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Let us study in some detail H on the Schwarz class. First, note that the /
above holds as well for f € S(R%): namely we write for |z| big

9‘

/) - f@) )
7er( )= /Ia:—yl<1 dy+/I dy. .

r—y z—yl>1 T —Y e

In the second term

A’\
.

e <arpiol
In the second one, by Ta}lor expansion at y, f(z)— f(y ) y)(z—y)+R,
with |R| < 2| f7(2)||z — y|2\for some z between z and y; since |z| > ||y| —
1| > c|y| and f” is rapidly decreasmg we see that B = O(Jy|~?); altogether
the first term is bounded by |f (y\[ + |y =2 unlformly in z. By dominated
convergence we conclude that limg> o, 2 H f (:v) =1 = [f.If [ f=0, then we
can substract : 1 from the kernel and et

Hf(z) = ~po. / G

N,
so that z2H f(z) has limit + fyf Iteratlng wasee that if all the moments
kaf are zero, then :U’”Hf(:v) has limit zero at os_for all k.

f)

Now D ”)Hf D(”)(f ¥ ipuly = (DM

for all k and all n> 1 The only obstacle for Hf to be i
and this holds if and only if all moments of f are zero. Inci

it has all derivatives zero at zero, which exactly says that the mome {s of f

are zero.

3.8 Multipliers of L?(R%)

We will see that the boundedness of the Hilbert transform has some impor-
tant consequences. But first we explain some general facts about multipliers,
and in doing so we place ourselves again in a general dimension d > 1.

We consider bounded linear operators T : LP(R%) — LI(R%),1 < p,q <
oo that commute with translations. A general theorem of Hormander ( see
Harmonic Analysis course) says that if p, g are both finite such an operator
is given by convolution with a tempered distribution u € S’(R), T'f = f xu
so that its action on ¢ € S(R?) can be read Tp(£) = B(¢)m(E), with m =
o € S'(R9).

We denote by MP4(R%) the space of all translation invariant operators
from LP(R%) to LY(R%). A first point to remark is that we may assume that

p<q
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Theorem 8. MP9(R%) reduces to zero if p > g.

Proof. The proof is similar to what was shown when seeing that the Fourier
transform cannot be bounded from LP to LP if p > 2. Let us consider
f € S(RY) such that T'f # 0 and g a sum of N translates of f,g(z) =
Zszl flx—Mg). If the A\ are chosen spread enough we will have that ||g|, =

N %H fll,. On the other hand, since T is translation invariant, T'g(z) =
lecvzl Tf(z — \). But for an arbitrary non zero h € LI(R%), ¢ < oo,

N
(. PILCEERIES

1
behaves like N4 if the A, tend to infinity in a spread way ( this is proved
first for h with compact support). Thus we would have

N© < TN,
for all N, and so g > p if T is not zero. O

We remind that in two cases we have already characterized the space
MP4(RY), Namely, when p = g = 1, MP4(R%) is the space of finite complex
Borel measures, that is, convolution with a finite measure is the general
translation invariant operator in L'(R%). Also, when p = ¢ = 2, we know
that the translation invariant operators in L2(R) correspond exactly with
the bounded multipliers m.

The case p = ¢ = oo is exceptional. Of course convolution with a
finite measure is an example, but there are translation invariant operators
in L™ (Rd) that are not given by convolution. For example, let S be defined
by

R—+o00

1 R
Sf= lim -E/O f(z) dz,

on the space of bounded periodic functions, and extend it to L°°(R) using
Hahn-Banach Theorem. Then T is a continuous linear operator onto the
space of constants functions that commutes with translations and is not
given by convolution because its action on test functions is zero.

So from now on we assume that p < ¢,q > 1 and leave the case p = ¢ = o0
aside. For such T, its transpose T" is the operator T* : L% (R%) — LP'(R9)
defined by

@f.9)= [ Trodo=(£.T'9) = | fT'9.f € PRY),g € 17 (R,

Then T? is translation invariant and T+ T establishes a bijection between
MPA(RY) and M7P (R?). In general, if T is given by a kernel K

20




Tf(z) = y f(y)K(z,y) dy,

then

T'g(y) = /Rdg(ﬂi)K(w,y) dz,

that is, 7" is given by the kernel K*(x,y) = K(y,z). When it is translation
invariant then K(z,y) = K(z —y). In terms of the multiplier, if m(&) is the
multiplier of T', then m(—¢) is the multiplier of 7. Since obviously all LP
spaces are stable by the reflection operator, we see that in fact MP9(R%) and
MaP (Rd) are equal. Besides, by the Riesz interpolation theorem, we know
that then 7" will be bounded too from L™(RY) to L3(RY) if r = r;, 5 = s; are
the required convex combinations. When p = ¢, we call MP(R?) the space
of all translation invariant operators from LP(R%) to itself, 1 < p < oc.
Thus MP' (R%) = MP(R%) and we can assume 1 < p < 2. By the Riesz
interpolation theorem just mentioned, it follows that for 1 < p < ¢ < 2,

MPRHMIURYMA(R?) = L®(RY)
< C
Thus all multipliers m of LP(R?) are also multipliers of L?(R%) and so
they are bounded. For p = 1, M!(R?), is the smallest, it consists in convo-
lution with measures u, that is bounded in I?, and has multiplier m = i, a
bounded function

he operation of multiplication with
at corresponds to the translation

is also an LP multiplier. If M, dend 65
e which is obviously bou:fd/ed :

Tq 10 frequency, just n(ﬁﬁ;ﬁ

b= 5 (Mo My = MyHM ).

Moreover We/get from this that their operator norm is uniformly Bow

in a, b,
// 1Sanfllo < Coll Fllp.

/Ket us consider Sg = S_g g which for f € L%(R) is given by
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Tf(x) = y fW) K (z,y) dy,

then

t = X X X
Tg(y)w/Rdg( VK (z,y) dz,

that is, T% is given by thekernel K'(z,y) = K (y,#f. When it is translation
invariant then K (z,y) = K%g —y). In terms ofAhe multiplier, if m(£) is the
multiplier of 7', then m(—¢) 1 1

iesz interpolation theorem, we know
L(RY) to L3(R?) if r = 1y, 5 = s; are
= ¢, we call MP(R?) the space

M9 (RY) are equal. Besides, by th
that then 7" will be bounded too fr
the required convex combinatiops.
of all translation invariant gperators from Rd) to itself, 1 < p < o0,
Thus M? (R%) = MP(R%)and we can assume N< p < 2. By the Riesz
interpolation theorem juét mentioned, it follows thatfor 1 <p < g < 2,

MP(ROMI(RHM2(RY) = L®(RY)

Thus a /r;mltipliers m of LP(R?) are also multipliers of L2(R
they ay ounded. For p = 1, M*(R%), is the smallest, it consists in
lutiopwith measures p, that is bounded in L”, and has multiplier m =
Bo nded function

3.9 Some multipliers of LP(R)

We have seen that H is a multiplier of LP(R), 1 < p < co, and the same holds
for the Cauchy transform, the projection onto the holomorphic subspace.
From this it is immediate to see that any filter S, 3 in frequency, that is, the
operator with multiplier

m({) - 1[a,b] (6)»

is also an LP multiplier. If M, denotes the operation of multiplication with
e?™a which is obviously bounded and that corresponds to the translation
7o in frequency, just notice that

Sup = %(AiaHAJ_a — MyHM_y).

Moreover we get from this that their operator norm is uniformly.bounded
in a,b,

HSa,bep < CPHf”P'
Let us consider Sgp = S_g g which for f € L*(R) is given by
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R -~ .
Spf(x) = /_ e as

We know that Sgf — f in L%(R) if f € L*(R) by the very definition of
the Fourier transform in L2. If we can exhibit a dense subspace of LP(R) in
which Sgf - f then by the uniform boundedness principle this would hold
for all f. That space is simply the subspace of ¢ € S(R?) with ¢ compactly
supported. Obviously Sgp = ¢ for R big enough. To see that it is dense
it suffices to approximate f € S(Rd) in LP-norm by such functions. If ¥ is
C* and has compact support and equals 1 at 0, then Wy(z) = ¢t~ (z /1)
is an approximation of the identity so f * ¥, — f in LP, and has Fourier
transform equal to f ()T (L&), with compact support.

We have thus shown that Spf — f in LP(R),1 < p < co. An analogous
argument would show that for p = 1 the convergence is in measure. For
1<p<2fe LP(R) and Sgpf is given by the above expression, but this is
not the case for p > 2. Along the same lines, applying H to f = limg Spf
we see that

R
i@ ==ijim [ sign@f @i, f e 2@, 1 <p<2

Theorem 9. Assume that m is a function of bounded variation in R, that

18
N

sup Z Im(z;) — m(zj—1)| < C < 400,
j=1
for all points 2o < z; < --- < zx. Then m is a multiplier for LP(R%),1 &
p < +o0.

Proof. We may assume that m is up to an additive constant the distribution
function of a finite measure,

3
m(€) =+ / dyu(t),

—00

that we may write in a compact form

m=c+ /+oo 1(t, +o00)du(t).

—0o0

Then the operator T, with symbol m is

+oo
Tm=cl+ / St 400)d(t),
oo

that is, an infinite linear combination with summable coefficients of the
S(t,+00) Which are uniformly bounded in L” by C}, and so T3, is bounded in
P (I

22
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It is easy to obtain examples of multipliers in general dimension from
multipliers in d = 1. Indeed, if m(&;) is a multiplier in LP(IR), then this same
function viewed as independent from &, .- €4 is a multiplier in LP(R?),
with the same norm, by Fubini’s theorem. On the other hand, if m is a
multiplier in LP(RY), then m(€+a), m(\¢), m(Ag) with a € R4, X > 0, and A
an unitary matrix are also multiplier with the same norm. Combining both
things, we see that the characteristic function of a half-space is a multiplier
for LP(R%),1 < p < co. The characteristic function of a convex polyhedra
with N faces is the product of the IV characteristic functions of half-spaces,
and so it is a multiplier. This implies, in a similar way as we saw before

Theorem 10. The characteristic function of a convex polyhedra U is a
multiplier of LP(R%),1 < p < co. In particular, limy_,e Syyf = f in LP.

The situation is quite different for other convex bodies. For instance, a
celebrated theorem of C. Fefferman establishes that the characteristic func-
tion of a ball is a multiplier only for p = 2.
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