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Classical Dirichlet problem

Let Q C R” be a bounded domain, f € C(0R2) does there exists u
satisfying

Lu=div(A(X)Vu) = 0inQ
u = fondQ?

A(X) = (aj(X)) is symmetric measurable and satisfies

A2 < Z a;i(X)&i& < N|€J? for all X € Q and € € R".
ij=1

e Qs regular for L, if Vf € C(09), ur = u € C(Q).
o If Q is regular there is a family probability measures {w}xcq

uX) = [ F(@)dui (@)
09
o wiC is called the L—elliptic measure of Q with pole X.
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If Q2 is regular how smooth is u?

(]

The interior regularity is a classical result: u is Holder continuous in
Q (De Giorgi-Nash-Moser).

Additional regularity of A implies higher interior regularity of the
solution.

This is a question about boundary regularity.

The boundary regularity of u is determined by the regularity of w;
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Results on NTA domains - Jerison-Kenig

@ NTA (non-tangentially accessible) domains are regular

@ w is doubling, i.e. there exists a constant C > 0 such that for all
Q €0Qand 0 < r < diam$2

wi(B(Q,2r)) < Cwi(B(Q,r)).

@ The non-tangential limit of the solution of (1) at the boundary exists
and coincides with f w;-a.e (i.e u = f on IQ w;-a.e.).

e If f is Lipschitz, u is Holder continuous in Q.
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Domains & Operators

@ Domains

© ( Lipschtiz
@ Q chord arc domain (CAD)

@ Operators

Q L=A

@ L; perturbation of "good" operator Ly
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Domains

e Q C R"is a chord arc domain (CAD) is Q2 is a NTA whose boundary
is Ahlfors regular, i.e. for Q € 92 and r € (0, diam Q)

o(A(Q,r) ~ r" L.
Here o is the surface measure of 9Q and A(Q, r) = B(Q, r) N 0.

@ Examples:
Q = {(x,x0) : xn > @(X)}

» ¢ Lipschitz
» Vp € BMO
@ Remarks:

» Locally the boundary of a CAD is not necessarily the graph of a
function.
» CADs may appear as Hausdorff limits of smooth domains.
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(D), problem on CAD

e Given f € LP(0) with p > 1 does there exist u such that

Lu

u
with

[IN(U)lLp(o) < ClIfllLp(o)

= 0inQ
= f on 0f2

where N(u) = sup |u(X)|?
Xer(Q)

MQ)={XeQ:|X—Q <25X)} and §(X) = dist (X, )
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(D), problem & Weights

o If the (D), problem holds then

im u(X)="~f(Q) for 0 —a.e. Q € 00.
X—=Q,XelN(Q)

o The (D), holds for L if and only if w; € Bg(o) with 5 + 1 = 1.

o wy € By(o) if kp = % satisfies

((ng)/AkgdU)? .

for all A = B(Q,r)NoQ with Q € 92 and r € (0, diam Q).

@ Note By(0) C By(0) for ¢ < q. Recall Ax(0) = Up>1Bp(0).
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(D), problem for the Laplacian

@ Lipschitz domains -Dahlberg.
» The harmonic measure w € Ax(0) and w € By(0o)

» On Lipschitz domains the (D), problem for the Laplacian can be
solved for p > 2.

o David-Jerison & Semmes: If Q is a CAD there exists g € (1,00) such
that w € Bg(o). Given g > 1 there exists a CAD, €, such that

w & Bq(0).
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What do we know about the regularity of the elliptic
measure for general divergence form elliptic operators?

o Caffarelli-Fabes-Kenig & Modica-Mortola constructed operators L on
smooth domains for which w; and ¢ are mutually singular.

Question: Characterize the operators L
for which w; € Bq(o) for some q € (1, 00).
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The behavior of A near 0f) determines the regularity of w;
with respect to o.

Remark: Let Ly = div (Ag(X) V) and Ly = div (A1(X) V) be symmetric
elliptic operators. Assume Ay and A; coincide in a neighborhood of 992
then kg € Bg(o) if and only if ky € Bgy(o).

@ L, is a perturbation of Ly if the deviation function
a(X) = sup{|A1(Y) — Ao(Y)] : Y € B(X,6(X)/2)}

2
satisfies % dX is a Carleson measure.
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Carleson measures on chord arc domains

%2(%) dX is a Carleson measure in Q2

if there exists C > 0 such that for all Q € 92 and r > 0

N 1 2(X) 1/2
Q. )‘( (B(Q.1) Jr0) 5X) dX) <c

T(Q,r) = B(Q,r) N is the Carleson region associated to the surface
ball B(Q, r) N o.

Remark: If L; is a perturbation of Ly then A1 = Ag on 0f).
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Perturbation operators on Lipschitz domains

o Dahlberg: Assume

lim sup h(Q,r)=0.
r—0 QeoQ

Then wo € By(0), for some p > 1, if and only if wy € By(0).
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General results for perturbation operators

o Fefferman-Kenig-Pipher: Let Q be a Lipschitz domain. Assume

sup suph(Q,r) < C
Qe r>0

Then wg € Ax(0) if and only if wy € Ax(0).
@ Milakis-Pipher-Toro: Let £ be a chord arc domain. Assume

sup suph(Q,r) < C
Qe r>0

Then wg € Ax(0) if and only if wy € Ax(0).
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Main Tool

o Fefferman-Kenig-Pipher. Let Q be a Lipschitz domain, there is ¢g > 0

so that if
1 GoX) .\
su 2(X) 22 4x <e
W (wo(A) Jri P05 :

then wi € By(wp). Here Go(X) denotes the Green's function for Lo,
A=B(Q,r)NoQ with Q € 92 and r >0, and T(A) = B(Q, r)NAQ.

o Milakis-Pipher-Toro. Let 2 be a CAD, there is g > 0 so that if

1/2
1 5 Go(X)
W (mm Jri *055 dX) <

then wy € By(wp).
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Why is this the main tool?

o Let Q be a CAD. Assume wy € Ax(0), then given € > 0 there exists

6 > 0 such that if

1 a2(X) }1/2
s dX <9,
ACHR { o(A) /T(A) 6(X) B

then

1 2090 Go(X) 2
Acon {WO(A) /T(A) ’ (X)52(X) dX} =

Thus w1 € By(wp) which combined with wg € Ax(0) yields
w1 € AOO(O')
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Lipschitz domains vs chord arc domains

Differences & difficulties:

@ Lack of a local representation for the boundary of CAD as a graph.

@ Lack of results concerning approximation of CAD by interior smooth
CAD.

Tools:
@ Estimate for the Green function on NTA domains.

@ The geometry of the NTA domain and the Ahlfors regularity of the
surface measure to the boundary ensure that integration over Carleson
regions can be handled by Fubini as it was in half space (GMT).

@ Harmonic analysis in CAD: We developed the theory of tent spaces
for functions defined on CAD. Tent spaces for functions defined on
half space were initially studied by Coifman-Meyer-Stein.
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Why did we start thinking about this problem?

@ Escauriaza: Let Q be a Lipschitz domain. Assume that

lim sup h(Q,r)=0.
r—0 QeoQ

N 700 )
h(Q.r) = (U(A(Q,r)) /T(A(Q,r)) o(X) dX) |

Then log ko € VMO(o) if and only if log ky € VMO(o) where

— dv
ki= 35

where

@ Escauriaza & Jerison-Kenig: Let Q be a C! domain, Ly = A and
assume that

lim sup h(Q,r)=0.
r—0 Qeon

then log k1 € VMO(0o).
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Motivating question

o Kenig & Toro: If Q is a CAD whose boundary is Reifenberg flat and
such that the unit normal to the boundary 7@ € VMO(c) (CAD with
vanishing constant) then the harmonic measure and Ly = A

log ko € VMO(0)

o Let Q be a CAD with vanishing constant. Assume that Ly = A and
that

lim sup h(Q,r)=0.
r—0 Qeon

does log k1 € VMO(o) ?
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Once again CADs behave like Lipschitz domains

@ Milakis-Pipher-Toro: Let €2 be a CAD. Assume that

lim sup h(Q,r)=0.
r—0 QeoQ

Then log ko € VMO(o) if and only if log k1 € VMO(o).
@ How does this relate to the previous results?

> log k € VMO(0) if and only if w € By(o) for g > 1 and

L -1
. q .
lim sup ]L k9do ]L kdo =1
r=0Qea0 \ J/B(Q,r) B(Q,r)
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Lipschitz vs chord arc domains

@ On a Lipschitz domain if log kg € VMO(o) and
lim, 0 supgeaq h(Q, r) = 0 then Dahlberg's result ensure that
w1 € By(o). Escauriaza showed that an optimal By inequality holds.

@ What did we know?

@ On a CAD if log ko € VMO(o) and lim,_gsupgegq h(Q, r) = 0 then
w1 € Ax(0), i.e. 3¢ > 1 such that wy € By(o) (Milakis-Toro).

@ Was this enough? NO
@ Results in [MPT] ensure that on a CAD if log ko € VMO(c) and

lim, 0 supgeaqn h(Q, r) = 0 then wy € By(o).
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Regularity results for small perturbation operators - MPT

o Let Q be a CAD if lim sup h(Q,r) =0 and log ko € VMO(o) then
r—0 Qecon

i -1
][ k2 do ][ kido| < Cr'+ Ch(Q,r)
B(Q,r) B(Q,r)
-1
+<][ k§da> (7[ kodcr)
B(Q,r) B(Q,r)

Thus log k1 € VMO(o).

NI
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Sketch of the proof: Dahlberg's idea

For t € [0, 1] consider the operators

Lew = div(AVu)
AX) = (1= 1)Ae(X) + tA1(X).

Let w; be the elliptic measure of L; and k; = %.For Q € 9 andr >0
let A, = B(Q,r)UdQ. For f € L%(c) let

W(t) = wt(lA,)/ f ke do.

Then W(t) is Lipschitz and

W(t) = wt(lAr)/rkt(f—][rfdeda

where k; is the weak L2 limit of (kern — ke)/h as h tends to zero.
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Idea behind the proof
For t € [0, 1] consider

Ltut == diV(AtVut) in Q
up = fin0Q

For t,s € [0,1] and e(Y) = A1(Y) — Ao(Y)

us(X) — ue(X) = (s — t)/Qs(Y)VGt(X, Y)Vus(Y)dY.

/QE(Y)!VGt(X, Y)[Vus(Y)|dY S [Ifll12(0)

and

|us(X) = ue(X) S M1l 12yl — tl-
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Technical lemma

@ There exist 7, 3 € (0,1) such that if f € L?(c), f >0
and ||f”L2(d0'/0'(A,)) <1lforte [0, 1]

\\if(t)\ < C[r7 + sup sup h(Q,s)}
s<rf QEOQ

o Integration guarantees that
V(1) <v¥(0)+C {ﬂ + sup sup h(Q,s)]
s<rP Qe

@ By duality

(v <2 (L 5)

+C[r'y + sup sup h(Q,s)}
s<rf Qe
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