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Introduction Dfisereie Gysiam

Admissibility
Discrete Weiss Conjecture

Discrete linear system

Discrete Time System

Xpt1 = Txp, neN;
X0 = x€X.
Yo = Cx,, né€eN;

o T eL(X),o(T)cCD.
@ X — Hilbert space.
@ C € X* — Observation Operator.

@ (y,) — ‘measurement’ from system (x,) = (7"x).
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Introduction

Discrete System
Admissibility
Discrete Weiss Conjecture

a-admissibility

Question: What is a sensible measurement? )

Definition:
For a € (=1,1), C € X* is a-admissible for T if

SO(L+mCT 2 < MxlZ,  x € X
n=0

@ (Yn)nen = (CT"x)pen,

a-admissibility ~ measurement depends continuously on
initial value
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Necessary condition for a-admissibility

@ Suppose that C is a-admissible for T.

@ For x € X,w €D,

|IC(l —wT) x| =
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Necessary condition for a-admissibility

@ Suppose that C is a-admissible for T.

@ For x € X,w €D,

|IC(l —wT) x| =

i w"CT"x
n=0

> wl”ICT ]

n=0
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Introduction Discrete System

Admissibility
Discrete Weiss Conjecture

Necessary condition for a-admissibility

@ Suppose that C is a-admissible for T.

@ For x € X,w €D,

|IC(l —wT) x| =

i w"CT"x
n=0

> wl”ICT ]

n=0

(Zu + n)_a|w|2"> (Zu + n)°‘|CT”x|2>
n=0 n=0
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Introduction Discrete System

Admissibility
Discrete Weiss Conjecture

Discrete Weighted Weiss Conjecture

@ Hence: If C is a-admissible for T then
k

RC), : C(l-wT)™ ! _—
(RC) [ C( ) 1 )=

x* < , w e D.
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Discrete System
Admissibility
Discrete Weiss Conjecture

Discrete Weighted Weiss Conjecture

@ Hence: If C is a-admissible for T then

(RC), : [C(I—wT)™ ,  weD.

< k
X* > 7 _1—a
(1 - |w?)="

Discrete Weighted Weiss Conjecture

Forany T € £(X) s.t. o(T) €D and C € X*:

C is a-admissible for T <= (RC)_, holds.
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Discrete Weighted Weiss Conjecture

@ Hence: If C is a-admissible for T then

k
x+ <

RC), : CUl-wT) Y xs < ———mM—
(RC) [ C( ) 1 o)=

, weD.

Discrete Weighted Weiss Conjecture

Forany T € £(X) s.t. o(T) €D and C € X*:

C is a-admissible for T <= (RC)_, holds.

@ Exists a (more famous!) conjecture in continuous time.
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@ Hence: If C is a-admissible for T then

k
x+ <
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Discrete Weighted Weiss Conjecture

Forany T € £(X) s.t. o(T) €D and C € X*:

C is a-admissible for T <= (RC)_, holds.

@ Exists a (more famous!) conjecture in continuous time.

@ Similar results to those presented in this talk
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Introduction

Discrete System
Admissibility
Discrete Weiss Conjecture

Discrete Weighted Weiss Conjecture

@ Hence: If C is a-admissible for T then

k
x+ <

RC), : CUl-wT) Y xs < ———mM—
(RC) [ C( ) 1 o)=

, weD.

Discrete Weighted Weiss Conjecture

Forany T € £(X) s.t. o(T) €D and C € X*:

C is a-admissible for T <= (RC)_, holds.

@ Exists a (more famous!) conjecture in continuous time.

@ Similar results to those presented in this talk (work by Haak, Le
Merdy, Partington, Jabob, Weiss and more!)
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Introduction Disaric Sysiam

Admissibility
Discrete Weiss Conjecture

When is the Weiss conjecture true/false?

TRUE in the following:
(/) [Harper '06] If & = 0 and T a contraction (|| T||z(x) < 1).

(i) [W ‘08] If & € (0,1) and T is a normal contraction.
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Introduction "
Discrete System

Admissibility
Discrete Weiss Conjecture

When is the Weiss conjecture true/false?

TRUE in the following:

(/) [Harper '06] If & = 0 and T a contraction (|| T||z(x) < 1).

(i) [W ‘08] If & € (0,1) and T is a normal contraction.

FALSE in the cases [W ‘09]:

() If « € (—1,0) conjecture fails for a normal contraction T.

(ii) If o« € (0,1) fails for the unilateral shift on H?(D).
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Dirichlet Spaces; Carleson measures

Defintion:

For 8 > —1, weighted Dirichlet space Ds(D) contains analytic
f : D — C such that

113,y = IF(O)* + /D ' (2)]P(1 — [2[?)? dA(2) < oo.
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Dirichlet Spaces; Carleson measures

Defintion:

For 8 > —1, weighted Dirichlet space Ds(D) contains analytic
f : D — C such that

113,y = IF(O)* + /D ' (2)]P(1 — [2[?)? dA(2) < oo.

e D;(D) = H?(D) - Hardy space.
@ For 8 > 1, Dg(D) = Ag_»(ID) — Bergman spaces.

Definition:

A measure p satisfying Dg(D) — L*(D, ) is called a Dg(D)-Carleson
measure.
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Normal Operators

Normal operators; measure conection

Suppose that T is normal and C € X*. Then there exists a measure [
on D such that:
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Normal operators; measure conection

Suppose that T is normal and C € X*. Then there exists a measure [
on D such that:

(i) Cis a-admissible for T iff y is a D14 (D)-Carleson measure.
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Normal operators; measure conection

Suppose that T is normal and C € X*. Then there exists a measure [
on D such that:

(i) Cis a-admissible for T iff y is a D14 (D)-Carleson measure.

(i) Resolvent condition (RC)_, holds iff

w(S(1) < |, any arc | C T.
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Carleson Measures
Link: Weiss Operators
Known results

Normal Operators

Normal operators; measure conection

Lemma (W ‘08)

Suppose that T is normal and C € X*. Then there exists a measure i
on D such that:

(i) Cis a-admissible for T iff pu is a D11 q(D)-Carleson measure.

(i) Resolvent condition (RC)_, holds iff

w(S(N) < c|l|re, any arc | C T.
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Carleson Mea
Links to Weiss Operators
Known results

Normal Operators

Carleson measures vs Geometric Characterisation

Theorem (Carleson, Luecking)

Let « € [0,1). A positive measure i on D is Dy, (ID)-Carleson iff
(SC) w(S() < c|l*re, any arc| C T.
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Normal Operators

Carleson measures vs Geometric Characterisation

Theorem (Carleson, Luecking)

Let « € [0,1). A positive measure i on D is Dy, (ID)-Carleson iff
(SC) w(S() < c|l*re, any arc| C T.

@ Hence, Weighted Weiss Conjecture true for o € [0,1).
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Carleson measures vs Geometric Characterisation

Theorem (Carleson, Luecking)

Let « € [0,1). A positive measure i on D is Dy, (ID)-Carleson iff
(SC) w(S() < c|l*re, any arc| C T.

@ Hence, Weighted Weiss Conjecture true for o € [0,1).

Theorem (Arcozzi, Rochberg, Sawyer ‘02)

Let o € (—1,0). Exists measure p on D satisfying (SC) which is not
D1+ o(D)-Carleson measure.
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Carleson measures vs Geometric Characterisation

Theorem (Carleson, Luecking)

Let « € [0,1). A positive measure i on D is Dy, (ID)-Carleson iff
(SC) w(S() < c|l*re, any arc| C T.

@ Hence, Weighted Weiss Conjecture true for o € [0,1).

Theorem (Arcozzi, Rochberg, Sawyer ‘02)

Let o € (—1,0). Exists measure p on D satisfying (SC) which is not
D1+ o(D)-Carleson measure.

@ Hence, Weighted Weiss Conjecture false for o € (—1,0).
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Weighted conjecture true for non-normal contractions?

So a-admissibility <= (RC),, if:
@ a €(0,1) and T is a normal contraction;

@ a =0 and T is any contraction.
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Weighted conjecture true for non-normal contractions?

So a-admissibility <= (RC),, if:

@ a €(0,1) and T is a normal contraction;

@ a =0 and T is any contraction.

For o € (0,1), is a-admissibility equivalent to (RC),,
for any contraction T7?
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Carleson Measures
Links to Weiss Operators
Known results

Normal Operators

Weighted conjecture true for non-normal contractions?

So a-admissibility <= (RC),, if:

@ a €(0,1) and T is a normal contraction;

@ a =0 and T is any contraction.

For o € (0,1), is a-admissibility equivalent to (RC),,
for any contraction T7?

@ Answer: No
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Definitions
Results

Unilateral Shift Proof

The Unilateral Shift on H*(D)

(i) Hardy space H?(D): f =Y "2 f,z" € H*(D) iff

||fH?-IZ(]D) = Z |fn|2 < 0.
n=0
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||fH?-IZ(]D) = Z |fn|2 < 0.
n=0

(i) The Unilateral Shift S : H?>(D) — H?(D) is given by

(57)(2) := zf(2), f € H*(D),z € D.
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Definitions
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Unilateral Shift Proof

The Unilateral Shift on H*(D)

(i) Hardy space H?(D): f =Y "2 f,z" € H*(D) iff

||fH?-IZ(]D) = Z |fn|2 < 0.
n=0

(i) The Unilateral Shift S : H?>(D) — H?(D) is given by

(57)(2) := zf(2), f € H*(D),z € D.

@ Shift S is simple non-normal contraction operator.
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Definitions
Results

Unilateral Shift Proof

The Unilateral Shift on H*(D)

(i) Hardy space H?(D): f =Y "2 f,z" € H*(D) iff

||fH?-IZ(]D) = Z |fn|2 < 0.
n=0

(i) The Unilateral Shift S : H?>(D) — H?(D) is given by

(57)(2) := zf(2), f € H*(D),z € D.

@ Shift S is simple non-normal contraction operator.

@ If Weighted Weiss conjecture true for S, very likely true for all
contraction operators.
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Definitions
Results
Proof

Unilateral Shift

The Unilateral Shift on H*(D)

Theorem (W ‘09)

Let o € (0,1). Suppose that C € H*(D)* is given by Cf := (f,c)p, for
some ¢ € H*(D). Then
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Definitions
Results
Proof

Unilateral Shift

The Unilateral Shift on H*(D)

Theorem (W ‘09)

Let o € (0,1). Suppose that C € H*(D)* is given by Cf := (f,c)p, for
some ¢ € H*(D). Then

(i) (RC), holds iff

du(z) = |(Z1c)(2)]*(1 — |2*)dA(2) (1)

is a D14 (D)-Carleson measure.
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Definitions
Results
Proof

Unilateral Shift

The Unilateral Shift on H*(D)

Theorem (W ‘09)

Let o € (0,1). Suppose that C € H*(D)* is given by Cf := (f,c)p, for
some ¢ € H*(D). Then

(i) (RC), holds iff

du(z) = |(Z1c)(2)]*(1 — |2*)dA(2) (1)

is a D14 (D)-Carleson measure.

(i) C is a-admissible for S iff
du(z) = |(Trc)(2)]*(1 — |2]*)'* dA(2) ()

is a D1(ID)-Carleson measure.
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Definitions
Results
Proof

Unilateral Shift

The Unilateral Shift on H*(D)

Theorem (W ‘09)

Let o € (0,1). Suppose that C € H*(D)* is given by Cf := (f,c)p, for
some ¢ € H*(D). Then

(i) (RC), holds iff

du(z) = |(Z1c)(2)]*(1 — |2*)dA(2) (1)

is a D14 (D)-Carleson measure.

(i) C is a-admissible for S iff
du(z) = |(Trc)(2)]*(1 — |2]*)'* dA(2) ()

is a D1(ID)-Carleson measure.

(ii) Exists c € H?(D) satisfying (1) but not (2).

Andrew Wynn The discrete weighted Weiss conjecture




Definitions
Results

Unilateral Shift Proof

Proof of (i): (RC), characterisation

@ For C € H*(D)* and w € D,

zc(z) — we(w)

IC(I = @S) Hwewy =

2 H2(D)
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Definitions
Results

Unilateral Shift Proof

Proof of (i): (RC), characterisation

@ For C € H*(D)* and w € D,

zc(z) — we(w)

IC(I = @S) Hwewy =

2 H2(D)

| (Zi0)(2)(1 - |z*)
|1 —&z|?

dA(Z),
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Definitions
Results

Unilateral Shift Proof

Proof of (i): (RC), characterisation

@ For C € H*(D)* and w € D,

zc(z) — we(w)

IC(I = @S) Hwewy =

zZ— W

H?(D)
| (Zio)(2)IP(A — |21*)
TR dA(z2),
@ Hence, (RC),, holds iff
(Zic)(2)P(1 — |2) k
A(z) < ———.
LB e < =
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Definitions
Results

Unilateral Shift Proof

Proof of (i): (RC), characterisation

@ For C € H*(D)* and w € D,

zc(z) — we(w)

IC(I = @S) Hwewy =

2 H2(D)

| (Zi0)(2)(1 - |z*)
|1 —&z|?

dA(2),

@ Hence, (RC),, holds iff

(o) ()R - [2) K
/ |1—wz|2 ) < T ey

o iff du(z) := |(Z1¢)(2)|?(1 — |z|?)dA(z) is a D11 (D)-Carleson
measure. [
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Definitions
Results

Unilateral Shift Proof

Proof of (ii): a-admissibility characterisation

@ For a €(0,1), C € H*(D)* and f = f,z" € H*(D),

S @+n)CS" R = Y (14 n)|(S"F, )l
n=0 n=0
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Definitions
Results

Unilateral Shift Proof

Proof of (ii): a-admissibility characterisation

@ For a €(0,1), C € H*(D)* and f = f,z" € H*(D),

S @ +n)CS P = S (L4 ) (S, el
n=0 n=0
o0 o0 2
= > (1+n)2 Cnpmbm
n=0 |m=0
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Definitions
Results

Unilateral Shift Proof

Proof of (ii): a-admissibility characterisation

@ For a €(0,1), C € H*(D)* and f = f,z" € H*(D),

(1+n)*[CS"FP = Y (14 n)*|(S"F, )l
n=0 n=0
o0 o0 2
= > D (1+n)?Cimfn
n=0 |m=0
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Definitions
Results

Unilateral Shift Proof

Proof of (ii): a-admissibility characterisation

@ For a €(0,1), C € H*(D)* and f = f,z" € H*(D),

(1+n)*[CS"FP = Y (14 n)*|(S"F, )l
=0

n

@ Hankel Operator ' : /2 — (2 represented by matrix

Co C1 (&)

a a a
N 22¢; 22¢ 22¢3
re~ 32¢p 32¢c3 32¢
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Definitions
Results

Unilateral Shift Proof

Proof of (ii): a-admissibility characterisation

@ Hence, a-admissibile <= T : /2 — (2 bounded.
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Definitions
Results

Unilateral Shift Proof

Proof of (ii): a-admissibility characterisation

@ Hence, a-admissibile <= T : /2 — (2 bounded.

@ (Peller ‘03) Equivalent to 7o c € BMOA.
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Definitions
Results
Proof

Unilateral Shift

Proof of (ii): a-admissibility characterisation

@ Hence, a-admissibile <= T : /2 — (2 bounded.

@ (Peller ‘03) Equivalent to 7o c € BMOA.
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Proof of (ii): a-admissibility characterisation

@ Hence, a-admissibile <= T : /2 — (2 bounded.

@ (Peller ‘03) Equivalent to 7o c € BMOA.

Theorem (Jevtic ‘02)

A function f € H?(D) is in BMOA iff for one/all 3 > 0

du(z) = [(Zpf)(2) (1 — [2*)*" " dA(2)

is a D1(D)-Carleson measure.

[e3

@ Applying with f:=1— 5 and f := Tz c gives:
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Definitions
Results
Proof

Unilateral Shift

Proof of (ii): a-admissibility characterisation

@ Hence, a-admissibile <= T : /2 — (2 bounded.

@ (Peller ‘03) Equivalent to 7o c € BMOA.

Theorem (Jevtic ‘02)

A function f € H?(D) is in BMOA iff for one/all 3 > 0

du(z) = [(Zpf)(2) (1 — [2*)*" " dA(2)

is a D1(D)-Carleson measure.

@ Applying with 3:=1- 35

S iff

and f :=Tac gives:C a-admissible for

du(z) = |(Z1e)(2)IP(1 — |2]*)' =" dA(2)

is a D1(D)-Carleson measure. [
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Definitions
Results

Unilateral Shift Proof

Proof of (iii): Finishing off

@ [(Zic)(z)2(1 — |z]*)dA(2) is a D144 (D)-Carleson measure iff
Tic € B2~ %2 (D).
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0 [(Zic)(2)]2(1 — |z]?)t~*dA(z2) is a D1(D)-Carleson measure iff
Tic€ F(2,2— a,1).

@ However (Zhao ‘96), F(2,2 — a,1) C B2~ 2 (D).

Andrew Wynn The discrete weighted Weiss conjecture



Definitions
Results

Unilateral Shift Proof

Proof of (iii): Finishing off

@ [(Zic)(z)2(1 — |z]*)dA(2) is a D144 (D)-Carleson measure iff

Tice B2 2(D). ie.

sup (T16)(2)(1 27} % < o0
ze

0 [(Zic)(2)]2(1 — |z]?)t~*dA(z2) is a D1(D)-Carleson measure iff
Tic€ F(2,2— a,1).

@ However (Zhao ‘96), F(2,2 — a,1) C B2~ 2 (D).

@ Therefore the discrete Weighted Weiss Conjecure fails for the shift
on H*(D) OJ.
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Sharpness of the sufficient conditions
Application to Dirichlet spaces
Sufficient Conditions

Sufficient Conditions for a-admissibility

@ As have seen, ||C(/ —wT) Yx- <

< %,w € D is not always
(I-lwP) 2"

enough for a-admissibility.
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Sharpness of the sufficient conditions
Application to Dirichlet spaces
Sufficient Conditions

Sufficient Conditions for a-admissibility

@ As have seen, ||C(/ —wT) Y| x~

W,w € D is not always
1 o
enough for a-admissibility.

@ What if we improve the bound slightly?

@ lIdea first considered by (Zwart ‘05) in the continuous case.

Theorem (W ‘09)

Let « € (—1,1). Suppose that ¢ : [0,1] — R satisfies fol @dx < 00
and that T is power bounded. Then if

o koo(l —|wl)

o weD.
(1—|w|)

(RC)y,  IICU —wT)7lx-

it follows that C is ac-admissible for T.

Andrew Wynn The discrete weighted Weiss conjecture




Sharpness of the sufficient conditions
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@ What if the assumption fol @dx < oo is dropped?

Andrew Wynn The discrete weighted Weiss conjecture



Sharpness of the sufficient co

Application to Dirichlet space
Sufficient Conditions

@ What if the assumption fol @dx < oo is dropped?

Theorem (W ‘09)

(i) Let e (0,1). If ¢ :[0,1] — Ry is sufficiently regular and

/deX:OO.

Then there exists a Hilbert space X, C € X* and a contraction T
which satisfy (RC), ., but C not a-admissible for T.
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Sharpness of the sufficient conditions

Application to Dirichlet spaces
Sufficient Conditions

@ What if the assumption fol @dx < oo is dropped?

Theorem (W ‘09)

(i) Let e (0,1). If ¢ :[0,1] — Ry is sufficiently regular and
/ L(X) dx = oo.
0 X

Then there exists a Hilbert space X, C € X* and a contraction T
which satisfy (RC), ., but C not a-admissible for T.

(i) Let o € (—1,0). If ¢ :[0,1] — R is sufficiently regular and

lim x-¢(27) = co.

X—00

Then there exists a Hilbert space X, C € X* and a normal T
which satisfy (RC) ., but C not a-admissible for T.
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Sharpness of the sufficient conditions

Application to Dirichlet spaces

Sufficient Conditions

@ Recall that if a € (—1,0),
u(S(N) < e+

is not sufficient for i to be a Dy, (D)-Carleson measure.
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Sharpness of the sufficient conditions

Application to Dirichlet spaces

Sufficient Conditions

@ Recall that if a € (—1,0),
u(S(N) < e+

is not sufficient for i to be a Dy, (D)-Carleson measure.

o Why?
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Sharpness of the sufficient conditions
Application to Dirichlet spaces
Sufficient Conditions

Theorem (W ‘09)

Let o € (—1,0) and suppose that ¢ : [0,1] — R is sufficiently regular.
Then

(i) Iffo1 @dx < o0 and
SOy w(S(N) < clif*eg(lll/2m),  ICT,

then w is a D14 (D)-Carleson measure.
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Then
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Sharpness of the sufficient conditions
Application to Dirichlet spaces
Sufficient Conditions

Theorem (W ‘09)

Let o € (—1,0) and suppose that ¢ : [0,1] — R is sufficiently regular.
Then

(i) Iffo1 @dx < o0 and
SOy w(S(N) < clif*eg(lll/2m),  ICT,

then w is a D14 (D)-Carleson measure.

(i) However, iflim,_ oo x - $(27%) = oo then there exists a measure (i
satistying (SC),, ,, which is not a D1 (D)-Carleson measure.

@ Part (i) of the above Theorem follows from the sufficient condition
for a-admissibility

@ Provides much simpler sufficient conditions for Dy, (D)-Carleson
measures.
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