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What do these have in common?

• Electronic FX trading

• Teen-age pregnancies in the USA

• The temperature in Stockholm

• The mortality rate in France during WW I & II

• The physical activity level of angry children

• Reform of young criminals

• Osteoarthritis

• ADHD

• Lip acceleration

• Gender-neutralising exam conditions
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The fertility rate

Fertility rate by year (1950 – 2014)

Fertility rate by country (1990 – 2014)
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The temperature in Stockholm

Stockholm temperatures by year (1767 – 2016)

Stockholm temperature by 50-year period
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The temperature in Stockholm (cont’d)

Moving average by season
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The mortality rate

French mortality rate by year (1816 – 2015)

mortality rate by country (1990 – 2014)
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7-year old’s physical activity level

Daily activity level of 432 children

Activity level by emotional state

weekday
Mon Tue Wed Thu Fri Sat Sun

ph
ys

ic
al

 a
ct

iv
ity

 le
ve

l

0

100

200

300

400

500

600

weekday
Mon Tue Wed Thu Fri Sat Sun

ph
ys

ic
al

 a
ct

iv
ity

 le
ve

l

160

180

200

220

240

260

280

300

never feeling angry
almost never feeling angry
sometimes feeling angry
often feeling angry
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for Child Health (Grant reference G0400546), Institute of Child Health, University College London for creating the accelerometer data resource which was funded by the Wellcome Trust
(grant reference 084686/Z/08/A). The institutions and funders acknowledged bear no responsibility for the analysis or interpretation of these data.

6 / 48



This document is intended solely for discussion purposes.

7-year old’s physical activity level

Daily activity level of 432 children Activity level by emotional state

weekday
Mon Tue Wed Thu Fri Sat Sun

ph
ys

ic
al

 a
ct

iv
ity

 le
ve

l

0

100

200

300

400

500

600

weekday
Mon Tue Wed Thu Fri Sat Sun

ph
ys

ic
al

 a
ct

iv
ity

 le
ve

l

160

180

200

220

240

260

280

300

never feeling angry
almost never feeling angry
sometimes feeling angry
often feeling angry

I acknowledge: the Centre for Longitudinal Studies, Institute of Education for the use of these data; the UK Data Service for making them available; the MRC Centre of Epidemiology
for Child Health (Grant reference G0400546), Institute of Child Health, University College London for creating the accelerometer data resource which was funded by the Wellcome Trust
(grant reference 084686/Z/08/A). The institutions and funders acknowledged bear no responsibility for the analysis or interpretation of these data.

6 / 48



This document is intended solely for discussion purposes.

Market impact

30,000 post-deal price paths∗

market impact by currency-pair
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Source: Deutsche Bank.

∗ Chart draws only a stratified subset of the full sample. Paths are signed for direction of trade.
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All these examples can be studied using Functional Data Analysis or FDA
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The price signature

I define a price “signature” as:

S(δ) =
1

q′ι

∑
n

qndn(Ptn+δ − Ptn), for δ ∈ [−δ, δ].

It is the volume weighted (q), trade direction adjusted (d), average price movement, over an
interval (δ) centred around the point of trading (t).

• it can be calculated over any and multiple subsets for comparison

. . . by currency pair, by venue, by order size, etc

. . . by time of the day, by trader / user, etc

• it can be applied more generally

. . . to quotes, to rejects, to hypothetical backtest trading signals, etc

. . . to construct volume signatures, spread signatures, liquidity or activity signatures, etc
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Signature construction
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Signature interpretation

signature interpretation

a noise trader’s signature
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• post-deal (δ > 0), the signature measures the marked-to-market revenues or margin

• pre-deal (δ < 0), the signature measures the opportunity cost of not having traded earlier

11 / 48



This document is intended solely for discussion purposes.

Signature interpretation

signature interpretation a noise trader’s signature

signature horizon /
0

si
gn

a
tu

re
S
(/

)

0

pre-trade post-trade

pric
e m

ove
s i

n

dire
cti

on of tr
ade

price moves opposite

to direction of trade

price moves opposite

to direction of trade

pric
e co

ntin
ues

in dire
cti

on of tr
ade

signature horizon /
0

si
gn

a
tu

re
S
(/

)

0

pre-trade post-trade

expected signature
signature over 50 trades

• post-deal (δ > 0), the signature measures the marked-to-market revenues or margin

• pre-deal (δ < 0), the signature measures the opportunity cost of not having traded earlier

11 / 48



This document is intended solely for discussion purposes.

Signature interpretation

signature interpretation a noise trader’s signature

signature horizon /
0

si
gn

a
tu

re
S
(/

)

0

pre-trade post-trade

pric
e m

ove
s i

n

dire
cti

on of tr
ade

price moves opposite

to direction of trade

price moves opposite

to direction of trade

pric
e co

ntin
ues

in dire
cti

on of tr
ade

signature horizon /
0

si
gn

a
tu

re
S
(/

)

0

pre-trade post-trade

expected signature
signature over 50 trades

• post-deal (δ > 0), the signature measures the marked-to-market revenues or margin

• pre-deal (δ < 0), the signature measures the opportunity cost of not having traded earlier

11 / 48



This document is intended solely for discussion purposes.

Signature interpretation

signature interpretation a noise trader’s signature

signature horizon /
0

si
gn

a
tu

re
S
(/

)

0

pre-trade post-trade

pric
e m

ove
s i

n

dire
cti

on of tr
ade

price moves opposite

to direction of trade

price moves opposite

to direction of trade

pric
e co

ntin
ues

in dire
cti

on of tr
ade

signature horizon /
0

si
gn

a
tu

re
S
(/

)

0

pre-trade post-trade

expected signature
signature over 50 trades

• post-deal (δ > 0), the signature measures the marked-to-market revenues or margin

• pre-deal (δ < 0), the signature measures the opportunity cost of not having traded earlier

11 / 48



This document is intended solely for discussion purposes.

Signature examples at macroscopic level
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This document is intended solely for discussion purposes.

Statistical properties of signatures

Assume a simple model (a) price follows a random walk with variance σ2, (b) periodic trades at
frequency ∆, (c) stochastic trade sign and size

Then, the signature variance over N trades and for a horizon δ is given by:

γ(δ) = δ
σ2

N

µ2
q + σ2

q

µ2
q

+
σ2

N2

(
µ2
dψ1(M, δ) + (1− µ2

d)ψρd (M, δ)
)

+
σ2

N2

σ2
q

µ2
q

(
µ2
dψρq (M, δ) + (1− µ2

d)ψρqρd (M, δ)
)
,

where M = bδ/∆c ∧ N, and

ψρ(M, δ) =

{
1
2 NM(2δ −∆(M + 1)) + 1

6 M(M + 1)(2M∆ + ∆− 3δ) ρ = 1

ρ(1− ρM )
(

Nδ
1−ρ −

δ+N∆
(1−ρ)2 −

(ρ+1)∆

(ρ−1)3

)
+ MρM+1

(
∆(N−M)+δ

1−ρ − 2∆
(1−ρ)2

)
ρ 6= 1

.
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Statistical properties of signatures

signature volatility strategy parameter regions

signature horizon / (in " frequency units)
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E: ;d = !0:6; j7dj = 0:2
F: ;d ! !1;7d = 0

Under the “noise trader” null-hypothesis, the signature variance is a function of

• signature horizon vs trading frequency (up to δ < ∆ the simple “
√
T” rule applies)

• properties of the trading strategy (i.e. average and serial correlation of trade sign; amounts)
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This document is intended solely for discussion purposes.

FDA or functional data analysis

Two key questions are often asked:

1. is a signature statistically different from zero, i.e. S(δ) = 0 or not?

. . . do I have true alpha or was it just a lucky episode?

. . . do I get systematically run over on my passive algo fills?

2. is one signature different from another, i.e. Sk(δ) = Sm(δ) or not?

. . . is my momentum signal stronger in USDMXN than in USDZAR?

. . . is the market impact I incur across venues the same?

Different from the “usual” statistics, this involves inference of functions or curves → FDA provides
the statistical foundations to answer such questions.

Ramsay and Dalzell (1991), Ramsay and Silverman (1997) pioneers of the contemporary literature.
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This document is intended solely for discussion purposes.

Functional data analysis

To illustrate – in its simplest form – FDA calculates quantities like:

SSH(δ) =
K∑

k=1

Nk(Sk(δ)− S(δ))2, (between group variation),

and

SSE (δ) =
K∑

k=1

Nk∑
n=1

(s(k)
n (δ)− Sk(δ))2 (within group variation).

An example of a test for equality of functions (i.e. signatures), is the globalised F test:

TFG =
N − K

K − 1

∫
SSH(δ)

SSE (δ)
dδ ∼ aχ2

b approximately,

(developed by Zhang and Liang, 2014).
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This document is intended solely for discussion purposes.

Functional data analysis

. . . where

a = δ
N − K − 2

(K − 1)(N − K )
tr(γ⊗2

c ) and b = δ
2 (K − 1)(N − K )2

(N − K − 2)2
tr(γ⊗2

c ),

and γc(δ1, δ2) = γ(δ1, δ2)/
√
γ(δ1, δ1)γ(δ2, δ2), γ⊗2(δ1, δ2) =

∫
γ(δ1, u)γ(u, δ2)du, and estimates

for γ functions can be obtained as:

γ̂(δ1, δ2) =
1

N − K

K∑
k=1

Nk∑
n=1

(s(k)
n (δ1)− Sk(δ1))(s(k)

n (δ2)− Sk(δ2)),

t̂r2(γ) =
(N − K )(N − K + 1)

(N − K − 1)(N − K + 2)

(
tr2(γ̂)− 2tr(γ̂⊗2)

N − K + 1

)
,

tr(γ̂⊗2) =
(N − K )2

(N − K − 1)(N − K + 2)

(
tr(γ̂⊗2)− tr2(γ̂)

N − K

)
,

where N =
∑

k Nk . See, e.g., Horváth and Kokoszka (2012), Zhang (2014) for further details.
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This document is intended solely for discussion purposes.

Non-parametric resampling approach

Standard FDA does not apply straight “out of the box” to signature analysis . . .

S(δ) =
1

q′ι

∑
n

qndn(Ptn+δ − Ptn), for δ ∈ [−δ, δ].

. . . volume weighting (qn)

. . . “mechanical” dependence across price paths, depending on signature horizon (Ptn+δ)

. . . trade sign adjustment of price paths (dn)

I explore resampling methods to obtain accurate confidence bounds & p-values

• stationary bootstrap (Politis and Romano, 1994) works well . . .

• but it doesn’t make full use of known signature dependence structure
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This document is intended solely for discussion purposes.

Adaptive Block Bootstrap

Short signature horizon, i.e. δ =

t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12 t13 t14 t15 t16

B1 B2 B3 B4 B5 B6 B7 B8 B9 B10 B11
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Adaptive Block Bootstrap

Medium signature horizon, i.e. δ =

t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12 t13 t14 t15 t16

B1 B2 B3 B4 B5
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Bootstrap performance
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This document is intended solely for discussion purposes.

Game theory context

• Aggregation. Traders in the FX market routinely place liquidity providers (LPs) in competition
for their flow

• Winner’s curse. Because “true” price is unobserved and the LPs are unaware of competitors’
prices, the more LPs in the aggregator, the stronger the adverse selection on deals won

• Last look. Protective mechanism used by the LP to mitigate adverse selection / avoid outright
arbitrage by rejecting trade requests on stale or otherwise inaccurate quotes.

• Prisoner’s dilemma. Externalising LP creates impact that adversely impacts internalising LP.
When mixing them in aggregation process, all LPs may externalise and making everyone worse
off.

• Efficient execution. Select a moderate number of LPs (say 5, not 50), trade full amount, and do
not mix internalisers and externalisers.

See Oomen (2017a,b), and Butz and Oomen (2018) for further details.
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Signature case studies
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This document is intended solely for discussion purposes.

Case-study I : Aggregation versus LP exclusivity

A trader executes using an aggregator with multiple LPs

but . . .

• trade request rejects complicate the workflow

• addition of LPs has meant spreads are gradually widening out

They are open to a radical change or experiment to improve matters.

DB proposes a “firm” feed and tighter spreads than what the trader receives in aggregate across
all LPs, on the basis that they become the trader’s exclusive liquidity partner.

. . . trader believes the flow at source is latency sensitive and directional

. . . DB believes the flow is benign at source, but that the aggregator design is the issue
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Case-study I : Aggregation versus LP exclusivity

post-deal micro signatures
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multiple LPs exclusivity

• Trader tries out exclusivity arrangement for
one main currency pair

• It appears to radically lower post-deal impact
(i.e. aggregator design explains the difference)

• But is it significant?

• FDA + resampling → yes, it is highly
significant!
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Epilogue

Trader adopts the exclusive feed
(with backup LP for resilience)

X improved trader experience

. . . response time ↓

. . . rejects ×

. . . spreads ↓

. . . costs ↓

. . . workflow simplification ↑

X improved LP experience

. . . volume ↑

. . . winner’s curse ×

. . . prisoner’s dilemma ×

aggregator exclusivity

Trader’s execution setup

# LPs > 5 1

externalisers probably no

stack sweep yes N/A

DB liquidity configuration

nominal spread 1.2 0.3

response time 100ms 1ms

reject rate ≈ 10% 0.0%

Trader’s transaction costs

observed spread 0.5 0.3

effective spread > 0.5 0.3

Note: figures are for illustrative purposes only.
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This document is intended solely for discussion purposes.

Case-study II : Consistency of LP risk management style

A trader executes using an aggregator with 7 LPs

but is unsure it’s working well.

• mixed experience on selected execution (impact, reject rates)

• regularly speaks with LPs’ sales representatives about the liquidity offering, but can’t quite
identify (whether there is) an issue

A quantitative data-driven analysis is conducted using an anonymised trade set
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Case-study II : Consistency of LP risk management style

macro signature across all trades

post-deal micro signature by LP
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This document is intended solely for discussion purposes.

Case-study II : Consistency of LP risk management style

Apply FDA on the pair-wise micro signatures . . . does post-deal impact vary by LP?

LP 1 LP 2 LP 3 LP 4 LP 5 LP 6 LP 7

LP 1

≈ 6= 6= 6= 6= 6=

LP 2

40.8% 6= 6= 6= 6= 6=

LP 3

0.0% 0.0% ≈ ≈ ≈ 6=

LP 4

0.1% 0.2% 73.6% ≈ ≈ 6=

LP 5

0.0% 0.0% 9.8% 17.5% ≈ 6=

LP 6

0.0% 0.0% 28.7% 39.4% 79.2% 6=

LP 7

0.0% 0.0% 0.0% 0.0% 0.0% 0.0%
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This document is intended solely for discussion purposes.

Case-study II : Consistency of LP risk management style

micro signature by LP groups

Natural classification into:

a) passive internalisers,

b) impatient internalisers,

c) aggressive internalisers or externalisers

(as discussed in Butz and Oomen, 2018)
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Case-study II : Consistency of LP risk management style

Is the LP classification stable over time?

Apply FDA on LP group signatures across a split sample.

1st half of sample 2nd half of sample

LP 1-2 LP 3-6 LP 7 LP 1-2 LP 3-6 LP 7

1
st

h
al

f LP 1-2 6= 6= ≈ 6= 6=

LP 3-6 0.6% 6= 6= ≈ 6=

LP 7 0.0% 0.0% 6= 6= ≈

2
n

d
h

al
f LP 1-2 73.9% 0.9% 0.0% 6= 6=

LP 3-6 0.0% 45.5% 0.1% 0.1% 6=

LP 7 0.0% 0.0% 84.4% 0.0% 0.1%

36 / 48



This document is intended solely for discussion purposes.

Case-study II : Consistency of LP risk management style

Is the LP classification stable over time? Apply FDA on LP group signatures across a split sample.

1st half of sample 2nd half of sample

LP 1-2 LP 3-6 LP 7 LP 1-2 LP 3-6 LP 7

1
st

h
al

f LP 1-2 6= 6= ≈ 6= 6=

LP 3-6 0.6% 6= 6= ≈ 6=

LP 7 0.0% 0.0% 6= 6= ≈

2
n

d
h

al
f LP 1-2 73.9% 0.9% 0.0% 6= 6=

LP 3-6 0.0% 45.5% 0.1% 0.1% 6=

LP 7 0.0% 0.0% 84.4% 0.0% 0.1%

36 / 48



This document is intended solely for discussion purposes.

Case-study II : Consistency of LP risk management style

Is the LP classification stable over time? Apply FDA on LP group signatures across a split sample.

1st half of sample 2nd half of sample

LP 1-2 LP 3-6 LP 7 LP 1-2 LP 3-6 LP 7
1

st
h

al
f LP 1-2 6= 6= ≈ 6= 6=

LP 3-6 0.6% 6= 6= ≈ 6=

LP 7 0.0% 0.0% 6= 6= ≈

2
n

d
h

al
f LP 1-2 73.9% 0.9% 0.0% 6= 6=

LP 3-6 0.0% 45.5% 0.1% 0.1% 6=

LP 7 0.0% 0.0% 84.4% 0.0% 0.1%

36 / 48



This document is intended solely for discussion purposes.

Case-study II : Consistency of LP risk management style

signatures over split sample
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Epilogue

Trader reduces # of LPs and intensifies relationship with passive internalisers

X reducing post-deal impact

X reducing direct and indirect execution costs

X simplifying the liquidity pool, reducing overheads
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Case-study III : Monitoring of aggregator performance

A trader runs the following 9-week experiment:

• aggregator composition unchanged for 7 of 9 weeks (largely internalising LPs)

• a candidate externalising LP is added for 2 of 9 weeks

• LPs unaware of experiment, or the timing of it

• on completion, all LPs asked to evaluate the trader’s flow week-by-week

Let’s calculate the price signatures week-by-week ...
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Case-study III : Monitoring of aggregator performance

macro signature

post-deal micro signature by week
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Case-study III : Monitoring of aggregator performance

Apply FDA on the pair-wise micro signatures . . . does post-deal impact vary by week?

Week 1 Week 2 Week 3 Week 4 Week 5 Week 6 Week 7 Week 8 Week 9

Week 1

≈ ≈ ≈ ≈ ≈ ≈ 6= 6=

Week 2

70.6% ≈ ≈ ≈ ≈ ≈ 6= 6=

Week 3

41.2% 38.0% ≈ ≈ ≈ ≈ 6= 6=

Week 4

93.6% 94.2% 43.5% ≈ ≈ ≈ 6= 6=

Week 5

59.1% 48.0% 85.6% 51.8% ≈ ≈ 6= 6=

Week 6

90.1% 69.9% 68.4% 88.2% 88.5% ≈ 6= 6=

Week 7

63.7% 31.3% 47.6% 49.5% 62.3% 87.1% 6= 6=
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Case-study III : Monitoring of aggregator performance

p-value for equality between week 1 & 2 p-value for equality between week 1 & 9

0 5 10 15 20 25 30
signature horizon / (in seconds)

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

p
-v

a
lu

e

point-wise F test
L2-norm test
F-type test
global-F test

0 5 10 15 20 25 30
signature horizon / (in seconds)

0

0.1

0.2

0.3

0.4

0.5

0.6

p
-v

al
u
e

point-wise F test
L2-norm test
F-type test
global-F test



This document is intended solely for discussion purposes.

Case-study III : Monitoring of aggregator performance
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Case-study III : Monitoring of aggregator performance

micro signature by regime

• FDA indicates large & statistically significant
impact on post-deal impacts associated with
introduction of externaliser

• if maintained, would give rise to “prisoner’s
dilemma” where both the trader and the LPs
are worse off (see Oomen, 2017a, for more

details)
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Case-study III : Monitoring of aggregator performance

What if the trader had not informed the LPs about the experiment?

What if an LP doesn’t inform the trader that they’ll switch their risk management style from
internalisation to externalisation?

FDA can be used to check for structural breaks in the signatures.
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Case-study III : Monitoring of aggregator performance

breakpoint detection test
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• The trader executes >15,000 trades with LPs
over a 9 week period.

• A break is identified 83 trades or 23 1
2 minutes

after the actual break!
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Epilogue

Candidate externaliser LP was not admitted to the pool, and everyone lived happily ever after . . .
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Thank you for your attention!

Note: the paper is now published in Quantitative Finance, 19 (5), 733 – 761
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