Stability of operator semigroups

with regular norm-behaviour
Laszlo Kérchy

Ciprian Foias:

“Among the other outstanding works of Béla in that time let
me mention the following two: First Béla’s discovery that the
Banch generalized limit (which until then was only a math-
ematical curiosity) can be made a nonconstructive but very
effective tool in Operator Theory. A lot of mathematics came
out from that discovery.”

(Memorial Conference for Béla Székefalvi-Nagy, 1999, Szeged)



‘H complex Hilbert space, dim H = N
(Many of the following results can be extended to the general

Banach space setting.)
T € L(H) power bounded operator:
sup {||T™|| : n € Z4 } < oo.

Ho(T) :={x € H :inf, || T"z| =0}
= {2 € H : lim, |T"z| = 0}

set of stable vectors



Classification:

T € Cy. if Ho(T)="H, T is stable
T € Cy. if Ho(T) ={0}, T is asymp. non-vanishing

TEC.j if T* € Cj.

Ci; =Ci.NC,; (i,j=1,2)



Sz.-Nagy’s technique relying on Banach limits yields:

AV € L(K) isometry, 3X € L(H, K):

(1) (XH)™ =K,
(2) ker X = Ho(T),
(3) XT =VX.

T e (C,. < X quasiathnity = T <V

Sz.-NAGY — Foias: If T € (117 then
(1) V is unitary,
(2) T~V, thatis T <V and V <T



SZ.-NAGY:

If T is invertible and 7! is also power bounded, then
(1) V is unitary,
(2) T=V.

Quasisimilarity:
preserves the existence of proper hyperinv. subsp.,
does not preserve spectra,

canonical models for important classes of operators.

Similarity:
preserves the (hyper)invariant subspace lattices,

preserves Spectra.



Sz.-Nagy — Foias: rich theory for contractions

FoGuEL: T power bounded #*= T =~ () contraction

MULLER — TOMILOV:
T € (11 power bounded #= T =~ () contraction
T power bounded #*= T ~ () contraction



T polynomially bounded, if 3 K € R, Vp polynomial,
Ip(T)|| < K max{[p(z)] : |2 < 1}.

Pisier: T pol. bounded #= T =~ () contraction

BERCOVICI — PRUNARU:

T pol. bounded — J @1, Q> contractions, Q1 <71 < Q2

OPEN: T pol. bounded = T ~ () contraction?



AIM: Associate canonical isometries with non-power bounded

operators extending Sz.-Nagy’s method.

(> :=(>°(Z4) Banach algebra

L € (£*°)# is a Banach limit, if

(1) 5] = (1) =1,

(2) L(§) = L(BE) VE e .
(Here B¢ =n, where n(n) :=&(n+1).)

Notation: L-lim¢& = L(§)
B : set of all Banach limits



If £ €/°° isreal, then
{L(&): L eB}=[q¢),q¢)],

where

q(§) ==
inf{limsupk % Z§:1 Enj+k):reNng,...,n, € Z+},

q(§) ==
Sup{liminfk % 25:1 Enj+k):reNmng,...,n,. € Z+}.

(Consequence of the Hahn—-Banach Theorem.)



£ € {°° (complex) almost converges to ¢ € C, if

{L(¢): LeB}={c}

Notation: a-limé = ¢

LORENTZ: a-limé =c¢ <=

hmksupnﬁzjin 15(])—0’ = 0.

Lemma. Given £ € /> and c € C, TFAE:
(i) a-lim|¢ —cl| =0,
(ii) L({n) =cL(n) Vne >, VL e B.
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T € L(H) is an arbitrary operator

p:Z, — (0,00) is a gauge function, if

dc € (0, 00), a—lim|% —¢| =0.

T has a p-regular norm-sequence, if
(1) [|[T"]| < p(n) Vn € Z4 is true,
(2) alim, ||T"||/p(n) =0 fails.

Then c=r(T).
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The construction of the associated isometry:

LekB
w(z,y) == L-Im(T"z, T"y)p(n) 2 (z,y € H)

w(Tx, Ty) = L-im(T™+ o, T y)p(n 4 1)72 - p(n + 1)*p(n) >

= w(z,y)

A€ L(H), w(z,y) = (Az,y)
K:=(AH)"; X € L(H,K), Xz := A%z

T*AT = ?’A = || XTz|| =c||Xz|| Ve eH

AV € L(K) isometry, XT = cVX
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L € B can be chosen so that
ker X = Ho(T,p) := {x € H:a-lim||T"z||/p(n) = 0}.

Connection between the commutants:
vC e{T}, 3D e{V}, XC=DX;
v:{T} —{V}, C+— D contractive algebra-hom.;

o(C) D o(D) and o0,(C*) Dop(D*) VC e{T}.
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Properties of the isometry V € L(K):

(a) o(V)={1} = V=1

(Gelfand’s theorem in the Banach space setting);

(b) dim £ >1 = V is not supercyclic
(Aue K, {A\V"u:AeC,n e Zy} is dense in K);

(c) {V}" is semisimple
(Q € {V}" is quasinilpotent — @ = 0).
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Consequences for operators with regular norm-sequence:
T € L(H) has p-regular norm-sequence

Theorem A. If o(T)Nr(T)T is countable and
op(T*)N7(T)T =0, then Ho(T,p) = H, that is
a-lim [|[T"z||/p(n) =0 Vz e H.

(Extension of the Arendt—Batty—Lyubich—Vu Theorem.)

Theorem B. If T is supercyclic, then
dim Ho(T,p)* < 1.

(Extension of the Ansari-Bourdon Theorem: supercyclic power

bounded operators are stable.)
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Theorem C. (K — Vu).
If T iscyclicand C € {T'}' is quasinilpotent, then
a-lim ||T"Cx||/p(n) =0 Vz e H.

T has regular norm-sequence = (7)) > 0
r(T) >0, {||T™]|'/"} decreasing = T has reg. norm-seq.

r(T) >0 #= T has regular norm-seq.

(K — Miiller: complete characterization)
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TeLlL(H) — p:Zy — L(H),n+— T" representation

S discrete abelian semigroup

Assume: S is additive, cancellative,

0 is the only invertible element

k
Example: § =7}

S1 < 8o if ds3, s+ 83 = 59

(S, <) directed set — limiting process is available

g and ¢ can be defined
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M € (>°(8)# is an invariant mean, if

(1) [[M]=M(1)=1,
(2) M(&) = M(£) V&€ 02(S), Vi€ S.
(

(Here &(s) :=&(s+1t).)
M(S) : set of invariant means

M.M. DAy: M(S) # 0, and M(S) is infinite provided S

has no finite ideals.

£ € £>°(S) almost converges to ¢ € C, if
(M) : M € M(S)} = {e}.

Notation: a-limé =c
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p: S — L(H) representation:

(1) p(0) =1,
(2) p(s+1t)=p(s)p(t) Vs, teS.

p:S — (0,00) gauge function, if
Vte S, dep(t) € (0,00), a-lim, |p(s +t)/p(s) — cp(t)| = 0.

p has p-regular norm-function, if
(1) llp(s)ll <p(s) VseS is true,
(2) a-limg||p(s)||/p(s) =0 fails.
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cp(s) :=cp(s) (s € §) is independent of the choice of p,

positive character on S,

cp(s) <r(p(s)) VsesS.

Sy(p):={s€S:c,(s)=r(p(s)} CS

If S is generated by {si,...,s,}, then
Sr(p) D(s1+-+-+sp)+S.

If p(s) is invertible for every s € S, then S.(p) =S.

In both cases S,.(p) is absorbing:
Vse S, 3s' €S.(p), s+ €S.(p).
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A, : abelian Banach algebra, generated by {p(s):s € S}
Y., : spectrum of A,

Algebraic spectrum of p:
oa(p) :={hop:heX,} C S# (characters on S).
Peripheral spectrum of p:
oper(p) 1= {X € dalp) : [x| = ¢, }.
If S,.(p) is absorbing, then oper(p) C dap(p).
Theorem. If o,e(p) is countable and o, (p*) Noper(p) = 0,

then
a-limg ||p(s)z||/p(s) =0 Vz e H.

(Extension of ABLV)
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Locally compact abelian semigroups

L. K. - Z. Léka

G locally compact, o-compact, Hausdorff abelian group

S closed subsemigroup of G:

S—S=G, SN(=S)={0}, S°£0

Example: G =R" S =R"

s<tif t—seS
(S, <) directed set — limiting process
(1 Haar measure on G

1 restriction of g to S
L>=(S) == L*®(n), L'(S) == L (n)
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M € L°°(S)¥ is an invariant mean, if
(1) [|M]}=M(1) =1,
(2) M(f)=M(f) Vfel>(5) Vies.

M(S) set of invariant means

Markov—Kakutani Fixed Point Theorem — M(S) # ) —
1 {K,}>2, compact sets in S°:
(1) K5 #0 Vn,
(2) limy, sup,e e p((Kn + $)AK)/pu(Kn) =0
VK C S compact.

Folner sequence
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G := {gELl(S):gZO and fsgd,uzl}

VfELOO(S) VgEQ f*xg € L>*(S), where
(f = Js f(s +1)g(s) dp(s)

M € L>=(S)# is a topologically invariant mean, if
(1) [[M]} = M(1) =1,
(2) M(f*g)=M(f) VfelL>(S), Vgeg.

M;(S) set of topologically invariant means

M (S) C M(S)
M (S) # M(S) if S is non-compact and non-discrete
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If K CS iscompact and u(K) > 0, then
o € L=(S)" and |lokl|l = ¢x(1) =1, where
orc(f) = ()™ [i f .

M (S) = weak-x closure of the convex hull of all

weak-x cluster points of the sequences

{¢Kn+5n};.l,o:17 {Sn}%o:l C S7

where {K,}, is any fixed Folner sequence.
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f € L*>(S) almost converges to ¢ € C, if

[M(f): M e M(9)} = {c}.

Notation: a-lim f =c

f € L>(S) topologically almost converges to ¢ € C, if
{M(f): M € M(S)} ={c}.

Notation: ta-lim f =c¢

a-lim f =c = ta—limf:c —

lim,, sup,cg |(Kn fK f(t+s)du(s) —c| =0,

where {Kn}n is a Folner sequence.
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p: S — L(H) is a representation:
(1) pl0) =T,
(2) p(s+1t)=p(s)p(t) Vs, teS,
(3) pe:S — H, s— p(s)x is continuous Vx € H.

p:S — [1,00) is a gauge function, if
(1)

(2) Vi e S) pt/p < LOO(S)7

(3) Vte S, Jey(t) € (0,00),

a-limg |p(t +5)/p(s) — cp(t)‘ = 0.

locally bounded, measurable,

(Topological gauge functions can be defined analogously.)
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p has p-regular norm-function, if
(1) llp(s)ll < p(s) holds Vs €S,
(2) a-limg |[p(s)||/p(s) =0 fails.

¢, = cp: S — [1,00) is independent of the choice of p,
continuous,
co(s+1t) =cp(s)c,(t) Vs, tes,
cp(s) <r(p(s)) VselsS.
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x: S — C is a character, if
(1) x(0) =1,
(2) x(s+1t)=x(s)x(t) Vs,tels,

(3) continuous.
S# . set of all characters

Sf :={x € 5% : x(s) £#0Vs € S} balanced characters
C.(S) : continuous functions with compact support

‘v’fEC’( ), f(p) € L(H), where

p)T = fs s)p(s)zdu(s) (z € H);
fs du(s) (x € S7) Fourier transform
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Algebraic spectrum of p:
oalp) = {x € S*: |F)| < If(p)| V[ eCeS))}

Balanced spectrum of p:

on(p) = oa(p) N ST
Spectrum of p:

a(p) == {x € oalp) : IX| < ¢, }
Peripheral spectrum of p:

oper(p) = {x € a(p) : x| = ¢, }

ob(p) C o(p) always holds

S=RY = S*=5F = 0u(p) =0on(p) =0(p)
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Constructing associated isometric representation, applying re-
sults of Batty and Vu on isometric representations, we obtain
the following extension of ABLV (related to a result of Batty
and Yeates):

Theorem.
If oper(p) is countable and o,(p*) N {x € S7 : |x| =¢,} =0,
then
a-lim, ||p(s)z||/p(s) =0 VzeH,
and so
limy, p1(Kn) ™" [i lo(s)ll/p(s) du(s) =0 Vo €H,

where {K,}, is any Folner sequence.
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One-parameter semigroups: S =R

T:R, — L(H) representation (Cy-semigroup) with p-regular

norm-function

Then c,(s) =r(T(s)) =e“°* Vs e Ry, where
wo = limg_ o0 s~ log ||T(s)|

=inf{w eR:3IK € Ry, Vs e Ry, ||T(s)| < Kevs}.
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as

U:.C— Rf, a — Yo identification, where x,(s) :=e

Spectrum of T
o(T):={z € C: |f()| < /(D V€ Ce(R)},

where f(2) := [" f(s)e* ds Laplace transform.

Peripheral spectrum of T

Oper(T) :={2€0(T):Re z =wp}.
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Infinitesimal generator of T
A:D —H, Az :=lim,_ogs (T (s)x — )

closed linear operator

oc(A) c{z€C:Rez<wy} closed
Poo(A) component of C\ o(A) containing wg + 1

o(T) =C\ poo(A) = oper(T)={2€0(A): Rez=uwp}

op(1T%) = {Xa Lo € Jp(A*)}
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Theorem.

If c(A)N{ze€C: Re z=wp} is countable and
op(A*)N{z€C: Re z=wo} =10,

then Vz € 'H,

limy, oo SUPser, W(Kn) ™" [ 1T (s + )zl /p(s + 1) ds = 0,
where {K,}, is any Folner sequence (e.g., K, = [0, n]).
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From the extension of the Ansari-Bourdon Theorem to repre-

sentations of discrete semigroups we can derive:

Theorem.
If T:Ry — L(H) is a supercyclic, bounded representation,
consisting of operators with dense range,

then T is stable.
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G locally compact (not necessarily abelian) group

~

i is a (left) Haar measure on G, if

(1) regular Borel measure,

(2) p(xr+ E) =pn(F) Yz € G, VE C G Borel set.
L(G) = L(7)

M € L*°(G)# is a left invariant mean, if
(1) [[M]|| = M(1) =1,
(2) M(fe)=M(f) VfeL>(G) Vted,
where fi(s) := f(t+s).
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M(G) : set of left invariant means
(A) G is amenable: M(G) # 0

(B) Vp:G — L(H) bounded representation,
d¢: G — L(K) unitary representation,
15 € L(H,K) invertible, p(s) = S"1(s)SVs e q.

DAY — DIXMIER: (A) = (B)

(Extension of Sz.-Nagy’s theorem)

OPEN: (B) = (A)?
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