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The (Classical) Obstacle Problem

Minimize

J(w) = / |Vw|?dz in K :={w € Hgl(Bfr)| w > ¢ in By}

B _
Questions:

» Existence & uniqueness,
» Regularity of w,
> Regularity of T.

Literature:
» Friedman: Variational Principles
and Free-Boundary Problems,

» Caffarelli: The Obstacle Problem
Revisited.
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The Thin Obstacle Problem

Minimize
Yn+1
J(w) = / |Vw‘2dx, /— B
Bi"‘ w=g
in the convex set
K:={we H(Bf)| w>¢ e R

on By = B N{ynt1 = 0}}.

Applications:
» semipermeable membranes (osmosis),
» optimal pricing (American options),

» Signorini problem in elasticity.
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Introduction

Minimize/ |Vw|*dz in K := {w € H)(B")] w>0on Bi}.

By

Aw =0in B},

w >0on B,
Opt1w < 0on B,
wOp+1w =0 on Bj.

w =0 } Oppw =0 R"
Opiw <0 ' w >0
Ay Qu

Interesting quantities:
> positivity set: Q,, := {z € R" x {0} w(z) > 0},
» free boundary: [y, := 8BiQw,
> contact set: Ay, := B} \ Q.
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The Thin Obstacle Problem

9ia0;w =0in By,

w >0, a""Ho;w <0, w(@"to;w) =0 on By.
Aim: Assumptions: Metric
> Regularity of w under weak » ellipticity,
i ij .
assumptions on a"/. > regularity: ¢ € W'(B}),
pE (n+1,00],
Bf » normalization: a%(0) = §%;

a"tbi(2!,0) =0, j € {1,...,n}.

Assumptions: Solution

6,¢aij€)j’w =0

> lw +y = 1,
w=0 \ll; Opqw =0 R” H ||L2(Bl )
Oy <01 w>0 » we CLh(B},) for some a > 0.
Ay, Quw 1/2
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I — e o
The Thin Obstacle Problem

Proposition
For a" = §%
» we CL2(BY),
2
> Iy = F3/2(w) U U Ty,
K>2
> T35(w) € C1 for some a € (0, 1).

v

Literature:
» Lewy (1972), Richardson (1978),
» Caffarelli (1979), Kinderlehrer (1981), Uraltseva (1987),
» Caffarelli, Athanasopoulos, Salsa, Silvestre (2006-2008),
» Garofalo, Petrosyan, Smit Vega Garcia (2014, 2015),
» Focardi, Spadaro (2015).
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The Thin Obstacle Problem: The Classical Approach

» Frequency function:

r Vuwl|?
THN(T) :N(T',w) = GBr|w2‘
OB,

is monotone non-decreasing.
» If N(r,w) =k for all r € (0, R), then w is k homogeneous in Bg.

» Link homogeneous, global solutions to general solutions via blow-up: If

w(rz)
1/2°
e [ w?
0B,
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wy(z) =

then N(p,w,) = N(rp,w).



The Thin Obstacle Problem: The Classical Approach

» Convergence: w, — wq in C(By), where wq is N(0+,w)
homogeneous.

» Classification of lowest possible homogeneity: N(0+,w) > %
=C R : 3/2
w3 /o(w) = Cp Re(wy, + imp41)™ 7.
» Growth estimates:

sup [w| < Cr3/2 for 0 < r < 1/2.

T
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Main Results

Main Results

Proposition (Almost Optimal Regularity)
Let w: B — R be a solution of the variable coefficient thin obstacle

problem. Let v =1 — ”Tfl. Then,

_ CO)lz =y forpe (n+1,2(n+1))
|V’w($) Vuw(y)| < { Clz — y|1/21n(|x _ y|)2 for p > 2(n + 1),

for all x,y € Bf.

Additional Results:
> growth estimates,
» compactness of blow-up limits,
» homogeneous blow-up limits (without Friedland-Hayman),

lower semi-continuity of the vanishing order.

v

v
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Outline of the Strategy
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The Carleman Estimate

Proposition (Carleman)

Let 0 < p <r < 1. Assume that w € H'(B;") with supp(w) C E solves

9;a" 9w = f in Af,

w >0, Opp1w <0, wihy1w=0onAj,

where f : A} — R is an in E compactly supported L*(A} ) function. Then
fory=1-— ";1 and any 7 > 1 we have

3 1
T2 + 72
L2(Af,)

e el M1+ n(al)?)~Hu

eV (1 4 1n(|x|)2)—%w‘

L2(Af,)

<C(n,9) <T2 HvainLP(A:[,,,) ||€Tw|x|’y_1wHL2(Aj,,,.) + Hew‘ﬂme(A;,.)) :

> low regularity of coefficients,

» boundary contributions.
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Consequences of the Carleman estimate

Corollary (Three spheres inequality)

Let1<7 <71 <o0and0<r; <r,<ry < Ry(mn), then

3
731+ [In(rp)) 2o 0 o ollagas |y

| + 67’1/}(111([3)

<C (6w<1n(n))rfl lwll p2ax Hw||L2(A+ 2rs (1'0))> '

v

2r, (€0)

» ‘“weak logarithmic
convexity' of the L?
norm
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Vanishing Order and Asymptotic Growth

Definition (Vanishing Order)
For any u € L?(B; (z)), § > 0, we define the vanishing order of u at x

as
1/2
In <’I“ (”‘H)f + 0)u2>

i € [—o0, 0.

Kgo := limsu
20 <= HISIP In(r)

Consequences of the Carleman inequality:

1/2 1/2
In T—(n+l) 2 In T—(n+l) 2
f 7‘/2 r(zo) f r/2 r(zo)

» limsu = liminf ,
30 p In(r) 0 In(r)

> Uraltseva: ky, > 1+ a.
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Growth Estimates

Lemma (Growth estimates)

For any € > 0 there exists a radius r. = r.(w) > 0 such that

ntl ntl
pReot 5 e < ||w||L2(A+ (o)) < rReo T2 "¢ forall 0 < r < re.
r/2,r 0

Proposition (Uniform upper growth bounds)

Given a finite constant & > (O there exists a constant
C = C(k,n,p, HV(WHLP(BD) such that for all xq € 'y, N B1/2

sup |w| < Cr™ o In(r)|? for all 0 < r < Ry.
Bj_(dio)
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Compactness and Blow-up

Proposition (Blow-up limit)

Let w be a (non-trivial) solution of the thin obstacle problem and let 0 € T',, with
Ko < 00. Then (along subsequences):

w(oz) — wo(x) in L*(By) as o — 0.

wg(x) = nt1

oz HwHLZ(B;r(O))

Moreover, wq solves the thin obstacle problem with constant coefficients:

Awy =0 in BY,
wo >0, —Opr1wo > 0, wo(dpt1wo) =0 on B.

Furthermore, ||wo| ;- (B = 1; in particular, it is not the trivial function.
1

Compactness via doubling: [|w|[j2(p+) < C ||w\|L2(B:r/2) .
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Main Results

Homogeneous Blow-Up Limits

Lemma (Almost homogeneity)

Let w : Bfr — R be a solution of the variable coefficient thin obstacle

problem. Let kg > 0 be the vanishing order at 0. There exists a sequence
of radii j — 0 and parameters €; — 0 such that

Ha: -V, — HO“’T:‘HL?(AUM) < €

Consequence: Existence of homogeneous blow-up limits
There exists a sequence of radii {r;};en with 7; — 0 such that
> Wy, — Wo as j — 0,

> wp is a homogeneous solution of the constant coefficient equation
with homogeneity .
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Main Results

Homogeneous Blow-up Limits

Proposition (Global homogeneous
solutions, PSU)

Let wy be a homogeneous global
solution of the thin obstacle problem
with homogeneity k € (1,2). Then
k= 3/2 and

w35 (w) = Cp Re(zy, + itns1)2.

up to multiplication by a constant
and a rotation in R™.

Corollary

Let w be a solution of the variable coefficient thin obstacle problem and
assume that xo € T'y, N BY. Then either Ky, = % or Ky, > 2.
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Almost Optimal Regularity — Proof

> ﬁxozgforall zo € 'y, N BY,

> growth estimate:
lw(z)| < Cdist(z, )% ?|In(dist(z, [,))[?

for all 0 < |z| < Ry,

> (even or odd) reflection and interior elliptic estimates:

Vu(z) — Vu(y)| < Cle — y|? In(je — y|)%.
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Outlook

v

Separation of the free boundary into the regular free boundary and
the rest:

Ty =Typ(w) U | Te(w

K>2

v

Analysis of the regular free boundary: O regularity for some
€ (0,1).

v

Optimal regularity estimates for w (free boundary regularity +
Carleman).

v

Identification of asymptotic expansion of solutions at the regular free
boundary.
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