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M .Phil. in Mathematics for Industry
Paper B (Numerical Analysis)

Friday 22 April, 1994, 9.30 am. —12.30 p.m.

1. Describe the -method for the solution of the heat equation u; = u,, ontheregion 0 < z < 1,
t > 0, given the boundary values «(0,¢) and u(1,¢) for ¢ > 0 and the initial values u(z, 0) for
0 < z < 1. Give details of the numerical algorithm used to calculate the numerical solution.
Use the von Neumann analysis to show that the method is stable if % <f#<lorif0< b < %
and (1 - 20)At < 1(Ax)2 Explain what is meant by the truncation error Tf“/z of the method.
Assuming the existence of 7" such that Tf“/z < Tforadl jandfor0 < n < N — 1, show that

the error in the numerical solutionfor 0 < » < N isbounded by ¢t 5T, provided that At and Az
satisfy a condition which should be clearly stated.

2. Explain what is meant by the practical stability of a numerical method for the solution of
us + au, = bu,,, Where ¢ and b are constantswith b > 0.

A numerical method is defined by using central differences in space and a forward difference in
time. Show that the von Neumann stability condition is satisfied if 2bAt < (Az)?, and that the
practical stability conditionissatisfied if a?(At)? < 2bAt < (Az)2.

How does the stability of the leapfrog scheme

n+1l n—1 n n n n n
U v U U U — 207 + U

20t 2Nz (Az)?

for the same problem depend on 47?
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3. Thelinear multistep method

k k
Z QrlYntl—r = h Z ﬂr‘f(xn—}—l—r; yn—l—l—r)
r=0 r=0

is used to construct an approximate solution of the first-order ordinary differential equation
y" = f(z,y). Define the terms zero-stability, consistency, convergence, truncation error and
order of convergence. How are the first three of these five terms related to each other, and how
arethelast two termsrelated for zero-stable methods?

Defining
k k
p(0) = Z o057 o(6) = Zﬂ,ﬂk_r,
r=0 r=0

givesimpletestsfor zero-stability and consistency. What conditions do these testsimpose on the
coefficientsin the case k = 2? What further conditions are needed if the method isto be of third
order? Are these conditions compatible with the conditionsfor zero-stability?

Show that Euler’smethod (k = 1, 5o = 0) andthemidpointmethod (£ = 2, a1 = 0, 5p = 2 = 0,
b1 = 2) are zero-stable. What further stability restrictions, if any, must be satisfied if the methods
are to be used to obtain acceptable solutionsto y’ = Ay (for real ) with afixed Az?

4. Thematrix A .= I — L — U is said to be k-cyclic if the corresponding Jacobi iteration matrix
B := L + U isweakly cyclic of index k. Explain the meanings of these terms, and why they are
important. Explain further the meaning of consistent ordering for such amatrix A.

The Laplace equation V2u = 0, with » given on the boundary, is solved on the unit square using
the five-point finite-difference formula. The mesh has just four interior points: P at (3,1), @ at
(3,2),Rat (3,3 and S at (,3). Show that the matrix A for this case is 2-cyclic. Show further
that the ordering PQ RS is consistent but that PQ).SR isnot.

SOR with parameter w is applied to a system of equations with the 2-cyclic consistently-ordered
symmetric and positive definite matrix A; if u isan eigenvalue of B then A isan eigenvalue of the
iteration matrix G, if (A + w — 1) /w = A2, Show how the optimum w value for SOR can be
deduced from this statement.
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5. The problem

(p(2)u")" + q(x)u = f(z)on (0,1)
u(0) = u(0) =0, (1) =u'(1) =0,
withp > 0and ¢ > 0, correspondsto asimplemode for the transverse displacement of a stressed

beam. State the variational form of the problem in preparation for its approximation by afinite
element method, paying particular attention to the boundary conditions.

Explain why Hermite cubic elements would be appropriate for the approximation and show that

Ni(€) = 5(1-9%2+€),  Na&) = F(1-9%(1+9),
N3(€) i= L+ 6728,  Na(&) = 1+ 6% -1
provide a suitable set of element basis functions. Thence give a global expansion for the finite

element approximation U (z) in terms of the nodal parameters {U(z;),U'(z;);i=0,1,...,n}
onameshO=zg< 21 <20< -+~ <2, = 1.
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Show briefly how an error bound of the form

4 8
a(u — U, u — U) S [<ﬁ> Pmax + <E> Qmax]
™ ™

is derived. [N.B. You may assume the interpolation error bound on each interval

sz
L,(0,1)

hi\?
180 < () 18 i

forA:=u—Ul]

6. Two-dimensional potential flow down achannel is modelled by
V2 =0inQ

for the stream function «, with ¢/ given on the top and bottom of the channel as well as at
the inflow on the left, and with g—¢ = 0 given at the outflow on the right. The domain Q is

approximated by a (straight-sided) quadrilateral mesh and « by afinite-element approximation ¥
using isoparametric bilinear elements.

Derive the element basis functions and the local—global coordinate mapping; show why and how
the resulting approximation may be made conforming. Show that the mapping for each element
isnonsingular if the quadrilatera is convex.

Formul ate the compl ete system of discrete equationsand deriveintegral expressionsfor the entries
in the stiffness matrix and load vector; explain why numerical quadrature is required for their
evaluation.



