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Section A — Applied Partial Differential Equations

Question 1
Consider the first-order partial differential equation for u(x, y):
F(z,y,u,p,q) =0,

where p = g—g, q= % and F is C? in its arguments. Suppose that initial data is specified on a curve in the
(x,y)-plane so that
x=2xz0(8), y=1yo(s), u=uwup(s) for s; <s< sa.

(a) State Charpit’s equations for this problem, together with appropriate initial data for their solution. Show

that F' = 0 along their solutions. [8 marks]

(b) Find a solution in parametric form for
P’z +qy =, (1)
with x = z¢(s), y = yo(s) and u = ugp(s) for s; < s < s9. Is your solution unique? [8 marks]

(c¢) Determine all solutions to (1) when the initial data reads

u(l,s) =1 for s < s < so.

Explain clearly where in the (z, y)-plane your solutions are defined. [9 marks]
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Question 2

(a) You are given that F'(¢,z,u) = constant and G(t, z,u) = constant are linearly independent solutions
of the ordinary differential equations

de dx du

alt,z,u)  bt,x,u)  c(t,z,u)

Explain why F' and G satisfy the partial differential equations

a@t Ox c@u_ ’

a£+ba£+ a£
af)t oz C@u

Show further that if u(¢, ) is determined implicitly by the relation

=0.

F(t,z,u) = ANG(t,x,u))

where A(.) is any suitably smooth function, then u(¢, x) satisfies the partial differential equation

[13 marks]
(b) Hence, or otherwise, determine the general solution of the following partial differential equation:

ou 1 0

el = Y2y 2
ot ta g ) = @

[6 marks]

(c) Determine an explicit solution to equation (2) when u(0,z) = e~ for 0 < x < oco. Where is your
solution valid? [6 marks]
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Question 3
(a) Suppose that T'(z, t) > 0 satisfies the partial differential equation

oT oT 9T
ot tor a2 b 3)

By taking a Fourier transform in z, or otherwise, show that the solution of (3) that satisfies 7'(z,0) =
d(z)and T — 0asz — £oois

1 (x —t)2 }
T(x,t) = e —t — .
(@.0) =y - O
[6 marks]
[You may use, without proof, the result that
o
| e i--0ryay=vr
—00
foralld € C. |
(b) Suppose now that T'(x, t) > 0 satisfies equation (3) in ;1 < & < xg and 0 < ¢t < 7, with
T(z,0) =Tp(x), r1 < x < 9,
T(xy,t) =Ti(t), 0<t<r, @)
T(I'Q,t) :Tg(t), O<t<T.

Show that, if a solution exists, then 7'(z, t) attains its maximum value on x = x1, x2 or at t = 0. Show
further that such a solution is unique. [8 marks]

(c) Suppose that T'(z,t) satisfies equations (3) and (4). State the conditions satisfied by the associated
Green’s function G(z,t; &, 7). Derive an expression for T'(£, 7) in terms of the Green’s function and
the boundary and initial conditions. [6 marks]

(d) Use the results from (b) to determine an analytical expression for G(x, t; £, 7) when
1 — —oo and x9 — 00. [5 marks]
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Question 4

Consider the system

0 = up + vuy + 2pz.
(a) Determine the characteristics of equations (2) and show that u 4= 2,/2p are Riemann invariants.
[12 marks]

(b) Suppose that v and p are everywhere smooth, except on a smooth curve x = S(t), which splits the
upper half plane (t > 0,—0co0 < = < 00) into two regions, D and D_, say. For (z,t) € Dy, we
define

[u] =uy —u-#0, [p]=py—p-#0,
where

Ut = zgg%t) u(z,t), pr= xEré%t)p(a:,t).
Show that the curve = = S(t) satisfies

MY
wldt [ Y42

‘What are the conditions for the shock to be causal? [7 marks]

(c) Suppose further that u; = 0 and p— = 1. Determine u_ and d.S/d¢ in terms of p.. For what values of
p+ is the shock causal? [6 marks]
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Section B — Further Applied Partial Differential Equations

Question 5

The Legendre polynomials P, (z) forn = 0,1, 2, ... are solutions of

4 ((1 ~Lp >) 4+ 1)Py(z) = 0

on the interval |z| < 1, normalised by P,,(1) = 1. Their generating function is

Y RN —2xt+t2 Z i

(a) Show that
(n+1)Ppii(x) = 2n+ 1)zP,(x) —nP,—1(z) forn > 2.

[6 marks]
(b) Show that
1
/ P, (z) Py (x)dx = 0 forn # m.
-1
[4 marks]
(c) Hence show that
1
2
/1 P, (z)Pp(z)dx = o im
[6 marks]
(d) Hence find the Green’s function for
d dy
— (1= _
(0= 8) = s
where A is not an eigenvalue of Legendre’s equation.
Calculate y explicitly for f(z) = 523 and A = 7.
[9 marks]

Hint: The first few Legendre polynomials are Py(z) = 1, Pi(z) = z, Py(z) = 3(32% — 1), P3(2) = 3(52® — 3a).
You may wish to consider the integral

1 1 =2
L S, A £2n.
/11—2xt+t2 o nzzzoznﬂ
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Question 6

(a) Write down the forward Hankel transform of a function u(r) with respect to r, and the corresponding
inverse transformation.

[3 marks]

(b) Derive the expression for the forward Hankel transform from the two-dimensional Fourier transform.
[7 marks]

(c) Small displacements u of an infinite elastic membrane are governed by

9%u

@‘FVZLUIO,

where V* is the two-dimensional biharmonic operator. Show that the solution for the axisymmetric
initial conditions u(r,0) = f(r), u:(r,0) = 0 may be written as

u(r,t) = /O Oogf(g) [ /0 h kJo(kE)Jo(kr) cos(k*t) dk | dE.

[15 marks]
Hint: You may use the integral representation J,,(z) = (27r) ! fo% exp{i(n¢ — x cos ¢) }de.
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