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Encoding Valuations in Absolute Galois Groups

Lemma 2.14 Let p be a prime > 2, let F be a field and let H and G be
subgroups of F* with (F*Y <H<G,[G: H] > p? satisfying the condition

p—1
() VeeG\H: H+cHchiH.
-~ =0

Then there is a subgroup T of G containing H with [T : H| < p such that
VYee G\T: H-+cHC HUCH,

and hence also
Vee G\T: T+c¢I' CTUCT.

Proof Let us assume that the conclusion of the lemma is false. Then we find
clements a,b € G with [(a,b)H : H| = p?, and elements z,y € H such that for
some k,l €{2,3,...,p— 1} :

t+acdH,
y+bebH.

Claim: y —b € b7 1 H and 21 — 1 # 0 € Fp.

As (FX)P < H, we only have to consider exponents modulo p, i.e., we under-
gtand them as elements of Fp. '

Using the hypothesis (x), we see that for some j,7,8,t € Fp,

oy +aly+atbr) € (@) H
zy+bz+ay=<br+bt(z+a)y) € b(a*b1)*H
aly+aty+bz) € ala W) H
So comparing the exponents of a and b yields
(1) r(l—j)=ks=1-t
(2) rj=1-s=lt
As 1 < 0, this implies 7 # 0.
M+@) = r=0-1t+1
W) +k©2) = k=(E-1t+1
Therefore, as k # 1, we have kl —1 # 0. Thus
k— 2%l — k — 1
t = d _—————
‘ 1o T TR
and so 2kl — k — [ #£ 0. ;jFrom (2) we then obtain
It I(k—1)
bl e e
Now let y — b = b"H. We have to compute 7. We recall that bz + ay € a' IV H.
On the other hand

br+ay=(b—y)r+(a+2)y€ aFa R H

for some q. So 1 —j =k(1—q) andj:iq:wkifl—)#(). As

» (b= 1)+ 2kl —k—1) _ (b= 1k(2—1)
k'_].: _s .  —
I okl —k—1 Ml —k—1
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this implies 2] — 1 0 and

. jk kl(k—1) o
TUTESL RE-DEI-D -1
which proves the claim.  ~ .

Note that it also follows that i % 0,1 as otherwise [ = 0 or [ = 1. Therefore,
the set

I:={icF,\{0,1} |3 € B)H\H Iyec H: y+V cb"H}

is non-empty. Also, I is closed under 7 +— % ify 40 = b'iz for some z € H , then
b = —b'z satisfies y + b € (b)TH. And, by the proof of the claim, I is closed
under i — 3 and 5 € I.

Such a set, however, does not exist. For, inductively, I contains no element of
the form 2 for 1 <m <p—2: ﬁq ¢Iandiff—n’-”ﬁ € I and m > 1, then also

mol_ (Moo (B g
m m— 1 2;@%—1 -1

On the other hand, each ¢ € I, can be written in this form:

i+ 1
contradicting I # {.

It follows that T + ¢T' C T'U €T for any ¢ € G\ T, because T = | J/—, d°H for
some d € T, so given c € G\ T, z,y € H and 4,7 < p, one has ¢d*7 € G\ T" and

(d'z) + c(dy) = d*(z + (cd)y) € d(H U cd/"H) CT U cT.
L

2.6 Galois characterization of p-henselian fields. By now we are pre-
pared for the theorem which is one of the two main inputs for the Galois charac-
terization of henselian fields: For p = 2 the theorem appears in section 4 of {15].
For p > 2 it is the Main Theorem of [13]:

Theorem 2.15 Let p be a prime, let F' be a field containing a primitive p-
th root {, of unity (so char F' # p) and assume Gp(p) 2 Z, and, if p = 2, also
Gp(p) ZZ/2Z or Ly x 7./27.

Then F' admits a p-henselian valuation tamely branching at p iff Gr(p) has a
non-trivial abelian normal subgroup. :

As in Theorem 1, one direction is trivial: if F' admits a p-henselian valuation v
with Ty # ply, and char F'v £ p then the inertia subgroup of Gr(p) is non-trivial
(T'y # pI'y), abelian (char F'v # p) and normal (v p-henselian, i.e., Gp(p) is its own
decomposition subgroup w.r.t. v).

It is also clear that one has to exclude the exceptional cases Gg(p) = Zy,, Z/2Z
or Zg X Z/2Z: each of them occurs among fields with and without any non-trivial
p-henselian valuation:

Gy (p) = Zp, = = Grl(p)
Griop(2) = Z/2Z2 = Gg(2)
= ZoXZ/27 =2 Gp(2),

Gr(#))(2)
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