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Bi-Twistor theory for general curved space-time —
resolving the fundamental confusion of

Twistor Theory!
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Drives underlying the origination of twistor theory

(1) Physics? (2) Geometry?

Insights from Engelbert Schicking Syracuse NY, USA, early 1961
(A) Conformal invariance of Maxwell’s equations

(B) Fundamental significance, to quantum field theory of splitting field amplitudes
into positive/negative frequency parts






But how do we do this splitting for the whole of
Minkowski space-time all at once, in a
relativistically invariant way? (The “forward tube”

is far too small!)

Answer: use light rays, not space-time points!
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The FUNDAMENTAL CONFUSION of twistor theory.

Does the splitting of twistor space into two halves refer to

+ frequency or = helicity?

At first, this seems like a relatively minor matter, but with the nonlinear
graviton, it is crucial ("googly problem”)!
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Twistor quantum theory (gives correct laws for
momentum and angular momentum)

ZaZIB—ZIBZa: h&g

Z9ZF = ZF 7%, 7,75 =737,



Bi-twistor algebra, where W, behaves as Z,
A=A LO+AW,,.
B=B,Z%+B*W.,

C=C,Z%*+C*W,,






For real bi-twistors we have

AX — Aa’ B% = B% C% = (C“

in which case [A, B, C] 1s also real



Ya = Q-1VaQ = Valog Q.



V, (l)B):O
A(A

- : — OVas
V wp Q(VAA, wp—Y watY wp)

~

V o=V @p_Q° Vo 9B~ Y @t
VY ¢B)

V1p|—>V1/J .Q.WVl/) Y¢+
WYl/))



V . 9B V Pp vi L 9B~
Y ¢A+UY sag)

AR S A
Y prwY ).

AB’



W(x: (')ZAJ TIA,),

ZW, = w4+ myn?









70— A
(w 97TA')






nt ent,  far éa LY 1t



In the NLG construction, we immediately find that the primed spin-space is universally defined,

owing to the presence of a projection of T down to a complex 2-dimensional vector space (the CP>—{0} of Fig. 2 of [5]).
This particular CP? refers uniformly to every line in IPT" and therefore to every point of G, thereby assigning an un-primed
spin-space universally to the whole of 7. We may refer to a typical element of this 2-space as &4.

On the other hand, the primed spin-space at P is a distinctly more delicate issue. For each p, the various elements of the
primed spin-space would refer to the different “plane strips” through the line p, each of which is described by a smoothly
propagated 2-plane element along the line p, all these containing the direction of p.

There 1s an integrability condition for this to provide a consistent primed spin-space for every p,

arising from the vanishing of the appropriate Lie bracket, to provide the equation (4.2) of [5], namely

r]A,TIB' vV n4 -y,



If we make the replacement

CUA :ﬁA
into this equation, we obtain

wiw®V wg =0,

which will be referred to as the
weak twistor equation






ZWy = % (Sa VAA’wA — Ty’ VAA,UA )-

For the particular case of a null geodesic,
this 1s expressed as

797 =0
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which 1s equivalent to the standard
differential equation

nv n°=0,
a



ENGELBERT
SCHUCKING




	Default Section
	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25: Twistor quantum theory (gives correct laws for momentum and angular momentum) 
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46



   𝜔 A


     𝜋   A ′


   𝜉 A ,  𝜂   A ′ )


   Z 𝛼    Z - 𝛽


     Z - 𝛽  Z 𝛼


  ℏ  𝛿 𝛽 𝛼


   Z 𝛼  Z 𝛽 =    Z 𝛽 Z 𝛼


     Z - 𝛼    Z - 𝛽


     Z - 𝛽    Z - 𝛼


  𝒜


   A 𝛼  𝐙 𝛼


     A 𝛼 𝐖 𝛼


  ℬ


   B 𝛼  𝐙 𝛼


     B 𝛼 𝐖 𝛼


  𝒞


   C 𝛼  𝐙 𝛼


     C 𝛼 𝐖 𝛼


  𝒜 ,     ℬ


  𝒞


    ∑  ± ↺  𝒜 ℬ 𝒞


   𝐖 𝛼


     Z - 𝛼


   A 𝛼 =    A - 𝛼 ,      B 𝛼 =    B - 𝛼 ,        C 𝛼 =    C - 𝛼


  𝒜 ,   ℬ


  𝒞


     ∇  A ´ ( A 𝜔  B )


     ∇  A ´ A 𝜔 B ↦   Ω (    ∇  A A ´ ´ 𝜔 B


     Υ  B A ´ ´ 𝜔 A


     Υ  A A ´ 𝜔 B


     ∇  A A ´ ´ 𝜑 B ↦      ∇ ~  A A ´      𝜑 ~ B =     Ω v (    ∇  A A ´ ´ 𝜑 B


     Υ  B A ´ ´ 𝜑 A


      v Υ  A A ´ ´ 𝜑 B


     ∇  A A ´ ´ 𝜓  B ´ ↦      ∇ ~  A A ´  𝜓  B ´ =         Ω w ( ∇  A A ´ 𝜓  B ´


     Υ  A B ´ ´ 𝜓  A ´


     Υ  A A ´ ´ 𝜓  B ´


     ∇  A A ´ ´ 𝜑 B ↦      ∇ ~  A A ´      𝜑 ~ B =     Ω v (    ∇  A A ´ ´ 𝜑 B


     Υ  B A ´ ´ 𝜑 A


      v Υ  A A ´ ´ 𝜑 B


     ∇  A A ´ ´ 𝜓  B ´ ↦      ∇ ~  A A ´  𝜓  B ´ =         Ω w ( ∇  A A ´ 𝜓  B ´


     Υ  A B ´ ´ 𝜓  A ´


     Υ  A A ´ ´ 𝜓  B ´


   W 𝛼


   𝜉 A ,  𝜂   A ′ )


   Z 𝛼  W 𝛼


   𝜔 A  𝜉 A +  𝜋   A ′    𝜂   A ′


   𝜋  A ´  


  −


     i 2


     ∇  A A ´  𝜔 A


   𝜋   A ′ ↦    𝜋 ~  A ´ =    𝜋   A ′ − i     Υ  A A ´  𝜔 A .


   Z 𝛼


   𝜔 A


     𝜋   A ′


   Z 𝛼    Z - 𝛼


   𝜔 A    𝜋 - A +  𝜋   A ′      𝜔 -   A     ′  


     Z - 𝛼


     𝜋 - A


       𝜔 -   A ′


   𝜂   A ′ ↦  𝜂   A ′ ,          𝜉 A ↦    𝜉 A + 2 i     Υ  A A ´  𝜂   A ′ .


  𝒯


  ℙ 𝒯


  𝒢


  𝒯


   𝜉 A


                                                          𝜂  A ´  𝜂  B ´    ∇  B B ´    𝜂  A ´


   𝜔 A  


     𝜂 - A


   𝜔 A  𝜔 B    ∇  A A ´ 𝜔 B


   Z 𝛼    Z - 𝛼


   Z 𝛼  W 𝛼


     i 2   (  𝜉 A    ∇  A A ´  𝜔 A −


     𝜋   A ′   ∇  A A ´  𝜂   A ′ )


   Z 𝛼    Z - 𝛼


   𝜔 B    ∇  A ´ A 𝜔 B


   𝜇  A ´  𝜔 A


   𝜋  A ´  


  i    𝜇  A ´ = −


     i 2


     ∇  A A ´  𝜔 A


   W 𝛼 = (


   𝜉 A ,    𝜂   A ′


     Z 𝛼     W 𝛼


   𝜔 A  𝜉 A +  𝜋   A ′    𝜂   A ′


   𝜋  A ´  


  −


     i 2


     ∇  A A ´  𝜔 A


   𝜉 A


     i 2


   ∇  A A ´  𝜂   A ′


       𝜋 - A    𝜔 A +


   𝜋   A ′        𝜔 -   A ′


   n a  ∇ a  n b

