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The ARp method

Unconstrained minimization minx∈Rn f(x), f : Rn → R smooth, non-convex
Tensor methods use stronger oracles

Gradient descent uses f(xk), ∇f(xk)
Newton’s method uses f(xk), ∇f(xk), ∇2f(xk)
pth-order tensor methods use f(xk), ∇f(xk), . . . , ∇pf(xk)

ARp has optimal worst-case complexity, improves with p [Cartis, Gould, and Toint 2020]

This talk: local convergence
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The ARp method

Algorithm 1.1: Adaptive regularization algorithm using up to pth derivatives
Parameters: σ0 > 0, 0 < η < 1, 0 < γ1 ≤ 1 < γ2

1 for k = 0, 1, . . . do
2 Compute objective function and derivatives f(xk), ∇f(xk), . . . , ∇pf(xk)
3 Construct local Taylor expansion as tk(y) =

∑p
j=0

1
j!∇

jf(xk)[y − xk]j

4 Construct local model as mk(y) = tk(y) + σk∥y − xk∥p+1

5 Find a local minimizer yk ∈ Rn of mk that satisfies mk(yk) < mk(xk)
6 if f(xk) − f(yk) ≥ η(tk(xk) − tk(yk)) then
7 Set xk+1 = yk and σk+1 = γ1σk // successful iteration
8 else
9 Set xk+1 = xk and σk+1 = γ2σk // unsuccessful iteration

10 end
11 end
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Known results

Assumptions:
∇pf is Lipschitz continuous: ∥∇pf(x) − ∇pf(y)∥ ≤ Lp∥x − y∥
f is uniformly convex of order q: f(y) ≥ f(x) + ∇f(x)T (y − x) + µq

q ∥y − x∥q

[Doikov and Nesterov 2022]: If σ ≥ pLp

(p+1)! constant and p > q − 1 then
f(xk) → f∗ at a p

q−1 th-order rate and
∇f(xk) → 0 at a p

q−1 th-order rate.

[Cartis, Gould, and Toint 2022]: Using an adaptive σk, for ν = p+1
p , µ = q

q−1 the
function values converge as follows (until f(x) − f∗ < ε)

p < q − 1 (ν > µ): sublinear, O(ε− ν−µ
µ ) iterations

p = q − 1 (ν = µ): linear, O(log(ε−1)) iterations
p > q − 1 (ν < µ): superlinear, O(log(log(ε−1))) iterations
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Example with non-degenerate minimizer

f(x) =
∫ x

0 (t + 1)4(t − 1)2t dt

f has one local (and global)
minimizer at x∗ = 0
f is not globally convex, but locally
strongly convex: f ′′(x∗) = 1
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Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)
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AR3, constant σk
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AR3, constant σk
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AR3, constant σk
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AR3, constant σk
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AR3, adaptive σk and global model minimizer
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AR3, adaptive σk and global model minimizer
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AR3, adaptive σk and right model minimizer
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AR3, adaptive σk and right model minimizer
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AR3, adaptive σk and right model minimizer
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Example with degenerate minimizer

f(x) =
∫ x

0 3(t + 1)4(t − 1)2t3 dt

f has one local (and global)
minimizer at x∗ = 0
f is locally uniformly convex around
x∗ with q = 4:

f ′′(x∗) = 0
f ′′′(x∗) = 0
f ′′′′(x∗) = 18
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Newton’s method (p = 2, σ = 0)

−2 −1 0 1
x

−1.0

−0.5

0.0

0.5

f(x)
t0(x)

m0(x)
x0

y0

0 2 4 6 8
k

100

101

log10(∥xk − x∗∥−1)

Local convergence of adaptively regularized tensor methods EUROPT 2025 12 / 22



Newton’s method (p = 2, σ = 0)

−2 −1 0 1
x

−1.0

−0.5

0.0

0.5

f(x)
t1(x)

m1(x)
x1

y1

0 2 4 6 8
k

100

101

log10(∥xk − x∗∥−1)

Local convergence of adaptively regularized tensor methods EUROPT 2025 12 / 22



Newton’s method (p = 2, σ = 0)

−2 −1 0 1
x

−1.0

−0.5

0.0

0.5

f(x)
t2(x)

m2(x)
x2

y2

0 2 4 6 8
k

100

101

log10(∥xk − x∗∥−1)

Local convergence of adaptively regularized tensor methods EUROPT 2025 12 / 22



Newton’s method (p = 2, σ = 0)

−2 −1 0 1
x

−1.0

−0.5

0.0

0.5

f(x)
t3(x)

m3(x)
x3

y3

0 2 4 6 8
k

100

101

log10(∥xk − x∗∥−1)

Local convergence of adaptively regularized tensor methods EUROPT 2025 12 / 22



Newton’s method (p = 2, σ = 0)

−2 −1 0 1
x

−1.0

−0.5

0.0

0.5

f(x)
t4(x)

m4(x)
x4

y4

0 2 4 6 8
k

100

101

log10(∥xk − x∗∥−1)

Local convergence of adaptively regularized tensor methods EUROPT 2025 12 / 22



Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)

−2 −1 0 1
x

−1.0

−0.5

0.0

0.5

f(x)
t8(x)

m8(x)
x8

y8

0 2 4 6 8
k

100

101

log10(∥xk − x∗∥−1)

Local convergence of adaptively regularized tensor methods EUROPT 2025 12 / 22



AR5, adaptive σk and global model minimizer
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AR5, adaptive σk and right model minimizer
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Assumptions

xk and yk are generated by ARp (Algorithm 1)
x∗ is a local minimizer of f

∇pf is Lipschitz continuous with constant Lp

f is uniformly convex of order q inside B(x∗, rµ)
p > q − 1
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Convergence for successful iterations

Lemma
If xk, yk ∈ B(x∗, rµ) and iteration k is successful, then the gradients satisfy

∥∇f(yk)∥ ≤
(
Lp/p! + (p + 1)σk

)( q

µq

) p
q−1

∥∇f(xk)∥
p

q−1 .
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Convergence for successful iterations

Theorem
If all iterates stay inside B(x∗, rµ) and x0 is close enough to x∗, then

∥∇f(xki
)∥ → 0 at a Q- p

q−1 th-order rate
f(xki

) → f(x∗) at a Q- p
q−1 th-order rate

xki
→ x∗ at an R- p

q−1 th-order rate

where {k1, k2, . . . } are the successful iterations.
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Convergence for worst-case model minimizer

Theorem
If all iterates stay inside B(x∗, rµ) and x0 is close enough to x∗, then

∥∇f(xk)∥ → 0 at an R- α+1
√

p
q−1 th-order rate

f(xk) → f(x∗) at an R- α+1
√

p
q−1 th-order rate

xk → x∗ at an R- α+1
√

p
q−1 th-order rate

where γ1 = γ−α
2 . (α = 0 and α = 1 in experiments)
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Convergence for close model minimizer

Lemma
There exists radii rx, ry > 0 with rx ≤ ry ≤ rµ such that for any xk ∈ B(x∗, rx) there
exists a local minimizer of mk inside B(x∗, ry) and any such minimizer will give a
successful iteration.
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Convergence for close model minimizer

Theorem
Assume that yk ∈ B(x∗, ry) in every iteration. If x0 is close enough to x∗, then all
iterations are successful and

∥∇f(xk)∥ → 0 at a Q- p
q−1 th-order rate

f(xk) → f(x∗) at a Q- p
q−1 th-order rate

xk → x∗ at an R- p
q−1 th-order rate.
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Conclusion

For tensor methods (p ≥ 3) choosing the right model minimizer is crucial
Tensor methods achieve p

q−1 th-order rates in theory and experiments
Tensor methods achieve superlinear convergence even for degenerate minimizers
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