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Techniques of Mathematical Modelling |

Question 1

(i) Explain what is meant by eegular perturbationand by asingular perturbatiorfor an algebraic equa-
tion and for an ordinary differential equatiorit fnay be useful to give illustrative examples

[3 marks]
(i) The quantityz satisfies the algebraic equation

2 —ex—1=0. (*)

Suppose that < 1. Find approximate expressions, correct to term&)¢f), for each of the five
solutions of the equation. [7 marks]

(iif) Now suppose: > 1. Show that by a suitable rescaling of the solution, which you should fid:ah
be written in the form

X5 - X—-6=0,
whered = ¢=%/4 « 1.

Hence find leading order (non-zero) approximations for all five of the solutiong.to ( [11 marks]

(iv) Find the next order approximation to the smallest root in this case,1. [4 marks]

Question 2

A populationu(z, t) satisfies

u
U = U (1 - ?) + {Du,}, .

(i) Assuming that-, K andD are constant, show how to non-dimensionalise the equation to the form

up = u(l—u) + ugy.
[2 marks]

(i) If, initially, «=0 except on a finite interval where it is small and positive, explain using diagrams how
you would expect the solution to evolve.

Verify your description by seeking travelling wave solutions of the farmf(¢), {=x—ct, and write
down the resulting equation and boundary conditions wifiohust satisfy, assuming that> 0. How
should the boundary conditions be modified & 07?

[8 marks]
(iii) By examining the solutions in a suitable phase plane, show that a travelling wave in which is
possible ife > 2. What happens i < 2? [12 marks]

(iv) If, instead,D(u) = Dyu, what form would you expect the evolution to take? [3 marks]
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Question 3

(@) TheC? functiony(z), satisfyingy(0) = y(1) = 0, is an extremal for

1
/ F(x,y,y") dx.
0

Show thaty satisfies the Euler—-Lagrange equation

A4 (oF\ OF _
dx \ oy’ oy

What extra condition is requiredif(1) is not specified? [8 marks]

(b) Define the delta distributiofi(x) by its action(d, ¢) on a test functions(z) and prove that it is the
derivative of the Heaviside function (which is equal to T if- 0, and to 0 ifx < 0).

Suppose that

£(@) = 1 —a2/e)

NG

Explain why, as — 0, the action off. on a test functio(z) tends to that of(z) on ¢(x).
[8 marks]

(c) The functionu(z, t) satisfies the partial differential equation

ou 0%u Ou
EZ@_£7 —OO<.’E<OO, t>0,

with the initial conditionu(x, 0) = é(x). By taking a Fourier Transform im, or otherwise, show that

2;7775 P <_ - 4_tt)2) ‘

u(x,t) =

[9 marks]
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Techniques of Mathematical Modelling I

Question 4

(i) Define a weak solution of the system of partial differential equations

whereP, @ and R are vector-valued differentiable functionsaaft andu.
Show that ifC' is a curve in thert-plane andu is a weak solution which takes different values on either

side ofC' then along”
dx
P = =
where]-] denotes the jump acrogs [7 marks]
(i) Show that the system
ou 0
N + %(uv) = 0,

ov N 0 [ u? n v? _ 0
oo ox\2 2/) 7
is hyperbolic, and find its characteristics and Riemann invariants.
Deduce that the characteristics are straight lines. [6 marks]

(i) Consider the solution of the partial differential equations in (ii), subject to the initial data

2, l‘>07 07 33>0,
“(9”’0):{1 z<0 ”(f”’o):{s z <0.

Show that there is no single shock solution in which

2, x> c(t), 0, z>c(t),

u(z,t) = { L r<c)  @D= { 3, @< c(t).

Use the Rankine-Hugoniot conditions to show that a double-shock solution in the form

2, x> 3t, 0, x> 3t,
u(z,t) = up, 0<z <3t v(z,t) =< vy, 0<x<3t,
1, T < 0 37 T < 07
is possible, and determine the valuesipfanduy.
Sketch the characteristics in each region. Does this solution obey causality? [12 marks]
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Question 5
Suppose that
Ox oy)
and thatu(z, y) satisfies the boundary data
u(l,y) =1 fory <0, wu(z,y)=1 forz®+4?>=1,y>0.
Find all the solutions that are differentiable away from the boundary and the negsadiis (including the
origin). [25 marks]
Question 6
Let the twice continuously differentiable functianz, t) satisfy the partial differential equation
Up = TUge — f(z,t,u), INn x,t>0,
whereu(0,t) = 0fort > 0, andu(z,t) — 0 for x — oo, t > 0.

@) If f(x,t,u) > 0, show thatu(z,t) cannot have a maximum at any point, to) with xg, ¢y > 0.
If, in addition, u(z,0) < 0, show thatu(x, t) < 0 forall z,¢ > 0. [13 marks]

(i) Suppose now thaf(x,t,u) = xe . Find a solution of the above problem such théat,0) = e,
and deduce that, &s— oo, u — e™* — 1.

[Hint: write v = e~* + v and find a similarity solution fov.] [12 marks]
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