Degree Master of Science in Mathematical Modelling and Scidific Computing
Mathematical Methods Il
Thursday, 19th April 2007, 9:30 a.m. —11:30 a.m.

Candidates may attempt as many questions as they wish. The best four solutions will count.

Please start the answer to each question on a new page.
All questions will carry equal marks.

Do not turn over until told that you may do so.



Question 1

Use Charpit's method to find solutions (in parametric forrthe first order partial differential equation

du\® | ou
Ox yay -
subject tou(0,y) =1+y for 0<y <1
Explain briefly how to find the region where each of your solns is determined by the initial data.

Question 2

Define characteristic directions for the system of partifiéential equations

Au, + By, =c.

Show thatl” Av = 1”ci holds along a characteristic (parameterised,oyith & = dz/dt, etc), with the
corresponding left eigenvectdf .

Show that, for the system (witlw # 0)

1
UVVy + Uy = §uv,

UVUg + Vy = UV,

2

u + v — x is constant along one characteristic family, and find theesmponding invariant on the other
characteristic family.



Question 3
A smooth functionu(z, t) in the positive quadrant of ther, t) plane satisfies

0 0?
%za—;—g(@",t,u) for xz,t >0,

u(x,t) — 0 asr — oo, fixed ¢ >0,

u(z,0) = 0,u(0,t) = —1 for z,t>0,

where the continuous functiaf(z, ¢, u) > 0 for z,¢ > 0 and for allu.
Show thatu(z, t) cannot have a maximum at amy, to > 0.

By using similarity solution methods, findx, t) wheng(x,t,u) = (2t)~! exp(—x?2 /4t) for z,t > 0.
Question 4

State the problem satisfied by the Green'’s function for thenbary value problem

0%u  0%*u

V2u = W + 8—y2 = f(l’,y) f0r CEQ + y2 < 1,

u(z,y) =0 for 2?4y =1,

and use it to express(z, y) in terms of an integral involving (x, y).
If f(z,y) = f(—=z,y) forall (z,y), show that your solution satisfies

ou
— =0on =0,—1<gy<1l.
o {r=0-1<y<1}

In terms of the above Green’s function, find the Green'’s fionctor the problem

Vu = f(z,y) for 2?2 +y*<1,2>0,

u(z,y) =glx,y) for 2> +y*=1,2>0,

@:0 for =0,-1<y<1
Oz

-3- TURN OVER



Question 5

(a) Define acompact support test function on IR, and adistribution on this set of test functions. State the
definition of the derivativel” of a distributionT’ via its action on a test functios(z), and hence show that
the derivative of the Heaviside functidti(z) is the delta functio ().

(b) Which of the following actions on a test functieiiz) define distributions (as in part (a))? Give brief
reasons.

(T, 8) = B(0)6(1):
<&@=/ (6(z) - B(—2)) de

[ 0@) o)

<T37 ¢> =
Identify the distributionl; defined by its action as follows:

T ) — tim 29 =09

e—0 2e

Question 6

The Fourier transfor@(k:) of a distributionT’, defined on the set of open support test functions, is defined
by its action R A

(T, ) = (T, 1)
Assqming standard properties of the Fourier transform @sa function, show that the transform 6f is
—ikT.

Show that the Fourier transform ef2°*” is (\/E/a)e*’“2/4a2. Explain how to use this result, together with
the Fourier inversion formula, to show thiat= 276 (k).

The functionu(z, t) satisfies

ou  0%*u
E:W_u’ —oco<x<oo, t>0,

u(z,0) = up(z),

whereug(x) is integrable. Calculate(zx, t) in the form of a convolution integral.
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