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Do net touch
my circles




Beltrami Equation

fz(2) = u(z) f.(2) (1)

u(z)] <k<1 supppeC



Principal Solution f : C %% C

C C
f(z) =2 - 21: ZZI 2~ 00
f(z) =2z + Cw

weLP(C), p>2, suppw &C



Cauchy Transform C : £LP(C) — WP(C)

- [T -
%//Cw(f)df: é+ 2




0

%OC = Id : LP(C) — LP(C)
For a partial differential operator with
constant coefficients, we have

DolC=Co%

| Cw(z1) = Cw(2) | < Gyl 21— 22|27 |lwl],



Beurling Transform S : £P(C) — LP(C)

oL 225 e

Sp = Co, for ¢ € WH(C)




S : L*(C) 28 £(C)
This is an isometry (proof in class). Hence
by Riesz Thorin Convexity Theorem

S, = IS : £(C) — LX(C)], = 1+O(Ip—2])



CONJECTURE

S,=p—1 forp > 2

1
Sy = for1 < p <2

p—1

The operator S provides an important Z?- transition between two

homotopy classes of elliptic PDEs



Proposition 1 The operator

T —uS: LP(C) — L£P(C)

is invertible whenever kS5, < 1
Proposition 2 The operator

I —uS : WH(C) — WHP(C)

is invertible whenever kS, < 1 and pu €
C(C)X)(C) the proof in class



Proposition 3.

Let £S5, <1 and p € C3°(C) . Consider the
(unique) principal solution of the Beltrami
equation fz = u(z)f.. Then f € CYC)
and Jy > 0.

PI’OOf (differentiate the equation)

fzgzﬂfzz T :uzfz- Denote by F = [,
Fs=uF, + u, F. Look for F'=¢e°

Oz — U0, + Y% (here are rigorous arguments)
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Consider the equation o5z = uo, + u,, for
o € WH(C)

o = C¢ = = + higher powers of%,

where ¢ = uS¢ + u,,

¢ =(I=pS) " p. € WLP(C). Denote
by

F=2z+C(ue’) € CH{C)

§z=pe’  F.=1+8(ue)
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e’ —1 e WHr(C)

e’ — 1 :%C(e“—l) =C(e” — 1)z =
C(pe?). = S(ue)

Hence

e’ =14+5(ue’) =%, Tz=us.
S Is a principal solution, thus equal to f.

Jp = £ = | = [e¥|(1 = [u[*) > 0
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COROLLARY. For p € Cg°(C) the
principal solution

f: C =% C
is a C!- diffeomorphisms and f( ) = 00.
The inverse map g = g(w) = f1(w) is a

principal solution of the equatlon
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Uniform Holder Estimates

f(z1) = f(z2)| <
21 — 20| + Cy(k) |21 — 20|27

g(w1) — g(wa)| <
w1 — /LUQ‘ -+ Op(k) \wl — w2|1_2/p

Hence

14



21 — 29| = [g(w1) — g(w2)| <

wi — wa| + Cp(k) [wi — wa| 7?7 =

f(21) = f(22)] + Colk) | f(21) — f(z2) |27

21—22‘ <

f(21) = f(22)| +Cpl(K) | f(21) — f(z2) |17




Approxrimation
Let 1/ — 1, almost everywhere in C,

/L] -~ C(C))O(C) ] ‘/L](Z)‘ < k <1 (convolution method) .

J = 17 f7 principal solutions
fl=z+Cu , W =p + /Su’
fz=u f, principal solution
f=z2z4+Cw , w=pu+ usSw
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W —w = — +,uj8wj—,u8cgz
(W —p) + ! [Sw —w)| + (1 — p)Sw

w —wllp < It = pllp + ESpllew? —wll, +
(W — p)Swll,

Hence
(1 —=kS)) |lw! —wll, <

| = pllp + (0 — p)Swll, — 0
Thus f7 converge to f uniformly genewise sufices
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In Conclusion
Zl — 22‘ <

f(21) = f(z2)| +Cp(k) | f(21) — f(22)["72/P

This yields that f(z1) # (2’2) whenever
21 FE 2. Thus f M C is a

homeomorphism.



Measurable Riemann Mapping Theorem

Let ) and 2 be bounded simply connected domains and . - a
measurable Beltrami coefficient such that |u(z)| < £ < 1 almost
everywhere in (). Then the Beltrami equation

Jz= M(Z) S

admits a homeomorphic solution f : Q ™™ ' in the Sobolev class

WEP(Q,C) C Co(Q)

loc loc
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General Elliptic Systems

fz=wz) f: +v(2) f-
(2)] +[v(2)] <k <1

fE:U(zaf)fz T V(Zaf)fz

fZ: H(Zafv fz)
H(z, f,§) — H(z, [, ¢)] < k|§ — (]



Every Riemann surface is
conformally flat (locally)






