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Power-bounded operators

standing assumptions:

X Banach space, T ∈ L(X ), M := supn≥0 ‖T n‖ < ∞.

and: ran(I− T ) = X

Then:

Anx :=
1

n + 1

∑n

j=0
T jx → 0 (x ∈ X ).

Rate of convergence?

• no rate in general

• Anx = o(1/n) → x = 0

• Anx = O(1/n) → x ∈ ran(I− T )
[Butzer-Westphal 1971]
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Starting Point

[Deriennic-Lin 2001]

0 < s < 1, (1− z)s =
∑∞

n=0 a
(s)
n zn, → a(s) ∈ `1

(I− T )s :=
∑∞

n=0 a
(s)
n T n

x ∈ ran(I− T )s → Anx = o(1/ns).

log(I− T ) de�ned as generator of semigroup ((I− T )s)s>0.

1. uniform rate for x ∈ dom(log(I− T )) ?

2. is x ∈ dom(log(I− T )) equivalent to

HT x := −
∑∞

n=1

T nx

n

being convergent?

[Assani, Cohen, Cuny, Lin 2003�2009] : yes to (2)
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Generalisation

α = (αn)n≥0 ⊆ C, f (z) := α̂(z) =
∑∞

n=0 αnz
n.

D := {z ∈ C | |z | < 1}, f : D −→ C holomorphic

1. uniform rate for x ∈ dom(f (T )) ?

2. is x ∈ dom(log(I− T )) equivalent to∑∞

n=0
αnT

nx

being convergent?

−→ needs a functional calculus to be meaningful
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Functional Calculus

A1
+(D) := {α̂ | α ∈ `1} ‖α̂‖

A1
+

:= ‖α‖1

α̂(T ) :=
∑∞

j=0 αjT
j

(f 7−→ f (T )) : A1
+(D) −→ L(X )

algebra homomorphism, ‖f (T )‖ ≤ M ‖f ‖
A1

+
.

−→ canonical extension towards unbounded functions/operators
via regularisation

If f = 1/g and g ∈ A1
+(D) s.t. g(T ) is injective, then

f (T ) = g(T )−1.

In this case dom(f (T )) = ran(g(T )).
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Renewal Sequences

It turns out that the questions become tractable in the case that
g = 1/f ∈ A1

+(D) has a special form.

De�nition: α is a renewal sequence if there is γ = (γj)j≥1

s.t.
1 = α̂(z)(1−

∑∞

j=1
γjz

j) (z ∈ D)

with γj ≥ 0 for all j ≥ 1 and
∑∞

j=1 γj ≤ 1.

f = α̂, g = 1/f , g(z) = 1−
∑∞

j=1
γjz

j

−→ α0 = 1, 0 ≤ α ≤ 1

Interesting case:
∑∞

j=1 γj = 1 (i.e., f (1) = ∞)
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Relevant Examples

negative fractional powers: 0 < s < 1, f (z) = (1− z)−s .

g(z) = (1/f )(z) = (1− z)s =
∞∑
n=1

a
(s)
n zn

= 1−
∑∞

j=1

s(1− s) · · · · · (j − 1− s)

n!
z j .

modi�ed logarithm: f (z) = − log(1−z)
z

=
∑∞

n=0
1

n+1
zn

Theorem (Kaluza): If α ≥ 0 is bounded and satis�es

α0 = 1, α2
k ≤ αk−1αk+1 (k ≥ 1)

then α is a renewal sequence (and is decreasing).
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Domain Characterisation (1)

α renewal sequence, f = α̂, g = 1/f = 1−
∑∞

j=1 γjz
j .

in addition: α ∈ BV, i.e., (1− z)f (z) ∈ A1
+(D).

−→ f (T ) def'd by the fc as f (T ) = (I− T )−1[(1− z)f ](T ).

x ∈ dom(f (T ))
?⇐⇒

∑∞

n=0
αkT

kx converges (in some sense).

Example: f (z) = − log(1− z)/z =
∑∞

k=0 z
k/(k + 1)

−→ h(z) = (1− z)f (z) = 1−
∑∞

k=1

zk

k(k + 1)
∈ A1

+(D),

• log(1− z) = f − h, dom(f (T )) = dom(log(I− T )).

• HT x =
∑∞

k=1
−1
k
T kx conv. i�

∑∞
k=0

1
k+1

T kx conv.
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Domain Characterisation (2)

�⇐�: always true (easy)

�⇒�: true if αnT
n+1g(T ) → 0 strongly:

Theorem: α renewal sequence, n ∈ N. Then there is a renewal
sequence β = β(n) such that

α̂(z) =
( ∑n

j=0
αjz

j
)
· β̂(z)

gn :=
∑n

j=0
αjz

j
/
f = 1/β̂ = 1−

∑∞

k=n
γk,nz

k

−→ supn ‖gn‖A1
+
≤ 2 (= 2, if f (1) = ∞)

−→ gn(T ) → I strongly (ran(I− T ) dense in X !)
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Rates of Convergence

g(z) = 1−
∑∞

j=1 γjz
j ,

∑∞
j=1 γj = 1, γj ≥ 1.

gn(z) :=
( ∑n−1

k=0
zk

)
g(z) = . . .

= 1 + (1− γ1)z − (1− γ1 − γ2)z
2 + · · ·+ (1− γ1 − · · · − γn−1)z

n−1

−
∑∞

k=n
(γk−n+1 + · · ·+ γk)z

n

−→ ‖Ang(T )x‖ ≤ 2M ‖gn‖A1
+
‖x‖ = 2Mrn ‖x‖

rn :=

∑
j>n

γj +
1

n

n∑
j=1

jγj


−→ x ∈ ran(g(T )) → Anx = O(rn).

Q: Which convergence rates can be realised?

10 / 12



Rates of Convergence

g(z) = 1−
∑∞

j=1 γjz
j ,

∑∞
j=1 γj = 1, γj ≥ 1.

gn(z) :=
( ∑n−1

k=0
zk

)
g(z) = . . .

= 1 + (1− γ1)z − (1− γ1 − γ2)z
2 + · · ·+ (1− γ1 − · · · − γn−1)z

n−1

−
∑∞

k=n
(γk−n+1 + · · ·+ γk)z

n

−→ ‖Ang(T )x‖ ≤ 2M ‖gn‖A1
+
‖x‖ = 2Mrn ‖x‖

rn :=

∑
j>n

γj +
1

n

n∑
j=1

jγj


−→ x ∈ ran(g(T )) → Anx = O(rn).

Q: Which convergence rates can be realised?

10 / 12



Rates of Convergence

g(z) = 1−
∑∞

j=1 γjz
j ,

∑∞
j=1 γj = 1, γj ≥ 1.

gn(z) :=
( ∑n−1

k=0
zk

)
g(z) = . . .

= 1 + (1− γ1)z − (1− γ1 − γ2)z
2 + · · ·+ (1− γ1 − · · · − γn−1)z

n−1

−
∑∞

k=n
(γk−n+1 + · · ·+ γk)z

n

−→ ‖Ang(T )x‖ ≤ 2M ‖gn‖A1
+
‖x‖ = 2Mrn ‖x‖

rn :=

∑
j>n

γj +
1

n

n∑
j=1

jγj


−→ x ∈ ran(g(T )) → Anx = O(rn).

Q: Which convergence rates can be realised?

10 / 12



Rates of Convergence

g(z) = 1−
∑∞

j=1 γjz
j ,

∑∞
j=1 γj = 1, γj ≥ 1.

gn(z) :=
( ∑n−1

k=0
zk

)
g(z) = . . .

= 1 + (1− γ1)z − (1− γ1 − γ2)z
2 + · · ·+ (1− γ1 − · · · − γn−1)z

n−1

−
∑∞

k=n
(γk−n+1 + · · ·+ γk)z

n

−→ ‖Ang(T )x‖ ≤ 2M ‖gn‖A1
+
‖x‖ = 2Mrn ‖x‖

rn :=

∑
j>n

γj +
1

n

n∑
j=1

jγj


−→ x ∈ ran(g(T )) → Anx = O(rn).

Q: Which convergence rates can be realised?

10 / 12



Rates of Convergence

g(z) = 1−
∑∞

j=1 γjz
j ,

∑∞
j=1 γj = 1, γj ≥ 1.

gn(z) :=
( ∑n−1

k=0
zk

)
g(z) = . . .

= 1 + (1− γ1)z − (1− γ1 − γ2)z
2 + · · ·+ (1− γ1 − · · · − γn−1)z

n−1

−
∑∞

k=n
(γk−n+1 + · · ·+ γk)z

n

−→ ‖Ang(T )x‖ ≤ 2M ‖gn‖A1
+
‖x‖ = 2Mrn ‖x‖

rn :=

∑
j>n

γj +
1

n

n∑
j=1

jγj


−→ x ∈ ran(g(T )) → Anx = O(rn).

Q: Which convergence rates can be realised?

10 / 12



Logarithmic rate

f (z) = − log(1−z)
z

=
∑∞

k=0
1

k+1
zk , g = f −1 = 1−

∑∞
j=1 γjz

j

Lemma: γk =
1

k(log k)2
+ O

(
1

k(log k)3

)
−→ rn ∼ 1/ log n

• best possible general result (prototypical instance + PUB)

• 1 ∈ σ(T ) → ∃ x ∈ ran(g(T )) without polyn. rate

• not su�cient: Anx = O(1/ log n) 6→ x ∈ ran(g(T ))
[Cohen-Lin 2009]
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