.16)

in Q. Using the fact that (id,v,) € RY @ n(x) for y*-almost every z € Q, we
get

dx;, dD*u
dlus - dlus

(id, 2°)

() — (i, va) = &(2) @ n(z) — (id,15) € RY @1n(x)

for p’-almost every = € 2. Since F'*° is quasiconvex and 1-homogenous,
we have F>°(A) = (F>)¢(A) for all rank one A € RN¥*" where the convex
envelope is defined by

G°(A) :==sup{H(A) : H convex, H < G},

see [12, Corollary 1.2]. According to [2, Lemma 5.5 (i)], for any convex
function g : RV*" — R we have

g(Ar + Ag) < g(A1) + g% (A2) (3.17)
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for all A;, Ay € RV*". Note that in (3.16), all three terms belong to R @n(x)
for p-almost every x € Q. Since £ — F(§®@n(x)) is convex for a fixed x € ()
by the rank one convexity of F', we get by (3.17)

dD?u d)\®
< . o0 : o0 v
P40 ) < P () + P (005 P
= P ((id, 1)) + (F)° ((id, %)) D
- y Y y Y d,us
Jensen s
" F) (P 2) 3
< (P + (P )

for p*-almost every x € 2. Combining this with (3.11) — note that F' €
SQ(RM*") C E(Q; RV*™) — we get for any ball B(y,r) C Q

/ F (dD “) dy® < liminf/ F (dD“j) dy.
B(y,r) d:us J—00 B(y,r) d:u

3.1.3 Combining the estimates

Now we combine the previous two lemmas to prove Proposition 3.2.

Proof of Proposition 3.2. We keep assuming that F € SQ(RY*") with pa-
rameters ¢,7; > 1 and linear growth 0 < F(A) < M(1+ |A]). Let (u;) C
WL RY) be a sequence with u; — w in L'(;RY), and we can also
assume that (3.3) holds, so that the assumptions of both Lemma 3.3 and
Lemma 3.4 are satisfied.

Fix e > 0. Let H C Q) be a Borel set with £"(H) = 0 and p*(Q2\ H) = 0.
Also, let D C Q be a Borel set with p(D) = 0 and |D%*u|(2\ D) = 0. Take
an open set G C Q with G D H \ D and

| D¥u|(G) +/ M(a + |Vu|) dL" < e. (3.18)
G

Consider the fine cover {B(z,R)}sem\p of the set H \ D, with the balls
B(z, R) contained in G and satisfying p*(0B(z, R)) = 0. By Vitali’s covering
theorem, we can pick a countable, disjoint collection { B; }ien := {B(x;, R;) }ien

with

w <(H \ D)\ D Bi> =0 and thus p° <Q \ O BZ-> = 0. (3.19)

=1

19



Pick also m € N such that

Pl = d|D*u)
1 B; +M/ (1+—)dus<£.
(Qn ) Uz, Bi dp
By (3.10) we have
dDu,; dD?
liminf/ F( u]) dp 2/ F( u) dup’
= Jur. B, dp ur, B; dp®
2/F<dDu>d,us—8
Q dp®

by (3.20) and the linear growth of F'.
By combining (3.19) and (3.20), we get

dDu;
liminf/ F( uj) du
= Joum, B\ di

2/ F (@) ad£"+/
O\UL, B a NUZ, B

(3.18) dDs+
> / F adl" + / e ( “ ) d| D"y
QAU™, B Q d| D##ul
— Me — (Mr; +i)e

(3.18) vu st’“u
> Fl— acr F d| D"
= (> o (d\wm) Dl

—e—Me — (Mr; +i)e.
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dD*"
@) adl" —l—/ F* ( “ ) d|D**ul
a (UL, Bs d|D*+ul

(3.20)

(3.21)

(3.22)



Combining this with (3.21), we get

dDu,;
liminf | F ( e > du
iz Jo dp

Vu dD*>"y
> | F| — |adl" F> d| D"
> [ () o s o () e
dD#
+/ F ( u) dp’® — 3(Mr; +i)e
Ungi d’us
(3.20) d D5+
> /F Vu ad£”+/F°° “) 4D
Q a Q d’Ds’“u|

dD?
+ / F ( “) dp® — 4(Mr; +i)e.
Q dp®

By letting ¢ — 0, we get the estimate from below.

Finally, we remove the assumption F' € SQ(RY*"). By [12, Lemma 6.3],
we can find a sequence F; € SQ(RY*") with F;(A) \, F(A) and F*(A) N\,
F>(A) pointwise for every A € RV*" as i — oo, and by making M slightly
larger, if necessary, we can also assume that m|A| < F;(A) < M(1+ |A]) for
every ¢ € N.

As before, let (u;) € WpH(QRY) with u; — win L'(€;RY). We can
again assume that (3.3) holds, and by the coercivity m|A| < F(A), this
implies that (u;) is a norm-bounded sequence in BV(£; RY). Thus by Theo-
rem 2.3, a subsequence of Du; (not relabeled) generates a generalized Young
measure (v, \,, v>°) with respect to p. Thus we have for any ¢ € N

dDu dD?%"y
Fl|— d+/F°°( )dDS’“u
() o [ 7 (i) 40
D Ds#
(e [ () 0
gliminf/Fi( uj) du

:/(Fi,w du+/(Ff°,y§°>d/\V.
Q Q

On the other hand, by Lebesgue’s dominated convergence theorem, as well
as the fact that F' € Q(RY>*™) N R(Q; RY*") C E(Q; RV*™),

i ([Eoydus [z = [Eyans [z,
o \Ja Q Q Q

— lim | F <dD“j> dyi.

(3.24)
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By combining (3.23) and (3.24), we get the desired estimate from below.
[l

3.2 Estimate from above

Recall from (3.1) the definition of the functional F, by relaxation. We prove
that the estimate from above holds for the integral representation of F,. Here
our proof is not based on the theory of Young measures, so we can allow for
somewhat weaker assumptions on F'.

Proposition 3.5. Let Q C R"™ be a bounded open set, let u € M™(Q) with
LM < p, let F e Q(RYN*™) with

0< F(A) < M(1+]A4]), AeRM™

for some M > 1, and let u € BV(;RY). Then we have

dDu w [ dD%"u s
Fu(u,Q) < /QF (W) du +/QF (d|DS’“U|) d| D).

Proof. Again, by Definition 3.1 and [12, Lemma 6.3] we can find a sequence
F; € SQ(RY*™) with parameters ¢ € N, r; > 0 such that F;(A) \, F'(A) and
F>(A) N\, F>~(A) pointwise for every A € R¥*" as i — oo. Moreover, by
making M slightly larger, if necessary, we have that 0 < F;(A) < M(1+ |A])
for all i € N and A € RV*", Fix i € N.

The proof is based on mollifying the function u in a small set. Take a
Borel set D C Q with |D*#u|(Q\ D) =0 and u(D) = 0. Then take an open
set G D D with £"(G) and u(G) so small that

dD%u
dp

dp + M(r; + 1) L"(G) + M (1 + ) u(G)

(3.25)
is less than 1/i; this is possible by the absolute continuity of integrals. By
Lemma 2.1 we can pick a sequence (v;) C BV,(G;RY) N C=(G;RY) (note
boundary values) that converges to u (-)-strictly in BV(G;R"). Fix also
jeN

Using the linear growth of F}, we estimate

(45 e [ (42) - o (5) e
G dp G dp € @

</ 2 (V—) adC” + M(1+ r)u(G),
GN{|Vv;/al>r;} a

22
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where by the fact that F(A) = F>(A) —i for |A| > r;, the last integral
equals

GN{|Vv; /a]>r;} a GN{|Vv; /a]>r;} a

/ Fe(Vuy) dL”
Gn{|Vv;/al>r;}
< [ B (Vo) dcr

G

< / F (Vo) L™+ MriL(G)
GN{|Vv;|>r;}

_ / (F, (Vo,) + ) dL" + Mr.L(G)
GN{|Vv;|>ri}

< / F; (Vv;) dL" + M (r; + 1) L"(G).
G

Now, since F; € SQ(RV*") C E(G;RY*") (constant in the z-variable) and
v; — u (-)-strictly in BV(G;R"), we can apply Reshetnyak’s continuity
theorem, Theorem 2.2, to obtain

liminf/ F (dDUj) dp
Jj—roo G d/,L

< lim inf/ F;, (Vv;) dL" + M(r; + i) L"(G) + M (1 + r;)u(G)
a

Jj—o0
dD%u
= F; dL" F> d|D?
[ remae [ (G ) av

DS
g/M(1+|Vu|)d£"+/M dD"u
G G dp

dD%Huy
F> D*# M(r; +0)L" M(1 ;
—I—/G ) (d\DSHu\) d|D**u| + M(r; + )L™ (G) + M (1 + ;) u(G)

dD*>Hy
< | E> d| D> 1/4
< [ re(Gpe ) ol + v
by (3.25). Then define for each j € N
Uy in G,
Uj; = .
u inQ\G.
The fact that v; € BV, (G;RY) implies by definition (given before Lemma
2.1) that Du; = DulQ\ G+ Dv,LG. Thus it is clear that u; € W' (Q;RY),

dp
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and also u; — w in L'(;RY), so that u; is an admissible sequence for
Fi(u, Q). In total, we obtain

Fulu, Q) < liminf/F (d5“j> dp
Q

Jj—00 )

dDuv; dD
zliminf/F( ”J) du+/ F(—“> dy
J7ee Ja dp o\@ dp
dD*"y > / <dDu) .
< | E~ d| D u| + F|—)du+1/i
/G (d|DS“U| | | O\G dp /

dDu dD%*qy
< | Fl— ) d > d|D** 1/1.
_/Q Z(d#) M+/n ' (dIDS“UI> [Drul + 1/

Letting ¢ — 00, by Lebesgue’s monotone or dominated convergence we get
the desired estimate from above. [

3.3 Some examples

Let us briefly consider why it is necessary to assume that £" < u, at least
in order to obtain the integral representation (3.2). The reason is that the
estimate from above may be violated without this assumption. We note that
the integral representation (3.2) always takes a value at most

Mp(€2) + M[Dul (),

which is finite for a BV function v € BV(Q;RY). On the other hand, if
it is not true that £" < p, then there can be a large set not "seen” by
the measure p, and as a result it may simply be impossible to approximate
certain BV functions in the L'-sense by functions in the class W' (Q; RY).
Consider the following examples.

Example 3.6. Suppose that there is an open set B C  (which we can
assume to be a ball) with p(B) = 0 but of course £L"(B) > 0. Take a
nonconstant v € C!(B), and note that all functions u; € Wil(Q) satisty
|Du;|(B) = 0 and are thus constant in the ball B. Thus there is no se-
quence of functions u; € Wp'(Q) with u; — u in L'(Q), and consequently
Fi(u, Q) = co.

Even if the support of 4 is the whole of €, the estimate from above may
fail.

Example 3.7. Take 2 to be the open unit square on the plane, and let
A C Q be a "fat” Sierpinski carpet, with £2(A) = 1/2. Then define the
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weight w = I\ 4, and p := w £2. Clearly the absolute continuity assumption
L? < p is violated, but the support of i is the whole of . By using the
properties of BV functions restricted to lines, see e.g. [5, Section 3.11], we
obtain that any function v € W,;-'(Q2) is constant almost everywhere in A. If
we define a BV function v € BV(Q) e.g. as u(z,y) := x, there is no sequence
u; € Wit (Q) for which u; — w in L'(2), and consequently F.(u, Q) = oc.
However, it is not clear to us whether the assumption £" < u, or the

assumption on the integrand F € R(; RV*™) are necessary in our main
result, Theorem 1.1.

4 The lower semicontinuity theorem

From the integral representation, we obtain the following lower semicontinu-
ity result.

Proposition 4.1. Let Q C R™ be a bounded open set with L"(02) = 0, let
€ MH(Q) with L < p, and let F € R(Q; RY*™) N Q(RN*™) with

m|A| < F(A) < M(1+[A])

for some 0 < m < M. Then the functional

dDu dD%"y
= [ F|—)d F* | ——— ) d|D%* BV(Q: RY
)= [ (du) wt [ (dww) D], ueBV(Q:RY),

is lower semicontinuous with respect to convergence in L'(€;RYN).

Proof. The relaxed functional F,(u, ) given in (3.1) is obviously lower semi-
continuous with respect to convergence in L'(€;RY), and by Proposition
3.2 and Proposition 3.5 it equals the functional F(u) given in this proposi-
tion. 0

We recall Jensen’s inequalities for gradient Young measures with respect
to the Lebesgue measure L£", given in Theorem 2.5. We can now partially
generalize these inequalities to the case of a general measure pu.

Theorem 4.2. Let Q C R™ be a bounded open set with L"(02) = 0, let
p € MFT(Q) with L™ < p, let F € R(Q;RY*™) N Q(RN*") with F > 0,
let u € BV(Q;RY), and let v € Y (2, i; RN*") be a gradient Young measure
with X\, (0Q) = 0 and with barycenter Du. Then the following hold:

dD dX,
FEY) < (F v,y + (F°, vy ——(x)  for p-almost every x € Q, (4.1)
du du
dDs+
Fe° (d|D—sl‘Z|) | D¥Hu| < (F,U)A0" as measures. (4.2)

25



Proof. Take a sequence (u;) C BV(Q;RY) that generates v. We know
that u; — u in BV(€;RY), see the discussion after (2.7). Note that F €
R(Q; RV ™) N Q(RN*™) € E(2; RY*™) (constant in the z-variable), so that
F necessarily has linear growth F(A) < M(1+ |A]|) for some M > 0. Let us
first also assume that F' has the coercivity property m|A| < F(A) for some
m > 0 and all A € RV*", By combining our lower semicontinuity result,
Proposition 4.1, with the fact that F' € E(Q; RY*"), we obtain

dDu dD?%!"y
ol et d+/F°°< )dDS’“u
/ <w)‘bg D] ) AP

dD . dDS7/J‘ .
< liminf (/ F( “J> du+/F°° (—“J) d]Ds’“uj|>
i \Jo dp Q d| D>ty

~ [Fdu [ =2,
Q Q

We can equally well write the above inequality in any open U C Q (in
particular, a ball) with A, (OU) = 0. Thus we can differentiate the inequality
with respect to i, and obtain (4.1) by the Besicovitch differentiation theorem
(see e.g. [5, Theorem 2.22]). By writing the above inequality for balls from
a suitable Vitali covering of €2, we obtain (4.2).

The general case can be obtained by writing (4.1) and (4.2) for integrands

Fi(A) := max{F(A),|A|/i}, €N,
and letting ¢ — oo. O

Corollary 4.3. With 0, u, u, and v as in the previous theorem, there exist
sets By, By C Q with u(Ey) = 0 and |D*"u|(Ey) = 0 such that for every
F € R(Q; R ™) N Q(RN*™) with F > 0, we have

dD d\,
F ( dlu“) < (F ) +(F=,07) o (x)  for every x € Q\ By,  (4.3)
o0 dDS»Nu o] 00 d/\ls/’u
F (d\Ds’F‘u|) < (F™, v >d\Ds’F‘u| for every x € Q\ Ey.  (4.4)

The point is that we can find exceptional sets that do not depend on the
integrand F'.

Proof. Again, we note that R(; RY*") N Q(RN*") C E(£; RM*") (constant
in the x-variable). Recalling the transformation 7" given in Section 2.3, we
have that

{T(F): F € R(Q;RY*™") nQRY*"), F >0}
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contains a countable dense subset {G;};cn, since it is contained in the sep-
arable space C'(BN*™). Then (4.3) and (4.4) hold for some choice of sets
Ei, Ey C Q with p(E;) = 0 and |D**u|(E,) = 0, and with F = T'G, for
any i € N. It is easy to see for any ' € R(Q; RY*") N Q(RN*™), FF > 0 that

dDu dDu
F( == _p (== —
' ( dyu (x)) < dp m) !
for every x € Q\ Fy, for a sequence (Fy) C {T'G,}ien with T(Fy,) — T(F)

in C(BN>*m). The other terms are handled similarly, and so we get the desired
inequalities. O

Now we can prove our semicontinuity result, where we also allow for
z-dependence of the integrand. The result could also be given without a
boundary term, but its inclusion simplifies our proof. In the case y = L", an
analogous result was given in [14, Theorem 10].

Theorem 4.4. Let Q) C R™ be a bounded Lipschitz domain with inner bound-
ary normal vg, let p € MT(Q) with L™ < p, and let F € R(Q;RN*") be
nonnegative and j x B(RN*")-measurable such that A — F(z, A) is quasi-
convex for each fived x € Q. Then the functional

dDu dD%Hy
Flu):=[ Flz,"2) d F (2, ~——2) 4D
W= (“” du) o | (x’dww) D
—{—/ Fe (x,i®yﬂ> u| dH"
a0 |ul

is weakly* sequentially lower semicontinuous in BV (; RY).
Note that in the last term, u is a boundary trace, see e.g. [5, Section 3.7].

Proof. Let u; = uin BV(Q;RY). Take a bounded Lipschitz domain ' 3 €,
and denote by uf,u® the zero extensions of uj,u to '\ Q. Since Q is a
bounded Lipschitz domain, we can use standard gluing theorems for BV

functions, see e.g. [5, Proposition 3.21, Theorem 3.84, Theorem 3.86], to
obtain that u$ € BV(€; RY) with

Duf = Vuy; L'LQ + Duy + u; @ vg " 'LOQ
and ||lul[ 21 p0ry) < Clluj|lgvoryy with C' depending only on €2; and simi-

larly for u®. By the weak™ convergence, u; is a norm-bounded sequence in
BV(Q;R"Y), so we have that u§ is a norm-bounded sequence in BV(Q; R"Y)

and that u$ — u® in L*(Q;RY). This implies that u¢ = u® in BV(Q;RY).
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Since F' € R(Q,RY*") F>(z, A) is continuous on Q x dBY*", which
is a compact set. By the Tietze extension theorem, we can extend F**°
to ¥ x OBY*" as a continuous nonnegative function (F¢)>®. If we define
Fe(x,tA) == t(F°)>®(zx, A) for any t > 0, A € RV*" and z € ¥, we see
that our notation is consistent in that the recession function of F° is indeed
(F€)>*. We also extend p by pu¢ := ulLQ + LNL(R™\ ©2). Then we see that
Fe e R(Q;RY*™) is nonnegative and p¢ x B(RY*")-measurable. We write

]_-e ey . __ Fe dDU? du® Fe 00 dD&Meu; st ue, e
(uj) s = // x, e 1z +//( ) x’d|D8—Mu‘ﬂ | “j|
dDu; dD%Hy;
= [ F|(ux, J) d,u+/F°° (x,—3> d| D> u;

/Q ( dp Q d| D Fu| | d

—l—/ F*> (x, Y VQ) uj| dH™ !
09 5]

= F(uy),

and similarly for u®. We conclude that we need to prove that F¢(u¢) <
liminf; . F¢(u$). Pick first a subsequence (not relabeled) that gives this
limit, and then by Theorem 2.3 and Corollary 2.4 we can pick a further sub-
sequence (not relabeled) such that the sequence Duf generates a generalized
Young measure v = (v, A, v°), with respect to p®. Clearly A, (0) = 0,
and then the barycenter of v is Du®, see the discussion after (2.7). Note that
for any fixed x € Q, F¢(x,-) € R(Q,R¥*") N Q(R*"), so that we can apply

Corollary 4.3 to obtain

iminf 7(u5) = [ (PG do + [ (F) (o), dhola)

J—00

dDuf dD>H e .
> F€ d e Fe oo d DS,,LL e
[ s [ (- )

= F°(u).
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