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Terminology

Liquid crystals were discovered by REINITZER (1888)

... 1t struck me that the substance, in this case, melted
not into a clear transparent [liquid| but always into a
cloudy, only translucent liquid, which I initially consid-
ered to be a sign of impurities ... Upon closer exami-
nation, it was then also noted that when it was heated
at to higher temperatures, the clouding suddenly van-
ished. This remarkable phenomenon of the presence of

two melting points, if one may express it thus, ...
Mesophases
Liquid crystals are mesophases, that is, intermediate states of matter,

which flow like nearly imcompressible viscous fluids, and yet retain

several features, especially optical, characteristic of crystals.



There are essentially two distinct ways to induce the liquid crystalline

phase in a mesogenic substance:
e thermotropic, by changing its temperature;
e [ypotropic, by changing its concentration.

molecular perspectives

Liquid crystals are characterised by a molecular organization interme-

diate between different types of order.

e nematics: No positional order (of the molecules’ centre of
mass), long-range orientational order (of the molecules’ long

axis)

e smectics: one-dimensionalpositional order (layering), long-

range orientational order (within layers)



molecular shape

Distinctive features of nematogenic molecules are their
e clongated shape

e head-tail symmetry




ordering cartoons
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Order Parameters

A sound theory of liquid crystals must be based on a quantitative
description of the collective behaviour of molecules that makes them
tend to be organized.

Orientation Distribution

We shall consider only the orientational degrees of freedom of uniaxial

molecules.

0:S? — RT probability density
m € S? molecular axis
S?  unit sphere in R?
o(m) =o0(—m) head-tail symmetry
o is integrable on S? and it may vanish

Jsz 0(m)dA(m) = 1



If N molecules constitute an ensemble,
W] = N / o(m)dA
%

is the number of molecules expected to be oriented with m in .¥ € S2.

symmetry consequences

¢ Let ¥/ :={meS?: —m e ¥}. Then n[." | = n[.Y]
e Let m := [, o(m)mdA denote the first moments of p. Then
m = 0.

second moments

The first non-vanishing moments of p are expressed by the second-rank

tensor

M:= [ o(m)m®mdA
§2



properties of M
o trtM = [, o(m)tr(m ®@m)dA = |, o(m)dA =1
e M' = [, o(m)(m®m)'dA =M

M is a symmetric tensor with unait trace.

averages

Let e € S? be any given unit vector.

e-Me:/SQQ(m)(m-e) dA =: ((m-e)?)

e - Me = (cos®¥) € [0, 1]

¥ angle between m and e



etgenvalues of M

p1+ p2 +ps =1
0=pi=1

1sotropic distribution

_ 1
00 = -

MO = sz 01N &) mdA

Since S% in invariant under rotations, for any R € SO(3),
My = / ooRm ® RmdA = / ooR(m ® m)R"d4 = RMyR'
s? 52

Since RTR = RR" =1
MyR =RM, forall R € SO(3)
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Since tr My = 1,

1 1
M, = §I and so <(3082 19> =3

Order Tensor

Q=M - M, DE GENNES (1974)
pitfall

Let SO(e) := {R € SO(3) : Re = e}. Consider a probability density
o0 which is axis-symmetric about e

o(Rm) = p(m) forall R € SO(e)

Then,

1 1
M:§(3a—1)e®e+§(1—a)l where o =e-Me
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conical distribution
1
3
uniformly about a cone with axis e and semi-amplitude equal to the

1
Yo := arccos \/;

properties of Q

Letting a = we see that M = M also for molecules distributed

magic angle

o trQ =20
e Q=A\n; ®n; + Aano @no + A3n3 @ ng

e \{ +tXa+A3=0
1 2
¢ _§§)\i§§
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scalar order parameters
Three cases may arise
e \i =)= X3 =0 Q is zsotropic
Q=0

e \i =X A3 =-2)\ Q is uniaxial

1

S degree of orientation n  nematic director

e \ £~ X # A3 Q is biaxial

1 1
Q:SI (n1®n1—§1> —|—SQ <n2®n2—§I>

S1=2X1 + A2, 52 = A1 + 2
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alternative representation

For a generic, bzaxial QQ, we can also write

1
Q:S<n3®n3—§1) +T(n1 ®ni —ny @ no)

S :=—5 (51 +52) uniaxial scalar order parameter

1
2
T = % (51 — S2) biaxial scalar order parameter

admaissible order parameters

By requiring

17AN

e Qe = for all e € S?

Wl =
W B

we obtain

~1<5<1 and —é(l—S)ng (1-5)

|

1
2
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order parameter interpretation

- 2
For any given e € 5°,

e-Me = %(1 —S)+S(n3-e)’ +T[(n1-e)? - (ny-e)’]

)
((m-n3)?) — 5] = (P2(m - n3))
Py(x) := +(3z* — 1) second Legendre polynomial

ee=n1 &e=ny T:l[<(m-n1)2>—<(m-n2)2>]

OmHng S=1 T=0

e m 1 nj = —



order parameter conjugacies

In the general biaxial case, the eigenframe (n1,m9,n3) of Q has no
intrinsic meaning. A permutation of the n;’s, with S and T left
unchanged, delivers a (Q representing the same molecular organization

seen in a different frame.

Conversely, we can keep the eigenframe of Q fixed and permute its
etgenvalues. This results in a six-fold conjugacy group generated by
the elementary eigenvalue exchanges

(S,T)— (S5,-T)
(S.T) (3T2—57T—2FS>
(S.T) s (—3T2—S,T;S>
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unzaxial lines

The loci of the (S, T) plane invariant under the eigenvalue exchanges
are the lines

T=0 T =45

e The union of these lines is a set 1nvariant under all eigenvalue

exchanges.

e They represent all unzaxial states of Q.
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admzissible triangle
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Optical Properties

A proper description of the optic properties of liquid crystals relies
on understanding their electric and magnetic behaviour in response to
applied external fields.

Magnetic permeability

The magnetic properties of macroscopic media are described by the

fields

B magnetic induction
H magnetic strength
M magnetization

1
H=—-—B-M
Ho
1o = 4m x 1077 SI  magnetic permeability of free space
M = xH linear constitutive law

X magnetic susceptibility tensor

19



B = po(I+x)H
N "
HMrel

e relative permeability tensor
molecular magnetic susceptibility
An individual molecule feels a magnetic field that differs from the

applied field by the field H,,,, produced by the molecular currents
associated with the induced magnetic dipole 1.

Hmol = Xmol(H_Hmag)
untaxial symmetry

If the molecular response is uniaxial, symmetry dictates that

Xmol = X|(|m01)m ® m + XimOI) (I-—m®@m)

xﬁmon parallel molecular susceptibility

X&mon perpendicular molecular susceptibility
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remarks

To compute H,,,, we need some kind of molecular model.
H.,, . is expected to be (linearly) related to ftmo1-

Liquid crystal molecules are diamagnetic with small (nega-

tive) susceptibilities.

mol = Xmol (H — Hpag); hence, we may neglect H .

macroscopic susceptibility

M = po (ptmo1) = XH X = po (Xmol)

X macroscopic magnetic susceptibility tensor

po molecular number density
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molecular uniaxial tensor

1
q::m®m—§1

Xmol = YmolI —+ Xgmonq

_ mol mol
ot 1= 321" + x[™)

average molecular susceptibility

((lrnol) (mol)  (mol)

=X XL
molecular susceptibility anisotropy

order tensor

(mol)

X = P0 (Xmol) = po(Xmotl + Xo 'Q)  Q=(q)
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FElectric permattivity

The electric properties of macroscopic media are described by the fields

E electric field
D electric displacement
P electric polarization

D :=¢FE+ P

€0 = 8.85 x 10712 SI  electric permittivity of free space
P = egaFE linear constitutive law
o electric susceptibility (polarizability) tensor

D=c(I+a)E
N——

€rel

Erel Trelative permittivity tensor
€ := €g€rel dielectric tensor
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(relative) molecular polarizability

In complete analogy with the magnetic case, an individual molecule
feels an electric field that differs from the applied field by the field E,,
produced by the displaced charges responsible for the induced electric

dipole pmol
Pmol = 600ﬂmol(E_Epol)

untaxial symmetry

If the molecular response is uniaxial, symmetry dictates that

(mol) (mol)

Qmol = @) MM+ (I-—m®m)
ozﬁmoD parallel molecular polarizability
ozim()l) perpendicular molecular polarizability
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remarks

e We need a molecular model to compute E).
e F,, is expected to be (linearly) related to puor.
e Liquid crystal molecules are easily polarizable.

e We cannot neglect E.

molecular model

Let # denote the region in space occupied by an isolated, electrically

neutral molecule and let V.., be its volume.

1
E,, :—/EmodV
pol Vmol B !

FE ... molecular electric field
pe molecular charge density generating E o

25



Emol( ) = —V(I)(w)

P(x) = 4MO [ |’;j “;,)l dV(x’) electrostatic potential
1 1 v(x)
E, ., =— oz’ dA dV (z’
pol Vmol [%) 47_‘_6010 (w) (L% ‘.’13 - .’13/‘ <$>) (.’L‘)

~N"

F(x’)
pe Mmolecular charge density

v outer unit normal to 0%

shape depolarization factor

Objectivity demands that
F(z') = Agx'

Scaling invariance demands that A\ be a dimensionless function of

the orientation of x’ relative to a frame fixed in 4.
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1 1
E ,=— Az po(x )’ dV (2’
pol vV 47%0/% 2 Pe(x') (x)

moment

stmplest case

For % a ball of radius a,

47 1
Ag = — E ol — — 7 aFmo
# 3 pol 47reoa3p :
1 —1
DPmol = €0 (I — 47TCL3 Oﬁmol) amolE

macroscopic polarization

P = Po <pmol> — 6004E

0 a|(|mol) poa(mol)
a = Oé(mol) <m ® m> —|_ ::(mol) <I —m ® m>
1 — - 1 — 55—
4mas A1a
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Clausius-Mossottt anisotropic relation

Erel = el + 5aQ Q — <q>

€ = §(25J_ —|—€||) Ea "= E|| —EL
mol
IOOCV|<| ) pOOéS_mOl)
(mol) er=1+ (mol)
1 —q /Ama3 l—a, //4ma?

URANO & INOUE (1977)
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Mazxwell Equations

The fields E, B and their derived counterparts DD, H, possibly de-

pending on time ¢, obey the equations

diVD:pf
divB =0
0B
|E = ——
cur o
0D
\H=J+ —
cur —+ By

ps density of free charges
J current density

In a non-conductive, neutral dielectric

,Of:O J=0

29



constitutive assumptions

To describe light propagation

e we neglect magnetization effects
M =0 B = uoH
e we consider monochromatic waves

E(:z:,t) _ Eoez'(k:.:c—wt) H(:z:,t) _ Hoez'(k:.:c—wt)

2m w
v

k  wave vector k= % =
A wavelength
w wave (angular) frequency
v phase velocity

e we write

D =cE =cEye'*®™ Y
—~—
Dy
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reduced equations

VE =1E®k %—Ij:—in
k-D=20
k-uH =0
kx H=—-wD
kxE=wuH

e The first three equations ensure that k, H, and D are mutually

orthogonal vectors.

e Combining the last two equations,

°E — (k- E)k = pow?D
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Fresnel Equation

S := FE x H Pointing vector
Compatibility with the constitutive assumption on D requires that

]{2E — (k . E)k = ,u()E()wQE?relE
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(N I-N®N —e,)E=0 N :=

NN refractive vector
N =c/v refractive index
c=1//o€y speed of light in a vacuum

solubility condition

det(N?I — N ®@ N — €,¢1) =0

If £,01 is uniazxial (implying that also Q is so)
Erel = €1 1+ e,mRn €a = €| — €L

det[(N? —e  )I- (N® N +e,n®n)] =0

\ . 7
~"~

det(-)=0
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(N2 — 5J_)(€||€J_ — €||N||2 — €J_NJ2_) =0

ordinary wave

N, := /€ ordinary refractive index
the ordinary wave propagates in all directions with the same velocity

refractive index ellipsoid

extraordinary wave

N := N(0)cosb N, := N(#)sinf

NoNe c

N(0) = —=
\/ng cos2 0 + n2 sin” 0

o) = o(0)

ne := /€| extraordinary refractive index
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optically negative medium n, > n,

optic axis

The extraordinary refractive ellipsoid and the ordinary refractive sphere
touch in two points aligned with nn. Ordinary and extraordinary waves
are indistinguishable when traveling along n.
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optically positive medium n, < n,

36



polarization of the ordinary wave

(N@N—l—ean@n)E:O

E|nxN D=cE S|k
S Ny
S, NJ

polarization of the extraordinary wave

Ey=0 D=0

(NH2+NE—Q)E—(N-E)N—sa(n-E)n:O

By _elNi 5 _ g

EJ_ <€||N|| SJ_ gJ_NJ_
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graphical representation

e ordinary wave: £ 1 n

e extraordinary wave: F lies in the plane (n, k)
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Schlieren Textures

Consider a nematic texture in a slab of thickness d between crossed
polarizers. The optic axis n lies in the (z,y) plane and is independent

o

n X

of z.

nematic slab ‘

|

polarizer

B(x,y) angle between n and the incoming polarization
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21z

E,=F, = Agsin 3 cos (Tono — wt) ordinary wave

E. = E) = Ag cos 3 cos <2>7\T—Ozne — wt) extraordinary wave
Ay amplitude of the incoming wave
Iy = A3 intensity of the incoming wave
Ao := = wavelength in free space

phase shift

analyzer transmaitted wave

2md
E® = E® 4+ B® — A cos Bsinf cos (Aino — wt)
0

27d
— Ag sin B cos (8 cos (Aine — wt)
0
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E® = —Acos (Ap — wt)

transmatted intensity

Ao

e extinction branches [ =01for §=0,7

d
[:= A? = [, sin? 283 sin? (l(ne — no)>

e colorful patterns I depends on g

41
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two optic axes

If Q is bzaxial then the eigenvalues of €., are all different from one
another.

Er < Ey < &,

The refractive surface has four symmetric self-intersection that define
two axes with a single refractive index.
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